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Problem addressed

When, in (semi-)parametric inference is it advantageous to use
estimated nuisance parameters ?

Abstract:

This paper is concerned with a paradox associated with
parameter estimation in the presence of nuisance
parameters. In a statistical model with unknown
nuisance parameters, the efficiency of an
estimator of a parameter usually increases
when the nuisance parameters are known.

However the opposite phenomenon can sometimes
occur.
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Problem addressed

Abstract:

In this paper, we elucidate the occurrence of this
paradox by examining estimating functions. .... A
sufficient condition for the paradox to occur is the
orthogonality of the two components of the projected
estimating functions corresponding to parameters of
interest and nuisance parameters.
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Illustrative setting

Robins et al. (1992) model

y “ βs` hpxq ` ε (1)

prpS “ 1|xq “ expittα1xu “ epx;αq (2)

where h is an unknown function, and

Erε|s, xs “ 0.

§ β: parameter of interest

§ α: nuisance parameters

This model is semiparametric as the probability distribution
of ε is not specified, there is merely a moment constraint.
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Illustrative setting

Estimating equation for β is

n
ÿ

i“1

psi ´ epxi; pαqqpy´βsiq “ 0 (3)

where pα is the ML estimator derived from the data
psi, xiq, i “ 1, . . . , n. Denote the solution to this equation pβ.

If α is known, it is tempting to use the estimating equation

n
ÿ

i“1

psi ´ epxi;αqqpy´βsiq “ 0

Denote the solution to this equation rβ.
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Illustrative setting

Under standard regularity conditions

pβ, rβ
p
ÝÑ β0

with both estimators
?
n consistent and asymptotically normal.

Key Result:
avarprβq ě avarppβq (4)

where avar denotes the asymptotic variance, that is

avarprβq ´ avarppβq

is non-negative definite.
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This is a well-known result ...

...whose origin is not well understood. Given in various forms by

§ Chamberlain (1987)

§ Newey (1990)

§ BKRW (1992)

§ references in paper

The aim of the Henmi & Eguchi paper is to clarify when the
‘paradox’ is observed to hold, and when it is not. Tools used are
the standard definitions and results of semiparametric inference.
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Formulation

§ M “ tppx; θ, κqu: family of distribution functions specified
by

§ d-dimensional parameter of interest θ
§ θ “ pβ1, α1q1 where β is a parameter of interest, and α is a

nuisance parameter
§ further nuisance parameter κ, possibly infinite dimensional

(eg the distribution function of x.)

Let

spx; θ, κq “

„

sβpx; θ, κq
sαpx; θ, κq



“
B

Bθ
log ppx; θ, κq

be the score for θ, assumed to be bounded in mean square.
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Estimating function

Let upx, θq be an estimating function such that

Erupx, θqs “ 0 Er}upx, θq}2s ă 8 (5)

and that if

mpθ1, θ2, κq “

ż

upx, θ1qppx; θ2, κq dx

then

det

"

B

Bθ1
mpθ1, θ2, κq

*

θ1“θ,θ2“θ

‰ 0 (6)
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Estimating function

The estimator pθ solves

n
ÿ

i“1

upxi, θq “ 0

and has standard properties (consistency and asymptotic
normality).

The asymptotic variance of pθ is

avarppθq “W pθ, κq´1V pθ, κq
 

W pθ, κq´1
(1

(7)

where
V pθ, κq “ vartupx, θqu “ Etupx, θqupx, θq1u

and
W pθ, κq “ Etupx, θqspx, θ, κq1u
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Projected Estimating function

Construct projected estimating function u˚ by

u˚px, θq “W pθ, κqV pθ, κq´1upx, θq (8)

that is,
u˚px, θq “ Apθ, κqupx, θq

for the dˆ d matrix A.

Clearly pθ solves
n
ÿ

i“1

u˚pxi, θq “ 0.
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Projected Estimating function

u˚px, θq is the ‘best’ estimating function that we can obtain
from upx, θq by linear transformation, that is

u˚px, θq “ arg min
v“Au

Er}spx, θ, κq ´ vpx, θq}2s

That is, if we could pick

u˚px, θq “ spx, θ, κq

that would be ideal (theory tells us that this would yield the
most efficient estimator), but we are limited to use linear
transformations of upx, θq to find the ‘best approximation’ to
spx, θ, κq
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Projected Estimating function

By standard theory (geometry of Hilbert spaces), we know that
the optimal u˚px, θq is given by (8).

Essentially this is an easy result to prove, by the familiar theory
of least-squares estimation.

§ spx, θ, κq exists in a (Hilbert) space Hθ,κ;

§ upx, θq defines a d-dimensional linear subspace Hu
θ,κ

contained within Hθ,κ;

§ the ‘closest’ point to spx, θ, κq in Hu
θ,κ is some linear

combination Aupx, θq, for dˆ d matrix A;

§ this point is at the foot of the perpendicular obtained by
projecting spx, θ, κq ‘down’ onto Hu

θ,κ.
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Projected Estimating function

We require that the vector

u˚px, θq “ Aupx, θq

is perpendicular to the ‘residual’

spx, θ, κq ´ u˚px, θq “ spx, θ, κq ´Aupx, θq

that is
E
“

Au ts´Auu1
‰

“ 0

a pdˆ dq matrix equation, or equivalently

E
“

u ts´ u˚u
1
‰

“ 0.
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Projected Estimating function

We must have
Erus1s “ Eruu1sA1

so that

A1 “
 

Eruu1s
(´1 Erus1s “ V pθ, κq´1W pθ, κq.

Therefore
u˚px, θq “W pθ, κq1V pθ, κq´1upx, θq

as required.

15



Lemma 1

As
vartu˚px, θqu “ Avartupx, θquA1

and
vartupx, θqu “ V pθ, κq

and
AV A1 “W 1V ´1V V ´1W “W 1V ´1W

we have
avarppθq “ rvartu˚px, θqus

´1 (9)

Recall the standard parametric theory:

avarppθq “ Ipθq´1 “ rvartspx, θqus´1 “
“

Etspx, θqspx, θq1u
‰´1

with pθ efficient.
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Structure of the Paradox

Suppose that

upx; θq “

„

uβpx; θq
uαpx; θq



with uβ satisfying the same non-singularity constraint as u.

Consider a similar partition to the projected estimating
function u˚

u˚px; θq “

„

u˚βpx; θq
u˚αpx; θq



comprising the projections of sβ and sα respectively.
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Structure of the Paradox

Let

§ pθ “ ppβ1, pα1q1 be the estimator derived from upx, θq (and
u˚px, θqq.

§ rβ ” rβpαq be the estimator derived from uβpx, β, αq with α
known.

Finally, let Π tupxq|vpxqu denote the orthogonal projection of
upxq onto the subspace spanned by vpxq, that is

Π tupxq|vpxqu “Mvpxq

for some optimally chosen matrix M .
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Lemma 2

avarppβq “ pvar ru˚βpx, θq ´Π tu˚βpx, θq|u˚αpx, θqusq
´1(11)

ě rvar tu˚βpx, θqus
´1 (12)

with equality if and only if

Etu˚βpx, θqu˚αpx, θq1u “ 0 (13)

or equivalently

Etu˚βpx, θqsαpx, θ, κq1u “ 0

Etsβpx, θ, κqu˚αpx, θq1u “ 0
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Lemma 2

Note: if upx, θq and u˚px, θq coincide, then

avarppβq ě rvartu˚βpx, θqus
´1
“ avarprβq (14)

and there is no efficiency gain in using the estimated α.

This is what happens in the standard parametric setting.
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Lemma 3

avarprβq “ pvar rΠ tu˚βpx, θq|uβpx, θqusq
´1 (15)

so that
avarprβq ě rvartu˚βpx, θqs

´1 (16)

with equality if and only if

uβ˚px, θq “ u˚βpx, θq (17)

where uβ˚px, θq is the projected estimating function for uβpx, θq,
that is

uβ˚px, θq “ Auβpx, θq

for some optimally chosen matrix A.
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Lemma 3

This follows from Lemma 1, applied to the estimating function
uβpx, θq: we have from Lemma 1

avarprβq “ rvartuβ˚px, θqus
´1 (18)

However, u˚βpx, θq is the projection onto a larger space; recall

u˚px, θq “WV ´1upx, θq

and u˚βpx, θq is the first chunk of this resulting vector, whereas

uβ˚px, θq “ Auβpx, θq

some A i.e. we only use the first chunk of upx, θq on the RHS.
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Lemma 3

It is easy to see that

uβ˚px, θq “ Π tu˚βpx, θq|uβpx, θqu (19)

that is, uβ˚px, θq is the closest point to u˚βpx, θq that you can
reach by taking linear combinations of uβpx, θq.

i.e. we find the best approximation to u˚βpx, θq we can if
restricted to the space spanned by uβpx, θq
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Figure 1
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Equality holds if and only if

u
b*

(x, h)=u
*b

(x, h), (17)

where u
*b

(x, h) is the projected estimating function for u
b
(x, h), or equivalently

u
*b

(x, h)=Au
b
(x, h)

for some nonsingular matrix A.

The proof is obtained immediately through the geometrical argument. By the definition
of projected estimating functions and Lemma 1, we find that the asymptotic variance
matrix of bA is

avar (bA )=[var {u
b*

(x, h)}]−1, (18)

where u
b*

(x, h) is the projected estimating function of u
b
(x, h), that is the orthogonal

projection of the components of the score function for b on to the linear space spanned
by the components of u

b
(x, h). On the other hand, u

*b
(x, h) is the orthogonal projection

on to a larger space which includes that linear space. Hence, by elementary Euclidean
geometry, we have

u
b*

(x, h)=P{u
*b

(x, h) |u
b
(x, h)}; (19)

see Fig. 1. Equations (18) and (19) yield equation (15). Equation (15) and the Pythagorean
relationship lead to equations (16) and (17).
In general, there is no relationship between the asymptotic variance matrices of b@ and bA .

The asymptotic efficiency of bA relative to b@ depends on the location of u
*a

(x, h), u
*b

(x, h)
and u

b*
(x, h); see Fig. 1. However, the next theorem follows from the fact that the

asymptotic variance matrices have the common lower bound implied by inequalities (12)
and (16).
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Fig. 1. The relationships between u
*a
, u
b*
and u

*b
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Important Note

p. 934:

In general, there is no relationship between the
asymptotic variance matrices of pβ and rβ.

that is, in general, you cannot say that one is ‘bigger’ or
‘smaller’ than the other, it depends on

u˚αpx, θq u˚βpx, θq uβ˚px, θq.
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Theorem 1

Suppose
Etu˚βpx, θqu˚αpx, θq1u “ 0. (20)

Then
avarprβq ě avarppβq (21)

with equality if and only if

Etuβpx, θqsαpx, θ, κq1u “ 0. (22)
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Theorem 1

In fact
avarprβq ´ avarppβq “ D avarppαqD1 (23)

where

D “ Etuβpx, θqsβpx, θ, κq1u´1Etuβpx, θqsαpx, θ, κq1u

That is, estimator pβ is more efficient that rβ asymptotically
unless (22) holds.

Equality holds in (20) if, for example,

Etsβpx, θ, κqsαpx, θq1u “ 0 (24)

uαpx, θq “ sαpx, θq (25)

and in this case, you do get variance improvement.
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Robins, Mark and Newey (1992) revisited

Here we have (under correct specification)

uαpx, θq “ sαpx, θq

and β is separated completely from α in the estimation (hence
the equation on p.935).

We can compute the difference in asymptotic variances as

1

rEtrpx, αqus2
E
 

hpxqrpx, αqx1
(

rEtrpx;αqxx1us´1E thpxqrpx;αqxu

where
rpx;αq “ epx;αqt1´ epx;αqu.

Hence, as by assumption 0 ă epx;αq ă 1, the difference is only
zero when hpxq is identically zero.
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Robins, Mark and Newey (1992) revisited

We have the likelihood (conceptually) as

Lpθ, κq “ L1pβ, κqL2pαq

i.e. the likelihood factorizes.

The Robins et al. model is typical of most models we utilize in
causal adjustment. Note that it relies on the estimation of α
being separated totally from the other inference, that is, in a
two-step procedure.

Note also that this is an asymptotic result only; however it
does seem to hold uniformly in β (that is, there are no
pathological cases that would be problematic for finite n).
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Proposition 1

Note that if
uβ˚px, θq “ u˚βpx, θq (26)

then
avarprβq ď avarppβq (27)

This holds when, for example,

uβpx, θq “ sβpx, θq

as might occur in the parametric case. Thus

(i) If pβ and pα are asymptotically independent

avarprβq ě avarppβq

(ii) If rβ and pα are asymptotically independent

avarprβq ď avarppβq
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Example

Missing data example: pyi, xi, riq, i “ 1, . . . , n

§ ri “ 1 indicates missing, ri “ 0 not missing

Estimating equation

n
ÿ

i“1

1´ ri
prpRi “ 0|xiq

B

Bβ
log fpyi;βq “ 0 (28)

Missingness mechanism unknown, use model

prpRi “ 0|xiq “ epx;αq “ expitpα1xiq

Here
avarprβq ě avarppβq

with the difference quantified by eqn. (29), p. 937.
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Example

Difference is

Ipβq´1Jpβ, αqrEtrpx;αqxix1ius´1Jpβ, αq1Ipβq´1 (29)

where

Ipβq “ Etsβpyi, βqsβpyi, βq1u

Jpβ, αq “ Ert1´ epxi;αqusβpyi, βqx1is

rpx;αq “ epx;αqt1´ epx;αqu

Note: (28) is not the efficient (AIPWCC) estimating equation,
for which the variance bound is achieved.
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Simulation

§ pYi, Xiq

Yi, Xi „ N
ˆˆ

µ
0

˙

,

ˆ

σ2 σρ
σρ 1

˙˙

§ Ri
Ri „ Bernoullip1´ epx;αqq

Estimator rβ is ppµ, pσ2q where

pµ “

n
ÿ

i“1

wipαqYi

n
ÿ

i“1

wipαq

pσ2 “

n
ÿ

i“1

wipαqpYi ´ pµq2

n
ÿ

i“1

wipαq

where

wipαq “
1´Ri
epXi;αq

For pβ, replace α by pα. 33



Simulation

§ β “ pµ, σ2q “ p0, 1q

§ α “ pα1, α2q “ p1, 1q (or do they mean (-1,-1) ?)

ρ ranges from ´0.9 to 0.9.

Note: I ‘Monte Carlo’ed the estimators and took the large
sample variance. In the paper, they probably did numerical
integration for the bits they couldn’t evaluate.

Can compute via (7), p. 931.
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Simulation

Recall: asymptotic variance of pθ is

avarppθq “W pθ, κq´1V pθ, κq
 

W pθ, κq´1
(1

(30)

where
V pθ, κq “ vartupx, θqu “ Etupx, θqupx, θq1u

and
W pθ, κq “ Etupx, θqspx, θ, κq1u
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Simulation

Here

upx, θq “

¨

˚

˚

˚

˚

˚

˚

˚

˚

˚

˚

˝

p1´ rqp1´ epx;αqq

epx;αq2
`

´1
2 log σ2 ´ 1

2σ2 py ´ µq
2
˘

xp1´ rqp1´ epx;αqq

epx;αq2
`

´1
2 log σ2 ´ 1

2σ2 py ´ µq
2
˘

1´ r

epx;αq
py ´ µq{σ2

1´ r

epx;αq
ppy ´ µq2{σ2 ´ 1q{2σ2

˛

‹

‹

‹

‹

‹

‹

‹

‹

‹

‹

‚

36



Simulation

Here
fpy, x, r|θq “ fpx, θqfpr|x, θqfpy|x, r, θq

so

log fpy, x, r|θq “ log fpx, θq ` log fpr|x, θq ` log fpy|x, r, θq

and

spx, θq “

¨

˚

˚

˝

sα1

sα2

sµ
s2σ

˛

‹

‹

‚

“

¨

˚

˚

˚

˚

˚

˚

˚

˝

r ´ p1´ epx, αqq

xpr ´ p1´ epx, αqqq

1´ r

epx;αq
py ´ µq{σ2

1´ r

epx;αq
ppy ´ µq2{σ2 ´ 1q{2σ2

˛

‹

‹

‹

‹

‹

‹

‹

‚
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Simulation

Thus
V “ Etupx, θqupx, θq1u

and
W “ Etupx, θqspx, θq1u

can be estimated using Monte Carlo, yielding

W´1V
 

W´1
(1
.
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Simulation: n “ 10000, with p1, 1q
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Simulation: n “ 1000, with p1, 1q
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Simulation: n “ 500, with p1, 1q
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Simulation: n “ 200, with p1, 1q
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Simulation: n “ 200, with p´1,´1q.
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Concluding Remarks

§ Some comments on influence functions u˚px, θq

§ Paradox does not occur when upx, θq is the efficient
estimating function.
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