5.6 Hidden Markov Models

If the state x; is discrete, then state-space models are often
called hidden Markov models (HMMs).

In this case, the state-equation is replaced by a Markov chain
model: if {X;} can take values on {1,2,...,S} say, then for t > 1

p(xelxr.e—1)) = p(xe]xe-1)

where
PI‘[Xt = l|Xt,1 = k] = pkl

The S xS transition matrix P, along with the (marginal)
distribution of X; (P[X; = k], k = 1,...,S) characterize the
nature of the state evolution. Note that P is a stochastic matrix
whose rows sum to 1.

347



5.6 Hidden Markov Models

All of the previous types of calculation
» filtering p(x¢|y1.)
» prediction p(x|yy.—1))
» smoothing p(x¢|y1.,)
» parameter estimation

are required. The main difference is that the filtering,
prediction and smoothing distributions are discrete, and
therefore somewhat more straightforward to compute.

The observation variable y; can be either discrete or continuous.
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5.6 Hidden Markov Models

Example (S = 2)
Suppose fort =1,2,...,n
Yr = p(xe) + e

and {X;} follows a Markov chain with transition matrix

0.3 0.7
P= [ 04 06 ]

and the distribution of X; is the stationary (or equilibrium)
distribution, 7, of the chain defined as the solution of

7w =mP
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5.6 Hidden Markov Models

Example (S = 2)

We compute 7 (a 1 x 2 vector) by

e [am o7
(1A = lim P _[4/11 7/11

som = (4/11,7/11).

Suppose

1 x=1
x) =
p(x) {m >

and {e} ~ N(0,1), IID.
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5.6 Hidden Markov Models
Example (S = 2)
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5.6 Hidden Markov Models

Example (S = 2,11 =5, 1 = —1)
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5.6 Hidden Markov Models
Example (S = 2)
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5.6 Hidden Markov Models

Example (S =2,p11 =1, p1p = —1)
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5.6 Hidden Markov Models

Filtering: By Bayes theorem

P(yelxe, Y1) P (XY 1))
p(Yilyi:t—1))

p(yelxo)p(xelyi:—1))

p(xely1e) = p(xelye, yi:—1))

S
; P(yt|x)P(x|y1:(t—1))

o pyelxd)p(xelya: 1))

This is a discrete distribution on {1, ..., S} that we can compute
exactly.
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5.6 Hidden Markov Models

Prediction: By the theorem of total probability

S
p(xs1ly1e) = 2 p(xea|x)p(x|ya:e)

x=1

» p(x¢41]x) is determined the xth row of P, forx = 1,2,. ..

» p(x|y1.) is the previous filtering distribution.

356



5.6 Hidden Markov Models

Smoothing: By the theorem of total probability, working
backwards t =n,n—1,...,1,

S
pxelyin) = D pelxret, Yin)P (X1 [y1n)

Xpp1=1

p(xt+1|y1:n) is the previous smoothing distribution. For the first
term

p(xtlyr:e)p(Xes1 X, Y1)
p(xi1lyia)

p(xly1.)p(xes1]xe)
P(xt+1 |]/1:t)

p(Xe|xe1, Vi) = p(Xe|Xe1, Vi)

which can be computed from the filtering and prediction
distributions.
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Discrete HMMs

The HMM structure is commonly implemented when the
observation is also discrete.

As usual let x1., denote the hidden state sequence, and y;.,
denote the observed data sequence. Then the model is
specified by

» transition probabilities
P = Pr [xt = l’xt,1 = k]

with initial distribution P[X; = k], k=1,...,S.

» emission probabilities
ex (m) = Prly; = m|x; = k]

ex(m) can be specified for a finite set (m € {1,2,...,M}), or on
the integers.
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Discrete HMMs: Inference Tasks

The Viterbi Algorithm:
We seek the most probable state path:

*
Xy = argr?axp(xl:naylzn)
1:n

= arg r%’cllaX p (xlzn |y1:n)

That is, we seek the most probable path or sequence of states in
light of the data

» p (X1:n, Y1:n) i the joint probability or joint likelihood

» p (X1.1]Y1:1) is the posterior probability
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Discrete HMMs: The Viterbi Algorithm

(i) Initialize vector vx(0) = P[X; = k], k=1,...,S.

(ii) Recursion: fort =1, ...,n, compute foreach =1,2,...

vi(t) = e (y)max(ve(t—1)pu)
point; (I) = arg max (o (t — 1) pr)
(iii) Termination

p(ylinvxik:n) = mkax(vk(n))

x; = arg max (vr(n))

(iv) Trace back the optimal path

X}, = point; (x}) t=nn-—1,...,2.
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Discrete HMMs: The Forward Algorithm

The probability of an observed sequence (or likelihood) is
pyln ZP ylnaxln)
X1:n

However, the direct computation of this sum is not possible, so
a recursive calculation is needed.

(i) Initialize vector fo(0) = 1,£(0) =0fork=1,2...,S
(ii) Recursion: fort =1,...,n,and[ =1,2,...,5,

s
fit)=e(y) D fe(t=1)pu
k=1

(iif) Final recursion: without loss of generality, assuming that
the final state is labelled 1

]/171 ka
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Discrete HMMs: The Backward Algorithm

We seek the posterior (smoothing) probabilities

p (Xt =k, y1:n)
— k) = £ Il
p(Xt |]/1.n) p(yl:n)
_ Py X = K) p (Y, o Yulxe = K)
p (Y1)

fork=1,2,...,5.

Direct computation of this sum is not possible, so a recursive

calculation is needed, after completing the Forward Algorithm.
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Discrete HMMs: The Backward Algorithm

The backward algorithm works in reverse order through the
data:

(i) Initialize element by (n) = fy(n) fork =1,...,S.

(ii) Backwards recursion: fort =n —1,...,1 compute

s
b (t) = ) puer (Y1) by (¢ + 1)
=1

fork=1,2,...,5.
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Discrete HMMs: The Backward Algorithm

(iii) It can be shown that the forward and backward
probabilities, fi(t) and by(t), are in fact the probabilities

fk(t) = P(ylv'“vytvxt:k)
bk(t) = p(yt+17"'7yn|xt:k)

Thus we have

p (xe =k, y1n) = fie(£)bi(t)

and hence, fork=1,...,85,

p (xt = klyrn) =
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Discrete HMMs: Estimation

Parameter Estimation: The Baum-Welch Algorithm:

The algorithms above are all expressed in terms of known
transition and emission probabilities. These probabilities can be
pre-specified, estimated from observed sequences, or estimated
during the state sequence reconstruction.

If the state sequence is known, let 1y; be the number of
transitions from state k to state [, and let 7y (b) be the number of
times character b is emitted from state k. Then we may estimate
the transition and emission probabilities as follows

1 (b)

~ Niq ~
- e = 7 1
Pl ZZ 1 % (D) ; e () )
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Discrete HMMs: The Baum-Welch Algorithm

If the state sequence is not known, we must reconstruct the
state sequence and perform estimation concurrently. This is
achieved using the Baum-Welch algorithm, which is a special
case of the Expectation-Maximization (EM) algorithm.

The Baum-Welch algorithm estimates 1; and 7, (b) as the

expected number of transitions and emissions, computed using
the forward and backward algorithms.
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Discrete HMMs: The Baum-Welch Algorithm

The probability of a transition k — [ at time £ is

_ Se(®) prer (Y1) by (E+1)
p (ylzn)

p(xe =k xpp1 = ly1n)
Suppose that N replicate observed sequences

1 N
Yims - Y1

are available. Then the expected number of times this transition
will be observed (in light of the data) is

N ;f;ﬁ (1) ager (v )b (¢ + 1)

nkz=z

P p(vi.,)
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Discrete HMMs: Baum-Welch Algorithm

In this formula

» i, is the i observed sequence
» fi(t) is the forward probability from the forward algorithm
implemented for sequence i

» i (t) is the backward probability from the backward
algorithm implemented for sequence i

Similarly,
N[ 2 fe (@) b(t)

) = 24

where B; is the set of indices of locations in replicate sequence i
where character b is emitted.
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Discrete HMMs: Baum-Welch Algorithm

(i) Initialize parameter values to some arbitrary values

(ii) Recursion: Set n,(((l)), r,(( )(b) to be some small “prior” count

value, then fori=1,...,N:

» Calculate f/(t) using the Forward Algorithm, and b (t)
using the Backward Algorithm, then set

ny = niy "+ (y {Efk puer (Vi bz(f+1)}
W) = B0 S ){ka bt }
teB

n .
(iii) Estimate py and ex(b) using (1), and likelihood [ [ p(v3.,)
i=1

(iv) Terminate the recursion if the computed likelihood value
compared to the previous iteration is virtually unchanged.
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Computation for continuous response HMMs

Note that most of the above calculations carry through to the
continuous emission case, that is if the emission probabilities

ex(m) = Prly; = m|x; = k|
are replaced by densities

ec(y) = pylxt = k)

The forward and backward quantities become unnormalized
joint densities
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Computation for continuous response HMMs

To avoid underflow in the computation, the computations can
either be computed on the log scale, or with continual rescaling
of the calculation. For example, in the Viterbi algorithm, the
computation of the vy(t) quantities will underflow quickly
without rescaling, but rescaling by

S
Ct = Z vk (£)
k=1

will prevent this.

The constants ¢; should be stored for future use; if the forward
and backward probabilities are computed after rescaling, then
this rescaling must be undone when, for example, p(y1.,) is
computed.
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