2.5 Forecasting for Stationary Processes

Forecasting for stationary processes utilizes the autocovariance
structure of the process to optimize predictions. Suppose we
wish to forecast X, given the observed data

X121 = (X1, ..., X,). We focus on linear predictors, that is, linear
combinations of past values.

We will focus on model-free procedures, and utilize moment
properties rather distributional properties of {X}.
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2.5 Forecasting for Stationary Processes

We will again utilize the minimum Mean-Square Error (MSE)
criterion, and choose constants ag., = (o, a1, ...,a,)7 to
minimize

2
n
E (Xn+h — a9 — Zaixn_m)

i=1

Xl:n = X1

We denote the linear predictor using the n-data prediction
operator notation

n
ap + E[Jixnfz#l = Py Xyyn-
i—1
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2.5 Forecasting for Stationary Processes

By differentiation, we need to solve simultaneously

n
(Xn+h —ap — Z aixni+1>] =0

E
i=1

and, forj=1,...,n

n
(Xn+h —4ap — Z aixn—i-i-]) xn—j+1] =0

i=1

E

From the first equation, we see that we must choose

n
apg =W (1 — Zai>
i=1

where p = E[X;].
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2.5 Forecasting for Stationary Processes

In vector notation, the remaining system of n simultaneously
equations is written

Lna = Y (nn-1) 1)
where
Ly = (=Pl (nxn)
a = (ag,a1,...,a,)7 (nx1)
hin—1) = (x(h),...,x(h+n=1)T  (nx1)
with ap = ap(as, . . .,a,) given by the previous expression. This
is a linear system in (a1, . . .,a,); in general the solution will

also depend on h.
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2.5 Forecasting for Stationary Processes

Denote the solution to (1) by

a(n,h) = (a(n,1),...,a(n,n))7
so that

n
PuXuin = i+ Y, a(n, i) (Xy—ip1 — ).
i0

Note that, by construction
E[(Xytn = PuXyin)] = 0
E[(Xyin — PaXuen)Xj] = 0 j=1,...,n
The minimum value of the MSE achieved by a(n, h) is

E[(Xen — PuXpsn)®] = vx(0) — a(n, 1) Yy (n—1)
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2.5 Forecasting for Stationary Processes

Recall that the formula

Ina = Y(han-1)

depends only on the autocovariance function. Direct solution
of this equation is possible for most practical situations

a(n,h) = Ty Y1)

can be computed using solve in R. However, the form of I',,
(symmetric, Toeplitz) can make it relatively easy to invert.
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2.5 Forecasting for Stationary Processes

Example (AR(1))

Recall that o
[Tu]i = ol
so that
Th:(h+n—1) = (th’ ¢h+1’ ooy ¢h+n_1)T

Then the matrix inversion can be carried out analytically,
yielding
ll(?’l,h) = (¢h7 0,0 o 70)T

which is an intuitively reasonable result. It follows that
PpXpi1 = ¢Xy PpXpi2 = ¢2Xn

and so on.
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2.5 Forecasting for Stationary Processes

Recall a general linear prediction framework: let Y, Wy, ..., W,
be random variables with E[Y] = py, E[W;] = p;,

Var[Y], Var[W;], Cov[Y, W;], Cov[W;, W;] < 0. Write

Wn:l = (Wl, ey Wn)T, and

v = Cov(Y,Wy1) (nx1)
I = COU(anla Wn:l) (1’[ X Tl)

Denote the best linear predictor of Y, given Wy, ..., W, by
P(Y|W) = pry +a"(Wya — pi)
where a solves I'a = . The minimum MSE is then
E[(Y — P(Y|W))?] = Var[Y] — aT~.
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2.5 Forecasting for Stationary Processes

Let U and V be random variables with E[U?], E[V?] < o, and
B,aq,...,q, be constants. Then

PP"N&“

P(U[Wiya) = E[U] +a" (Wit — i ).

E[U — P(U[Wy1)] = E[(U ~ P(UWy1))Wya] = 0.
E[(U — P(U|Wy))?] = Var[U] — aT~.
Pis alinear operator

P(anU + aaV + BIWy1) = ar P(U|Wya1) + aaP(V| W) + 8.

. P(a™W,q + BIWpa) = aTWpa + .

If y = 0, P(U|Wy1) = E[U].
Coherent iterated prediction:
P(UIW) = P(P(U[Wi.1, Wy1))-
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2.5 Forecasting for Stationary Processes

Example (AR(p) process)
If {Z;} ~ WN(0, 02), and

O(B)X; = Z;
such that {X;} is stationary and causal. Then for each n
PyXpyy1 = Pu[®(B)Xy + Zy] = Pu[1Xn—1 + -+ + 0pXu—p + Zi]
= ¢;mXn1+ -+ GpXnyp

by 4.,5. and 6.
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2.5 Forecasting for Stationary Processes

Levinson-Durbin Algorithm
For a stationary process {X;}, suppose we write

PpXy1 = Z ¢n,] n—j+1 = %; X1

say as the general form of a linear predictor. By the arguments
above, the optimal MSE choice for ngn is

?n = F;Lﬂ:n
where
[Tulij =i —=j1) v = (vx(1),...,vx(n))T.
Let the minimum MSE be denoted

Un = E[(XnJrl - PanJrl)Z] = 7X<0) - ?;E'Yl:n-
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2.5 Forecasting for Stationary Processes

We seek a recursion for ¢,; suppose ¢,_1 and v,_1 have been
computed, and define ¢, by setting the nth component as

G = ['YX(”) - ?2,17(;1—1);1]

Un—1
and the first n — 1 components via
@bn,l:(n—l) = Qén—l - an,néﬁfl

where
Nfl—l = (@bn—l,n—la B ¢n—1,1)T

is the reversed version of ¢,_1. Finally, set

Un = Z)n,l(l - (b%z,n)
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2.5 Forecasting for Stationary Processes

To initialize the recursion, set

¢11 = px(1) = vo=x(0) v =x(0)(1—¢%,)

To see that the recursion produces a valid solution, first set R,
to be the autocorrelation matrix R,, = I';; /vx(0), and define

P1n = ,}/Xl(o)')/l:n = (pX(1)7 ce 7pX(n)>T'

We verify the inductive step

Rn?n = P1n an Rn-i—l?n = P1:(n+1)
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2.5 Forecasting for Stationary Processes

Clearly the relation holds for n = 1, as
Ri=1 ¢$1=da=px(1)  p1a=px(1).

We assume the relation holds for n = k, and verify that it holds
forn =k + 1. Now

Rk Pk:1
Riy1 = T
{pkzl} 1

where ,
= k), .. px(I))T = ——1.
pr1 = (px(k) px(1)) ()
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2.5 Forecasting for Stationary Processes

Recall that
[ x(0)  x(1) wx(2) o x(k)
vx(1)  x(0) (1) o ox(k—=1)
Rt = —— | w@ w0 o x(k—2)
7x(0) .
L oyx(k) yx(k—=1) ax(k—=2) - 9x(0)

and note that

R = prx - Ri¢k = pr1-
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2.5 Forecasting for Stationary Processes

Rip1¢k1 =

Ry pra ] { Ok — Prr1 k1% }

i {oka}’ 1 Okr1k+1

B [ Regr — Ok 1 Redf + Brs1 k1P
| {pe1} O — Dt {ora}” O + D

I Ry
| ok} G+ i (1 — {pka}T &) ]

as Ry¢y = pra1-
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2.5 Forecasting for Stationary Processes

Now by definition

1
Ok1k4+1 = o [’Yx(k +1) — ?@;I’Yk:l]

and by definition
T
ok = x(0) — ¢imx = x(0) — {?f} Vi1

1 T 4R
— m(l—{pkq} )

so therefore . ,
Sl = YT R =
vk( {pk.l} ?k) ’YX(O)
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2.5 Forecasting for Stationary Processes

Therefore

_ 1 T — _ T
Pret1 k1 = 'YT(O) [’YX(k +1) - ?k’Ykzl] = px(k+1) Py Pr:a

and hence

Riy1@k1 =

Ry ¢y ]

| {oka}T @ + px(k + 1) — ¢l pra)

_ [ P1:k
| px(k+1)
= Pr:(k+1)
and the recursion holds.
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2.5 Forecasting for Stationary Processes

For the prediction MSE recursion: using the recursion for ¢,,

On

E[(Xut1 — 5 Xn1)*] = 7x(0) — 1 y1n
= F}’X(O) - ?;_171:(11—1) + ¢n,n {?E—l} M:(n-1) ¢n n7X( )
= Up1+ Pun ({¢n 1} M:(n—1) — 'YX(”))

= Vu1— G (7x(0) — O _1M:(n-1))

= Z)n_1(1— %,n)'
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2.5 Forecasting for Stationary Processes

Partial Autocorrelation Function (PACF): Define the function
ax(h) by ax(0) =1 and

ax(h) = onn h=1,2,....n

where ¢y, j, is the value returned on the hth step of the
Levinson-Durbin recursion. This function is termed the partial
autocorrelation function, or PACF, which is uniquely determined
by the ACF ~x.

Note also that as v, is non-negative, and
Un = Uﬂfl(l - 121,11)
we must have that gb%’n < 1 for all nn, and hence that

On < Op—1

so that the optimal prediction MSEs for a decreasing sequence. 135



2.5 Forecasting for Stationary Processes

For random variables X, Y, Z, the partial correlation of X and Y,
given Z is defined by

Corr[(X — E[X|Z]), (Y — E[Y|Z])]

that is, the correlation between the residuals from a regression
of X on Z with those from a regression of Y on Z. For process
{Xt}, ifwelet X = Xt, Y = Xt+h/ and Z = X(t+1):(t+h—1)'

ax(h) = éun
Corr[(Xs — P[Xe| X1 1):(ren-1)])s

~

(Xepn — P[Xegn X1y (tn—1)D)]

The PACF computes the correlation between prediction
residuals for X; and X;y, using X(;1).(¢+1—1) to make the
predictions.
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2.5 Forecasting for Stationary Processes

Example (AR(p))

Suppose {X;} ~ AR(p), with parameters ¢, ..., ¢, and
consider i > p. Then

~

P[X | X (t41):th-1)] = 01 Xi0n—1 + -+ - + OpXpsn—yp
and R
P[Xe| X (t41):(t+n-1)] = X
so therefore

~

Xivn — P[Xesn Xrr):¢4n—1)] = Zign
Xt — P[Xi| X1y eneny] = Zt

and as Corr[Z;, Z;, ] = 0, the PACF is zero for h > p.
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2.5 Forecasting for Stationary Processes

The Levinson-Durbin algorithm provides a method for solving
the linear system

Rn?n = Plmn

by recursion, for arbitrary #, and given ACF ~x(h) without the
need for large matrix inversion. It exploits the symmetric
Toeplitz nature of an autocovariance matrix, and is an order n?
algorithm.

Other algorithms for inverting this type of matrix are typically
higher order; the Cholesky decomposition

Ry = LyLT

with L, lower triangular is order 7. It does not exploit the
Toeplitz nature of R,,.
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2.5 Forecasting for Stationary Processes

Innovations Algorithm

Another approach to forecasting proves feasible even for the
non-stationary case. Suppose that {X;} is zero mean process
with E[|X;|?], and E[X;X]] = x(i,]). Denote

~ 0 n=1
Xn:
Py 1X, n=23,....

and let R
un = Xn - Xn

denote the one step prediction error. Then
Urn = AnX1m

where A, contains the coefficients a;; that appear in the optimal
linear predictor.
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2.5 Forecasting for Stationary Processes

[ 1 0 0 - 0]
a1
A, = a2 az1
| 4 1p1 An-1n—2 143 -0 1

This lower triangular matrix is non-singular and let
A;l - Cn

where C, is also lower triangular.
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2.5 Forecasting for Stationary Processes

Let
i 1 0 0 o 07
011
C, = 022 021
L 9n—1,n—1 0n—1,n—2 0n—1,n—3 e 1 i

Then, recalling that Xj., = C,Uy.y,
Xt = Calltsn = Ca(X1n — X1n)-
Also
Xin = Xt — Uy = Cullisy — Upy = O(X1n — X1:n)
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2.5 Forecasting for Stationary Processes

[ 0 0 0 ]
011 0 0
0, = 022 02,1
| 011 On—1n—2 Op—1p—3 -+ 0
Therefore
0 n=20
5\(”+1 = L 5

2 gnvf(Xn—H—j - Xn+1—j) n=12....
=1
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2.5 Forecasting for Stationary Processes

Therefore the one-step predictions
X1, X0, ..., Xy, ..

can be computed as weighted sums of previous prediction
errors R
X1 — X1, X = X0, .., X — Xiny - -

provided the entries in the matrix ©,, are known. Note that by
the previous results, the sequence {D,} defined by

D, =X, - X,
is an uncorrelated sequence. Another recursive approach

avoids the need to carry out matrix inversion.
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2.5 Forecasting for Stationary Processes

Initialize vy = x(1,1) = E[X3], then for each 1 set

k—1
1
Ok = o K(n+ Lk +1) = Ok inni0j 0<k<n
j=0

and

vy =k(n+1,n+1)— Zﬁnn]

That is, we compute

(%]

hyp v

thp 01 2
b3 632 631 U3

and so on. 144



2.5 Forecasting for Stationary Processes

For h-step ahead prediction

n+h—1

PuXuin = O, Ontjm1jKusnj — Xntjmy)
j=h
and
n+h—1
Opin = k(n +h,n+h) — Z 0n+] 1,j0n+h—j—1
j=h

In this case, the innovations algorithm must be run forward
h — 1 steps.
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2.5 Forecasting for Stationary Processes

Note: It is possible to extend the idea of optimal linear
prediction from the finite case to the infinite, that is, to find
constants {3;} such that

0
PXuin = ) BiXus1-.
j=1

The infinite system of moment constraints
E[(Xpsn — PXpin)Xus1-i] =0 i=1,2,...
yield the infinite system of equations

a0
Z (i—j)B=xh+i-1) i=12,
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2.5 Forecasting for Stationary Processes

Deterministic Processes and The Wold Decomposition
Any process {X;} where

Xy — Py Xy =0
in mean square, that is

E[(X, — Pp_1X,)?] = 0

for all n is termed deterministic
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2.5 Forecasting for Stationary Processes

Example (Simple Deterministic Process)

Suppose A, B are zero mean and uncorrelated variables with
variance o2, and let

X = Acos(wt) + Bsin(wt)

for some w € (0, w). Then for each integer n,

~

Xn = ZCOS(w)Xn_l — Xn—2 = Pn_lxn

say, and hence

~

Xn—Pn1X, =0
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2.5 Forecasting for Stationary Processes

The Wold Decomposition gives a fundamental representation of
stationary processes. If {X;} is stationary and
non-deterministic, then {X;} has the representation

o0
X =Y %Zij+ Vi (Wold)
j=1

where
> {Zt} ~ WN(Oa 02)
» {V}} is deterministic

» {Z:} and {V}} are uncorrelated

0
>¢0=1,2¢f<oo.
=1
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2.5 Forecasting for Stationary Processes

We also have that
> Zt = INDtZt for all ¢
> Vt = 1’5th for all S, t.
and that the representation in (Wold) is unique. Furthermore
» foreacht, Z; = X; — INJt_lXt;
» for each j, 1 satisfies
- E[XeZj]
TRz

e8]
» foreacht, Vi = X; — X 9iZ; ;.
j=1
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