557: MATHEMATICAL STATISTICS II
HYPOTHESIS TESTING

A statistical hypothesis test is a decision rule that takes as an input observed sample data and returns
an action relating to two mutually exclusive hypotheses that reflect two competing hypothetical states
of nature. The decision rule partitions the sample space X into two regions that respectively reflect
support for the two hypotheses. The following terminology is used:

Two hypotheses characterize the two possible states of nature. The null hypothesis is denoted
H), the alternative hypothesis is denoted H;.

In parametric models, the null and alternative hypotheses define a partition of the (effective)
parameter space ©. Suppose that disjoint subsets ©¢, ©; correspond to Hy and H; respectively.
We write

Hy : 0 c @0

H, 0 c (“)1
A test, T, of Hy versus H; defines a partition of sample space & into two regions. The hypothesis

Hy is rejected in favour of H; in the test depending on where the data x (or a suitably chosen
statistic 7'(z)) fall within X'.

A test statistic, 7'(z), is the function of data z used in a statistical hypothesis test.

The critical region, R, is the region within which 7'(z) must lie in order for hypothesis Hj to be
rejected in favour of H; The complement of R will be written R’.

A test function, ¢ (7'(x)), is an indicator function that reports the result of the test,

{ 1 T eR

RT@) = 0 e

A Type I error occurs when the null hypothesis H is rejected when it is in fact true.
A Type II error occurs when the null hypothesis Hj is accepted when it is in fact false.

For test with test statistic 7" and critical region R C &, and # € O, define the Type I error
probability £(0) by
£(0) =Pr[T € R|0] 0 €0 (1)

If © comprises a single value, then
¢ =Pr[T € R|f = 0]

The size of a statistical test is

a = sup £(0)
0 ©g

which is equal to  if ©¢ comprises a single value.
Suppose a > @. If T'(z) € R, then Hj, is rejected at level «, and rejected at level a + € for € > 0.
The power function, 3(6), is defined by

B(0) =Pr [T € R|0] 00O

so that 3(0) = £(0) for 6 € O,.

Note that this notation is not universally used; commonly the power of a statistical test is denoted 1 — (3(0)
and computed for 6 € ©1, whereas the Type II error probability is 3(6) for 6 € ©.



Most Powerful Tests: The Neyman-Pearson Lemma

To construct and assess the quality of a statistical test, we consider the power function 3(#). Consider
a family tests C for testing Hy and H; with corresponding subsets Oy and ©;.

e The uniformly most powerful (UMP) test 7 is the test whose power function 3(f) dominates
the power function, 57(6), of any other test 71 € C atall § € O,

B(0) > p70) Voeo.
o A test with power function (6) is unbiased if
5(91) > ,6(90) forall 6y € ©¢, 071 € ©1

e A simple hypothesis is one which specifies the distribution of the data completely. Consider a
parametric model fxg(z|0) with parameter space © = {0, 01 }, and the test of

Hy : 0=20
H1 : 9:01

Then both Hy and H; are simple hypotheses.
¢ A parametric model fxs(x|¢) for 6 € © is identifiable if

fX|9($’90) = fX|9($’91> forallz e R <~ 0y = 64.

Theorem (The Neyman-Pearson Lemma)

Consider a parametric model fxs(x|¢)) with parameter space © = {0y, 01}. A test of
Hy : 6=0g
H1 0= 91

is required. Consider a test 7 with rejection region R that satisfies

Ixjo(zl0h) > kfxo(zlf) = z€R
Fxjo(zl61) < kfxjo(z|00) = zeR

for some k£ > 0, and Pr[X € R|0 = 0] = . Then T is UMP in the class, C,, of tests at level a.. Further,
if such a test exists with £ > 0, then all tests at level « also have size « (that is, « is the least upper
bound of the power function 3(f)), and have rejection region identical to that of 7, except perhaps if
z € Aand

Pr[X € Al6 = 0] = Pr[X € A0 = 6,] = 0.

Proof As Pr[X € R|0 = 0y] = «, the test T has size and level .. Consider the test function ¢ (z) for

this test, and ¢+ (z) be the test function for any other « level test, 7T. Denote by 3(8) and 5'(6) be the
power functions for these two tests. Now

9(z) = (Pr(z) — ori(2))(fxpe(z]61) — kfxja(2]00)) = 0

e teRNRI = ¢plx) = dri(z) = 9(z) =
teRNRY = op)=1,0pi(z) = fxw(sﬁwl) > kfxjo(zlfo) . g(x) >0
teR'NRY = ¢r(x) =0, g (:@) fX\6(§£|91) <kfxp(zlbo) .. g(z) >0
zeRNRY = ¢px)=dri(x) =0 .. g(z) =0.
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Thus
/X (br(2) — brs (2))(Fxpolelfr) — kfxjo(zlfo)) dz > 0

but this inequality can be written in terms of the power functions as

(B(61) — B(61)) — k(B(8o) — 5'(60)) = 0 2)
As 3(0) and 31(0) are bounded above by «, and 3(fy) = « as T is a size o, we have that
B(00) = 57(00) =a = F1(00) 20 . B(01) = B7(61) 2 0

Thus 3(61) > BT(Gl), and hence 7 is UMP, as 6 is the only point in ©1, and the test with power
function 3 is arbitrarily chosen.

Now consider any UMP test T tec,. By the result above, 7 is UMP at level o, so 3(0) = BT(Ql). In
this case, if £ > 0, we have from equation (2) that

B(60) — BT(60) = o — B1(6p) < 0.
But, by assumption, 7 T is a level « test, so we also have
a—[1(60) >0

and hence 37(y) = q, thatis, 7T is also a size « test. Therefore

/X (br(2) — dri (@) (fxip(2l6r) — kfyp(zlfo)) dz = 0 ©)

where the integrand in equation (3) is a non-negative function. Let A be the collection of sets of
probability (that is, density) zero under both fx|9(z|00) and fx|g(z|61), then

/A (br(@) — bt (2) (Fxpolelfr) — kfxo(zlfo) dz=0 A A

irrespective of the nature of R, so the functions ¢ (z) and ¢+ (x) may not be equal for z in such a
set A. Apart from that specific case, the integral in equation (3) can only be zero if at least one of the
two factors is identically zero for all z. The second factor cannot be identically zero for all z, as the
densities must integrate to one. Thus, forallz € X'\ A

Pr(z) = drt(z),
and hence R, satisfies the same conditions as R. =

e To evaluate the value of constant k that appears in the Theorem, we need to compute Pr [X € R|6,]
for a fixed level/size .

e It is possible that, for given alternative hypotheses, no UMP test exists. Also, for discrete data,
it may not be possible to solve the equation Pr [X € R[] = « for every value of o, and hence
only specific values of o may be attained.

e The test can be reformulated in terms of the statistic A(z) where

 Ixie(zl61)

Me) = fx16(2(00)

wherez € R <= A(z) € Ry, where R\ = {t e R" : ¢ > k}

3



e If T'(X) is a sufficient statistic for §, then by the Neyman factorization theorem

Fxio(@lfr) — g(T(x)|00)h(z)  g(T(x)|61)

Fxi0(@lf0) ~ 9(T(@)|6o)h(z) ~ 9(T(x)lb0)

so that
Az) € R — T(z) € Rr

say. Thus any test based on T'(x) with critical region R is a UMP « level test, and
o= PI“[T(X) € RT‘Q()]

Composite Null Hypotheses
Often the null and alternative hypotheses do not specify the distribution of the data completely. For
example, the specification

H() : 9:90
Hy : 0+#6,

could be of interest. If, in general, a UMP test of size « is required, then its power must equal the
power of the most powerful test of

for all 6, € ©,.

For one class of models, finding UMP tests for composite hypotheses is possible in general. A para-
metric family F of probability models indexed by parameter # € © has a monotone likelihood ratio if
for 63 > 601, and for z in the union of the supports of the two densities fX|9(a;\91) and fX|9(:v\62),

0
Az) = fxjo(x]62)
fxjo(x]61)
is a monotone function of x.
Theorem (Karlin-Rubin Theorem)
Suppose that a test of the hypotheses
HO ;0 S 00
Hy : 0>6

is required. Suppose that 7'(X) is a sufficient statistic for 6, and that f7y for § € © has a monotone
non-decreasing likelihood ratio, that is for > > 61 and to > ¢;

Frio(tal02) _ frio(t1]62)
frio(t2l01) = frip(ta]61)

Then for any ¢, the test 7 with critical region Rt defined by

T(z) >ty = T(z)€Rr
T(z) <ty = T(z)€ Ry

is a UMP « level test, where
o= PI”[T > t0|90].



Proof Let 3(6) be the power function of 7. Now, for t2 > 1,

Frio(t]02) _ frio(tal02)
frio(t2101) — fria(ta]01)

Integrating both sides with respect to ¢; on (—oo, t2), we obtain

= frie(t1l601) fria(tal02) > fria(t1]02) frie(t2]01) 4)

fria(t202) - Frg(ta2|62)
frip(tal61) = Frig(t2]61)

Alternatively, integrating both sides of equation (4) with respect to t3 on (¢, 00), we similarly obtain

Frio(taléz) _ 1 Frip(t1]02)
frip(t1161) = 1 — Fppe(ta]61)

But setting ¢; = t2 = ¢ in these two inequalities yields

Fpig(t2]01) frio(tal02) > Frip(t2|02) fria(t2101)

1 — Frjp(t]02) - Frig(t]02)
L — Frjg(t|01) — Frip(t01)

which, on rearrangement yields

i > e Fro(tlhz) < Fro(t10) ®
as Fpjp(t|0) is non-decreasing in ¢, and the function g(z) = (1 — )/ is non-increasing for 0 < z < 1.
Finally,

B(02)—B(01) = Pr[T > to|02]—Pr[T > to|601] = (1—Frig(t[02))—(1—Frig(t[01)) = Frjg(t|01)—Frie(t|02) > 0
so (3(0) is non-decreasing in . Hence

sup B(0) = B(6o) = Pr[T > t9|00] = «
0< 0o

so 7 is an « level test. Now, let 8* > 6, and consider the simple hypotheses

Hy : 0=0,
Hf : 6=0".
Let k* be defined by
i Jro(t]0%)

te To fr)g(t]00)
where 7p = {t : t > 1o, and fr)4(t|60*) > 0 or frje(t|f) > 0}. Then

frio(t167)
fria(t|00)

so that, by the Neyman-Pearson Lemma, 7 is UMP for testing H} versus H7; for any other test 7* of
H; at level a with power function 3* that satisfies 5*(6y) < «, we have that 5(6*) > 5*(6*). But for

any « level test T t of Hy, we have BT(HO) < a. Thus taking 7% = T T we can conclude that

BO") = (6.
This inequality holds for all 6 € ©1, so T must be UMP at level o. m

T>t <+ > k*
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The Likelihood Ratio Test
The Likelihood Ratio Test (LRT) statistic for testing Hj against H;

Hy : €6
H, 96@1

is based on the statistic

sup fx|o(z|0) >
06 (9 ‘ )
MO =T Fxp(l®) ~ L@, | 2)

fc ©1

and Hy is rejected if Ax (z) is small enough, that is, Ay (z) < k for some k to be defined.

Theorem If 7'(X) is a sufficient statistic for 6, then

hind frio(T(2)]0)

)\:c:AT:E: VreX
x(2) = M (T(2) ggﬁm(ﬂm re

Proof As T'(X) is sufficient, for any 6, 01,

LOo|z)  [fxelbo)  g(T(z)00)h(z)  g(T(x)|00)  Frip(T(x)|60)

Loy |2)  fxpl6)  o(T(@);)h(z) 9T (@)6)  freT(2)6)

~—

IS

by the Neyman factorization theorem, where the last equality follows as the normalizing constants in
numerator and denominator are identical. Hence, at the suprema, the LRT statistics are equal. m

Union and Intersection Tests

e Suppose first that we require a test 7 for the null hypothesis expressed as

HQZQG@OEHGV

veG

where ©,,,7 € G are a collection of subsets of ©. Suppose that 7, is a test for the hypotheses

1'11'(),y : 96@7
H17 : 96@/7

with test statistic 7, (X)) and critical region R. Then the rejection region for 7T is

Rg = U R = T rejects Hy if € U {T(z) € Ry}
v€G v€EG

that is, if any one of the Z, rejects Hy,. This test is termed a Union-Intersection Test (UIT).

e Suppose now that we require a test 7 for the null hypothesis expressed as
0:0€60=[]0,
ye€G

Then, by the same logic as above, the rejection region for 7 is

Rg = ﬂ R = T rejects Hy if € ﬂ {T(z) € Ry}
v€G v€G



that is, if all of the T, reject Hy,,. This test is termed an Intersection-Union Test (IUT). Note that
if o, is the size of the test of Hy,, then the IUT is a level a test, where

Q= Sup o,
veG

as, for each v and for any 6 € Oy,
a > ay =Pr[X € R,y|6] > Pr[X € R|f]

Theorem Consider testing

Hy : 6€6o= ()0,
ye€G
Hy 96@6

using the global likelihood ratio statistic

sup fx|o(z|6)
o 6€ O

MO =50 Fee@d)
fe ©1

equipped with the usual critical region R = {z : A(z) < c}, and the collection of likelihood ratio
statistics A (z)
S fxo(zl0)
€ BOoy
M(z) =
T AT
Oe @1-\,

Define statistic T'(z) = infg Ay(z), and consider the critical region
e

Rg ={z:M\(z) <c,somey € G} ={z:T(z) <c},
Then
(@) T(z) > A(z) forall z.
(b) If B and 3 are the power functions for the tests based on 7'(X) and A\(X) respectively, then
Br(6) < 5,(0) forall € ©

(c) If the test based on \(X) is an « level test, then the test based on 7'(X) is also an « level test.

Proof For (a), as ©g C ©,, we have

Ay(g) 2 Mg) foreachy . T(z) = inf Ay(z) 2 AMg)

and thus for (b), for any 6,
Br(0) = Pr[T(X) < c[f] < Pr[A(X) < c|f] = 5,(0).
Hence

sup Br(0) < sup B,(0) <«
e Og 0 ©9

which proves (c). m



P-values
Consider a test of hypothesis Hj defined by region O of the parameter space. A p-value, p(X), is a
test statistic such that 0 < p(z) < 1 for each z. A p-value is valid if, for every § € ©gand 0 < a <1

Prip(X) < a|f] < a.

That is, a valid p-value is a test statistic that produces a test at level « of the form

plz) <a = zeR
p(x) >a = zeR

The most common construction of a valid p-value is given by the following theorem.

Theorem Suppose that T'(X) is a test statistic constructed so that a large value of T'(X) supports H;.
Then the statistic p(z) given for each z € X by

p(z) = sup Pr[T(X) > T(z) | 0] = sup pe(X) (6)

[ASSH €06

say, is a valid p-value.

Proof For 6 € ©y, we have

po(z) = Pr{T(X) = T(z) | 0] = Pr[~T(X) < ~T(2) | 6] = Fy(~T(x)) = Fs(s)

say, defining Fig = F} as the cdf of S = —T'(X); clearly 0 < p(z) < 1.

This recalls a result from distribution theory; if X ~ Fx, the U = Fx(X) ~ Uniform(0, 1).
Suppressing the dependence on ¢ for convenience, define random variable Y by

Y = F(-T(X)) = Fs(5)  (=pe(X))
and let A, = {s: Fs(s) < y}. If A, is a half-closed interval (—o0, s, ], then
Fy(y) = Pr[Y <y] = Pr[Fs(S) <y] =Pr[S € A)] = Fs(sy) <y
by definition of A,, as s, € A,. If A, is a half-open interval (—o0, s)

Fy(y) = Pr[Y < y] = Pr{Fg(S) < y] = Pr[S € 4, = lim Fs(s) <y

by continuity of probability. Putting the components together, for 0 < o < 1,
Prlpo(X) < a|6] =PrlY <a] <a
But by the definition in equation (6), p(z) > py(z), so
Prip(X) < a0 < Pripp(X) < a ] < a

and the result follows. m



