
7. Spectral Analysis of Time Series

The spectral or frequency domain representation of time series
tXtu focusses on stationary processes, and constructs an
alternative view to the time domain representation studied
previously.

The focus on time domain methods is paramount in statistics
because observed data are typically collected sequentially in
time. However, in the context of stationary processes, the
non-negative definite autocovariance function admits a spectral
decomposition, and this decomposition can facilitate
alternative inference approaches.
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7.1 Spectral Representation

The acvf of a (zero-mean) stationary process tXtu

γXphq “ ErXtXt`hs

is a symmetric, non-negative definite function that has a
unique representation in terms of “frequency contributions”.
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The Spectral Density Function

Let tXtu stationary and zero-mean, with acvf γXp.q, with

8
ÿ

h“´8

|γXphq| ă 8.

Then the spectral density function (SDF) of tXtu is the function
fXp.q defined by

fXpλq “
1

2π

8
ÿ

h“´8

e´ιλhγXphq λ P R

Note that fXpλq is well-defined, as |e´ιλh| “ 1, so

8
ÿ

h“´8

|e´ιλhγXphq| ď

8
ÿ

h“´8

|e´ιλh||γXphq| “

8
ÿ

h“´8

|γXphq| ă 8.

and fXpλq is periodic, we can restrict attention to λ P p´π, πs 560



The Spectral Density Function

(i) fXpλq “ fXp´λq and

fXpλq “
1

2π

8
ÿ

h“´8

cospλhqγXphq

(ii) fXpλq ě 0, ´π ă λ ď π.
(iii) Inversion formula:

ż π

´π
eιhλfXpλq dλ “

1
2π

ż π

´π

#

8
ÿ

k“´8

eιλph´kqγXpkq

+

dλ

“
1

2π

8
ÿ

k“´8

γXpkq

"
ż π

´π
eιλph´kq dλ

*

“ γXphq
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The Spectral Density Function

Note: The summability condition

8
ÿ

h“´8

|γXphq| ă 8

is not a necessary condition for the existence of a SDF. There is
a 1-1 correspondence between acvfs and spectral density
functions; if

(i) fXpλq ě 0, for all λ P p0, πs.
(ii) For h “ 0,˘1,˘2, . . ., if

γXphq “

ż π

´π
eιhλfXpλq dλ

then fX is the SDF tXtu.
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The Spectral Density Function

A real-valued function f defined on p´π, πs is the SDF of a
stationary process if and only if

(i) f is even: f pλq “ f p´λq for all λ.
(ii) f pλq ą 0

(iii)
ż π

´π
f pλq dλ ă 8
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The Spectral Density Function

Suppose f satisfies (i)-(iii), then

γXphq “

ż π

´π
eιhλfXpλq dλ

is even. Let a P Rn. Then

aTΓa “

n
ÿ

r“1

n
ÿ

s“1

arγpr ´ sqas “

ż π

´π

n
ÿ

r“1

n
ÿ

s“1

araseιλpr´sqf pλq dλ

“

ż π

´π

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

r“1

areιλr

ˇ

ˇ

ˇ

ˇ

ˇ

2

f pλq dλ ě 0

so γp.q is non-negative definite, and hence the acvf for a
stationary process.
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The Spectral Density Function

Note: fX is the Fourier transform of γX, γX is the inverse Fourier
transform.

The properties of the SDF fX are similar to a pdf, symmetric
about zero, with the integrability relaxed to

ż π

´π
fXpλq dλ “ C ă 8

rather than having C “ 1.
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Spectral Representation Theorem

Theorem: A function γp.q, γ : Z ÝÑ R, is an autocovariance
function if and only if there exists a right continuous,
non-decreasing bounded function F on r´π, πs with Fp´πq “ 0,
and for all h P Z

γphq “

ż

p´π,πs

eιhλ dFpλq.

If the corresponding series tγphqu is real-valued, then F satisfies
ż

pa,bs

dFpxq “

ż

p´b,´as

dFpxq
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Spectral Representation Theorem

F is a generalized distribution function as Fpλq{Fpπq is a
distribution function on r´π, πs.

F is termed the spectral distribution function; it can be purely
discrete, absolutely continuous, or mixed. If F is absolutely
continuous

Fpλq “

ż λ

´π
f pxq dx λinp´π, πs

then f is the spectral density function.
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Example

Example (Harmonic process)

Suppose
Xt “ A cospωtq ` B sinpωtq

where A and B are uncorrelated, with

ErAs “ ErBs “ 0 VarrAs “ VarrBs “ 1

Then by a previous result

γXphq “ cospωhq h P Z
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Example

Example (Harmonic process)

Now
8
ÿ

h“´8

|γXphq| “

8
ÿ

h“´8

| cospωhq| “ 8

However, let

FXpλq “

$

’

’

’

’

’

&

’

’

’

’

’

%

0 λ ă ´ω

1
2

´ω ď λ ă ω

1 ω ě λ
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Example

Example (Harmonic process)

Then

fXpλq “

$

’

’

’

’

’

&

’

’

’

’

’

%

1
2

λ “ ´ω

1
2

λ “ ω

0 otherwise

and
ż

p´π,πq

eιhλ dFXpλq “
1
2

e´ιhλ `
1
2

eιhλ “ cosphωq
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Example: Extension

Example (Superposition of harmonic processes)

Suppose

Xt “

k
ÿ

j“1

“

Aj cospωjtq ` Bj sinpωjtq
‰

where A1, . . . ,Ak and B1, . . . ,Bk are uncorrelated, with

ErAjs “ ErBjs “ 0 VarrAjs “ VarrBjs “ σ2
j

and where
0 ă ω1 ă ¨ ¨ ¨ ă ωk ă π.

Then

γXphq “

k
ÿ

j“1

σ2
j cospωjhq h P Z.
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Example: Extension

Example (Superposition of harmonic processes)

Then

FXpλq “

k
ÿ

j“1

σ2
j Fjpλq

where

Fjpλq “

$

’

’

’

’

’

&

’

’

’

’

’

%

0 λ ă ´ωj

1
2

´ωj ď λ ă ωj

1 ωj ě λ

Note that

VarrXts “ γXp0q “

k
ÿ

j“1

σ2
j
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Spectral decomposition

This result shows that the variance of tXtu can be decomposed
into the variances contributed by the harmonic components at
different frequencies

ω1, . . . , ωk

In the limit as k ÝÑ 8

Xt
m.s.
“

ż

p´π,πs

eιtλdZpλq

where tZpλq : ´π ă λ ď πu is a non-decreasing stochastic
process.

In general, Z is complex-valued, with uncorrelated increments.
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Spectral decomposition

For finite k,

dZpλq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

Aj ` ιBj

2
λ “ ´ωj, j “ 1, . . . , k

Aj ´ ιBj

2
λ “ ωj, j “ 1, . . . , k

0 otherwise

Here

ErdZpλqdZpλqs “ ErpA2
j ` B2

j q{2s “
σ2

j

2
for λ “ ˘ωj, j “ 1, . . . , k and zero otherwise.
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Example: White noise process

Example (Xt „ WNp0, σ2q)

If Xt „ WNp0, σ2q, so that γXp0q “ σ2, γXphq “ 0 for all h ‰ 0.
Then, for ´π ă λ ď π,

fXpλq “
1

2π

8
ÿ

h“´8

e´ιhλγXphq

“
1

2π
rcosp0q ´ ι sinp0qsσ2

“
σ2

2π

575



Spectral decomposition

Recap: we have

Xt “

ż

p´π,πs

eιtλdZpλq “

ż

p´π,πs

rcosptλq ` ι sinptλqs dZpλq

where Zpλq is a random process on p´π, πs. By symmetry, we
need only consider Zpλq for 0 ď λ ď π.

λ is an angular frequency:
§ For a time series with dominant high frequency

components, fXpλq is large when λ is near π, and the series
exhibits rapid variation.

§ For a time series with dominant low frequency components,
fXpλq is large when λ is near zero, and the series exhibits
slow variation.
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Spectral decomposition

Often we use the frequency λ˚,

λ˚ “
λ

2π
so that ´

1
2

ă λ˚ ď
1
2

so that

f ˚
Xpλ˚q “

1
2π

8
ÿ

h“´8

e´ι2πλ˚hγXphq

and

γXphq “

ż 1{2

´1{2
eι2πλ

˚hf ˚
Xpλ˚q dλ˚
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7.2 Spectral Representation for ARMA processes

A linear process is the output of a time-invariant linear filter
acting on a white noise process: if tZtu „ WNp0, σ2q, then the
linear filter Ψ, is determined by coefficients tψku, and

Xt “

8
ÿ

k“´8

ψkZt´k.
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7.2 Spectral Representation for ARMA processes

Let tXtu be a stationary time series with mean zero and sdf
fXp.q. Suppose Ψ ” tψj : j “ 0,˘1,˘2, . . .u is a linear filter with

8
ÿ

j“´8

|ψj| ă 8.

Then tYtu defined by

Yt “

8
ÿ

j“´8

ψjXt´j

is stationary, zero mean, with sdf

fYpλq “ |Ψpe´ιλq|2fXpλq “ Ψpe´ιλqΨpeιλqfXpλq

where

Ψpzq “

8
ÿ

j“´8

ψjzj z P C.
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7.2 Spectral Representation for ARMA processes

This result follows by the previous result for acvfs

γYphq “

8
ÿ

j“8

8
ÿ

k“8

ψjψkγXph ` k ´ jq

and the representation result for γXp.q via fXp.q.

Ψpe´ιλq is the transfer function.

|Ψpe´ιλq|2 is the power transfer function.

The transfer function defines the action of the filter on the
process tXtu.
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Low Pass filter

Example (Low Pass filter)

A low pass filter removes high frequency components. To
remove frequency components beyond threshold ωC, we would
require a transfer function taking the value 1 for ´ωC ď λ ď ωC,
that is,

Ψpe´ιλq “

#

1 ´ωC ď λ ď ωC

0 otherwise

Term this filter the ideal low pass filter.

581



Low Pass filter

Example (Low Pass filter)

Let

ψj “
1

2π

ż ωC

´ωC

eιjλ dλ “

$

’

&

’

%

ωC

π
j “ 0

sinpjωCq

jπ
j ‰ 0

and define

Ψqpe´ιλq “

q
ÿ

j“´q

ψje´ιjλ

for integer q. This filter is a finite Fourier series approximation
to the ideal low pass filter.
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ARMA models

Example (Xt „ ARMApp, qq)

Suppose tZtu „ WNp0, σ2q, and define tXtu by

ΦpBqXt “ ΘpBqZt.

Thus

fZpλq “
σ2

2π

and as Xt “ rΦpBqs´1ΘpBqZt, we have

fXpλq “
σ2

2π

ˇ

ˇ

ˇ

ˇ

Θpe´ιλq

Φpe´ιλq

ˇ

ˇ

ˇ

ˇ

2

“
σ2

2π

ˇ

ˇΘpe´ιλq
ˇ

ˇ

2

|Φpe´ιλq|
2

by the general result.
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7.3 Model-free estimation

The sdf can be estimated from time-domain samples. Let x1:n
be the time-domain data, and let

ωk “
2πk
n

for k equal to

´

Z

n ´ 1
2

^

, . . . ,
Yn

2

]

The set tωku are termed the Fourier frequencies.
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7.3 Model-free estimation

For each k, let the n ˆ 1 vector ek defined by

ek “
1

?
n

peιωk , e2ιωk , . . . , enιωkqT

so that
eT

j ek “ 0

unless j “ k, in which case eT

k ek “ 1.
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7.3 Model-free estimation

te1, . . . , enu form an orthonormal basis for Cn, that is, for any
n-dimensional complex number x, we have

x “

tn{2u
ÿ

k“´tpn´1q{2u

akek

where

ak “ eT

k x “
1

?
n

n
ÿ

t“1

xte´ιtωk

The vector pa1, . . . , anqT is the discrete Fourier transform of x. Note
that

xt “

tn{2u
ÿ

k“´tpn´1q{2u

ak rcospωktq ` ι sinpωktqs

is the discrete version of the spectral representation theorem.
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The Periodogram

The periodogram, pInpλq is defined by

pInpλq “
1
n

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

t“1

xte´ιtλ

ˇ

ˇ

ˇ

ˇ

ˇ

2

´ π ă λ ď π.

Note that pInpωkq “ |ak|2, and

xTx “

tn{2u
ÿ

k“´tpn´1q{2u

|ak|2 “

tn{2u
ÿ

k“´tpn´1q{2u

pInpωkq

which gives a decomposition of the total variation in x via
components at the ωk.

587



The Periodogram

Note that

pInpωkq “

˜

1
?

n

n
ÿ

t“1

xte´ιtωk

¸ ˜

1
?

n

n
ÿ

s“1

xse´ιtωk

¸

“
1
n

n
ÿ

t“1

n
ÿ

s“1

xtxse´ιpt´sqωk

“
1
n

n
ÿ

t“1

n
ÿ

s“1

pxt ´ xqpxs ´ xqe´ιpt´sqωk

“

n´1
ÿ

h“´pn´1q

pγnphqe´ιhωk ph “ s ´ tq

as
n
ř

t“1
e´ιtωk “ 0 if ωk ‰ 0.
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The Periodogram

Thus pInpλq is a sample-based estimate of 2πfXpλq; it is not
consistent, however. For 0 ă λ1 ă . . . ă λm ă π,

ppInpλ1q, . . . ,pInpλmqqT
d

ÝÑ pV1, . . . ,VnqT

as n ÝÑ 8, where

Vj „ Exponentialp1{p2πfXpλjqqq.

That is, as n ÝÑ 8

ErpInpλjqs ÝÑ 2πfXpλjq

so pInpλjq is asymptotically unbiased, but pInpλ1q converges in
distribution, not in probability or almost surely.
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The Periodogram

To obtain a consistent estimator, a local averaging process is
used: define

pfnpλq “
1

2π

ÿ

|j|ďmn

wnpjqpInpgpn, λq ` 2πj{nq

where bandwidths mn satisfy mn ÝÑ 8, mn{n ÝÑ 0 as n ÝÑ 8,
and weights wnpjq satisfy wnpjq “ wnp´jq ě 0,

ÿ

|j|ďmn

wnpjq “ 1

and w2
npjq ÝÑ 0 as n ÝÑ 0.

Example: mn “
?

n, wnpjq “ 1{p2mn ` 1q for |j| ď mn.
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7.4 Likelihood-based estimation

For parametric models such as ARMA models with Gaussian
errors, likelihood-based inference can be carried out using a
large sample approximation to the time domain likelihood
known as the Whittle likelihood.

Recall that for the periodogram, for any λ, as n ÝÑ 8

pInpλq
d

ÝÑ V „ Exponentialp1{p2πfXpλqqq

If λ1, . . . , λn are chosen to be the Fourier frequencies, then

V1, . . . ,Vn

are approximately independent.
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7.4 Likelihood-based estimation

The Whittle likelihood is then

Lpθq “
ź

j

1
2πfxpωj; θq

exp
"

´
Inpωjq

2πfxpωj; θq

*

where ωj “ 2πj{n, and

j P

"

´

Z

n ´ 1
2

^

, . . . ,
Yn

2

]

*

This (asymptotic) likelihood can then be maximized to estimate
θ.
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7.5 Long memory models

Long memory time series models exhibit slow decay in
autocorrelation. For ARMA models, the decay in acf is
exponentially fast, that is, there exists r ą 1 such that as
h ÝÑ 8,

rhρXphq ÝÑ 0

Let tXtu be a stationary process such that for some α P p0, 1q

and constant c ą 0 such that

lim
kÝÑ8

ρXpkq

ck´α
“ 1

Then tXtu is a long memory or long range dependent process.
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Fractional Integration

Recall the ARIMApp, d, qq model, for d “ 1, 2, . . .,

p1 ´ BqdΦpBqXt “ ΘpBqZt

Now suppose that ´0.5 ă d ă 0.5 is a non-integer value. We
have

p1 ´ Bqd “

8
ÿ

j“0

πjBj

where, for j “ 1, 2, . . .

πj “

j
ź

k“1

ˆ

k ´ 1 ´ d
k

˙

“
Γpd ` 1q

Γpj ` 1qΓpd ´ j ` 1q
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Fractional Integration

Let tZtu „ WNp0, σ2q, and Wt “ p1 ´ BqdZt, so that

ΦpBqXt “ ΘpBqWt

gives an ARMApp, qq model driven by tWtu.

tWtu is fractionally integrated white noise. It is a stationary
process with

γWp0q “
σ2Γp1 ´ 2dq

tΓp1 ´ dqu2

and

ρWphq “
Γph ` dqΓp1 ´ dq

Γph ´ d ` 1qΓpdq
“

h
ź

k“1

ˆ

k ´ 1 ´ d
k

˙
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Fractional Integration

The acvf of tXtu can be computed using the usual approach

γXphq “

8
ÿ

j“0

8
ÿ

k“0

ψjψkγWph ` j ´ kq

where tψju are the linear process coefficients corresponding to
the ARMA process with polynomials ΦpBq and ΘpBq.
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Spectral density for Fractional ARIMA

If tXtu „ ARIMApp, d, qq with ´1{2 ă d ă 1{2, then

fXpλq “
σ2

2π

ˇ

ˇΘpe´ιλq
ˇ

ˇ

2

|Φpe´ιλq|
2

1
|1 ´ e´ιλ|2d

If p “ q “ 0,

fXpλq “
σ2

2π
1

|1 ´ e´ιλ|2d

and as λ ÝÑ 0

fXpλq «
σ2

2π|λ|2d

that is, the sdf is unbounded at zero.
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Fractional White Noise

If tWtu „ ARIMAp0, d, 0q, that is,

Wt “ p1 ´ BqdZt

then
§ MAp8q representation

Wt “

8
ÿ

k“0

ψkZt´k ψk “
Γpk ` dq

Γpk ` 1qΓpdq

§ ARp8q representation

Zt “

8
ÿ

k“0

πkWt´k πk “
Γpk ´ dq

Γpk ` 1qΓp´dq
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Fractional White Noise

For large k
§ MAp8q representation

ψk «
kd´1

Γpdq

§ ARp8q representation

πk «
k´d´1

Γp´dq

For 0 ă d ă 1{2, if tXtu „ ARIMApp, d, qq,

p1 ´ BqdΦpBqXt “ ΘpBqZt

then, for large h
γXphq « C|h|2d´1
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