
Problem 2
ML Estimation in Logistic Regression
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The Binary Regression Model
The logistic regression model is a model for binary outcome
data formed using predictor values. Suppose that, for
i = 1, . . . , n,

Yi ∼ Bernoulli(µi(β))

are an independent sample of binary outcomes, where

µi(β) = E[Yi]

and β is a (p× 1) parameter vector. The log-likelihood is then

`(β) =

n∑
i=1

[yi logµi(β) + (1− yi) log(1− µi(β))]

=

n∑
i=1

[
yi log

(
µi(β)

1− µi(β)

)
+ log(1− µi(β))

]
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The Binary Regression Model

˙̀(β) =

n∑
i=1

[
yi

µ̇i(β)

µi(β)(1− µi(β))
− µ̇i(β)

1− µi(β)

]

=

n∑
i=1

[
(yi − µi(β))

V (µi(β))

]
µ̇i(β)

say, where
V (µi(β)) = µi(β)(1− µi(β)).

is the variance of Yi. In ˙̀(β),

µ̇i(β)

is a (p× 1) vector.
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The Binary Regression Model

῭(β) =

n∑
i=1

[
(yi − µi(β))

V (µi(β))
µ̈i(β)

−
(

(yi − µi(β))(1− 2µi(β)) + V (µi(β))

{V (µi(β))}2

)
µ̇i(β)µ̇i(β)>

]
In this expression

µ̈i(β)

is a (p× p) matrix.
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The Binary Regression Model

Note that
E[Yi] = µi(β)

so therefore†

In(β) = −E[῭(β)] =

n∑
i=1

µ̇i(β)µ̇i(β)>

V (µi(β))

so therefore Fisher scoring can proceed using the update

β(t+1) = β(t+1) + {In(β(t))}−1 ˙̀(β(t))

†Recall: need the expectation over Yi with the xi fixed constants
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The Binary Regression Model
It is common to use a link function l to capture the influence of
predictors xi on response Yi. We write

l(µi(β)) = xiβ

for xi = (xi1, . . . , xip). Hence

µi(β) = l−1(x>i β) = h(xiβ)

say, and

µ̇i(β) = ḣ(xiβ)x>i (p× 1)

µ̈i(β) = ḧ(xiβ)x>i xi (p× p)

Here, h(.) is regarded as a function of a scalar argument, so
ḣ(.) and ḧ(.) are also scalar quantities

ḣ(t) =
dh(t)

dt
ḧ(t) =

d2h(t)

dt2
.
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The Binary Regression Model

Task

1. Write code to implement Newton’s method to find the
maximum likelihood estimator of β in a binary regression
model.

2. Test your code on the data set

BinaryData.csv

using the logistic link function

l(t) = log

(
t

1− t

)
In the data set, the columns are

Y X1 X2 X3

where X1 is used to represent an intercept term.

3. Check your results with the glm function.
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http://www.math.mcgill.ca/dstephens/M5S04/Data/BinaryData.csv

