
3. ARMA Models
3.1 Basic Properties
Consider the ARMApp, qq process tXtu,

ΦpBqXt “ ΘpBqZt

where tZtu „ WNp0, σ2q, where

Φpzq “ 1 ´ ϕ1z ´ ¨ ¨ ¨ ´ ϕpzp “

p
ź

j“1

p1 ´ ξjzq

Θpzq “ 1 ` θ1z ` ¨ ¨ ¨ ` θqzq “

q
ź

j“1

p1 ´ ωjzq

We assume that there are no common factors in Φpzq in Θpzq.

§ tXtu is causal and stationary if and only if
|ξj| ă 1, j “ 1, . . . , p

§ tXtu is invertible if and only if |ωj| ă 1, j “ 1, . . . , q. 151



3.1 Basic Properties

Note that by using the power series expansion of

Ψpzq “
Θpzq

Φpzq

we can construct the linear process (MAp8q) representation

Xt “

8
ÿ

j“0

ψjZt´j

We must have

p1 ´ ϕ1z ´ ¨ ¨ ¨ ´ ϕpqpψ0 ` ψ1z ` ¨ ¨ ¨ `q

“ p1 ` θ1z ` ¨ ¨ ¨ ` θqzqq

so equating coefficients, we have ψ0 “ 1, and for 1, 2, . . ., we
have the recursion

ψj “ θj `

p
ÿ

k“1

ϕkψj´k
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3.1 Basic Properties

By a similar argument, under invertibility, we can construct an
ARp8q representation

Zt “

8
ÿ

j“0

πjXt´j

where π0 “ 1, and j “ 0, 1, 2, . . .

πj “ ´ϕj ´

q
ÿ

k“1

θkπj´k
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3.1 Basic Properties

ACF: The ACF γXphq is given by previous results for linear
processes; for integer h

γXphq “ ErXtXt`hs “ σ2
8
ÿ

j“0

ψjψj`|h|

Example (MApqq)

By the linear process representation, ψ0 “ 1, ψj “ θj for
j “ 1, . . . , q, and ψj “ 0 for j ą q, so therefore

γXphq “ σ2
q´h
ÿ

j“0

θjθj`h 0 ď h ď q

and zero otherwise.
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3.1 Basic Properties

Example (ARMAp1, 1q)

Suppose we have the ARMAp1, 1q process based on a
WNp0, σ2q process, with |ϕ| ă 1. Then from the result on page
106, recall that

ψ0 “ 1
ψj “ pθ ` ϕqϕj´1, j ě 1.

give the MAp8q representation.

155



3.1 Basic Properties

Example (ARMAp1, 1q stationary and causal)

γXp0q “ σ2
8
ÿ

j“0

ψ2
j

“ σ2

»

–ψ2
0 `

8
ÿ

j“1

ψ2
j

fi

fl

“ σ2

»

–1 ` pθ ` ϕq2
8
ÿ

j“0

ϕ2j

fi

fl

“ σ2
„

1 `
pθ ` ϕq2

1 ´ ϕ2

ȷ
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3.1 Basic Properties

Example (ARMAp1, 1q stationary and causal)

γXp1q “ σ2
8
ÿ

j“0

ψjψj`1

“ σ2

»

–pθ ` ϕq `

8
ÿ

j“1

ϕ2j´1

fi

fl

“ σ2

»

–pθ ` ϕq ` pθ ` ϕq2ϕ
8
ÿ

j“0

ϕ2j

fi

fl

“ σ2
„

pθ ` ϕq `
ϕpθ ` ϕq2

1 ´ ϕ2

ȷ
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3.1 Basic Properties

Example (ARMAp1, 1q stationary and causal)

For h ě 2

γXphq “ σ2
8
ÿ

j“0

ψjψj`h

“ σ2ϕ
8
ÿ

j“0

ψjψj`h´1

“ ϕγXph ´ 1q
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3.1 Basic Properties

For a direct computation for the general ARMA case, note that

Xt ´ ϕ1Xt´1 ´ ¨ ¨ ¨ ´ ϕpXt´p “ Zt ` θ1Zt´1 ` ¨ ¨ ¨ ` θqZt´q

yields, multiplying through by Xt´k, k “ 0, 1, 2, . . .,

XtXt´k ´ ϕ1Xt´1Xt´k ´ ¨ ¨ ¨ ´ ϕpXt´pXt´k

“ ZtXt´k ` θ1Zt´1Xt´k ` ¨ ¨ ¨ ` θqZt´qXt´k.

Taking expectations we have for j “ 0, 1, . . . , p

ErXt´jXt´ks “ ErXt`k´jXts “ γXpk ´ jq

so for the left-hand side we have

γXpkq ´ ϕ1γXpk ´ 1q ´ ¨ ¨ ¨ ´ ϕpγXpk ´ pq.
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3.1 Basic Properties

For the right hand side, using the MAp8q form

Xt´k “

8
ÿ

l“0

ψlZt´k´l.

Thus for j “ 0, 1, . . . , q,

ErXt´kZt´js “ E

«

8
ÿ

l“0

ψlZt´k´lZt´j

ff

“

8
ÿ

l“0

ψlE
“

Zt´k´lZt´j
‰

Now

E
“

Zt´k´lZt´j
‰

“

#

σ2 l “ j ´ k

0 otherwise
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3.1 Basic Properties

Therefore, for fixed k, as ψj “ 0 if j ă 0, we have

ErXt´kZt´js “ σ2ψj´k

for j “ k, . . . , q, and zero otherwise. Hence, writing θ0 “ 1, we
have

E

»

–

q
ÿ

j“0

θjZt´jXt´k

fi

fl “ σ2
q

ÿ

j“k

θjψj´k “ σ2
q´k
ÿ

j“0

θj`kψj

Note that if k ą q, θj`k “ 0 for all j ě 0, so in this case the right
hand side is zero.
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3.1 Basic Properties

If m “ maxtp, q ` 1u, we therefore have the infinite system of
equations

γXpkq ´

p
ÿ

j“1

ϕjγXpk ´ jq “

$

’

&

’

%

σ2
m
ř

j“0
θj`kψj 0 ď k ă m

0 k ě m

This system can be solved using two approaches.
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3.1 Basic Properties

§ Direct approach: this is a system of linear difference
equations for which the analytic solution exists, and is
expressed via the roots ζ1, . . . , ζp of the AR polynomial
equation Φpzq “ 0

γXphq “

p
ÿ

j“1

αjζ
´h
j h ě m ´ p

where the initial conditions determine α1, . . . , αp and
γXp0q, . . . , γXph ´ p ´ 1q (see Brockwell and Davis, p 90).

§ Recursive approach: The first p ` 1 equations form a linear
system in the autocovariances γXp0q, . . . , γXppq, which can
be solved using matrix inversion, Levinson-Durbin, or
innovations algorithm. The remaining autocovariances
γXpp ` 1q, γXpp ` 1q, . . .can be computed using the
recursion. 163



3.1 Basic Properties

In R, the function ARMAacf can be used to compute the acf for
given parameter settings

ARMAacf(ar = numeric(0), ma = numeric(0),
lag.max = r, pacf = FALSE)

Note also the function ARMAtoMA to obtain the MAp8q

coefficients.
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3.1 Basic Properties

Autocovariance Generating Function
The autocovariance generating function (acvgf) can also be used
for computing the ACV sequences. For a real sequence tanu, the
generating function

Gpzq “
ÿ

n
anzn z P C

is defined for |z| in a neighbourhood of 1, that is

1
r

ă |z| ă r

for r ą 1.
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3.1 Basic Properties

Suppose that tZtu „ WNp0, σ2q, and

Xt “

8
ÿ

j“´8

ψjZt´j

Suppose that there exists an r ą 1 such that

8
ÿ

j“´8

|ψj|zj 1
r

ă |z| ă r

is convergent. Then define the acvgf for tXtu by

GXpzq “

8
ÿ

h“´8

γXphqzh 1
r

ă |z| ă r
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3.1 Basic Properties

Recall that

γXphq “ σ2
8
ÿ

j“´8

ψjψj`|h|

Therefore

GXpzq “ σ2
8
ÿ

h“´8

8
ÿ

j“´8

ψjψj`|h|zh

“ σ2

»

–

8
ÿ

j“´8

ψ2
j `

8
ÿ

h“1

8
ÿ

j“´8

ψjψj`hpzh ` z´h

fi

fl

“ σ2

»

–

8
ÿ

j“´8

ψjzj

fi

fl

«

8
ÿ

h“´8

ψhz´hq

ff

“ σ2ΨpzqΨpz´1q, say.
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3.1 Basic Properties

For the stationary ARMApp, qq model

ΦpBqXt “ ΘpBqZt

where Φpzq ‰ 0 for |z| “ 1, we have

Xt “ tΦpBqu
´1 ΘpBqZt “ ΨpBqZt

say, so

GXpzq “ σ2ΨpzqΨpz´1q “ σ2ΘpzqΘpz´1q

ΦpzqΦpz´1q

which is well defined and finite as the denominator is non zero.
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3.1 Basic Properties

Example (WNp0, σ2q)

Note that if tZtu „ WNp0, σ2q,

GZpzq “ σ2

and that this is a unique characteristic of white noise processes.

In general, the ACV and acvgf are not unique.
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3.1 Basic Properties

Note: We have seen that the ARMApp, qq process

ΦpBqXt “ ΘpBqZt

is
§ causal if the AR reciprocal roots satisfy

|ξj| ă 1 j “ 1, 2, . . . , p

§ invertible if the MA reciprocal roots satisfy

|ωj| ă 1 j “ 1, 2, . . . , q

If the process is non-causal and/or non-invertible, we can
transform to a causal and invertible process with the same
autocovariance sequence.
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3.1 Basic Properties

Example (MAp1q)

If tZtu „ WNp0, σ2q, and

Xt “ Zt ´ 2Zt´1

so that
Θpzq “ 1 ´ 2z,

as |2| ą 1, the process is non-invertible. But let

Z˚
t “ p1 ´ B{2q´1p1 ´ 2BqZt.

Then
p1 ´ B{2qZ˚

t “ p1 ´ 2BqZt “ Xt
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3.1 Basic Properties

Example (MAp1q)

That is
ΦpBqZ˚

t “ ΘpBqZt

where
Φpzq “ 1 ´

1
2

z Θpzq “ 1 ´ 2z.

Thus
Z˚

t “ ΨpBqZt.

where

Ψpzq “
Θpzq

Φpzq
“

p1 ´ 2zq

p1 ´ z{2q
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3.1 Basic Properties

Example (MAp1q)

We have

Z˚
t “ p1 ´ B{2q´1Xt “

8
ÿ

j“0

ˆ

1
2

˙j

Xt´j

and the acvgf for tZ˚
t u is

GZ˚pzq “ σ2ΨpzqΨpz´1q “ σ2 p1 ´ 2zqp1 ´ 2z´1q

p1 ´ z{2qp1 ´ 1{2zq
“ 4σ2

so therefore tZ˚
t u „ WNp0, 4σ2q. Thus

Xt “ ΦpBqZ˚
t “ Z˚

t ´
1
2

Z˚
t´1

has an invertible representation in terms of tZ˚
t u.
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3.1 Basic Properties

For a general transformation approach for ARMApp, qq, if

ΦpBqXt “ ΘpBqZt

where Φpzq ‰ 0, Θ ‰ 0 when |z| “ 1, then there exist
polynomials

Φ˚pzq Θ˚pzq

and a white noise process tZ˚
t u such that

ΦpBq˚Xt “ ΘpBq˚Z˚
t

is a causal and invertible representation.
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3.1 Basic Properties

Suppose that the reciprocal roots are ordered such that

ξr`1, . . . , ξp ωs`1, . . . , ωq

lie outside of the unit circle. Then let

Φ˚pzq “ Φpzq

p
ź

j“r`1

˜

1 ´ ξjz

1 ´ ξ´1
j

¸

Θ˚pzq “ Θpzq

q
ź

j“s`1

˜

1 ´ ωjz

1 ´ ω´1
j z

¸

and consider
Z˚

t “ tΘ˚pBqu
´1 Φ˚pBqXt
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3.1 Basic Properties

After some algebra, it follows that

GZ˚pzq “ σ2

$

&

%

p
ź

j“r`1

|ξj|
2

,

.

-

$

&

%

q
ź

j“s`1

|ωj|
2

,

.

-

and hence that tZ˚
t u is a white noise process and

ΦpBq˚Xt “ ΘpBq˚Z˚
t

By construction, this is a causal and invertible representation of
tXtu.
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3.1 Basic Properties

Partial Autocorrelation: The PACF, αXphq, defined by

αXp0q “ 1

αXphq “ ϕh,h, h ě 1.

ϕh,h is the last component of

ϕ
r

h “ Γ´1
h γ1:h

Can carry out testing for the estimated PACF sequence as for
ACF sequence.
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3.1 Basic Properties

Forecasting: The innovations algorithm can be used for
ARMApp, qq. Let m “ maxpp, qq, and define tWtu

Wt “

$

’

&

’

%

1
σ

Xt t “ 1, 2, . . . ,m

1
σ
ΦpBqXt t ą m

Let

κpi, jq “ ErWiWjs “

$

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

%

1
σ2 γXpi ´ jq 1 ď i, j ď m

1
σ2 γXpi ´ jq minpi, jq ď m ď maxpi, jq ď 2m

q
ř

l“0
θrθr`|i´j| minpi, jq ě m

0 otherwise
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3.1 Basic Properties

The innovations algorithm yields

pWn`1 “

$

’

’

’

&

’

’

’

%

n
ř

j“1
θn,jpWn`1´j ´ pWn`1´jq 1 ď n ď m

q
ř

j“1
θn,jpWn`1´j ´ pWn`1´jq n ą m

Note that θn,j “ 0 if n ě m and j ą q.
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3.1 Basic Properties

Denoting by

pWn`1 “ pPnWn`1 pXn`1 “ pPnXn`1

it follows that

pWt “

$

’

&

’

%

1
σ

Xt t “ 1, 2, . . . ,m

1
σ

pXt ´ ϕ1 pXt´1 ´ ¨ ¨ ¨ ´ ϕp pXt´pq t ą m

so for all t, Xt ´ pXt “ pWt ´ pWtq{σ, and hence

pXn`1 “

$

’

’

’

&

’

’

’

%

n
ř

j“1
θn,jpXn`1´j ´ pXn`1´jq 1 ď n ď m

p
ř

j“1
ϕjXn`1´j `

q
ř

j“1
θn,jpXn`1´j ´ pXn`1´jq n ą m
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3.2 Estimation for ARMA models

Estimation of the parameters of ARMA models proceeds using
one of a number of different approaches

§ Yule-Walker approach
§ Burg’s algorithm
§ Maximum likelihood

Previous approaches use moment-based approaches in a
non-parametric fashion.

181



3.2 Estimation for ARMA models

Yule-Walker approach for ARppq models: If

ΦpBqXt “ Zt

then using the previous technique, we premultiply by Xt´k for
k “ 0, . . . , p and take expectations, to yield

γXpkq “ ϕ1γXpk ´ 1q ` . . .` γXpk ´ pq k “ 0, . . . , pp ´ 1q

or equivalently, if ϕ1:p “ pϕ1, . . . , ϕpqᵀ,

Γpϕ1:p “ γ1:p

and
σ2 “ γXp0q ´ ϕᵀ1:pγ1:p
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3.2 Estimation for ARMA models

Replacing the theoretical quantities by sample-based
analogues, these equations yield estimates of ϕ1:p and σ2; using
the sample correlations, we have

pϕ1:p “ pR´1
p pγ1:p

As n ÝÑ 8,
?

nppϕ1:p ´ ϕ1:pq „ AN p0, σ2Γpq

The estimated parameters yield a stationary and causal
procedure.

Note that to construct a stationary and causal ARppq process we
may use the relationship to define ϕ1:p from γXphq.
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3.2 Estimation for ARMA models

Note: In the ARppq case, if the series of models
ARp1q,ARp2q, . . . ,ARppq, . . . are fitted, then the sequence of
estimates

§ pϕ1,1 for ARp1q,

§ pϕ2,1, pϕ2,2 for ARp2q,
§ . . .

§ pϕp,1, . . . , pϕp,p for ARppq

coincide with the Levinson-Durbin coefficients.

The constants pϕh,h, h “ 0, 1, 2, . . . yield the PACF αXphq.
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3.2 Estimation for ARMA models

Yule-Walker for ARMApp, qq Models
If tZtu „ WNp0, σ2q, and tXtu is an ARMApp, qq model

ΦpBqXt “ ΘpBqZt

Assuming this model admits a causal linear process
representation

Xt “

8
ÿ

j“0

ψjZt´j

the equivalent calculation yields, for 0 ď k ď p ` q,

γXpkq ´ ϕ1γXpk ´ 1q ´ ¨ ¨ ¨ ´ ϕpγXpk ´ pq “ σ2
q

ÿ

j“k

θjψj´k.

These p ` q ` 1 equations are non-linear in the parameters, and
hence more difficult to solve when sample moments are used. 185



3.2 Estimation for ARMA models

Burg’s Algorithm
Burg’s algorithm is used to compute the estimates for an ARppq

model by direct computation of the PACF series. For 0 ď i ă n,
define

Uiptq “ Xn`1`i´t ´ pXF
n`1`i´t

Viptq “ Xn`1`i´t ´ pXB
n`1`i´t

where pXF
n`1`i´t and pXB

n`1`i´t are the forward and backward
forecasts of xn`1`i´t based on the preceding/following i
observations.

186



3.2 Estimation for ARMA models

Then U0ptq “ V0ptq “ Xn`1´t, and

Uiptq “ Ui´1pt ´ 1q ´ ϕi,iVi´1ptq

Viptq “ Vi´1ptq ´ ϕi,iUi´1pt ´ 1q

This yields an estimation procedure: we choose ϕi,i to minimize

σ2
i “

1
2pn ´ iq

n
ÿ

t“i`1

puiptq2 ` viptq2q

that is, the sums of forward and backward prediction errors.
This minimization can be achieved analytically.
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3.2 Estimation for ARMA models

Initialize: Set

dp1q “

n
ÿ

t“2

pu0pt ´ 1q2 ` v0ptq2q “

n
ÿ

t“2

px2
n`2´t ` x2

n`1´tq

Recursion: For i “ 1, 2, . . . , p, set

pϕi,i “
2

dpiq

n
ÿ

t“i`1

uipt ´ 1qviptq

dpi ` 1q “ p1 ´ pϕ2
i,iqdpiq ´ vipi ` 1q2 ´ uipnq2

σ2
i “

p1 ´ pϕ2
i,iqdpiq

2pn ´ iq

These moment-based estimators have the same asymptotic
properties as the previous ones.
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3.2 Estimation for ARMA models

Maximum Likelihood Estimation
Maximum likelihood (ML) provides the most efficient approach
to estimation, and usually estimators have good small sample
properties. However, outside of the Gaussian case, the
likelihood function is not often available.

We consider first Gaussian time series tXtu, presumed to be
zero mean, with autocovariance

ErXiXjs “ κpi, jq

Let

pXt`1 “ ErXt`1|X1, . . . ,Xts “ pPtXt`1 t “ 1, 2, . . .

which is always available for the Gaussian case.
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3.2 Estimation for ARMA models

If X1:t “ pX1, . . . ,Xtq
ᵀ, then

pXt`1 “ γt`1,t:1Γ
´1
t X1:t

where

γt`1,t:1 “ ErXt`1X1:ts Γt “ ErX1:tX
ᵀ
1:ts

are derived from the properties of the general multivariate
normal distribution (see Appendix, Brockwell and Davis).
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3.2 Estimation for ARMA models

Let
Γn “ ErX1:nXᵀ

1:ns

then the likelihood for the parameters of the covariance matrix
is

LnpΓnq “
1

p2πqn{2
|Γn|´1{2 exp

"

´
1
2

xᵀ1:nΓ
´1
n x1:n

*

.

If n is large, computation of

|Γn| “ detΓn Γ´1
n

may not be straightforward numerically. However, the
innovations algorithm can be used to compute the determinant
and inverse.
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3.2 Estimation for ARMA models

The innovations algorithm returns the quantities

θi,j, i “ 1, 2, . . . , n ´ 1, j “ 1, . . . , i.

If

Cn “

»

—

—

—

—

—

—

—

–

1 0 0 0 ¨ ¨ ¨ 0
θ1,1 1 0 0 ¨ ¨ ¨ 0
θ2,2 θ2,1 1 0 ¨ ¨ ¨ 0
θ3,3 θ3,2 θ3,1 1 ¨ ¨ ¨ 0

...
...

...
...

. . .
...

θn´1,n´1 θn´1,n´2 θn´1,n´3 θn´1,n´4 ¨ ¨ ¨ 1

fi

ffi

ffi

ffi

ffi

ffi

ffi

ffi

fl

Then, as before X1:n “ CnpX1:n ´ pX1:nq, with the elements of the
n ˆ 1 vector pX1:n ´ pX1:nq uncorrelated, with covariance matrix
Dn “ diagpv0, v1, . . . , vn´2q.
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3.2 Estimation for ARMA models

Therefore
Γn “ CnDnCᵀ

n

and

Xᵀ
1:nΓ

´1
n X1:n “ pX1:n ´ pX1:nqᵀD´1

n pX1:n ´ pX1:nq “

n
ÿ

j“1

pXj ´ pXjq
2{vj´1

and

|Γn| “

n´1
ź

j“0

vj.

and thus the innovations algorithm facilitates the Gaussian
likelihood computation for any n.
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3.2 Estimation for ARMA models

For ARMApp, qq, we saw that

pXn`1 “

$

’

’

’

&

’

’

’

%

n
ř

j“1
θn,jpXn`1´j ´ pXn`1´jq 1 ď n ď m

p
ř

j“1
ϕjXn`1´j `

q
ř

j“1
θn,jpXn`1´j ´ pXn`1´jq n ą m

where m “ maxpp, qq, and

vn “ ErpXn`1 ´ pXn`1q2s “ σ2rn

say.
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3.2 Estimation for ARMA models

ML estimation requires that the likelihood is maximized, which
in turn requires that the innovations algorithm is run for each
new parameter setting given by the iterative algorithm selected
(Newton-Raphson, Quasi-Newton etc.).

Recall that the likelihood Lpx1:nq depends on the parameters via
the ACF γXphq, which appears in the calculation via Γn, or the
parameters output by the innovations algorithm.

The properties of the ML estimates are well-established.
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3.2 Estimation for ARMA models

We have that

Lpθ, ϕ, σ2q “

ˆ

1
2π

˙n{2 ˆ

1
σ2

˙n{2

tRpϕ, θqu
´1{2 exp

"

´
1

2σ2 Spϕ, θq

*

where

Rpϕ, θq “

n
ź

j“1

rj´1 Spϕ, θq “

n
ÿ

j“1

pXj ´ pXjpϕ, θqq2

rj´1

Note that estimation of σ2 and pϕ, θq can be separated.
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3.2 Estimation for ARMA models

Notes:

1. There is no guarantee that the resulting estimates will lead
to a causal or invertible process. These constraints can be
imposed during the optimization, or a reparameterization
to the reciprocal roots can be performed.

2. The identical optimization can be carried out for
non-Gaussian processes as well, leading to maximum
pseudo-likelihood estimates.
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3.2 Estimation for ARMA models

Conditional Likelihood for ARppq

A conditional likelihood approach uses the first p data points to
condition upon to facilitate ease of likelihood construction. We
have that

f py1:n|ϕ, σ2q “ f py1:p|ϕ, σ2qf pypp`1q:n|y1:p, ϕ, σ
2q “ L1pϕ, σ2qL2pϕ, σ2q

say, where

f pypp`1q:n|ϕ, σ2q “

n
ź

j“p`1

f pyj|ypj´p´1q:pj´1q, ϕ, σ
2q.

The conditional likelihood approach uses only L2pϕ, σ2q as the
objective function.
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3.2 Estimation for ARMA models

Least-squares
A least-squares procedure based on Spϕ, θq, that is

ppϕ, pθq “ arg min Spϕ, θq

with

pσ2 “
Sppϕ, pθq

n ´ p ´ q

can be used.

A conditional least-squares approach can also be used for ARppq

models.
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3.2 Estimation for ARMA models

In R the main function for ARMA estimation is arima:

1 arima(x, order = c(0, 0, 0),
2 seasonal = list(order = c(0, 0, 0), period = NA),
3 xreg = NULL, include.mean = TRUE,
4 transform.pars = TRUE,
5 fixed = NULL, init = NULL,
6 method = c("CSS-ML", "ML", "CSS"),
7 n.cond, optim.method = "BFGS",
8 optim.control = list(), kappa = 1e6)

For example

arima(x,order=c(1,0,1))

fits an ARMAp1, 1q model to the data in x.
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3.2 Estimation for ARMA models

The library fArma contains the armaFit function, which
provides a number of alternative fitting approaches.

Other functions for AR models include:
ar
ar.burg
ar.yw
ar.mle
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3.2 Estimation for ARMA models

Example (Lake Huron data (de-trended))

Four potential models:

§ ARp1q arima(Lake.Yt,order=c(1,0,0))

§ ARp2q arima(Lake.Yt,order=c(2,0,0))

§ MAp1q arima(Lake.Yt,order=c(0,0,1))

§ ARMAp1, 1q arima(Lake.Yt,order=c(1,0,1))

202



3.2 Estimation for ARMA models

Example (Lake Huron data (de-trended))

1 > arima(Lake.Yt,order=c(1,0,0))
2 Call:arima(x = Lake.Yt, order = c(1, 0, 0))
3 Coefficients:
4 ar1 intercept
5 0.7829 0.0797
6 s.e. 0.0634 0.3178
7 sigmaˆ2 estimated as 0.4972: log likelihood = -105.29,
aic = 216.58

8

9 > arima(Lake.Yt,order=c(2,0,0))
10 Call: arima(x = Lake.Yt, order = c(2, 0, 0))
11 Coefficients:
12 ar1 ar2 intercept
13 1.0047 -0.2919 0.0196
14 s.e. 0.0977 0.1004 0.2351
15 sigmaˆ2 estimated as 0.4571: log likelihood = -101.25,
aic = 210.5 203



3.2 Estimation for ARMA models

Example (Lake Huron data (de-trended))

1 > arima(Lake.Yt,order=c(0,0,1))
2 Call:arima(x = Lake.Yt, order = c(0, 0, 1))
3 Coefficients:
4 ma1 intercept
5 0.7821 -0.0037
6 s.e. 0.0651 0.1390
7 sigmaˆ2 estimated as 0.6013: log likelihood = -114.6,
aic = 235.2

8

9 arima(Lake.Yt,order=c(1,0,1))
10 Call:arima(x = Lake.Yt, order = c(1, 0, 1))
11 Coefficients:
12 ar1 ma1 intercept
13 0.6517 0.3571 0.0332
14 s.e. 0.0945 0.1150 0.2610
15 sigmaˆ2 estimated as 0.4572: log likelihood = -101.26,
aic = 210.52 204



3.2 Estimation for ARMA models

Example (Lake Huron data (de-trended))
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3.2 Estimation for ARMA models

Model selection
A series of ARMA models might be fitted, and then compared
with reference to different aspects:

§ fidelity to the data
§ model complexity
§ residuals
§ forecasting performance
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3.2 Estimation for ARMA models

Akaike Information Criterion (AIC)
The AIC model selection method is widely used; it trades of
fidelity to the observed data (goodness of fit) with model complexity
(number of parameters fitted).

For model M with parameters β yielding likelihood LMpβq, the
AIC is defined as

AICpM, pβq “ ´2 log LMppβq ` 2d

where d is the dimension of β.

For the ARMApp, qq model, there are p ` q ` 1 parameters
pϕ1:p, θ1:q, σ

2q.
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3.2 Estimation for ARMA models

For the ARMApp, qq model,

AICpMp,q, pβq “ ´2ℓMppϕ1:p, pθ1:q,Sppϕ1:p, pθ1:qq{nq ` 2pp ` q ` 1q

where ℓM is the log-likelihood, and

pσ2 “
1
n

Sppϕ1:p, pθ1:qq

The model with the smallest (ie most negative) AIC is selected.
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3.2 Estimation for ARMA models

Notes
§ The AIC is a “within sample” criterion, and fits to the

observed data. This might not always reflect the objective
of the analysis we might be more interested in forecasting
performance.

§ The AIC is sometimes regarded to give an insufficient
penalty for complexity, and chooses models that are too
complex.

§ As n ÝÑ 8, the AIC is not guaranteed to choose the
correct model.
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3.2 Estimation for ARMA models

Corrected AIC
To fix the small sample issue, a correction was suggested:

AICCpMp,q, pβq “ ´2ℓMppϕ1:p, pθ1:q,Sppϕ1:p, pθ1:qq{nq `
2pp ` q ` 1qn
n ´ p ´ q ´ 2

that is the penalty 2d is replaced by 2dn{pn ´ p ´ q ´ 2q. This
uses a bias-corrected estimator of σ2.

For large n, the criterion reverts to the AIC.
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3.2 Estimation for ARMA models

Bayesian Information Criterion (BIC)
The BIC (or Schwarz criterion) uses a different penalty

BICpMp,q, pβq “ ´2ℓMppϕ1:p, pθ1:q,Sppϕ1:p, pθ1:qq{nq ` pp ` q ` 1q log n

that is the penalty 2d is replaced by d log n.

For large n, the criterion correctly selects the true model
(provided the true model is one that has been fitted).
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3.2 Estimation for ARMA models

Residual checking
The residual sequence t pWtu estimated by

pwt “
xt ´ pxt
?

rt´1

(that is, the one-step ahead prediction errors standardized by
their standard deviation) should have the property that t pWtu is
an approximate white noise sequence. In fact, if the model
fitted is the correct model

Wt
m.s.
ÝÑ Zt „ WNp0, σ2q

so the observed residual sequence should be approximately
uncorrelated, zero mean and variance σ2. We can also compute
pRt “ pWt{pσ, which should be a unit variance white noise
process.
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