2. Stationary Processes

2.1 Properties of Stationary Processes

The objective of the previous section was to remove
(systematic) deterministic components from an observed series
to leave only the stochastic part. In this section, we study the
basic properties of stationary processes: such processes are
inherently stable (in the long run), and form natural models for
the stochastic component of observed series.

In the main, we will focus on weakly stationary processes,
where the mean and covariance structure is stable over time; in
general we will not make distributional assumptions.

Initially, we focus on forecasting, and demonstrate the utility of
utilizing the covariance structure of the process.
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2.1 Properties of Stationary Processes

Consider first a stationary Gaussian process {X;}, where for all
tand n,

(Xt+17 ceey XH—TZ)

is jointly normally distributed, with E[X;] = y, Var[X;] = o2,
and for s > t.

X (S — t)
o2

Cov[ X, Xs] = vx(s — 1) Corr[ Xy, Xs] = px(s —t) =
Then it follows that

Xonrn|Xn = xn ~ N (my(2n), 0n(xn))
where

my(x) = p+px(h)(x—p)

w(x) = o*(1-pk(h) o



2.1 Properties of Stationary Processes

To define “optimal” forecasting, we need to define a criterion
via which to assess the quality of predictions.

We use a minimum mean-square error (minimum MSE)
criterion, and attempt to to make the prediction }A(,Hh = Xpih
such that

E[(Xn+h - in—&-h)z’Xn = xn]

is minimized. Here the expectation is taken with respect to the
conditional distribution X,,, ;| X, = x,.

63



2.1 Properties of Stationary Processes

This minimization can be carried out analytically to yield

Xpin = B[ Xyl Xn = 4] = my(x) = p+ px(h)(xy — 1)

that is, the best prediction (in minimum prediction MSE terms)
is the conditional expectation. The prediction MSE
corresponding to this prediction is

oy(x) = 0?(1 — px ()

In this case, we could deduce the appropriate form for the
optimal predictor from properties of the Gaussian process.
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2.1 Properties of Stationary Processes

Best Linear Prediction: For a non-Gaussian process, we seek
the again seek the minimum MSE predictor. We restrict
attention to linear predictors, that is, predictors of the form

Xn = 1(Xp) = aXy + b

for some a and b. Under this restriction, and stationarity, it
again transpires that the optimal predictor takes the form

X = B[ Xy nXn = x0] = mp(x) = p + px(h) (xn — 1)

with the same prediction MSE as before.
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2.1 Properties of Stationary Processes

Non-negative definite functions: A scalar function g is

non-negative definite if, for all n, and vectors a = (a1, ...,a,)
n n
Z Z a;g(i—j)aj = 0.
i=1j=1

With a strict inequality, the function is termed positive definite.

If G is the n x n matrix formed as G = [g(i — j)];;, then the above
definition becomes that

alGa = 0.

and G is a non-negative/positive definite matrix.
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2.1 Properties of Stationary Processes

Theorem

A function g is the autocovariance function (acvf) for a stationary
stochastic process if and only if g is even, that is

g(h) =g(=h)  forallheZ

and g is non-negative definite.

Note: by elementary properties of covariance, for all 1,

v0) = 0
Iy < ~(0)
v(=h) = ~(h
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Characterizing the ACVF I

Proof. Suppose first that g is the acvf of a stationary stochastic
process, {X;} say. By definition of covariance, g is an even
function, as

§(=h) = E[XiX;_p] = E[Xp1nXi] = E[XiXp1h] = g(h).

Leta € R" be an n x 1 vector, and let X,..; = (xy,...,x1)7. Then
a7 X,,.1 is a scalar random variable, and

n
Var[a™X,,.1] = a™Var[X,.1]a = 2 Zaig(i —j)aj =0
i=1j=1

so g is non-negative definite.
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Characterizing the ACVF I

Now suppose that g is non-negative definite and even. For each
n = 1, define the n x n matrix ¥ by

(%] =8(i =)

and consider the multivariate Gaussian distribution with mean
zero and variance-covariance matrix 3. This distribution is the
finite dimensional distribution arising from a stationary
Gaussian process with the specified covariance structure. O

Note that an autocorrelation function has the same properties,
except that p(0) = 1.
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2.1 Properties of Stationary Processes

Example (Simple harmonic process)

Suppose A and B are zero mean, uncorrelated random
variables with variance 1. Let {X;} be defined by

X¢ = Acos(wt) + Bsin(wt)
Then E[X;] = 0 for all ¢, and

Cov[Xt, Xern] = E[XiXpn]
= E[(Acos(wt) + Bsin(wt))
(Acos(w(t + h)) + Bsin(w(t + h)))]
= E[A?] cos(wt) cos(w(t + h)) +
E[B?] sin(wt) sin(w(t + h))
= cos(wt) cos(w(t + h)) + sin(wt) sin(w(t + h))

= cos(wh) = cos(w(—h)) 70



2.1 Properties of Stationary Processes

Construction of stationary processes: Let {Z;} be an IID
process, and let {X;} be defined by

Xt :f(ztv Zt—l’ cee 7Zt*L])

for some q > 0. {X;} is a filtered version of {Z;}, and {X;} is
strictly stationary if {Z;} is strictly stationary.

Note that X; and X; are independent if |t —s| > ¢q; {X;} is
termed g-dependent, and yx(h) = 0if |h| > gq.
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2.1 Properties of Stationary Processes

Moving average processes: Let {Z;} ~ WN(0, 02) be a white
noise process, and let {X;} be defined by

X =Zi+0Zy 1+ 0Zs o+ + 0,74
for some g > 0, where 61, 0,, ..., 0, are real-valued constants.

{X;} is zero mean, stationary and g-dependent; it is termed a
moving average process of order q (MA(q)).
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2.2 Linear Processes

{X¢} is a linear process if for all ¢
a0
Xi= 2 ¥Zi
j=—o

where
» {Z} ~ WN(0,0?)
» {1} is a real sequence with

0
Dl < o
j=—00
Using the backshift operator notation
Xt = ¥(B)Z
where
0
P(z) = > v
= 73



2.2 Linear Processes

The process is termed non-anticipating if 1); = 0 for all j < 0, so
that

e¢]
Xi =2 0iZey.
j=0

Note that for the linear process to be sensible we need the sum
0
2, B2
j=—0o0

to converge in some appropriate fashion; in this context we
require mean-square convergence, so that in fact

0
XY Wz,

j=0
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2.2 Linear Processes

We require for the definition
2
n
Jm E (Xt 2 ﬂ}fztj) =0
j=—n
Note that
2

n n n

DiUZig | = DG+ > > ik Zi i Zik

j=—n j=—n j=—nk#

and taking expectations, as {Z;} is a white noise process so that
E[Z_iZi ] = 0ifj # k
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2.2 Linear Processes

Z|wj|<oo — Z@Z)jz<oo

j=—0o0 j=—00

so therefore the partial sums (with limits +7) are also finite for
all n. Note also that by the Cauchy-Schwarz inequality

E[|Z:[] < A/E[Z?] = o, therefore

E[]X:|] Z W]’E ‘Zt—]| Z W] < 0

j=— j==

so that

D) UiZi

j=—0o0

is convergent (almost surely).
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2.2 Linear Processes

The operator +(B) is termed a linear filter; it acts on the
stationary (white noise) process {Z;} to produce the stationary
(autocorrelated) process {X}.

The operator can also be applied to any stationary process.
Suppose that {Y;} is a weakly stationary, zero mean process
with ACVF vy, and ¢ (B) is the above linear filter with
absolutely summable coefficients. Then the process

0
Xe=9(B)Yr = Z VY
j=—
is also weakly stationary with mean zero. The ACVF of {X;} is

09]

() = )] Yieyy (h +j — k).

j=—00 k=—00
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2.2 Linear Processes

If {Y¢} is a white noise process, so that {X;} is a linear process,

then ”
W)= ) dpeno”

j=—

To see this, note that

E[X:] < E[[X¢(] Z [YI[E[Y]| < o0

j=—00

so that E[X;]| = O for all £. Then

E[XiXiyn] = E [( i 1/1th]'> < i kaHhk)]
j=—00 k=—o0
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2.2 Linear Processes

Multiplying out yields

o0 0

EXiXen] = ), Y, WE[YioYien]
j=—wk=—00

[ee}
= D> D wew(f+h—k).
j=—00 k=—00
If {Y;} is white noise, then vy (k) = o2 if h = 0 and zero
otherwise, in which case

Vx(h) = E[XeXpin] = Z Yo

j=—00
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2.2 Linear Processes

If «(B) and B(B) are two linear filters, each of which has
absolutely summable coefficients, and

then ¢ (B) is also a linear filter, with

o]

b= D Bk = D Bk

k=—00 k=—o0
and if {Y}} is a stationary process, then
Xi = ¢(B)Y; = a(B)B(B)Y:

defines a stationary process {X;}. Note that W; = 5(B)Y; is also
stationary, and X; = «(B)W;.
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2.2 Linear Processes

Example (AR(1) process)
Let {Z;} ~ WN(0,0?), |¢| < 1,and

Xi = ¢X4_1+ 24

with E[Z;X;] = 0 for s > t. That is, {X;} is the solution of the
equation
Xi— ¢Xi1 =24

or
(1—0(B))X: = Zs.
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2.2 Linear Processes

Example (AR(1) process)

Consider the linear process

o0
X = Z YZs
=0

- note that

g 1—\<Z>\

hence the conditions of absolute summability hold.
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2.2 Linear Processes

Example (AR(1) process)
This is a solution to the equation above as

Xy = X4 1+ 2
= qﬁ(qSXt,z A Zt_1) aF Zt

n—1
Jim, {M +3 Wu}
=

w .
297
j=0
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2.2 Linear Processes

Example (AR(1) process)
Also, forh = 0,

vx(h) = Z Y pno” = 2 Ptho? =
j=—00 j=0
that is -
Ix (h) = 1U_¢¢2

0
2 2ith
o Zqﬁ J+
j=0
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2.2 Linear Processes

Example (AR(1) process)

Now suppose that {Y;} is another solution to the AR(1)
equation. Then, for any k > 0

k 2 [ 00 2
E (Yt - Z Gbiztj) = E ( Z ijztj)
j=0 k1

0 2
- E (Z ¢l+k+lzt—k—1—l> ]
=0

0 2
= E (qulztku”
I=0

= ¢*tUE [(Yt—k—l)z]
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2.2 Linear Processes

Example (AR(1) process)

The right hand side of this equation converges to zero as
k— w,as|¢| <1, andE[Y? , ] < o0.

Therefore Y; and X; are equal in mean square
Y "= X,

and therefore {X;} is essentially the unique stationary solution
to the AR(1) equation

Xi—oXp 1 =24

with |¢| < 1and {Z;} ~ WN(0, o%). Therefore for any
stationary AR process there is an essentially unique MA ()
representation, with ¢; = ¢/ forj > 0, and ¢; = 0 for j < 0.
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2.2 Linear Processes

Example (Non-stationary AR(1) process)
If |¢| = 1, say

Xt = thl a4 Zt or Xt = —Xt,1 + Zt
then X; is not stationary. Clearly
Var[X;| = Var[+X;_1] + Var[Z;] > Var[X;_4]

for all ¢.
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2.2 Linear Processes

Non-causal AR(1): In the AR(1) formulation, suppose |¢| > 1,
that is

Xy =Xy + 724
so that
1X =X;_ 1+ 1Z
) t t—1 ) t

or
Xi1 = ¢uXt + Zf

where {Z;} ~ WN(0, 0?/¢?), and ¢, = 1/¢, with |p.| < 1.
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2.2 Linear Processes

Therefore, by considering a reverse time formulation, we can
construct a stationary solution to the AR(1) equation. It takes
the linear process form

X =— Z ¢I;1<Z;k+j
j=0

that is, X; is defined in terms of future values of {Z;}.

The ACVF can be computed by the usual methods. Such a
process is termed non-causal.
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2.2 Linear Processes

Note: we have that
(1—¢B)X; = Z; X; = (1—¢B)"1Z,
and by a geometric series expansion,
%0 o0
Xe = 2 OB Y Zi =) $Zs
j=0 j=0

as before.
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2.3 Autoregressive Processes

To generalize the previous formulation is straightforward.
Suppose that

Xe =1 Xem1 — - — opXep = 24

is used to define (implicitly) {X;}, where as usual

{Z;} ~ WN(0, 02). This definition does not ensure (or even
suggest) that the solution can be found, or is unique or
stationary.

This process is termed the autoregressive process of order p
(AR(p)). Here E[Z;] = 0, s0 E[X;] = 0.
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2.3 Autoregressive Processes

Example (AR(2) process)
If p = 2 we have

Xi— 1 Xi 1 — 0 Xp 2 =24 or ®(B)X; = Z;.

where ®(B) = (1 — ¢1B — $,B?), and the following linear
process representation obtained by noting that

X = (1—¢1B— B 7'Z; = }]ma]

j=—0©

where ¢); is the coefficient of B/ in the series expansion of

(1 - ¢1B — ¢oB*) 7!
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2.3 Autoregressive Processes

Example (AR(2) process)

Consider the factorization

D(z) = (1 — g1z — $22%) = (1 — &2)(1 — &2).

where z is an arbitrary complex number, and ({1, &) are a
complex conjugate pair. In general,

(1-&)~

has radius of convergence |{| < 1 when |z| = 1.
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2.3 Autoregressive Processes

Example (AR(2) process)

(&1, &) are the reciprocal roots of the equation
®(z) =0

and
{(1-&z)(1-&2)}!

is convergent for |z| = 1 if and only if

|61] = |&2] < 1.
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2.3 Autoregressive Processes

Example (AR(2) process)
We have that

*B)X; =21 . = y 1z, = Z WiZs—j

j=—©

where v); is the coefficient of 7/ in the series expansion of

(@) = (1 - 621 - &) = 3 Y ek
j=0k=0
that is

] .
g =Y et
k=0
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2.3 Autoregressive Processes

Example (AR(2) process)
Note that

|l

IN

j
D lalfeb™
k=0
= (G+1)M
where M = max{|&],|&2|} < 1. Therefore
.- 1
; ]Z()(]+1) 7(1—M)2<OO‘

Hence {X;} is a linear process with absolutely summable
coefficients.
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2.3 Autoregressive Processes

The extension to the AR(p) case is now straightforward: we
write

p
O(z) =1—d1z— oz — - — 2 = [ [(1 - &)

=1

and by an identical argument to above, to ensure stationarity,
we require that the reciprocal roots

515527"'76}7

all satisfy |{;| < 1. Equivalently, if we let 7; = 1/{; denote the
roots of ®(z) = 0, then we have

p

®(z) = [(5—2)

j=1

and require |n;| > 1 for each j.
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2.3 Autoregressive Processes

If |§;| > 1 for at least one j, then no causal stationary solution to
the AR(p) equation exists, but a similar approach to the AR(1)
case allows us to define a (unique) non-causal stationary
solution.

Hence the only case that leads to non-stationary solutions is
when |§;| = 1 for at least one j. In the simplest case &; = 1,
which corresponds to the factor (1 — B) in the AR polynomial;
however any complex root with modulus 1 yields a
non-stationary solution, that is

f] — oW

for —m < w < 7, where 1 = v/—1.
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2.3 Autoregressive Processes

Example
Suppose
13 3
Xt - Zthl 4= EXt_z = Zt.
Then 13 3
B(z) =1- z+ 72 = (1-32)(1 - 2/4)

Therefore the reciprocal roots are 3 and 1/4. Therefore no
causal stationary solution exists.
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2.3 Autoregressive Processes

Example
Suppose
31 3
Xt — %Xt_l + gXt_z = 7.
Then

d(z) =1-— ;—(1)2 + %zz = (1 —4z/5)(1 — 3z/4)

Therefore the reciprocal roots are 4/5 and 3/4. Therefore a
causal stationary solution does exist.
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2.3 Autoregressive Processes
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2.3 Autoregressive Processes
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2.4 ARMA Processes

Recall the two main classes of stationary linear processes: if
{Zt} ~ WN(Oa Uz)
» Moving Average:

Xp =Zi+hZia+ -+ 0,21,

» stationary
» g-dependent; vx(h) = 0 forh > ¢
» Autoregressive:

Xe =1 Xp1— = QpXopp = 24

» stationary provided the roots of the AR polynomial
P

B(z)=1- g1z~ —pp2 = [(1 - &2)

j=1

satisfy |¢;| # 1 for each j; causal if || < 1 for eachj.
» yields an MA(o0) representation. 103



2.4 ARMA Processes

{X;} is an ARMA(p, q) process if it is stationary and satisfies
®(B)X; = ©(B)Z:
where {Z;} ~ WN(0, 0?), and

4
O(z) = 1-giz— — ¢ =[[(1—¢2)
j=1
q
O(z) = 1+biz+ - +027 = H(l—wjz)
j=1
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2.4 ARMA Processes

Example (ARMA(1,1))
Suppose {X;} satisfies

(1— ¢B)X; = (1 + 6B)Z;

This is the ARMA(1, 1) process. Suppose that |¢| < 1, and let
w . .
a(B) = {2(B)} ' = ), ¢/B
j=0

Then
X; = a(B)O(B)Z; = ¥(B)Z;

where

U(z) = a(2)0(z) = (1 + ¢z + ¢?2% + - - )(1 + 62)
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2.4 ARMA Processes

Example (ARMA(1, 1))
Therefore
o = 1 ‘
b= O+l j=1

SO

X =27+ (0 + 9) Z W_lzt—j
=1

Note: if |¢| > 1, can construct a stationary non-causal version.
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2.4 ARMA Processes
Invertibility: If

®(B)X; = O(B)Z;
then we may also write
{OB)}'e(B)X; = Z

provided the expansion
w .
B(B)={0(B)} " =) 4B
j=0
converges. From above, we have

q
0(z) = [ [1 - wp)

j=1

so therefore expansion exists provided |wj| < 1 converges. Such
a process is termed invertible. 107



2.4 ARMA Processes

Example (ARMA(1, 1))

In this case

1+6B

@
<
|

where mp = 1, and

mi=—0+¢) (-0, j>1.

We thus have an AR(c0) representation

W(B)Xt = Zt.

1-6B+6°B>—-..
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2.4 ARMA Processes

Estimation: Estimation for the ARMA processes studied above,
and indeed all stationary processes, can be achieved in a
non-parametric fashion using moment-based estimation. For
example, we may estimate expectation p = E[X;] using
estimator

1 -
ﬁ:nletzx
1=

Recall that we require an estimator to have good statistical
properties. In the non IID case, properties of this estimator are
more difficult to study; it is clear that, under stationarity,

E[X] =pn

so we have an unbiased estimator, but the variance of this
estimator must be computed with care.
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2.4 ARMA Processes

Var[X] = %ZZ Coo[X;, X;] 711222%((|1—]|)
i=1j=1 i=1j=1
= D ()
h=—n
i
. x(h)
2 (-5

As n — o, this variance should stay finite, otherwise the
performance of the estimator will be poor. A necessary
condition is that yx(h) — 0 as h — o, but this is not
sufficient, for example if yx(h) ~ 1/h as h — o, the sum
diverges.
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2.4 ARMA Processes

If Var[X] — 0, then X — p in mean square. If

Z [yx ()| < oo

h=—00

then the asymptotic variance is the probability limit of nVar[X],

0

nVar[X] > > yx(h)
h=—00
Note that it is not necessarily the case that

Z [yx ()| < co.

h=—o0
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2.4 ARMA Processes

For a Gaussian series {X;}
% N i
¢MX—m~N<mg;(-—n)wmQ

whereas for non-Gaussian stationary series this result holds as
an asymptotic approximation, provided the autocovariance
series is absolutely summable.

In practice, yx(h) must be estimated from the data, and in the
asymptotic case, the infinite sum must be truncated;

gi( —ﬁ03m>

commonly this is done at I = /1.

112



2.4 ARMA Processes

Example (AR(1) process)
Suppose that {Z;} ~ WN(0, 62), and

Xi—p=¢(Xeo1 —p) +Zs

with |¢| < 1. Then

a2l
) = 72
so that
0 o0} 2 0 2
)| = n=-—"_11+2N ¢ =2
h_z_]oohx( )1 h_ZJOOVX() 1_¢2[ + };1@5] e
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2.4 ARMA Processes

Estimation of the autocovariance function yx (k) can also be
achieved by moment-based methods

n—|h]
Ah) = = 7 (X — %) (3 — ).
This is a biased estimator of yx(h), but the bias is low (order
o(1/n).
Note that the k x k symmetrix matrix T} with
[Tyl = 7(1i = /)

is non-negative definite for each k > 1 (see B & D p. 59).
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2.4 ARMA Processes

The autocorrelation function px () can be estimated by

1 -~

ARETON
The statistical properties of this estimator can be established
with care (see B & D pp. 60-63) and can be used to construct
tests for each /1 of the hypothesis that px(h) is zero based on a
z-score. Global (or portmanteau) tests, that assess multiple i
simultaneously can be constructed based on a Chi-squared
distribution approximation. See for example the Box-Ljung test
(Box.test inR).

Note: I';, f‘k and other related matrices are symmetric Toeplitz
matrices (that is, they are constant along diagonals).
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