6.8 Multivariate Stochastic Volatility Models

Multivariate modelling allows representation of the volatility
co-movements amongst financial time series.

» Interactive movement between markets, or sectors, or
stocks in a sector, or exchange rates is often observed.
» Volatilities of different series move together.

» The flow of new information (trading volume, quote
arrivals, dividend announcements, policy announcements)
will affect the volatility of all the assets in the
market/sector.
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6.8 Multivariate Stochastic Volatility Models

» Arbitrage pricing theory suggests indicates a relationship
between the expected return of a stock and the covariance
of the returns.

» Portfolio optimization theory and ‘value at risk” theory,
which studies the extreme downside of a portfolio of
assets, both require knowledge of the joint distribution of
the asset returns.
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6.8 Multivariate Stochastic Volatility Models

Examples of Multivariate ARCH models:

» the diagonal vech model,

» the constant conditional correlation model,

» the factor-ARCH model,

» the BEKK model

» the latent factor ARCH model
Most of these models highly parameterized, with constraints
on the parameters needed to ensure symmetry and positivity
are complicated and hard to interpret. The dynamic conditional

correlation GARCH model, the flexible multivariate GARCHmodel
and the orthogonal GARCH also have potential.
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6.8 Multivariate Stochastic Volatility Models

Far fewer multivariate models have been proposed in the
stochastic volatility literature. The main reason for this is that
stochastic volatility models are expressed in terms of normal
log-volatilities, which in turn are hard to be extended to a
multivariate counterpart.

» The most well known multivariate SV model overcomes
this difficulty by defining vectors of log-volatilities which
interact through a constant correlation structure.

» Another approach is to use factor structures which are more

flexible and allow for a large number of assets to be
modelled simultaneously.

» The multivariate random walk model has received significant
attention

» The Wishart distribution is also a commonly used model
basis.
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Constant Correlation Model

This model does not allow the covariances between different
time series to evolve independently of the variances; it can be
considered as the stochastic volatility analogue to the constant
conditional correlation ARCH model.

Forallt=1,...,nand foreachi=1,...,N
vie = exp(hir/2)ei,
hip = i+ ¢ihir—1 + nits

er = (c1,-..,ent) and m¢ = (mup, ..., mN¢) " are serially and
mutually independent, both normal distributed with zero
means, Var [n] = %,,.
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Constant Correlation Model

1 pp -+ piv

p1z 1 P2N
Var [Et] = 25 = . . . .
PIN  P2N 1

so that X is a correlation matrix, i.e. |p;| < 1.
Therefore, the model can be written as:
Y| ~ Ny <O,H}/22€H}/2) ,

H; =diag(exp (hit),...,exp (hy:)) and X, is given above.
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Constant Correlation Model

The vector of log-volatilities h; = (hy;, ..., hyt)" follows a
VAR(1) process so that

hi =~ +®h_1 +mn,

where vy = (v1,...,)", ® =diag(¢1, ..., ¢n) and
mn ~ NN (07 277)

The matrix @ is taken to be the identity matrix, and - is equal
to the N-dimensional zero vector, so that the log-volatilities
follow a random walk and hence, the fact that volatility
movements are persistent is stressed.
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Constant Correlation Model

For i = j, the model has constant correlations as

Coo [ i, Yilhe] = E [Y3Y It | = pyexp(( + ) /2)

» It is thought that the assumption of constant correlations
may be empirically reasonable.

» The model can be written in a linear, non-Gaussian state
space form, and thus can be easily estimated by QML

Denoting w; = (logy3,, . ..,logy3,)" and by 1the N x 1 vector
of ones,
wi = —1.27041 + Iy + &,

where & = (log 5{} ,...,log s%\]t)T + 1.2704 1 is a zero-mean
vector, serially independent vector process whose covariance
matrix is denoted 3.
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Constant Correlation Model

Since ® is a diagonal matrix, the state vector, h, and the
observation vector, w;, are linked together only through the
off-diagonal elements of the covariance matrices 3, and 3.

The linearized model resembles a Seemingly Unrelated Time
Series (SUTSE) model, where the N time series, wy;, . . . , Wy, are
modelled together not because they interact with each other,
but because they are all subject to the same economic
environment and thus are contemporaneously correlated.

Furthermore, it can be shown that the covariance matrix, X, of
& can be expressed in terms of X..
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Constant Correlation Model

Let ¢;; denote the ij-th element of 3. Since fori =1,...,N,

&ir = log E?t + 1.2704, the diagonal elements are all equal to
Var [£;], so that ¢;; = 72/2, while the off-diagonal elements are
given by

0

(n—1)! .
Z @,

where (), = a(a+1)---(a+n—1).
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Constant Correlation Model

Note: This transformation of the model incurs loss of
information, since the correlation coefficients p;; have been

squared, all the relevant information on their sign has been lost.

Thus, if the transformed observations are used to estimate the
model, then we can recover the information on the magnitude
of the original correlations p;;, but not their sign.

A final feature of the model is that it can incorporate common
factors and hence allow common trends and cycles in the
volatility. In a common factor model each of the N elements of
a multivariate time series are related to K < N common factors
via a linear function.
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Constant Correlation Model

This model is a generalization of a SUTSE model where the N
elements have certain common components. For the case
where the log-volatilities follow a random walk, the model can
be written as a common factor model, as follows

w; = —127041+Bhi +h+ &
hi = hi,+nf

with w; and &; are defined as before, B is an (N x K) matrix of
factor loadings, h is an N-dimensional vector, while the second
term is a K-dimensional random walk model with

N ~ Nk (0, E;)
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Constant Correlation Model

Unless restrictions are placed on the elements 3;; of B and on
the vector h, the model above is not identifiable. The usual
restrictions are to set 3;; = 0 for j > i and 37 equal to the
identity matrix, while the first K elements of the vector h are
restricted to be zero and the rest are unconstrained.

An appealing feature implied by these restrictions is that the
common factors h; are uncorrelated with each other which
simplifies estimation

However, the restrictions placed on B are displeasing, as they
imply that the first observation wy; depends only on the first
factor, wy; depends only on the first two factors and only the
last K observations, wy;, . . . , wy+ are related to all of the
common factors.
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Constant Correlation Model

» Depending on the ordering for the N series in order to
model them, we will get different relations between the N
observations and the K factors; this is an unappealing
feature.

» In the latter case once estimation of the model has been
completed, using an orthogonal matrix R to give a factor
rotation and a more useful interpretation to the factors.

» Finally, the idea of common factors can also be extended to
stationary models of the log-volatilities. For a stationary
model, we allow A in to follow a stationary VAR(1)
process and this also removes the need to include % in the
observation equation).
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Factor SV models

The basic advantage of factor models is that they reduce the
dimensionality of the parameter space; a factor model, with
unobserved latent ARCH factors has also been proposed.

Multivariate factor SV models resemble this model, in the sense
that the returns y, from N series are linear functions of K
unobserved latent factors, where each one is driven by a SV
model.

The difference between the common factor model is that in this
case the common factors are incorporated for the
untransformed observations.
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Factor SV models

The simplest factor model uses factors f, =
vector of K common factors. Then

y, = Bf,tw
fit exp (hit/2) eir,
hiy = i+ ¢i (hig—1 — i) + nie

(fits-- - fxt)" the

i=1,... K

In the factor SV model, the matrix B is a constant (N x K)
matrix of factor loadings with K < N, the errors w; ~ Ny (0, Q)
and are serially and mutually independent of all the other

terms.

In the model K factors f; are introduced with each one

modelled as an independent SV process.
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Factor SV models

Clearly, since f, and w; are independent, zero mean processes,
we have E[Y;] = 0 and

Var [Yt|ht] = BHtBT + Q,
where

H; = diag (exp (hi) , ..., exp (hk¢)) -

MCMC methods can be used to estimate the model, as the
OML method is not effective in this case. However, the method
has not been implemented and another more complicated
multivariate factor SV model is usually preferred.
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Factor SV models

The second factor SV model allows the errors

W = (Wlh---ath)

to be driven by independent SV processes also. That is,

wit = €exp (ajt/Z) €jts
Qjp = Mj+ (5]' (ajt—l — m]') + Ujt, j=1,...,N.

As before, the ¢;; are i.i.d N (0,1) random variables with no
serial dependence and the uj; are i.i.d (0, 02 ;) serially and
mutually independent of the ¢;;. As usual we place the
constraint |0;| < 1 to ensure the stationarity of the log-volatility
processes.
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Factor SV models

The intuition behind this extension of the model is that the K
factors can account for the off-diagonal elements of the
covariance matrix of the returns but cannot account for all the
marginal persistence in the volatility.

The volatility resulting from the fact that the N series are
subject to the same economic environment is explained by the
volatility of the common factors f,, while each of the
idiosyncratic errors, or series-specific shocks w; account for the
volatility associated with a particular series.

The inclusion of SV effects in the errors w; makes the model
more robust, in the sense that if an unusual return is observed
for a specific series, then this can be attributed to the
idiosyncratic error associated with that particular series.
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Factor SV models

Identifiability: As with the common factors model the
parameters of the model are not identifiable unless constraints
are placed on the elements 3;; of the matrix B. There are two
ways that this can be done.

» set 8 =1fori=1,...,Kand 3; = 0forj > i
»setB; =1fori=1,...,K, while

By =0, i=1,...,K—1

In this case the first series of returns depends in all but the
second common factor, the second series is influenced by
all the factors apart from the third and so on, while only
the last N — K + 1 series depend on all the factors.

In both cases, an optimal factor rotation can be used to give a
more meaningful interpretation to the factors.
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Factor SV models

Denote by h; the vector (hyy, ..., k)" of log-volatilities of the
factors, while o = (ayy, ..., any) "

Since the errors e (i =1,...,K)and ¢; (j = 1, ..., N) are zero
mean, we have

E[f,] = E[wi] = E[f,[h] = E[wi]e:] = 0.
Since the model for the returns is
Y, = Bf, + wr,

both the unconditional and conditional mean of y, are equal to
the zero vector.
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Factor SV models

Since each of the elements of f, and w; follow mutually
independent SV processes,

< fjt > htvat NNN-"-K <07 |: I;I)-t ((;t :|> ’

H; = diag(exp (hi),...,exp (hkt))
Q; = diag(exp(ait),...,exp (ant))

where

where A denotes normally and serially independently
distributed. Since f, is independent of w; and both are normally
distributed,

Yt|ht, wp ~ NN (O,BHtBT + Qt) .
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Factor SV models

Expanding the matrix multiplications it follows that

Var [Yilhy, wi] = BFexp (hiy) +--- + Bxexp (hk:) + exp (i)
Cov [Yir, Yjrlhe,wi| = BuBpexp (hie) + -+ + BixBix exp (hk+),

The evolution of the covariances in the factor SV model
depends on the variances but in a very complicated way.

The unconditional covariance matrix of y, is deduced using the
properties of log-normal distributions.

From the properties of the AR processes, we know that

B~ N (i o2/ (1= 62))  ajp~ N (02 (1= 7))
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Factor SV models

We have E [fy] = E [wj;] = 0 while

021-
Var [fzt] = exp (MZ‘ + M)

o2,
o’ = Var mj + — .
] 2 (1 . 5].2)

=
I

Therefore,
\] = BHB" +

wl ’ WN

ar[Y
where H =diag(o J? J? )and Q = diag(o2 ,...,02 ).
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Factor SV models

More complicated dynamics could be introduced in the latent
SV processes. For example, the errors e; in the idiosyncratic

shocks can be allowed to be correlated, so that e; ~ Nk (0, X,).

Alternatively, consider a factor SV model where the errors in
the latent AR processes of the log-volatilities h; are
contemporaneously correlated, so that

he =p+® (h_1 — p) +m,

where p = (p1, ..., px)", ® =diag(¢1, . . ., ¢x) and
n ~ NK (Oa 277)
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Factor SV models

» The model can be extended in two ways: by incorporating
Student-t distributed errors w; with stochastic volatility
and allowing the series of returns to have jumps.

» The estimation of this model is performed using MCMC
methods, but the number of factors is user-controlled and
is not estimated from the data. If the number of factors is
too large, then the MCMC behaves poorly and does not
converge; if the factors are too few, there are co-movements
in the estimated variances of the idiosyncratic errors and
the variances of one or more factors.
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Models based on Wishart processes

The Wishart distribution is a distribution for positive definite
matrix-valued random quantities. It has two parameters, a
degrees of freedom parameter, v, and a scale matrix X, which is
positive definite.

One of the first multivariate SV models exploits the conjugacy
between the Wishart distribution and the matrix beta distribution
and allows the variance of the observations to evolve according
to a matrix random walk.

An attractive feature of this model is that it leads to closed form

prediction and update equations that are generalizations of the
standard Kalman filter recursions.
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Models based on Wishart processes

Let X be a p x p positive definite matrix. For X ~ Wishart,(v, %),
we require v > p — 1, and the Wishart pdf is

|X|(V—P—1)/2 1T 51y
20 2|S|V2T (1)2) eXp{_z x )}

where
1%

P
r, (E) - nﬂp_l)ﬂgr(y/z +(1-17)/2)

is the multivariate Gamma function. The expected value of X is
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Models based on Wishart processes

The Wishart distribution arises from the multivariate Normal
distribution as follows; if X1, ..., X, ~ N,(0,X), then

S=> XX/ (pxp)

i=1

yields that
S ~ Wishart,(n, X)

530



Models based on Wishart processes

The Inverse-Wishart Distribution

Let Xis a p x p positive definite matrix. For
X ~ IWishart,(v, V),
we require v > p — 1, and the Inverse Wishart pdf is

|\If|u/2
21/p/2 |X|—(V+p+l)/2rp(y/2)

exp {—;Tr(\llxl)}
The expected value of Xis ¥/(v —p —1).
If X ~ Wishart,(v, ¥), then

X! ~ IWishart, (v, £71).
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Models based on Wishart processes

The Matrix Beta Distribution

A p x p random symmetric positive definite matrix X is said to
have a matrix beta distribution with parameters (a, b) if its pdf
takes the form

1
a—(p+1)/2 _ b—(p+1)/2
B,(a.0) X I, — X| 0<X<I,
where
a>(p—1)/2 b>(p—-1)/2
and T ()T (b)
_Ap@)iy
By(a,b) = T,(a+Db)

is the multivariate beta function.
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Models based on Wishart processes

The inequality defining the support of this pdf
0<X<I,

is to be interpreted as the collection of p x p matrices such that
both
X and I, - X

are positive definite.
By considering the transform
X=(I,+Z)'Z < Z=(I,-X)"'X

we have the alternative form

1
Bp(a’ b)

|z~ PV, 4z =027 5.
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Models based on Wishart processes

If U ~ Betay (a/2,b/2) witha,b > p — 1 and
V = R'R ~ Wishart, (a + b, %)

for some positive definite symmetric (p x p) matrix X and for
an upper-triangular matrix R with positive diagonal elements,
then

S = R"UR ~ Wishart, (a,%).

Note that the matrix beta distribution and its density in are
only defined for a,b > p — 1, and is singular otherwise.

Note: An extension to the definition of the matrix variate beta
distribution for positive integers b > 0, and the conjugacy
result still holds for a > p — 1 and integer-valued b > 0. In
particular, the density of a singular Beta, (a/2,1/2)-distributed
random matrix can be found.
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Models based on Wishart processes

To construct a multivariate stochastic volatility model: if
v, = (it - - - ,ynt)' the vector of one-period returns from N
assets at time t and by 3J; the (N x N) covariance matrix of y,.

Let n; denote the Cholesky factor of 33, defines by
nin =3

that is, an upper-triangular matrix with positive diagonal
elements. Then

et ~ Nn(0,Iy)

-1
Y. = n &y
v+1 ;
3 = y Qi

~ Betany(v/2,1/2), t=1,...,n.
Q, N(v/2,1/2) 535



Models based on Wishart processes

The random variables Q, are serially and mutually
independent of all other variables in the model.

Suppose also the initial condition that
3o ~ Wisharty (u + 1, (w1 551)
for some (N x N) matrix Sy (positive definite and symmetric).

Note that
E[Xo] = S,
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Models based on Wishart processes

Note that
Y[ ~ N (0, 2;1) .

Using the conjugacy between the Wishart and matrix beta
distributions it follows that

ng Quno ~ Wisharty (1/, v+1)7! Sal> ,
so that prior to observing Y1, 31 ~ Wisharty <V, V_lsa 1) with

E[Z1] =S,
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Models based on Wishart processes

Once the first observation y, becomes available, the posterior
for X1 is a Wisharty (v + 1, (v + 1)71871), with

1
S1="7 (191 + vSo)

with
E[Zily] ="

This posterior distribution of ¥ suggests a prior
Wisharty (v, v=1S] 1) distribution for 3, so that

E [22|y1] = Sfl =E [El\yl]
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Models based on Wishart processes

The filtered distribution for 3, has the same form with that of
¥1; an induction argument shows that at each time ¢,

» the prior for X; is a Wisharty (u, u—ls;jl) distribution,
» the posterior is Wisharty <V +1,(v+1)7" St_l>, where

(y,y] +vSi1)

St = (v+1)

This filtering algorithm delivers the one-step-ahead prediction
distributions for y, and hence the estimation of the model by
maximum likelihood is is principle straightforward.
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Models based on Wishart processes

For a more general model denote by 3; the (N x N) covariance
matrix of the returns at time ¢. We also write ¥; = n,'n; for the
Cholesky decomposition of ;.

Then, the new Wishart model has e; ~ Ny (0, Iy) for
t=1,...,n

Y, =nle
so that Y;|X; ~ Ny (0, X;) and hence the density of the returns
at time ¢ given the covariance structure is

1
p (=) = exp {—ZyIEt 1yt} :

N2 w L
@m)N2 22
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Models based on Wishart processes

The evolution of the covariance matrices X; is specified
through one-step-ahead prediction densities, specifically, the
density of the inverse of the current covariance structure 3;
conditional on X;_1.

In particular,
2[1|2t,1 ~ Wisharty (v, Si-1),

where v > N. To define the scale matrix S;_; of the Wishart
distribution, we introduce a positive definite symmetric

(N x N) parameter matrix A, with Cholesky factor R, i.e.

A = R'R and a scalar parameter d.
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Models based on Wishart processes

Then, fort =0,...,n — 1, S; is defined as follows

1

t = =
v

S = -R" (zgl)dR,

where we assume a known initial condition Xg > 0 for the
covariance matrix. Thus,

-1 : 1 T -1 d
% [Sior ~ Wisharty (v, R (EH) R
and hence the conditional density of ;! is available in

straightforward form. The latter distribution defines the
evolution of the covariance matrices.
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Models based on Wishart processes

The time-variation of the covariances can be expressed in terms
of 3. Since X, 1 |3¢_1 is Wisharty (v, S;_1)-distributed, it
follows that

SUSi1 ~ [Wisharty (1/ YN+, s;jl)

IWisharty (u +N+1,v (R)_1 (Zt—l)d (RT)_l) .

Using the properties of the Wishart/inverse Wishart
distributions

1 1 d
E[zg yzt,l] — S, =R" (2;_1) R
1 —1
BZfEa] = =15
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Models based on Wishart processes

Hyperparameters:

» the elements of A~! determine the dependence of the
current variances and covariances of the returns depend
on the previous periods corresponding values.

» the scalar d defines the strength of the relationship
between the current values of the volatilities and
covariances of the assets and those in the previous period,
like a persistence parameter.
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Models based on Wishart processes

A value of d close to zero implies small persistence in the
covariance structure; if d = 0,

14

v—N-1

14

7 Al
v—N-1

E [3¢[3 1] (RR)! =

E [2;1|23t_1] — A

that is, the conditional expectation of the current covariance
structure does not depend on the previous period.

The only values of d that result in the process generating the
conditional covariance matrix being stationary indeed lie in the
interval (—1,1).
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The Wishart Autoregressive process

The idea underlying the WAR(1) processes relies on the fact
thatif a (p x n) matrix X is formed by setting its columns to be
n = p random draws from a multivariate N, (0, X) distribution,
where the (p x p) matrix ¥ > 0, then the random variable

XX" ~ Wishart, (n,X)

To introduce intertemporal dependence between the
covariance matrices formed in this way, the columns of the
matrix X are presumed to be observations from a latent
Gaussian VAR(1) process.
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The Wishart Autoregressive process

Let 3 be the covariance structure of the returns-vector y, from
N assets. Consider now, v > N — 1 identical, N-dimensional,
Gaussian VAR(1) processes x1;, . . . , X+, Where each x;;
(i=1,...,v)is generated for t = 1,...,n from

Xip = Pxjt—1 + Nit,
where 0y ~ Ny (0,%,), and ® is a (N x N) matrix.

The VAR(1) process is stationary if and only if all the
eigenvalues \; (i = 1,...,N ) of the matrix ® lie inside the unit
circle; the v VAR(1) processes x1;, . . ., X, are stationary, and the
unconditional distribution of all of the x;; (i =1,...,v)is
multivariate normal.
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The Wishart Autoregressive process

The unconditional mean of each x;; is the zero vector while the
unconditional variance Var [x;] = S is given by

S—BSPT+ 3,
Applying the vec () operator on both sides, it is seen that
vec (S) = (Ino — @ ® ®) vec (3,)) .

In short, the VAR(1) processes xit, . . ., x,; are i.i.d. Ny (0, S)
-distributed variables.
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The Wishart Autoregressive process

The v processes can be represented as a matrix normal linear
model
Xy =®X; 1 +H,,

where the (N x v) matrices X; and H; are defined as

X: =[x, X0
Hy = [me. Ml

Since the vector n;; (i = 1,...,v) areii.d Ny (0,3,) we have
Hi ~ Ny, (0,%,1,).

Most importantly, using the unconditional distributions of the
v VAR(1) processes, we also have that

X; ~ Ny (0,S®L,).
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The Wishart Autoregressive process

Therefore if
2t:XtX2— t=1,...,7’l

then X; > 0 with probability one and the unconditional
distribution of the covariance matrix at each time ¢ is

¥ ~ Wisharty (v, S) t=1,...,n

and so the unconditional density is

(v—N-1)

1 12 2 { 1 -1 }
%) = . —2er (s L
p (%) 2Ty (y) SE T 3t (57%1)

Moreover, using the properties of the Wishart distribution,
E[3] = vS.
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The Wishart Autoregressive process

The distribution of 33; conditional on 3;_; is computed by
considering the conditional distribution of the latent VAR(1)
processes contained in X; conditional on X;_1.

Since H; ~ Ny, (0,3, ® I,)) using the dynamic linear model
representation,

Xi|Xi—1 ~ Nyp (X421, 3, Q1) .

We have that the distribution of X; conditional on X;_; is a
non-central Wishart distribution

X1 ~ Wisharty (y, o8 2;1¢Xt,1x;1¢f>
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The Wishart Autoregressive process

The conditional distribution of 33; depends on X;_; only
through the product

XXy g =3,

which implies that the process is Markov. That is, the current
covariance matrix 3; depends only on the previous period
covariance matrix ¥;_; and not on the latent VAR(1) processes
contained in X;_1.
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The Wishart Autoregressive process

In particular, the conditional density of X is given by

N—1)

1z
vN v X
25Ty (5) IS5

p(E3q) =
expy—z1r [E 1(2 + ®3; 1P| x
2 n t t—1

1
oF1 (; Zn1<1>2t_1<I>T2,712t> .

where oF; is the hypergeometric function of matrix argument.

It follows that

E [Et]Z]t,l] = 1/277 + @thl‘I)T.
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The Wishart Autoregressive process

The fact that the WAR(1) process is Markov is important
because it implies that the underlying VAR(1) processes can be
ignored, and define the process generating the covariance
structures through the unconditional and conditional
distributions of ¥, as in the previous model. That is

SUSi1 ~ Wisharty (y,zn,z:;l@Et_l@T) with
3¢ ~ Wisharty (v,S), where §=3,+ ®SP".

This allows us also to consider non-integer degrees of freedom
v > N — 1, since both the Wishart and the non-central Wishart
distributions can be defined for any v > N — 1.

In this case the WAR(1) process which generates the covariance
structures loses its interpretation in terms of the VAR(1)
processes.
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The Wishart Autoregressive process

The returns y, can be made to depend on the covariance 3;
generated by the WAR(1) process in the following ways

» set
Yi|Z ~ Ny (0,3).

» allow the returns to depend on the inverse 3, !, that is

Y/ ~ Ny (0, 2;1) .
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The Wishart Autoregressive process

Since the unconditional distribution of X is Wisharty (v, S) it
follows, using the relation between the Wishart and the inverse
Wishart distributions that

s1 < [Wisharty (u YN+, 5*1)

Therefore, since
Y[ ~ N (0, 2;1>

and, marginally
= ~ Wisharty (v + N +1,57")

it follows that the marginal distribution of Y; is a multivariate
t-distribution,

Student (u —-N+1,0, S_1>
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The Wishart Autoregressive process

This latter result is interesting from a modelling point of view;
it is known that the distribution of the returns y, has fatter tails
than the normal distribution and that the kurtosis arising by
accounting for heteroscedasticity only cannot account for all of
the excess kurtosis.

This is the reason that most researchers consider extending the
standard SV model by allowing the observation errors to have
fat-tailed distributions.

Recently, there have been attempts to construct stationary time
series which account for heteroscedasticity and have specified
marginal distributions with heavy tails. Therefore, it is possible
that using the above distribution for the returns vector, we
might be able to get a better fit to actual financial returns data.
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