MATH 556 - ASSIGNMENT 3 SOLUTIONS

1 (a) By iterated expectation, using the formula sheet to quote expectations for Gamma and Pois-

son
N +r/2 E¢y[NJ+71/2  X+71/2
Efx[X]ZEfN[EfXN[X\NZHHZEfN[ 17 ] =—= 12 =17 =2\ +r
3 MARKS
(b) By the same method of iterated expectation, for —1/2 <t < 1/2,
tX tX /2 \¥H/2
Mx(t) = Epcle] = Ep[Epy e [N =n]] = Ey, 121
1/2 r/2 12 \V
= iy
1/2 — 1/2—t
B 1
-o\1-2t 1—2t
1
- (== %) exp{A =)
B 2\t
Co\1-2t 1-2t
6 MARKS

2 (a) By direct calculation the mgf of Y; = X? is

tX2 RN 2 1 2
MYL(t) = Efxi[e ’]_/ (& % exp —5(33—/1,1) dx

1\ 24
= —_— exp a
1-—2t 1—-2t

whenever —1/2 < t < 1/2, after completing the square in z in the exponent and integrating
the result, in which the integrand is proportional to a normal pdf. Hence, using the result

for independent rvs,
’ 1 \"? ot
=Myt = —— 7
v(®) 1;[1 %) (1—2t> eXp{l—Qt}

where § = ; uz.
6 MARKS

Note: this is the same form as for Q1, (b), with X = 6/2. The distribution of Y here is the non-
central Chisquared distribution with r degrees of freedom and non-centrality parameter .
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(b) Many possible routes to compute the result. Could differentiate the mgf, or use direct cal-
culation, or differentiate the cumulant generating function three times and evaluate at zero;

r ot
Ky (t) = log My (t) = —5 log(1 = 2t) + -——
SO
Joe SRl P — (1-2t)0+20t  r L
Y- (1—202  1—2t  (1—21)

so that yu = By, [Y] = KP(0) = r + 0.

2r 40

(2) 4y —
Ky (6) = (1—2t)2 - (1—2t)

so that 0% = Vary, [YV] = K{?(0) = 2r + 46 = 2(r + 26). Finally,

(3) 0 8r 2460
Ky () = (1 —2t)3 + (1 —2t)4
so that
Ep [(Y = p)*] = KP(0) = 8r + 246
yielding that

_Ep (Y — p)? 8r+240  23/2(r +30)

p @+ 405572 (r +20)32

S

6 MARKS
It is easy to verify that Kg?) (0) = E [(X — p)?] by direct evaluation, complementing the earlier

results that K\ (0) = By [X] and K&(0) = Ef, [(X — p)?).
3 As .
Siy1 = Z N;; + K;
j=1
with all variables independent, we have immediately using the result from lectures, and proper-

ties of pgfs, that
Gin(t) = Gi(GN(1)Gk (t) = GN(Gi(1)) G (t)

where G; is the pgf of S;.
4 MARKS

Note that
Gn(Gi(t)) = GN(GN(Gi—1(t) = =GN(GN(...GN (1) .. .))

iterating i times inside, but taking the i — 1 outer computations together yields

Gi—1(Gn(1))
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