
Sequential Monte Carlo

Consider a sequence of probability distributions

π1, π2, . . . ,

defined on a sequence of state spaces

X1,X2,

where, for each n, Xn � Xn for some X.

Suppose that

πnpxnq �
gnpxnq

Zn

where xn � px1, . . . , xnq, gn is an integrable non-negative
function, and Zn is a normalizing constant.
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Sequential Monte Carlo

Such a series of distributions could arise in

1. Dynamic problems: where data are collected sequentially
though time, as in state-space models

yt � hpxt; θq � ϵt

xt � µ� ϕpxt�1 � µq � εt

where the observed data ty1, . . . , ynu are related to the
unobserved states tx1, . . . , xnu.

Here the parameters θ, µ, ϕ, σ2
ϵ , σ

2
ε are also of interest.

Here πt is the posterior distribution derived from the data
ty1, . . . , ytq.
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Sequential Monte Carlo

2. Static problems: where data are collected together, but
used sequentially. For example, in a Bayesian inference
problem, we may have

� π1 being the posterior computed from x1
� π2 being the posterior computed from x1, x2

and so on.

In both cases, we may wish to perform a Monte Carlo
calculation with respect to πn, such as an expectation of the
form

EπnrhpXnqs �

»
hpxnqπnpxnq dxn
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Sequential Monte Carlo

Recall the basic principle of importance sampling:»
hpxqppxq dx �

»
hpxqppxq

p0pxq
p0pxq

dx �

»
hpxqppxq

p0pxq
p0pxq dx

demonstrates that

EprhpXqs � Ep0

�
hpXqppXq

p0pXq

�
so that an estimator of the LHS is

pIpp0q
N phq �

1
N

Ņ

i�1

hpXiqppXiq

p0pXiq

where X1, . . . ,XN � p0p.q.
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Sequential Monte Carlo

Here, write

πnpxnq �
gnpxnq

Zn
�

gnpxnq»
gpxnq dxn

�
wnpxnqpnpxnq»

wnpxnqpnpxnq dxn

where pn is the importance distribution, and

wnpxnq �
gnpxnq

pnpxnq

is the importance weight.
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Sequential Monte Carlo

If a i.i.d. sample of size N

xp1qn , . . . , xpNq
n

can be obtained from pn, then the empirical distribution

ppnpxq �
1
N

Ņ

i�1

δxpiq
n
pxq

can be used to estimate πn

pπnpxq �
Ņ

i�1

Wpiq
n δxpiq

n
pxq

where

Wpiq
n �

wnpx
piq
n q

NpZn

pZn �
1
N

Ņ

i�1

wnpx
piq
n q

Recall that we require the variance of the weights to be finite. 606



Sequential Monte Carlo

In a “static” Bayesian calculation, the posterior from n data
points can be written

πnpθ|ynq �
Lpθ;ynqπpθq»

Lpφ;ynqπpφq dφ

so could consider setting

pnpθq � πpθq

for all n. The problem with this is that Lpθ;ynq is likely to be
very peaked compared to πpθq once n gets moderately large.
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Sequential Importance Sampling

Using the chain-rule factorization

πnpxnq � π1px1q
n¹

j�2

rπjpxj|xj�1q

where rπjpxj|xj�1q �
πjpxjq

πj�1pxj�1q

is the conditional distribution of element xj, given
xj�1 � px1, . . . , xj�1q, it is possible to construct a Sequential
Importance Sampling (SIS) density

pnpxnq � p1px1q
n¹

j�2

rpjpxj|xj�1q

where rpjpxj|xj�1q is again a conditional distribution. 608



Sequential Importance Sampling

The importance sampling weight then takes the form

wnpxnq �
πnpxnq

pnpxnq
�

π1px1q

p1px1q

n¹
j�2

rπjpxj|xj�1qrpjpxj|xj�1q

so therefore

wnpxnq � wn�1pxn�1q
rπnpxn|xn�1qrpnpxn|xn�1q

wn�1pxn�1q � wn�2pxn�2q
rπn�1pxn�1|xn�2qrpn�1pxn�1|xn�2q

and so on, so there is a recursive weight calculation,

wjpxjq � wj�1pxj�1q
rπjpxj|xj�1qrpjpxj|xj�1q

.
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Sequential Importance Sampling

In the numerator of the weights, we have the conditional
densities rπjpxj|xj�1q �

πjpxjq

πj�1pxj�1q

but to compute this we need the marginal distributions πj and
πj�1, which may not be available analytically.

A strategy for the static Monte Carlo case involves, for each j,
defining the auxiliary distributions

p0jpxjq j � 1, . . . , n

such that p0npxnq � πnpxnq, and where p0j resembles πj, but is
directly available.
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Combining Importance Sampling and MCMC

Recall that»
hpxqπpxq dx �

»
hpxq

πpxq
p0pxq

p0pxq dx �

»
hpxqwpxqp0pxq dx

If P is a Markov transition kernel with stationary (invariant)
distribution π, that is, for all x»

πpzqPpz, xq dz � πpxq

then also »
πpzq
p0pzq

Ppz, xqp0pzq dz � πpxq
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Combining Importance Sampling and MCMC

Thus »
wpzqPpz, xqp0pzq dz � πpxq

and hence, from the importance sampling identity

EπrhpXqs � Ep0rwpXqhpXqs �
» »

hpxqwpzqPpx, zqp0pxq dzdx

and the estimator
1
N

Ņ

i�1

hpXiqwpZiq

can be constructed, where
� X1, . . . ,XN � p0

� Z1, . . . ,ZN � f pz|xq
where f pz|xq is the conditional density for Z given X implied by
Pp., .q. 612



Annealed Importance Sampling

Annealed Importance Sampling (AIS) uses a SIS approach, but
with auxiliary densities each in n dimensions defined by

p0jpxjq � tp0pxjqu
1�ξjtπnpxjqu

ξj

where p0 is a “diffuse” distribution, and

0 � ξ0   ξ1   � � �   ξn � 1.

This defines a “path” from p0 to πn. These distributions are
utilized by employing a MCMC kernel.
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Annealed Importance Sampling

The AIS algorithm proceeds as follows: dropping the
dependence on n throughout

1. Sample x0 from p00, set w0 � 1
2. For j � 1, 2, . . . , n,

(i) Sample xj from Pjpxj�1, xq, where Pj is a Markov kernel with
invariant distribution p0j.

(ii) Set

wj � wj�1
p0jpxjq

p0 j�1pxj�1q

3. Return to 1 and repeat N times to produce N samples

xp1qn , . . . , xpNq
n

and weights
wp1q

n , . . . ,wpNq
n
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Annealed Importance Sampling

If PR
j is the “reverse” kernel, for each instance

PR
j px, x1q �

Pjpx1, xqp0jpx1q
p0jpxq

and

π�px�q � p0npxnq
n¹

j�1

PR
j pxn�j, xn�j�1q

p�0px
�q � p00px0q

n¹
j�1

Pjpxj�1, xjq

then

w�px�q �
π�px�q
p�0px�q

is the importance sampling weight for the augmented sample
px0, x1, . . . , xnq generated from p�0. The marginal distribution
from π� of xn is the true target πn. 615



Sequential Monte Carlo for State-Space Models

Recall the state-space model: for t � 1, . . . ,T

yt � gpxt; θq � ϵt

xt�1 � hpxt; θq � εt

where only the series y1, . . . , yT, is observed. Sequences tϵtu
and tεtu are independent zero mean random variables.

If yt � py1, . . . , ytq, xt � px1, . . . , xtq. we must carry out
� Filtering: Compute ppxt|ytq

� Prediction: Compute ppxt�1|ytq

� Smoothing: Compute ppxt|yTq
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Sequential Monte Carlo for State-Space Models

Filtering: By Bayes theorem

ppxt|ytq �
ppyt|xtqppxt|yt�1q

ppyt|yt�1q

9 ppyt|xtqppxt|yt�1q

where the function ppyt|xtq is usually a straightforward
conditional density, but the function ppxt|yt�1q is the density
computed at the previous time point prediction step.

Prediction:

ppxt�1|ytq �

»
ppxt�1|xtqppxt|ytq dxt

where ppxt�1|xtq is again a conditional density derived from the
state equation, and ppxt|ytq is the posterior density computed at
the time point filtering step. 617



Sequential Monte Carlo for State-Space Models

We consider simulation-based versions of these calculations.

For example, in the filtering step, suppose we have a sample

zp1qt , . . . , zpNq
t

from ppxt|yt�1q obtained at the previous prediction step. Then
we can obtain a particle approximation to ppxt|ytq as

pppxt|ytq �
1
N

Ņ

i�1

ppyt|z
piq
t qδzpiq

t
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Sequential Monte Carlo for State-Space Models

Note also that the denominator ppyt|yt�1q can be approximated
by the sum of the weights

pppyt|yt�1q �
1
N

Ņ

i�1

ppyt|z
piq
t q

which is useful in approximating the likelihood by

pLpytq � pppy1q
T¹

t�2

pppyt|yt�1q

We can also produce a sample from the particle approximationpppxt|ytq by performing a weighted resampling from the collection
pzp1qt , . . . , zpNq

t q with weights proportional to ppyt|z
piq
t q. Denote

this resampled vector

vp1qt , . . . , vpNq
t 619



Sequential Monte Carlo for State-Space Models

For the prediction step, the particle approximation to ppxt�1|ytq
is obtained using a similar Monte Carlo strategy

pppxt�1|ytq �
1
N

Ņ

i�1

ppxt�1|v
piq
t q

Also, a sample from this approximation can be obtained by
propagating the samples vp1qt , . . . , vpNq

t forward by sampling the
transition densities ppxt�1|v

piq
t q for each i.

This yields the sample

zp1qt�1, . . . , zpNq
t�1

and the recursion continues.
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Sequential Monte Carlo for State-Space Models

Recap: to perform SIS for πnpxnq � gnpxnq{Zn, use the IS density

pnpxnq � p1px1q
n¹

j�2

rpjpxj|xj�1q

with weights given by w1px1q � π1px1q{p1px1q and

wjpxjq � wj�1pxj�1q
rπjpxj|xj�1qrpjpxj|xj�1q

� wj�1pxj�1q
πjpxjq

πj�1pxj�1qrpjpxj|xj�1q

If the normalizing constants Zj for j � 1, . . . , n are unknown,
the weights can be replaced by w1px1q � g1px1q{p1px1q and

wjpxjq � wj�1pxj�1q
gjpxjq

gj�1pxj�1qrpjpxj|xj�1q
� wj�1pxj�1qαjpxjq

say.
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Sequential Monte Carlo for State-Space Models

The Monte Carlo computation is carried out by sampling
xp1q1 , . . . , xpNq

1 from p1, then at step j ¥ 2 sampling

xp1qj , . . . , xpNq
j from rpjp.|x

piq
j�1q

for i � 1, . . . ,N. The importance sampling weights are w1px
piq
1 q

and, for j ¥ 2,
wjpx

piq
j q � wj�1px

piq
j�1qαjpx

piq
j q

We then have

pπnpxq �
Ņ

i�1

Wpiq
n δxpiq

n
pxq

where

Wpiq
n �

wnpx
piq
n q

NpZn

pZn �
1
N

Ņ

i�1

wnpx
piq
n q

in the usual way. 622



Sequential Monte Carlo for State-Space Models

In a simple state-space model, write

Observation equation : pY|Xpyj|xjq

State equation : pXpxj|xj�1q

with X1 � pX1 .

In light of the observed data yn � py1, . . . , ynq, the posterior of
interest is

πnpxnq � ppxn|ynq �
ppxn,ynq

ppynq
�

gnpxn,ynq

Znpynq
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Sequential Monte Carlo for State-Space Models

We have

gnpxn,ynq � pX1px1q

$&% n¹
j�2

pXpxj|xj�1q

,.-
$&% n¹

j�1

pY|Xpyj|xjq

,.-
and

Znpynq �

»
gnpxn,ynq dxn
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Sequential Monte Carlo for State-Space Models

Now, for sequential Monte Carlo, the optimal choice of IS
density is rpjpxj|xj�1q

is rπjpxj|xj�1q

which in the simple state-space model is given by

rπjpxj|xj�1q � ppxj|yj, xj�1q �
pY|Xpyj|xjqpXpxj|xj�1q

ppyj|xj�1q

�
pY|Xpyj|xjqpXpxj|xj�1q»
pY|Xpyj|xqpXpx|xj�1q dx
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Sequential Monte Carlo for State-Space Models

In most cases (specifically, outside of the Gaussian case), the
optimal choice is not feasible: recall that we need successive
samples from the IS densities

rpjpxj|xj�1q � ppxj|yj, xj�1q.

We might choose instead

rpjpxj|xj�1q � ppxj|xj�1q

which typically is straightforward to sample from, and yields
the recursive weight calculation

wjpxjq � wj�1pxj�1qpY|Xpyj|xjq
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

Suppose

Observation equation : pY|Xpyj|xjq � N p0, expt2xjuq

State equation : pXpxj|xj�1q � N pµ� ϕpxj�1 � µq, σ2q

with pX1pxq � N pµ, σ2{p1 � ϕ2qq. We regard µ, ϕ and σ as
known constants.

This model is used in the analysis of financial time series: it is a
non-linear state-space model, due to the non-linear dependence
of the distribution of yj on xj.
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

n � 500 realizations from the stochastic volatility model.
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

Here, for j ¥ 2,

pY|Xpyj|xjq �

�
e�2xj

2π


1{2

expt�e�2xjy2
j {2u

and the recursive weight calculation is based on

wjpxjq �

j¹
k�1

pY|Xpyk|xkq

that is, the likelihood to observation j.
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N � 100 particles and weights at j � 1
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N � 100 particles and weights at j � 2
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N � 100 particles and weights at j � 3
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N � 100 particles and weights at j � 4
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N � 100 particles and weights at j � 5
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N � 100 particles and weights at j � 20
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Particle Degeneracy

A problem with this strategy is that the weights start to
degenerate as j increases;

� the weights that define the Monte Carlo estimate pπnpxq are
very small for most i, with only a few large weights.

� the empirical variance of the collection of unnormalized
weights twjpx

piq
j qu for i � 1, . . . ,N increases

� this is mitigated, but not resolved by a better choice ofrpjpxj|xj�1q

� could try a normal approximation of

ppxj|yj, xj�1q 9 pY|Xpyj|xjqpXpxj|xj�1q

� exp

#
�xj �

y2
j

2e2xj
�

1
2σ2 pxj � µjq

2

+

where µj � µ� ϕpxj�1 � µq. 636



Particle Degeneracy

Example (Stochastic volatility model)

Here the mode of

ppx|yj, xj�1q � exp

#
�x �

y2
j

2e2x �
1

2σ2 px � µjq
2

+

can be computed numerically, and the variance of the normal
approximation can be computed by inspecting the curvature at
the mode, given by�

�
B2 log ppx|yj, xj�1q

Bx2

��1

�
�
2y2

j e�2x � 1{σ2
��1
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Particle Degeneracy

Example (Stochastic volatility model)

Normal approximation to ppxj|yj, xj�1q for xj�1 � 0, yj � 2:
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Particle Degeneracy

The main reason for particle degeneracy is that particles with
low weight at step j � 1 tend to have low weight at step j.

Particle degeneracy can be overcome by resampling that
removes the particles with low weights. The commonest form
of resampling is to use a non-parametric bootstrap, with
multinomial sampling.

At step j, the Monte Carlo estimate of πj is

pπjpxq �
Ņ

i�1

Wjpx
piq
j qδxpiq

j
pxq

This discrete distribution on

xp1qj , . . . , xpNq
j

is resampled N times according to the weights

Wjpx
p1q
j q, . . . ,Wjpx

pNq
j q.
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Particle Degeneracy

After resampling, the new resampled values replace the

xp1qj , . . . , xpNq
j

collection, and each resampled point carries with it its
normalized resampling weight Wjpx

piq
j q.

Each original value xpiqj may appear in the resampled collection
more than once.
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Particle Degeneracy

Let nj1, . . . , njN denote the numbers of times that particles

xp1qj , . . . , xpNq
j are resampled during multinomial sampling. Let

rπjpxq �
Ņ

i�1

nji

N
δxpiq

j
pxq

Resampling does not disrupt the particle approximation in
expectation (that is, it does not introduce bias)

Errπjpxq|pπjpxqs � pπjpxq

but it does introduce “noise” - for any suitable h,

Var
rπjrhpXjqs ¥ Var

pπjrhpXjqs

This follows by the law of iterated variance.
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Particle Degeneracy

The message from this result is that although you should
perform resampling to preserve particle diversity, you should
not resample too often, as that introduces variability.

A common strategy is to resample only when the observed
variance of the weights exceeds some threshold. A statistic to
track is the effective sample size (ESS) where

ESS �

�
Ņ

i�1

!
Wpiq

j

)2
��1

We have 1 ¤ ESS ¤ N:

ESS � 1 if Wpiq
j � 1 for some i

ESS � N if Wpiq
j �

1
N

for each i

642



Particle Degeneracy

Can also use entropy as a measure

Entropy � �
Ņ

i�1

Wpiq
j log Wpiq

j

where 0 ¤ Entropy ¤ log2 N

Entropy � 0 if Wpiq
j � 1 for some i

Entropy � log2 N if Wpiq
j �

1
N

for each i
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Particle Degeneracy

Example (Stochastic volatility model)

N � 100 resampled particles and weights at j � 1
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Particle Degeneracy

Example (Stochastic volatility model)

N � 100 resampled particles and weights at j � 2
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Particle Degeneracy

Example (Stochastic volatility model)

N � 100 resampled particles and weights at j � 3
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Particle Degeneracy

Example (Stochastic volatility model)

N � 100 resampled particles and weights at j � 4
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Particle Degeneracy

Example (Stochastic volatility model)

N � 100 resampled particles and weights at j � 5
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Particle Degeneracy

Example (Stochastic volatility model)

Effective sample size (ESS) with resampling when ESS   10
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