
MATH 423/533 – THE SUMS OF SQUARES DECOMPOSITION

The sums of squares decomposition that follows in a linear regression model is

n
ř

i“1

pyi ´ yq
2 “

n
ř

i“1

pyi ´ pyiq
2 `

n
ř

i“1

ppyi ´ yq
2

SST “ SSRes ` SSR

which may be re-written

yJpIn ´H1qy “ yJpIn ´Hqy ` yJpH´H1qy

where
H1 “ 1np1

J
n1nq

´11Jn H “ XpXJXq´1XJ.

In random variable form, we wish to study

SSR “ YJ
pH´H1qY

where, under the linear model formulation

EY|XrY|Xs “ Xβ VarY|XrY|Xs “ σ2In.

Recall the result for the expectation of a quadratic form that if V is a k-dimensional random
vector with ErVs “ µ, VarrVs “ Σ, then for k ˆ k matrix A, we have

ErVJAVs “ tracepAΣq ` µJAµ

Using these results, we showed that

EY|XrSST|Xs “ pn´ 1qσ2
` βJXJ

pH´H1qXβ

EY|XrSSRes|Xs “ pn´ pqσ2

EY|XrSSR|Xs “ pp´ 1qσ2
` βJXJ

pH´H1qXβ

For EY|XrSSR|Xs, we showed

EY|XrY
J
pH´H1qY|Xs “ tracetσ2

pH´H1qu ` β
JXJ

pH´H1qXβ “ σ2
pp´ 1q ` βJMβ

say, where

M “ XJ
pH´H1qX “ XJ

pXpXJXq´1XJ
qX´XJ1np1

J
n1nq

´11JnX

Now if we write X “ r1n XRs, then

M “

„

1Jn
XJ

R



`

XpXJXq´1XJ
´ 1np1

J
n1nq

´11Jn
˘

r1n XRs

“

«

1JnXpX
JXq´1XJ ´ 1Jn1np1

J
n1nq

´11Jn

XJ
R XpX

JXq´1XJ ´XJ
R 1np1

J
n1nq

´11Jn

ff

r1n XRs

“

«

0Jn

XJ
R ´XJ

R 1np1
J
n1nq

´11Jn

ff

r1n XRs
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as the identity

XJXpXJXq´1XJ
“ XJ

ùñ

„

1Jn
XJ

R



XpXJXq´1XJ
“

„

1Jn
XJ

R



.

Hence

M “

«

0 0Jp´1

0Jp´1 XJ
R XR ´XJ

R 1np1
J
n1nq

´11JnXR

ff

The non-zero block matrix can be written

XJ
R XR ´XJ

R 1np1
J
n1nq

´11JnXR “ XJ
C XC

where XC is constructed from XR by subtracting from each column the column mean.
Hence in general if β “ pβ0, β1, . . . , βp´1qJ, we have that

EY|XrSSR|Xs “ pp´ 1qσ2
` pβ1, . . . , βp´1q

JXJ
C XCpβ1, . . . , βp´1q

For simple linear regression with p “ 2,

XJ
C XC ” px11 ´ x1, . . . , xn1 ´ x1q

J
px11 ´ x1, . . . , xn1 ´ x1q “

n
ÿ

i“1

pxi1 ´ x1q
2
“ Sxx.

Thus for simple linear regression we have (with p “ 2) that

EY|XrSST|Xs “ pn´ 1qσ2
` β2

1Sxx

EY|XrSSRes|Xs “ pn´ pqσ2

EY|XrSSR|Xs “ pp´ 1qσ2
` β2

1Sxx

Furthermore, under the assumption of normality of the residual errors ε, if β1 “ 0, we have

SST

σ2
“

YJpIn ´H1qY

σ2
„ χ2

n´1

SSRes

σ2
“

YJpIn ´HqY

σ2
„ χ2

n´p

SSR

σ2
“

YJpH´H1qY

σ2
„ χ2

p´1

with SSRes and SSR independent. Thus, similarly to the result quoted earlier

EY|XrSST|Xs “ pn´ 1qσ2

EY|XrSSRes|Xs “ pn´ pqσ2

EY|XrSSR|Xs “ pp´ 1qσ2

with p “ 2 hold under the assumption that β1 “ 0.
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Note: the assumption (hypothesis) that β1 “ 0 implies that x is not a relevant predictor of y.

• This is the context within which we will use the sums of squares decomposition most
often.

If β1 ‰ 0, we have
SST

σ2
„ χ2

n´1pλq

SSRes

σ2
„ χ2

n´p

SSR

σ2
„ χ2

p´1pλq

where

λ “
β2
1Sxx
σ2

and χ2
νpδq denotes the non-central chisquared distribution with ν degrees of freedom and

noncentrality parameter δ. This distribution is a two parameter extension of the ordinary
chi-squared distribution (which has a single parameter, the degrees of freedom).

Code for the non-central chi-squared distribution
1 #Non-central chi-squared distribution
2
3 xv<-seq(0,40,by=0.01)
4
5 y0<-dchisq(xv,df=10,ncp=0)
6
7 y1<-dchisq(xv,df=10,ncp=1.0ˆ2)
8 y2<-dchisq(xv,df=10,ncp=2.0ˆ2)
9 y3<-dchisq(xv,df=10,ncp=3.0ˆ2)

10
11
12 plot(xv,y0,type=’l’,lwd=2,xlab=’x’,ylab=’f(x)’)
13 lines(xv,y1,col=’red’,lwd=2)
14 lines(xv,y2,col=’red’,lwd=2,lty=2)
15 lines(xv,y3,col=’red’,lwd=2,lty=3)
16 legend(20,0.1,c(expression(lambda==0),expression(lambda==1),
17 expression(lambda==4),expression(lambda==9)),
18 lty=c(1,1,2,3),lwd=2,col=c(’black’,’red’,’red’,’red’))
19 title(’The non-central chi-squared distribution’)
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