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Summary. We address the problem of MCMC analysis of a complex ecological system using a Bayesian inferential
approach. We describe a complete likelihood framework for the life history of the wavyleaf thistle, including missing
stages and density dependence. We indicate how, in order to make inference on life history transitions involving
both missing information and density dependence, the stochastic models underlying each component can be com-
bined to obtain expressions that can be directly sampled. Our approach allows otherwise unobtainable inference
on interactions between demographic rates. This innovation and the principles described could be extended to
other species featuring such missing stage information, with potential for improving inference relating to a range of
ecological or evolutionary questions.
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1. Introduction

The study of the ecological and evolutionary dynamics of plant populations relies on demo-
graphic models based on repeated observations on individuals from natural populations (e.g.
Rees et al. (2001), Rose et al. (2005)). However, key demographic transitions often cannot
be directly observed without perturbing the study population, particularly in plant species
that reproduce vegetatively, that is, where production of offspring occurs by branching from
the taproot, which may take place deep below-ground. Nevertheless, understanding such de-
mographic transitions is critical in a number of fields. Successfully managing invasive plant
species requires accurate demographic models, and vegetative reproduction is often a key
element to rapid spread of such species (Radosevich et al., 1997). In evolutionary biology,
understanding persistence and maintenance of mixed reproductive strategies (i.e. those with
vegetative and sexual components) is a fundamental question (Gardner & Mangel, 1999).
However, difficulties associated with estimating allocation of finite resources between the dif-
ferent reproductive alternatives, particularly in the presence of unobserved states, mean that
evolutionary theory has rarely been aligned with complex real systems.

The fundamental obstacle to statistical inference addressed here is the presence of the
missing data relating to the vegetative reproduction. In this paper, we develop a Bayesian
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Table 1. Longitudinal Record for Typical
Ramet: First observed in Year 2 of study,
producing 2,1,0 and 1 ramets in Years 2
to 5, and flowering in Year 5 with 2 flower
heads.
Year 2 3 4 5

No. Ramets 2 1 0 1
Flower (0=No,1=Yes) 0 0 0 1
No. Flowering Heads 0 0 0 2
Death (0=No,1=Yes) 0 0 0 0

framework to capture all aspects of plant demography, including such missing information, and
apply it to an analysis of a large data set relating to the wavyleaf thistle, Cirsium undulatum.
The model formulation also directly reflects a demographic model which can be used for
population projection. Although there is a large body of work relating to the estimation of
demographic parameters from the study of marked individuals, including formal statistical
(in fact, Bayesian) approaches (Brooks et al., in prep.), explicit linkage to a full demographic
model is rare, particularly with connection to unobserved values. Our model and analysis
provide such linkage. Inference from our model is performed using a Bayesian framework via
Markov chain Monte Carlo.

The paper is organized as follows: the remainder of Section 1 introduces the data considered
here, and outlines use of Bayesian approaches in ecological and evolutionary demography to
date; Section 2 outlines the probability models and likelihood framework, and presents results
from simulated data; Section 3 presents results from analysis of the real data. Conclusions
are given in Section 4. Details of notation are given in an Appendix.

1.1. The wavyleaf thistle species and data

Wavyleaf thistle reproduces both vegetatively and sexually, and the resulting offspring can
be distinguished in the field. A single genet may consist of several above ground rosettes,
referred to as “ramets”, which branch off an underground taproot. Because of the extreme
difficulty of identifying genets, in this work we take a single ramet as the focal individual unit.
Each ramet persists for a variable number of years until it either dies or flowers. Flowering is
generally fatal for a ramet of this species. Each ramet may itself produce vegetative ramets
throughout its lifetime. Thus a single longitudinal record for a ramet may typically take the
form presented in Table 1. It is of considerable biological interest to understand the nature
of each of these reproductive and temporal survival processes, and to understand whether
external environmental factors exert any influence because of their ecological and evolutionary
implications.

The number of vegetative ramets produced is thought to vary stochastically, dependent
on the individual’s characteristics, such as root crown diameter, which is recorded each year.
Each new ramet becomes an individual to be followed up in its own right, appearing in the
population in the year following is production. In its flowering year, a number of flowering
heads and seeds may be produced in addition to vegetative ramets. A proportion of the
seeds successfully establish and become ramets to be followed up in their own right, also
appearing in the population in the year following their production. Seedlings and new ramets
are distinguishable, but the number of each that a ramet generates in any given year is not
observed directly - only the total number of ramets and the total number of seedlings are
observed. However, in some cases a new vegetative ramet appears in physical proximity to
where a ramet flowered or died the previous year. It is then reasonable to assume that the
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new ramet was produced by the deceased ramet and this information can be incorporated into
the life-cycle model.

This paper studies a large population of wavyleaf thistle located at seven sites within a
sand prairie nature reserve in midwestern USA (Louda & Potvin, 1995). The data studied
comprise a set of longitudinal data on size and status of 3320 above ground rosettes taken
across 12 years. A summary of the data notation used is presented in the Appendix.

1.2. Bayesian models in demography

Bayesian approaches have been used to model missing information and individual variation
based on longitudinal data from natural populations in ecology (Morgan, 2000; Cam et al.,
2002). In particular, there has been considerable work on techniques for estimating survival
parameters from capture-recapture data of bird populations (Brooks et al., 2002). Demo-
graphic modelling has been more rarely directly allied to Bayesian techniques for forecasting,
although Clark (2003) and Clark et al. (2005) developed hierarchical models for capture-
recapture data encompassing estimation error, variability among individuals, and discrete
population structure and used them to predict population level outcomes. The propagation
of stochastic elements into population level forecasts improves realism of predictions (Clark,
2003). A ubiquitous problem in demographic modelling is the presence of unobservable life-
stages. Mark-recapture approaches to model this have been developed (Kery et al., 2005).
However, to our knowledge, there have been no integrated models modelling both such life
stages and their effects on other demographic transitions. Furthermore, Bayesian population
models for forecasting where populations are structured along a continuous variable (rather
than discrete categories, Ellner & Rees, 2005) have not yet been developed.

2. Probability Models and Likelihood

The observed data comprise life history information, observations of plant size over the life
history (Fig. 1), and counts related to reproduction and flowering; and the resulting likelihood
has discrete and continuous components. In addition, there is a missing data component, relat-
ing to important but unobserved values (ramet vegetative reproduction and interconnection).
Thus, overall, the likelihood and resulting posterior are complex.

Specifically, there are four different components of the model to specify; Stochastic models
are required for:

(a) the lifetime distribution of the ramet, that is the number of years until the terminal
event, either death or flowering

(b) the growth in ramet size
(c) the number of flowering heads produced by a ramet
(d) the number of vegetative ramets produced by a ramet

In the following model description, we will make parametric and and distributional as-
sumptions based on the observed data. We note here that the specific assumptions made may
be relaxed or varied without significant increase in inferential complexity, as the proposed
computational solution is quite general.

2.1. Missing ramet data
The growth in size and number of flowering heads are likely to depend on the number of ramets
produced, because the resources available to each individual ramet are limited and must be
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allocated to either action. Gaining understanding of this trade-off is essential to understanding
the evolution of reproductive strategies. One complication is that density dependence appears
to operate in this system, that is, the total number of individual ramets present at a given
geographical location direcly affects the establishment rate of new vegetative ramets. This
leads to a discrepancy between the number of ramets observed in the dataset, and the number
that were attempted by the ramets present. It is the latter that will affect growth in size
and number of flowering heads; we therefore develop and describe an appropriate model to
estimate this component. We present probability models for each of the four components
needed to specify the model below, and then the full likelihood model.

2.2. The lifetime distribution

To construct a general model for this situation, a discrete lifetime distribution is considered;
this will be denoted by q = (q1, q2, ...), where qa = P [Terminal event at year a] for a = 1, 2, ....
The survivor function Sa is defined by

Sa = P [X > a] = 1 − q1 − q2 − ... − qa a = 1, 2, ...

and discrete hazards ha are defined by the following conditional probability

ha = P [Terminal event at a|Survival until at least a] =
P [X = a]

P [X ≥ a]
=

qa

Sa−1

a = 1, 2, ...,

The elementary relationship between these quantities is then

qa = ha

a−1
∏

j=1

(1 − hj) , Sa =
a
∏

j=1

(1 − hj) a = 1, 2, ...

The likelihood contribution for a ramet that dies/flowers in year a of its lifetime can thus be
written as

(1 − h1) (1 − h2) ... (1 − ha−1)ha

whereas if the lifetime is censored, the likelihood contribution is

(1 − h1) (1 − h2) ... (1 − ha) .

If it is thought that the hazard probabilities are dependent on other available data, a discrete
time proportional odds model can be adopted, that is

hia

1 − hia

= exp {βh1 + βh2 log yia}
ha

1 − ha

where {ha} represents a set of baseline hazard probabilities, and the βh parameters determine
how much the baseline age specific hazard is altered by an individual i’s size at age a, yia.
The proportional odds model used in this discrete survival model is the equivalent of the
proportional hazards model used in the analysis of continuous time survival data.

This basic lifetime model needs to be modified to account for the fact that the terminal
event can be either death or flowering, that is, that there is a competing risk element. Let
(ha, ga) denote the probabilities of death and flowering at lifetime length a respectively. For
a ramet that dies or flowers at time a, the likelihood contribution in these two cases is

ha

a−1
∏

j=1

(1 − hj − gj) or ga

a−1
∏

j=1

(1 − hj − gj)
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respectively, whereas censored observations with censoring at a contribute

a
∏

j=1

(1 − hj − gj) .

The proportional odds modification can be introduced in the same way as indicated above

hia

1 − hia − gia

= exp {βh1 + βh2 log yia}
ha

1 − ha − ga

= exp {βh1 + βh2 log yia}ωa

gtia

1 − hia − gia

= exp {βg1 + βg2 log yia}
ga

1 − ha − ga

= exp {βg1 + βg2 log yia}̟a

2.3. The growth of the ramet

The growth of a ramet over its lifetime can be modelled using a linear Gaussian autoregression
on the log scale, that is,

log x = γ0 + γ1 log y + ε

where log x and log y are measures of ramet size in successive years, and {ε} are independent
normal random errors (Fig. 1a). This model may be extended to include further independent
variables, such as number of ramets produced (referred to as N , see Appendix), i.e., for
individual i,

log xi = γ0 + γ1 log yi + c1Ni + ε

where Ni is the number of vegetative ramets produced by individual i and the parameter
c1 describes the degree to which it affects growth. Production of vegetative ramets might
be expected to have a negative impact on growth as less resources will be available for each
ramet. This will have critical implications for the evolution of mixed reproductive strategies.
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Fig. 1. a) Growth in size data b) Flowering head data c) Relationship between total population size, R, and observed
total ramet numbers, m suggesting density dependent effects as the rate of increase in m declines with increasing R
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2.4. The number of flowering heads and seedlings

To construct a model for the number of flower heads, which is size dependent and always
greater than zero, we chose a Poisson model restricted to be strictly positive, with the mean
number of flower heads produced by an individual ramet given by

η0 + η1 log y

as in Fig. 1b. Again, it is possible to modify this model further by including further indepen-
dent variables, such as number of ramets produced; so, for each individual we have

η0 + η1 log yi + c2Ni

where the parameter c2 indicates the degree to which production of a vegetative ramet re-
duces the number of flower heads produced. Following a similar argument to that above,
this parameter is expected to be negative. A constrained negative binomial model was also
considered, but the amount of overdispersion observed in the sample was minimal.

The total number of seedling recruits the following year, directly observed in the data, b, is
presumed to be the outcome of a binomial process on the seeds produced by flowering heads,
i.e. b ∼ Binomial(S, pe) where pe is the probability that a seed successfully establishes. For
simplicity, since no direct data is available on seed set, and seed production is expected to be

proportional to flowering head number, we take Sj+1 =
∑Fj

i=1(ti + 100) where Fj is the total
number of flowering ramets in year j, and ti the observed number of flowering heads for each
individual, to ensure S ≥ b for all years.

2.5. The number of ramets
The most appropriate model for the number of ramets produced vegetatively in any year
(referred to here as N , see Appendix) is Poisson distributed, with rate parameter dependent
on size, so that N ∼ Poisson (λ) where,

log λ = θ1 + θ2 log y

Although the number of ramets produced by each individual is not directly observed, we
do observe a total number of vegetative ramets appearing the following year. The data
suggest the action of density dependent processes, i.e., the observed total number of ramets
is dependent on the total number of individuals present in the population, R (Fig. 1c). This
indicates that the total number of ramets observed in each year, m, must be less than the
number that were attempted for that year, N . We presume that this occurs according to a
binomial probability model, specifically, M ∼ Binomial (N, π), where π is the probability of
success of attempted vegetative ramets, and is a decreasing function of the total number of
individuals present at each site at each time step, R. We chose π such that

π(δ, R) = 1/(1 + |δ|R).

We do not have perfect observation of the vegetative ramet production process. Our observed
data comprise two pieces of information; the total number of ramets that were newly produced
that survive into the following year at a given site in a given year, and an indicator variable,
V , for each ramet reflecting whether that ramet was observed to produce vegetative ramets
(V = 1) or not (V = 0) in any year. We have V = 1 for 1153 observations out of 6981, but
there is no information on whether ramets produced new ramets or not for the remainder.
Note that even when V = 1, the total number of ramets produced by the individual ramet is
not observed in any instance.
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2.6. Likelihood construction
Below, we give the derivation of the full-data likelihood after completion using Markov chain
Monte Carlo to impute the missing values. Note that, even if the details of the models de-
scribed above are varied (for example by replacing Poisson assumptions by negative binomial,
or including or excluding variables from the regression model linear predictors), the same
general computational framework can be used.

2.6.1. The Full Likelihood

The full likelihood is given by

L1 (X; y, γ, σ, Y, N)×L2 (T ; y, η, Y, N)×L3 (N ; y, θ)×L4 (M ; N, δ)×L5 (z; y, β)×L6 (S; t, pe, b)

L1 corresponds to the growth model outlined in Section 2.2, L2 corresponds to the flowering
heads model outlined in Section 2.3, L3 and L4 are models for ramets produced and estab-
lishing based around models introduced in Section 2.4, L5 is the lifetime distribution model
outlined in Section 2.1 and L6 is the seed establishment model outlined in Section 2.3. Note
that the number of ramets attempted, N , appears in L1 and L2. Notation details are provided
in the Appendix. Given knowledge of N , it is straightforward to simulate from L1, L2, L5

and L6. Obtaining N by simulation from L3 and L4 is more complex. We address this in
the next section.

2.6.2. The Culling Model

Consider the ramet production model (relating to L3 and L4) in more detail. For any given
year, for the number of ramets attempted, N , and that succeed M , we have a likelihood that
is the product of a Poisson, a binomial and a multivariate hypergeometric distribution. The
Poisson distribution relates to ramet production such that:

R
∏

i=1

λNi

i exp {−λi}

Ni!

where R is the total number of individual above-ground rosettes in a given site and year. The
binomial is the outcome of the fact that only a certain proportion of the ramets produced
succeed in every year, such that:

(

N

M

)

πM (1 − π)N−M

where N =
∑R

i=1 Ni and M =
∑R

i=1 Mi is directly observed as m, the number of successful new
ramets observed the following year; π is included as a further parameter of interest, indicating
the operation of density dependent processes on successful establishment of attempted vege-
tative ramets. The multivariate hypergeometric reflects that the binomial process operating
at the yearly level occurs for a different total N at the level of each individual ramet in each
site’s population in each year, such that:

R
∏

i=1

(

Ni

Mi

)

(

N

M

)
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Taking the product of these three functions, we are left with a distribution proportional to

{

R
∏

i=1

λNi

i exp {−λi}

Ni!

}

×
{

πM (1 − π)N−M
}

×



























R
∏

i=1

(

Ni

Mi

)

(

N

M

)



























(1)

for each year of the data in each site. This is a convenient representation, as we observe
M = m in each case, for each site and in each year. Hence, when we sample the M1, ..., MR

for any year conditional on N1, ..., NR, we can propose any numbers that sum to m, such that
Vi ≤ Mi ≤ Ni.

2.7. Sampling the Unobserved Ramet Counts

We begin by considering how to sample the unobserved ramet counts (Mi, Ni) for i = 1, ..., R
from their full conditional posterior distributions.

2.7.1. Sampling the Ni given the Mi

For each Ni, from (1) we have that the full conditional for Ni is proportional to

L1L2 ×
λNi

i exp {−λi}

Ni!
× (1 − π)Ni ×

Ni!

(Ni − Mi)!

which is proportional to L1L2 × gN (Ni) where

gN (Ni) =
{λi (1 − π)}Ni

(Ni − Mi)!
∝

{λi (1 − π)}Ni−Mi

(Ni − Mi)!
Ni ≥ Mi.

The function gN defines a probability distribution for Ni on {Mi, Mi+1, ...} that can be sampled
directly, as

Nnew
i

L

= Poisson (λi (1 − π)) + Mi

Sampling from this model as a proposal for Ni leaves the MH acceptance probability term as

min







1,
L1 (Nnew

i )L2 (Nnew
i )

L1

(

Nold
i

)

L2

(

Nold
i

)







2.7.2. Sampling the Mi given the Ni.

From (1) we have that the full conditional for (M1, ..., MR) given (N1, ..., NR), and given that
∑R

i=1 Mi = m, is equal to
(

N1

M1

)(

N2

M2

)

...

(

NR

Mr

)

(

N

M

)
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which, it initially seems, we may sample directly as a multivariate hypergeometric distribution.
However, such a direct approach does not incorporate the constraints on Mi imposed by the
observed data. Re-writing the relevant part of the likelihood in equation (1) in a more basic
form, we have

R
∏

i=1

{(

Ni

Mi

)

πMi (1 − π)Ni−Mi

}

(2)

The challenge is to sample Mi, i = 1, . . . , R subject to the model and the constraints; in
particular, for a subset of ramets, where Vi = 1, we have Mi > 0. Rather than using the
full multivariate hypergeometric model above, we must sample the Mi in turn from their full
conditionals. To retain the constraint

∑R
i=1 Mi = m, a pair of Mi values is chosen at each

update, Mi1 and Mi2. Mi1 can take any value x in the range xl ≤ x ≤ xu defined by the
constraints that the sum Mi1 + Mi2 must remain constant, Mi ≤ Ni, and Vi ≤ Mi. This also
defines the range that Mi2 can cover. Up to proportionality, we know that

p(Mi1 = x|xl, xu, π) ∝

(

xu

x

)

πx (1 − π)xu−x

(

xu

xu − x

)

πxu−x (1 − π)x x = xl, . . . , xu

which defines a discrete distribution on a finite range which may be sampled directly.

2.8. Analysis of simulated data: Robustness issues

We used a simplified simulation to explore the behaviour of the model in order to assess the
impact of different proportions of missing (that is, unobserved) ramet count data. We created
a sample population of ramets, with a starting number of individuals chosen to reflect the
data (∼ 50 ramets for seven sites). Initial sizes for each individual were obtained as deviates
from a normal distribution with mean and variance given by the mean and variance in log
size of individuals of age 1 in the data (µage1

= 1.49, σ2
age1

= 0.35). The fate of each of
these simulated ramets (survival, death, flowering) was generated using chosen parameters,
and the equations given in Section 2.1. Likewise, total numbers of ramets attempted by each
individual (Section 2.4), number of flowering heads (Section 2.3) for those ramets whose fate
was to flower, and new size for those ramets whose fate it was to neither die nor flower (Section
2.2) were generated. The simulation was then initiated. All computation was performed using
the statistical language R.

At each time step, new individuals appear into the population: either as successful seedlings
from seeds produced the previous year and establishing according to the chosen parameter
value for probability of seed establishment pe (Section 2.3); or as ramets produced from ramets
present the previous year, which successfully establish according to the current total number of
ramets in the population and the chosen value of the parameter δ (Section 2.4). Starting sizes
are generated for these according to µage1

and σ2
age1

as above. The fate of these individuals
and individuals surviving from the previous year is then established, based on their size and
chosen parameter values (Section 2.1); and, the process is repeated. We simulated twelve
years across seven sites to match the data available, obtaining a total of ∼ 10000 observations
across ∼ 3000 individuals . We then applied the model described above to these simulated
data to explore the ability of our model to make inference from this type of data.

Since inference on missing values denoting vegetative reproduction was a particular focus
of this study, we tested our model assuming that different proportions of the Ni and Mi ob-
servations were completely known. In the corresponding MCMC simulations, the proportion
of individual Mi and Ni values assumed to be known contributed directly to estimating the
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likelihood of candidate parameters; the remaining Mi and Ni assumed to be missing were
simulated from using the approaches outlined in Section 2.6. We then compared estimates of
parameter values obtained by these MCMC simulations with parameter values corresponding
to the maximum-likelihood estimates for the whole dataset, taking all missing information on
Mi and Ni as known.

Results from the simulations indicate that although the accuracy (in terms of posterior
variance) of the Bayesian estimate decreases when less information is available, there is little
evidence of significant bias, that is, the true value often falls within the 95 % posterior credible
interval even if no information is available on N and M beyond the constraints available in
the data (see Fig. 2). This result is encouraging, and further confirms the advantages of the
full Bayesian approach.
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Fig. 2. Posterior distributions on the c1 parameter from the model for growth in size from simulated data with different
percentages of known information for the Mi and Ni, taken over 1000 iterations after a burnin of 1000 iterations. A solid
vertical line indicates the maximum likelihood cost parameter value estimated by taking all Mi and Ni as known. Dotted
lines indicate quantiles of the posterior distributions.

3. Analysis: Real Data

Preliminary exploration suggested that site-specific intercepts should be fitted to the growth,
flower heads, and size dependent hazards functions; site specific intercepts were also fitted
in the ramet production function. The slope of ramet production and flowering heads were
sampled on [0, +∞), as it is unlikely that these parameters would be negative. A burn-in
of 10000 was used, with thinning every 100 iterations. Mean and standard deviation of the
posterior distribution for parameters for the first site obtained for the run which converged
at the highest likelihood values (mean log likelihood ∼ −24400) across 5000 iterations are
presented in Table 2. Time series plots and posteriors for four key parameters are shown in
Figure 3. There is evidence that production of a ramet reduces the number of flower heads
produced in the following year (the 95 % posterior credible interval for c2 is entirely in the
negative domain), but increases ramet growth in size (the 95 % posterior credible interval for
c1 is entirely in the positive domain). There is no strong evidence for a size parameter in the
ramet production function, that is, the the posterior distribution of θ2 is concentrated at zero.
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zero.
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Table 2. Parameter values obtained for the first site.
Parameter description Mean (SD)

Density parameter δ 0.057 (0.001)
Intercept ramet function θ1 1.381 (0.040)
Slope ramet function θ2 0.016 (0.013)
Intercept growth function γ1 0.921 (0.066)
Slope growth function γ2 0.446 (0.014)
Variance in growth σ 0.200 (0.005)
Ramet cost on growth c1 0.193 (0.062)
Intercept head function η0 -1.445 (0.121)
Slope head function η1 1.522 (0.042)
Ramet cost on heads c2 -1.240 (0.052)
Baseline mortality hazard h0 0.421 (0.038)
Baseline flowering hazard g0 0.006 (0.002)
Size mortality intercept βh1 -0.000 (0.147)
Size mortality slope βh2 -0.144 (0.052)
Size flowering intercept βg1 -4.543 (0.227)
Size flowering slope βg2 3.381 (0.132)
Seedling establishment prob pe 0.052 (0.006)

4. Conclusions

The statistical model we describe here incorporates all important demographic aspects of this
species’ life history and it allows linkage between different demographic rates to be explicitly
considered. Species’ demographic rates are necessarily integrated, as in most systems resources
will be limited, so this will be critical for understanding ecological and evolutionary outcomes.
Most interestingly, although the results provide support for a negative effect of vegetative
ramet production on flowering head production (c2 < 0), the effect on ramet growth is positive
(c1 > 0). Unexplained heterogeneity across individuals might explain this pattern. Some
individuals might be in spatial areas of high resource availability, allowing both increased
growth and vegetative ramet production. This could be explored by including individual
effects through a mixed modelling approach.

The detection of trade-offs between sexual and asexual reproduction (i.e., c2 < 0) has
implications for evolutionary outcomes as well as population dynamics and spread. Conve-
niently, the statistical framework is an exact reflection of the theoretic demographic model
that could be used to predict population outcomes, the Integral Projection Model, a key tool
for ecological forecasting and evolutionary developments (Ellner & Rees, 2005), facilitating
the transition from parametrization to forecasting. Further possible extensions also suggest
themselves. For example, parameter estimates across the seven sites suggest that high mortal-
ity is linked with high growth; and such an additional connection between demographic traits
also could be incorporated in this model following approaches such as that used by Cam et
al., 2002.

A key innovation of the model is its direct incorporation both of missing stages, and
how they are affected by population level processes. Understanding the operation of density
dependence is one of the key challenges in population modelling (Lande et al., 2006). The
framework we present is generally applicable to systems with missing information on life
stages where density dependence is thought to be operating, and extensions such as those
suggested above are readily incorporated. This approach therefore may be of considerable use
in developing novel inference fundamental to addressing a range of ecological or evolutionary
questions.
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Appendix

Notation

• Data: for each ramet i in each year

– the size yi and size the following year xi

– the survival status zi (death, flower, nothing)

– the number of flowering heads ti if the ramet flowered

• Data: for each year j at each site

– the total number of recruits from seed bj

– the total number of recruits from vegetative ramets mj

• Missing Data: for each ramet i in each year

– the number of ramets attempted Ni

– the number of ramets produced Mi

• The constraints:

– the total number of ramets produced at a site in any year is observed, that is, we
observe

R
∑

i=1

Mi = m

where R is the number of ramets at the site in the current year. Furthermore, we
observe, for some ramets, the fact that the ramet did produce ramets; that is, for
some i, we observe Mi > 0, or equivalently Vi = 1.

The model and likelihood components

• Growth in size is modeled by:

log Xi|yi, γ, σ, Ni ∼ N
(

γ0 + γ1 log yi + c1Ni, σ
2
)

Therefore, across the 12 years for each of the seven sites, the first part of the likelihood
L1 (X; y, γ, σ, N) is given by

11
∏

j=1







Aj
∏

i=1

f1 (Xji; yji, γ, c1, σ, N)







with f1 the normal density, Aj the total number of individuals that survive in each year
j, and yji is a measure of ramet size. In the final year of the study, no data is available
for sizes the following year, so j < 12.
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• Flowering heads are modeled by:

Ti|yi, η, Ni ∼ Poisson (η0 + η1 log yi + c2Ni)

As above, L2 (T ; y, η, Y, N) is therefore

12
∏

j=1







Fj
∏

i=1

f2 (Tji; yji, η, c2, N, )







with f2 the poisson mass function, Fj the total number of flowering ramets in each year
j, and yji is a measure of ramet size.

• Ramets Attempted are modelled by:

Ni|yi, θ ∼ Poisson (λi)

where λi = exp {θ0 + θ1 log yi}. L3 (N ; y, θ) is given by

11
∏

j=1







Rj
∏

i=1

f3 (Nji; yji, θ)







with f3 the Poisson mass function, Rj the total number of ramets in each year j, and yji

is a measure of ramet size. In the final year of the study, no data is available for total
number of ramets attempted and successfully establishing the following year, so j < 12.

• Ramets Observed are modelled by:

M |N, δ ∼ Binomial (N, π (δ, R))

L4 is given by
11
∏

j=1







Rj
∏

i=1

f4 (Mji; Nji, δ)







where f4 is deduced from the binomial model and the parameter δ determines the de-
creasing probability of ramet establishment with increasing R.

• The lifetime distribution: zi|yi, βh, βg, h0, g0 has baseline hazard matrix

h0 = (h0, g0, 1 − h0 − g0)

modified in a proportional odds model by the log size at the previous time point, log yi.
There is rarely age dependence in such species, so the baseline hazard is presumed to be
the same for all ages. L5 (z; y, β) is therefore given by

12
∏

j=1







Rj
∏

i=1

f5 (zji; yji, βh, βg, h0, g0)







where f5 is a product multinomial with likelihood contribution dictated by the indicator
zji and likelihood contributions described in Section 4.1. Candidates for h0 and g0 were
proposed from a Dirichlet and the acceptance probability was altered accordingly. After
preliminary explorations indicated the range of parameter values, we fitted a prior on the
Dirichlet distribution to accelerate convergence.
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• Seed establishment is modelled by:

Bj|pe, Sj ∼ Binomial (Sj, pe)

where bj is directly observed as the number of seedling recruits in every year j for each

site separately and Sj =
∑Fj

i=1 Si where Si is the seed number produced by flowering
individual i in year j, estimated as Si = ti + 100. L6 (S; t, b, pe) is given by

11
∏

j=1

f6 (Bj , Sj, pe)

where f6 is the binomial mass function. In the final year of the study, no data is available
for total number of seedlings that successfully establish the following year, so j < 12.
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