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Computational Methods in Statistics

Modern statistics is only possible because of advances in
computational power. Virtually all (applied) statistics relies on

§ Statistics packages with GUIs: Splus, SPSS, Stata ...

§ Command line programming: R, SAS ...

§ High-level language programming: C/C++ ...

to implement statistical methods.

However, even mathematical/theoretical statisticians need to
use computation.
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Course content

This course will focus on two sorts of numerical computational
methods:

§ Deterministic

§ Optimization
§ Root-finding

§ Stochastic

§ Random number generation
§ Bootstrap
§ Monte Carlo
§ Markov chain Monte Carlo

In addition, standard computational/numerical methods will be
covered (solving linear systems, matrix inversion, Cholesky and
other matrix decompositions etc.)
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The need for computation

Estimation is a common statistical activity:

§ Maximum likelihood (ML)

§ Method of Moments

§ (Generalized) Estimating Equations ((G)EE)

§ Bayesian estimation

When analytical results are not available, the first three require
either optimization or root-finding; the fourth typically
requires integration.
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Example: ML estimation

For an iid sample x from parametric density fpx|θq, the ML
estimate is

pθ “ argmax
θPΘ

Lpθ;xq

(i.e. obtained by optimization). However if

ℓθpθ;xq “
B

Bθ
logLpθ;xq

under regularity conditions, we have that pθ is the solution of
the equation

ℓθpθ;xq “ 0

(i.e. obtained by root-finding).

If θ is a ppˆ 1q vector, then this is a p-dimensional optimization
or equation system.
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Notation

A note on notation: derivatives will be denoted by subscripts,
that is, for function g, a function of d-dimensional vector t,

gtptq “
Bgptq

Bt
pdˆ 1 vectorq

gttptq “
B2gptq

BtBtJ
pdˆ d matrixq

etc. The notation
9gptq :gptq

etc. will also be used.
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Example: Method of Moments estimation

For Method of Moments estimation, if

µkpθq “ EfX|θ
rXks

then the Method of Moments estimate is the solution of the
system

n
ÿ

i“1

pxki ´ µkpθqq “ 0 k “ 1, . . . , p

(i.e. obtained by root-finding).
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Example: Logistic regression

Suppose data comprise n data

§ Response Y P t0, 1u

§ Covariate Predictors X1, . . . , Xp

where
θi “ PrYi “ 1|Xi “ xis

is modelled via

ηi “ log

ˆ

θi
1 ´ θi

˙

“ β0 ` β1xi1 ` ¨ ¨ ¨ ` βpxip “ xiβ

say; write
θi ” θipβq.
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Example: Logistic regression

The corresponding likelihood is

Lpβ;xq “

n
ź

i“1

"

exptxiβu

1 ` exptxiβu

*yi
"

1

1 ` exptxiβu

*1´yi

with log-likelihood

ℓpβ;xq “

n
ÿ

i“1

yixiβ ´

n
ÿ

i“1

log p1 ` exptxiβuq

To compute the ML estimate, take partial derivatives wrt the
components of β in turn: for j “ 1, . . . , p

ℓβj
pβ;xq “

n
ÿ

i“1

yixij ´

n
ÿ

i“1

"

xij
exptxiβu

1 ` exptxiβu

*

9



Example: Logistic regression

This simplifies to β: for j “ 1, . . . , p

ℓβj
pβ;xq “

n
ÿ

i“1

xij

ˆ

yi ´

"

exptxiβu

1 ` exptxiβu

*˙

or

ℓβj
pβ;xq “

n
ÿ

i“1

xij pyi ´ θipβqq

For β0, the equation is

ℓβ0pβ;xq “

n
ÿ

i“1

pyi ´ θipβqq
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Example: Logistic regression

Thus the system of equations that must be solved to find the
ML estimate is the pp` 1q ˆ 1 system

n
ÿ

i“1

ηβipβqpyi ´ θipβqq “ 0

where ηβipβq is the pp` 1q ˆ 1 vector with jth component

ηβijpβq “
Bηipβq

Bβj
.

for j “ 0, 1, . . . , p.

The solution is not analytically available, and numerical
methods are required.
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Example: Logistic regression

Standard errors are typically also required. In regular problems,
as n ÝÑ 8,

?
nppβ ´ β0q

d
ÝÑ N p0, Ipβ0q´1q

where β0 is the true value of β, and

Ipβ0q “ E
“

SβS
J

β

‰

“ ´E rSββs

is the Fisher Information with

Sβ ” SβpX;βq “
B log fpX|βq

Bβ
pp` 1q ˆ 1

Sββ ” SββpX;βq “
B2 log fpX|βq

BβBβJ
pp` 1q ˆ pp` 1q

and expectations are taken at β “ β0.
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Example: Logistic regression

Ipβ0q is typically estimated by

pIppβq “
1

n

n
ÿ

i“1

Sβpxi; pβqSβpxi; pβqJ

or

pIppβq “ ´
1

n

n
ÿ

i“1

Sββpxi; pβq

Thus the standard errors are available relatively easily once pβ
has been obtained.
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Taylor approximation

Recall that, by a Taylor expansion of the log-likelihood around
θ “ pθ

ℓpθq l ℓppθq ` ℓθppθqpθ ´ pθq `
1

2
pθ ´ pθqJℓθθppθqpθ ´ pθq

“ ℓppθq `
1

2
pθ ´ pθqJℓθθppθqpθ ´ pθq

as ℓθppθq “ 0. The matrix

ℓθθpθq

is the matrix of second partial derivatives of ℓ sometimes
termed the Hessian matrix for ℓ. We typically need ℓθθppθq; this
is merely ´npIppθq.
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Taylor approximation

As Lpθ;xq “ exptℓpθqu, it follows that for large n

Lpθ;xq l cppθq exp
!

´
n

2
pθ ´ pθqJ

pIppθqpθ ´ pθq

)

Hence in a Bayesian calculation

πpθ|xq9Lpθ;xqπpθq

and Lpθ;xq can be approximated by a Gaussian likelihood.
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The Laplace Approximation

Using a similar strategy: for an arbitrary unnormalized
multivariate density fpzq “ expthpzqu, say, if z˚ P Rd

corresponds to the mode of f ,

hpzq l hpz˚q `
1

2
pz ´ z˚qJ:hpz˚qpz ´ z˚q

“ hpz˚q ´
1

2
pz ´ z˚qJHpz˚qpz ´ z˚q

say. Therefore

fpzq l fpz˚q exp

"

´
1

2
pz ´ z˚qJHpz˚qpz ´ z˚q

*

and
ż

fpzq dz l fpz˚q
p2πqd{2

| detHpz˚q|1{2
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The Laplace Approximation: Example

If fpzq “ zα´1e´z, then hpzq “ pα ´ 1q log z ´ z and

9hpzq “
α ´ 1

z
´ 1 6 z˚ “ α ´ 1

Hpzq “ ´:hpzq “
pα ´ 1q

z2
6 Hpz˚q “ 1{pα ´ 1q

so therefore
ż

fpzq dz l
a

p2πqpα ´ 1qα´1{2e´pα´1q

Here the normalizing constant is actually Γpαq.
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The Laplace Approximation: Example
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The Laplace Approximation: Example

Relative error:
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Linear Model

In the linear model
Yi “ xiβ ` ϵi

where ϵi, i “ 1, . . . , n are zero mean, variance σ2 random
variables that are mutually independent (and independent of
xi).

Following the same derivation as above, to estimate β,

ℓβj
pβ;xq “

n
ÿ

i“1

xij pyi ´ xiβq “ 0

or equivalently, as a pp` 1q ˆ 1 system

XJXβ “ XJY

where Y “ pY1, . . . , YnqJ, and X is the nˆ pp` 1q matrix
formed by binding the rows x1, . . . ,xn.
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Linear Model

Provided XJX is non-singular (positive definite), this equation
has a unique solution

pβ “ pXJXq´1XJY.

To compute this, we need

pXJXq´1

i.e. we need to invert a pp` 1q ˆ pp` 1q matrix. This is feasible
(usually) using, say

solve

in R.
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Cholesky decomposition

Alternatively:

§ Cholesky decomposition: For a positive definite matrix
A, write

A “ LLJ

where L is a lower-triangular matrix. A´1 is more readily
available compute as L´1 is easy to compute.

We need to apply this to XJX.
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Singular value decomposition

Suppose that A is an mˆ n real matrix. Then A can be
decomposed

A “ UDV J

where

§ U is mˆm such that UJU “ UUJ “ Im

§ D is mˆ n with non-negative elements only on the leading
diagonal.

§ V is nˆ n such that V JV “ V V J “ In
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Singular value decomposition

If A is mˆm and positive definite, then D is square and has
the m strictly positive eigenvalues of A on its diagonal.

In this case U comprises the eigenvectors of A as its columns,
and

U´1 “ V J

and
A´1 “ UD´1V J
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QR decomposition

§ QR decomposition: Write

X “ QR

where
§ Q is a nˆ pp` 1q orthonormal matrix, QJQ “ I,
§ R is a pp` 1q ˆ pp` 1q upper-triangular matrix

Then

XJXβ “ XJY 6 RJQJQRβ “ RJQJY

and if QJY “ Y˚, say, then

Rβ “ Y˚

This is easy to solve, as R is triangular.
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QR decomposition

Gram-Schmidt orthogonalization: For nˆ p matrix A,
write

A “
“

Ap1q, . . . , Appq

‰

Then set
§ At step 1: Bp1q “ Ap1q then Qp1q “ Bp1q{||Bp1q||.
§ At step 2:

Bp2q “ Ap2q ´
AJ

p2q
Qp1q

QJ

p1q
Qp1q

Qp1q then Qp2q “
Bp2q

||Bp2q||

§ At step k “ 3, . . . , p:

Bpkq “ Apkq ´

k´1
ÿ

j“1

AJ

pkq
Qpjq

QJ

pjq
Qpjq

Qpjq then Qpkq “
Bpkq

||Bpkq||

Then
Q “

“

Qp1q, . . . , Qppq

‰

is the desired matrix. 26



QR decomposition

The matrix R is the upper-triangular matrix with pj, kqth
element

QJ

pjqApkq j ď k.

Thus we can compute
pXJXq´1

without matrix inversion. This is often faster than using matrix
inversion, and is the default approach used by R in the function
lm.

Note: Other methods of orthogonalization are available.
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Example: Ridge Regression

If XJX is ill-conditioned, or almost singular, the ridge
regression estimator is sometimes used:

rβ “ pXJX ` λIq´1XJY.

for scalar λ. More generally, could use

rβ “ pXJX ` ΛJΛq´1XJY.

This is the solution to the regularized minimization problem

min
β

}Y ´ Xβ}2 ` }Λβ}2

and is termed Tikhonov regularization.
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Matrix Inverse Identity: Woodbury’s formula

If X is nˆ p, XJX is pˆ p:

§ Typically n " p, and p is reasonably small, and inversion is
relatively straightforward.

§ Sometimes p " n, so inverting the large, sparse matrix

XJX ` λI

is more challenging.
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Matrix Inverse Identity: Woodbury’s formula

Suppose

§ A is pˆ p

§ U is pˆ n

§ C is nˆ n

§ V is nˆ p

Then

pA` UCV q´1 “ A´1 ´A´1UpC´1 ` V A´1Uq´1V A´1

For ridge regression: set

A “ λI U “ XJ C “ I V “ X

so that

pXJX ` λIq´1 “ λ´1I ´ λ´2XJpI ` λ´1XXJq´1X
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Matrix Inverse Identity: Woodbury’s formula

This identity allows us to exchange an pˆ p inversion for an
nˆ n inversion; it will be useful when p is large and n is small.

§ Note that in the general version

A “ ΛJΛ and C

must be inverted.
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Other forms of regularization

In certain statistical estimation problems, the form of
“regularization” is different

§ LASSO

min
β

}y ´ Xβ}2 ` λ

p
ÿ

j“1

|βj |

§ Lα

min
β

}y ´ Xβ}2 ` λ

p
ÿ

j“1

|βj |
α

§ Elastic net

min
β

}y ´ Xβ}2 ` λ1

p
ÿ

j“1

|βj | ` λ2

p
ÿ

j“1

|βj |
2

Minimization cannot be achieved analytically.
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Example: Gaussian Markov Random Field

A (stationary) Gaussian Markov Random Field is a
probabilistic model describing the co-variation of random
variables having different temporal or spatial locations.

At points x1, . . . , xn in 1- or 2-dimensions, the joint distribution
of random quantities Z1, . . . , Zn associated with these locations
is multivariate Gaussian

CovrZi, Zjs “ σp||xi ´ xj ||q “ Σij

that is
Z „ Nnpµpxq,Σq

The covariance function σp.q is often specified parametrically:

σpdq “ σ2 expt´pd{λqαu
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Example: Gaussian Markov Random Field

This model is used in spatial modelling.

§ risk surface analysis; using a binomial logistic model

Yi „ Binomialpni, θiq θi “
exptZiu

1 ` exptZiu

or a log-linear Poisson model

Yi „ Poissonpθiq θi “ exptZiu

can build a model for observed response data conditional
on Z.
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Example: Gaussian Markov Random Field

If n is fairly small, and the covariance function is reasonably
well-behaved, then it is quite easy to study these models using
simulation. However the nature of Σ can pose difficulties

§ if n is large, and Σ is not sparse

§ if Σ is almost singular

as a Cholesky decomposition of Σ is typically required.
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Example: Gaussian Markov Random Field
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Example: Lung Cancer Cases in Pennsylvania
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Example: Smoking rates in Pennsylvania
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Example: Ising Model

Consider a collection of binary random variables tXiu placed on
a rectangular (N ˆM) lattice, with joint mass function

fX|βpx|βq “

exp

#

β
NM
ř

i“1

ř

j‰i
1txiupxjq

+

Zpβq

where Zpβq is the normalizing constant. The support of this
mass function has

2NM

elements. This model is used in statistical physics and image
analysis; it is not analytically tractable, but its properties can
be studied using simulation in a Monte Carlo approach.
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Example: Ising Model

Simulation of variates from a discrete distribution fp.q is in
principle straightforward:

1. List the elements in the support of f : x1, x2, . . ., with their
associated probabilities p1, p2, . . ., and cumulative
probabilities P1, P2, . . .

Pk “

k
ÿ

j“1

pj k “ 1, 2, . . .

2. Obtain a single random variate u from a Uniformp0, 1q

density.

3. Return the value x “ xk as a simulated value from f , where

k “ maxtj : Pj ď uu
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Example: Ising Model

This method is based on the inverse CDF transformation result

If X has CDF FX , then U “ FXpXq „ Uniformp0, 1q.

This Ising model mass function has a relatively complicated
form; in particular the normalizing constant Zpβq is difficult to
compute, so that the probabilities p1, p2, . . . in the algorithm are
only known up to proportionality.

Therefore, sampling from the Ising model is non-trivial.

Also: how to achieve 2. ?
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Ising Model: β “ 0.1
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Ising Model: β “ 0.2
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Ising Model: β “ 0.3
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Ising Model: β “ 0.4
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Ising Model: β “ 0.5
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Example: The sampling distribution of a statistic

Suppose X1, . . . , Xn is a random sample from a probability
distribution with cdf FX . Let T “ T pX1, . . . , Xnq be a statistic
used to

§ estimate some functional µFX
of FX ,

§ test a hypothesis concerning FX

The sampling distribution of T (perhaps under restrictions
imposed by the hypothesis) is required:

§ this is merely the probability distribution of T

§ in a frequentist sense, this is the distribution of observed
values of T over repeated samples of size n in presumed
data collection situation.
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Example: The sampling distribution of a statistic

If the form of FX , and the value of the parameters in a
parametric representation of FX are known, we may examine
the sampling distribution using Monte Carlo

1. Draw a sample x1, . . . , xn from FX .

2. Compute and store t “ T px1, . . . , xnq.

3. Repeat 1. and 2. a large number (N) of times, collecting
the observed values

t1, . . . , tN

4. Approximate fT by a histogram estimator based on
t1, . . . , tN .
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Example: The sampling distribution of a statistic

If the form of FX is unknown, we may examine the sampling
distribution using the bootstrap

1. Resample x
pbq
1 , . . . , x

pbq
n from the original collection

x1, . . . , xn

§ For i “ 1, . . . , n, pick x
pbq
i uniformly from x1, . . . , xn.

§ Repeat this independently and with replacement.
§ This resampled collection will be similar to, but potentially
slightly different from, the original collection; some original
values may be repeated in, or omitted from, the resampled
collection.

2. Compute the statistic tpbq “ T px
pbq
1 , . . . , x

pbq
n q

3. Repeat 1. and 2. a large number (B) of times, collecting

the observed values t
pbq
1 , . . . , t

pbq

B .

4. Approximate fT by a histogram estimator based on

t
pbq
1 , . . . , t

pbq

B .
49



Example: The sampling distribution of a statistic

Example (Bootstrap for Gamma distribution median)

Suppose data
0.931 3.989 2.576 4.084 5.165
1.198 4.859 1.315 2.706 2.223
2.557 2.497 2.768 5.132 4.317
1.499 2.186 1.905 3.371 0.595

are believed to come from a Gamma distribution whose mean
is the focus of interest. The natural estimator is the sample
mean, 2.794.

We can construct a 95% confidence interval using the bootstrap.
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R Code

1 > set.seed(423)
2 > n<-20
3 > al<-3
4 > (X<-round(rgamma(n,al,1),3))
5 [1] 0.931 3.989 2.576 4.084 5.165 1.198 4.859 1.315 2.706 2.223 2.557 2.497
6 [13] 2.768 5.132 4.317 1.499 2.186 1.905 3.371 0.595
7 > mean(X)
8 [1] 2.79365
9 > tx<-mean(X)

10

11 > nboot<-100000
12 > tvec<-rep(0,nboot)
13 > for(i in 1:nboot){
14 + tvec[i]<-mean(sample(X,size=n,rep=T))
15 + }
16 > (qv<-quantile(tvec,prob=c(0.025,0.975)))
17 2.5% 97.5%
18 2.204149 3.400702
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Example: Bootstrap interval with B “ 100000

Bootstrap Interval
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Example: Bootstrap interval

We can tell if this is a good way to construct such an interval
by carrying out a Monte Carlo simulation:

1. For a specific value (or collection of values) for α, generate
a sample of size n from Gammapα, 1q.

2. Compute the sample mean.

3. Use the bootstrap to construct a 95% interval for α.

4. Check whether the true value of α lies in the interval.

5. Repeat 1. to 4. a large number of times, and compute the
proportion of the repeats in which the interval does
contain the true value - if the interval construction
procedure is good, the proportion should be close to 0.95.
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R Code I

1 > set.seed(423)
2 > n<-20
3 > al<-3
4 > (X<-round(rgamma(n,al,1),3))
5 [1] 0.931 3.989 2.576 4.084 5.165 1.198 4.859 1.315 2.706 2.223 2.557 2.497
6 [13] 2.768 5.132 4.317 1.499 2.186 1.905 3.371 0.595
7 > mean(X)
8 [1] 2.79365
9

10 > library(boot)
11 > meancalc<-function(x,i){
12 + m <- mean(x[i])
13 + n <- length(i)
14 + v <- (n-1)*var(x[i])/nˆ2
15 + return(c(m, v))
16 + }
17 > bmean<-boot(X,meancalc,R=10000)
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R Code II

18 > boot.ci(bmean)
19 BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS
20 Based on 10000 bootstrap replicates
21

22 CALL :
23 boot.ci(boot.out = bmean)
24

25 Intervals :
26 Level Normal Basic Studentized
27 95% ( 2.194, 3.396 ) ( 2.174, 3.395 ) ( 2.157, 3.507 )
28

29 Level Percentile BCa
30 95% ( 2.192, 3.413 ) ( 2.222, 3.444 )
31 Calculations and Intervals on Original Scale
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Example: State-space models

Consider the following model: for t “ 1, . . . , n

yt “ gpxt; θq ` ϵt

xt`1 “ hpxt; θq ` ξt

where only the series y1, . . . , yn, is observed. Sequences tϵtu and
tξtu are independent zero mean random variables.

This is termed a state-space model with state sequence
x1, . . . , xn. The state space sequence is a focus of interest, along
with model parameters θ.
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Example: State-space models

Let y1:t “ py1, . . . , ytq, x1:t “ px1, . . . , xtq. For the moment,
suppress dependence on θ.

§ Filtering: Compute ppxt|y1:tq

§ Prediction: Compute ppxt`1|y1:tq

§ Smoothing: Compute ppxt|y1:nq

The first two steps carry out a sequential calculation forwards
in time, utilizing basic probability results.
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Example: State-space models

Filtering: By Bayes theorem

ppxt|y1:tq “
ppyt|xtqppxt|y1:pt´1qq

ppyt|y1:pt´1qq

9 ppyt|xtqppxt|y1:pt´1qq

§ The function ppyt|xtq is usually a straightforward
conditional density.

§ The function ppxt|y1:pt´1qq is the density computed at the
previous time point prediction step.

§ Note that the denominator (normalizing constant) is
ppyt|y1:pt´1qq

§ Recall that all of these densities potentially depend on θ.
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Example: State-space models

Prediction: By marginalization

ppxt`1|y1:tq “

ż

ppxt`1|xtqppxt|y1:tq dxt

§ The function ppxt`1|xtq is usually a straightforward
conditional density derived from the state equation.

§ The function ppxt|y1:tq is the posterior density computed at
the time point filtering step.

§ This step requires an integration
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Example: State-space models

Smoothing: Consider computing backwards from
t “ T, T ´ 1, . . . , 1:

ppxt|y1:nq “

ż

ppxt, xt`1|y1:nq dxt`1

“

ż

ppxt|xt`1, y1:nqppxt`1|y1:nq dxt`1

“

ż

ppxt|xt`1, y1:tqppxt`1|y1:nq dxt`1

where

ppxt|xt`1, y1:tq “
ppxt`1|xtqppxt|y1:tq

ppxt`1|y1:tq
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Example: State-space models

§ The function ppxt`1|xtq is usually a straightforward
conditional density derived from the state equation.

§ The function ppxt|y1:tq is the posterior density computed at
the relevant filtering step in the forward calculation.

§ The function ppxt`1|y1:tq is the the density computed at
the relevant prediction step in the forward calculation.

§ The function ppxt`1|y1:nq is the density from the previous
smoothing step in the recursion.

§ This step requires an integration.
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Example: State-space models

If the error terms ϵt and ξt are Gaussian, and the functions g
and h are each linear in xt, then all of the relevant densities

ppxt|y1:tq ppxt`1|y1:tq ppxt|y1:nq ppxt`1|y1:nq

can be computed analytically, and are Gaussian, so that the
distributions are characterized by mean and variance.

If the error terms ϵt and ξt are non-Gaussian, or the functions
g and h are non-linear in xt, then the densities can typically
only be computed numerically.

A typical approach uses Sequential Monte Carlo, in which
sample-based approximations to the densities are used.
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Example: State-space models

The above calculations presume that θ is known. Note that the
likelihood Lpθ; y1:nq can be expressed

Lpθ; y1:nq “ ppy1; θq

n´1
ź

t“1

ppyt`1|y1:t; θq

that is, in terms of quantities that are computed using the
filtering and prediction steps.

Therefore the filtering approach can be used to facilitate
inference about θ.
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Part I

Optimization
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Optimization in statistical problems

Optimization arises in many statistical problems:

§ minimization in least-squares, penalized least-squares,
model selection etc.

§ maximization in maximum likelihood estimation, REML,
optimal decision making etc.

We will focus on optimization of continuous and differentiable
functions of vector parameters. Discrete optimization problems
do arise, but are less common.
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Optimization in statistical problems

We seek to optimize a scalar function gpθq of vector parameter θ

θ “ pθ1, . . . , θpqJ.

The components of θ may be

§ unconstrained : all θj P R
§ constrained : θj P raj , bjs, or φpθq P ra, bs etc.

Recommendation:

It is usually easier to solve the unconstrained version, so
where possible try to reparameterize onto Rp.
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Some basic facts about optimization

Consider gpθq defined on the domain Θ. Usually, g will be
continuous and bounded on Θ. Then

§ either gpθq attains its minimium/maximum value at value
where

9gpθq “ 0

where 9gpθq is the pˆ 1 vector with jth component

Bgpθq

Bθj

§ or gpθq attains its minimium/maximum value on the
boundary of Θ.
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Some basic facts about optimization

The function gpθq is convex if, for all θ, the pˆ p matrix

:gpθq “
B2gpθq

BθBθJ
“

„

B2gpθq

BθjBθk

ȷ

jk

is positive definite. Another characterization of convexity is
that for θ1, θ2 P Θ and 0 ď λ ď 1.

gpλθ1 ` p1 ´ λqθ2q ď λgpθ1q ` p1 ´ λqgpθ2q

A convex function has a unique minimum (if the minimum
exists).
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Strategies for Numerical Optimization

Basic components of a numerical optimization procedure:

§ approximation: approximate a complicated function via a
simpler and more tractable one.

§ recursion: refine an initial guess at the optimizing
parameter by using repeated adjustment.

§ stopping : decide when the refinement process can stop.

We usually will focus on estimation of parameter θ via a
parametric log likelihood ℓpθq.
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Optimization and Root-finding

In a one-parameter statistical problem with parameter θ, to
estimate θ via maximum likelihood, we must maximize the
likelihood function Lpθq which is a univariate function of the
parameter with the data x1, . . . , xn treated as fixed constants.

We have several options

1. maximize analytically;

2. maximize numerically by evaluation Lpθq, or some
monotone transformation of it such as ℓpθq “ logLpθq, on a
fine grid of θ values;

§ requires grid to be ‘fine’ enough;
§ requires a fixed number of function evaluations.

3. maximize numerically using an iterative procedure that
refines an initial guess at the maximizing value.
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Optimization and root-finding

Note: often ℓpθq will be sufficiently differentiable to allow
investigation of 9ℓpθq. In this case the optimization problem can
be solved as a root-finding problem, that is, the maximum of
ℓpθq occurs when

gpθq “ 9ℓpθq “ 0.

For any proposed root pθ of this equation, we should consider
checking the magnitude of

|gppθq|

and regarding pθ as a solution if |gppθq| is small enough.
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Example

Example (Cauchy density)

Suppose that a single data point x1 is available from the
Cauchy density with location θ, that is

fXpx|θq “
1

π

1

1 ` px´ θq2
x P R

To find the ML estimator of θ we must maximize the likelihood
Lpθ;x1q, or equivalently solve the score equation

9ℓpθq “
d

dθ

␣

´ logp1 ` px1 ´ θq2q
(

“ 0.
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Example

Example (Cauchy density)

That is,

9ℓpθq “
2px1 ´ θq

1 ` px1 ´ θq2
“ 0.

The root of this equation is at pθ “ x1.
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Cauchy example: ℓpθ; 2.3q
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Cauchy example: g1pθq “ 9ℓpθ; 2.3q
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Example

Example (Cauchy density)

With two data points px1, x2q, the score equation becomes

9ℓpθq “
d

dθ

#

´

2
ÿ

i“1

logp1 ` pxi ´ θq2q

+

“

2
ÿ

i“1

2pxi ´ θq

1 ` pxi ´ θq2
“ 0.

The solution is now not so straightforward.
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Cauchy example: ℓpθ; 2.3, 1.1q
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Cauchy example: g2pθq “ 9ℓpθ; 2.3, 1.1q

−6 −4 −2 0 2 4 6

−
1.

5
−

1.
0

−
0.

5
0.

0
0.

5
1.

0
1.

5

θ

g(
θ)

78



Comparison of g1pθq (dashed) and g2pθq (solid)
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Example

In the Cauchy example with two data points, a grid of 12001
data points equally spaced between -6 and 6 is used
(grid-spacing of 0.001); on this grid, the minimum value of

|g2pθq|

is attained at the value pθ “ 1.700. At this value of θ, we have

g2p1.700q “ -3.330669e-16

which is acceptably close to zero; note that

g2p1.699q “ 1.384084e-03 g2p1.701q “ -1.384084e-03.

We can further refine the grid to get a more accurate solution.
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Cauchy example: ℓpθ; 2.3,´1.1q
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Larger n

Example (Cauchy density)

With n data points x “ px1, . . . , xnq, the score equation
becomes

9ℓpθq “

n
ÿ

i“1

2pxi ´ θq

1 ` pxi ´ θq2
“ 0.

The solution is now not at all straightforward.
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Cauchy example: ℓpθ; 2.3,´3.1, 0.9q
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Bisection

The bisection method is an recursive procedure that ‘traps’ the
root in an interval of diminishing length. Suppose we wish to
maximize a function gpxq, and have access to derivative 9gpxq. If
9gpxq is continuous on an interval ra0, b0s and

9gpa0q 9gpb0q ď 0

then there exists at least one root x˚ P ra0, b0s. The root is
found recursively by shrinking the interval as follows:

§ Initialize: select a0, b0 and set xp0q “ pa0 ` b0q{2.

§ Recursion: set

rat`1, bt`1s “

#

rat, x
ptqs if 9gpatq 9gpxptqq ď 0

rxptq, bts if 9gpatq 9gpxptqq ą 0

then set xpt`1q “ pat`1 ` bt`1q{2.
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Assessing convergence

§ absolute convergence criterion:

ˇ

ˇ

ˇ
xpt`1q ´ xptq

ˇ

ˇ

ˇ
ă ϵ

§ relative convergence criterion:

ˇ

ˇxpt`1q ´ xptq
ˇ

ˇ

|xptq|
ă ϵ

The bisection method is theoretically guaranteed to converge to
a single point; in practice numerical issues can prevent
convergence.
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Newton’s Method in 1D

A second-order Taylor expansion of the g around a “current”
(at step t) point, x “ xptq yields

gpxq l gpxptqq ` 9gpxptqqpx´ xptqq `
1

2
:gpxptqqpx´ xptqq2

Using this approximation, consider trying to maximize the
right-hand side; we would differentiate wrt x, and equate to
zero. Therefore, to generate the “next” point

9gpxq l 9gpxptqq ` :gpxptqqpx´ xptqq “ 0

can be solved for x to yield the next point in the recursion,
xpt`1q,

xpt`1q “ xptq ´ t:gpxptqqu´1 9gpxptqq
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Analysis

Let
ϵptq “ xptq ´ x˚.

A Taylor expansion of 9gp.q at xptq evaluated at x˚

0 “ 9gpx˚q “ 9gpxptqq ` :gpxptqqpx˚ ´ xptqq `
1

2
;gpqqpx´ xptqq2

for some value q lying between xptq and x˚. Rearranging, we
have

xptq ´ t:gpxptqqu´1 9gpxptqq ´ x˚ “ px˚ ´ xptqq2
;gpqq

2:gpxptqq
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Analysis

That is

ϵpt`1q “ pϵptqq2
;gpqq

2:gpxptqq
“ cpϵptqq2

say. Thus the method has a quadratic convergence order if it
converges.

If ;g is continuous and x˚ is a simple root of 9gpxq “ 0, then there
exists a neighbourhood N of x˚ for which Newton’s method
converges x˚ for any starting value xp0q P N .

If 9gpxq is twice continuously differentiable, is convex and has a
root, then Newton’s method converges for any starting point.

88



Fisher scoring

In maximum likelihood estimation, with gpxq replaced by ℓpθq,
Newton’s method becomes

θpt`1q “ θptq ´ t:gpθptqqu´1 9gpθptqq

In a regular statistical problem, the term

´:gpθptqq

can be replaced by its expected value, which is the n-data
Fisher Information

Inpθq “ nErΨpX; θqs “ nIpθq

say, where

ΨpX; θq “ ´
d2

dθ2
tlog fXpX|θqu
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The Secant Method

The methods above rely on using analytic versions of the first
and second derivatives of g. If the second derivative is not
readily available, a difference approximation can be used;
:gpxptqq is replaced

9gpxptqq ´ 9gpxpt´1qq

xptq ´ xpt´1q

that is, a discrete approximation to

d 9gpxq

dx

This yields the update of the secant method

xpt`1q “ xptq ´
9gpxptqqpxptq ´ xpt´1qq

9gpxptqq ´ 9gpxpt´1qq
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Fixed point iteration

The algorithms above are versions of fixed point algorithms,
that is, algorithms that attempt to find values that solve

x “ Gpxq

for an appropriately chosen function G. Clearly the solution to

9gpxq “ 0

is also a solution to
9gpxq ` x “ x

so we might choose to define the function Gpxq via

Gpxq “ 9gpxq ` x.
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Fixed point iteration

Heuristically, Gpxq should be a stable, ‘non-explosive’ function
of x in order for a solution to exist. Formally, we therefore
require G to be contractive on at least an interval ra, bs, that is

(a) Gpxq P ra, bs when x P ra, bs,

(b) For all x1, x2 P ra, bs,

|Gpx1q ´Gpx2q| ď λ|x1 ´ x2|

for some λ, 0 ď λ ă 1: .

If xp0q P ra, bs and G is contractive, then the iteration

xpt`1q “ Gpxptqq

will converge to a fixed point x˚ P ra, bs.

:A Lipschitz condition 92



Fixed point iteration

Furthermore

|xptq ´ x˚| ď
λt

1 ´ λ
|xp1q ´ xp0q|

and the rate of convergence depends on λ.
Note: for any α ‰ 0, choosing

Gpxq “ α 9gpxq ` x

also yields a valid fixed point equation. The Lipschitz condition
holds in this more general setting provided

| 9Gpxq| ď λ ă 1 ðñ |α:gpxq ` 1| ď λ ă 1.

Thus an iteration that does not obey the condition with α “ 1
can be rescaled so that the condition is met.
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Newton’s Method in p dimensions

Again, a second-order Taylor expansion of the log-likelihood
around the point at step t, θ “ θptq yields

ℓpθq l ℓpθptqq ` 9ℓpθptqqpθ ´ θptqq `
1

2
pθ ´ θptqqJ :ℓpθptqqpθ ´ θptqq

The same arguments as in 1d yield the next point in the
recursion, θpt`1q,

θpt`1q “ θptq ´ t:ℓpθptqqu´1 9ℓpθptqq

(now 9ℓ is pˆ 1, :ℓ is pˆ p).
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Newton’s Method

The recursion continues until }θpt`1q ´ θptq} is small enough.

A stationary (or fixed) point, θ˚, of this algorithm, which
satisfies

θ˚ “ θ˚ ´ t:ℓpθ˚qu´1 9ℓpθ˚q

is a local optimum of ℓ. The algorithm requires computation of

t:ℓpθqu´1

and also may be slow to converge (if it converges at all).

In addition, there is no guarantee that

ℓpθpt`1qq ą ℓpθptqq

(i.e. it is not an ascent algorithm).
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Generalized Newton Methods

Using an approximating non-singular matrix M ptq,

M ptq l ´:ℓpθptqq

say can produce an ascent algorithm. From the previous
expansion

△θptq “ θpt`1q ´ θptq l tM ptqu´1 9ℓpθptqq

and hence, for s ą 0, by another Taylor expansion

ℓpθptq ` s△θptqq ´ ℓpθptqq l s 9ℓJpθptqqtM ptqu´1 9ℓpθptqq ě 0

as M ptq is positive definite, provided s is made small enough.

Trying s “ 1{2, 1{4, ... usually can produce an increase in ℓ.
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Weighted Least-Squares

Example (Weighted Least-Squares)

Consider estimating parameters θ appearing in the possibly
non-linear regression model

Yi “ µipθq ` ϵi Erϵis “ 0

by weighted least-squares. We seek to minimize the function

gpθq “
1

2

n
ÿ

i“1

wipyi ´ µipθqq2
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Weighted Least-Squares

Example (Weighted Least-Squares)

Therefore

9gpθq “ ´

n
ÿ

i“1

wipyi ´ µipθqq 9µipθq

:gpθq “

n
ÿ

i“1

wi 9µipθq 9µipθqJ ´

n
ÿ

i“1

wipyi ´ µipθqq:µipθq

l
n
ÿ

i“1

wi 9µipθq 9µipθqJ

if either

(i) wipyi ´ µipθqq « 0 or

(ii) :µipθq « 0
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Weighted Least-Squares

Example (Weighted Least-Squares)

In a recursion, given an initial fit, it is quite likely that

wipyi ´ µipθqq « 0

so (i) holds. Alternatively, (ii) is true if the function µpθq is
approximately linear in θ.

Therefore the approximation

:gpθq lMpθq “

n
ÿ

i“1

wi 9µipθq 9µipθqJ

in the algorithm seems like a good one; note that Mpθq is
positive (semi) definite as it is formed from outer products of
the 9µipθq.

99



The Gauss-Newton Algorithm

The approximation method above is a form of the

Gauss-Newton algorithm.

It avoids the calculation of second derivatives of g, and does not
rely on specification of a step-size s.

This approximation is useful for estimation in GLMs.
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Poisson GLM

Example (Poisson GLM)

Suppose Yi „ Poissonpµipθqq for i “ 1, . . . , n.

ℓpθq “

n
ÿ

i“1

tyi logµipθq ´ µipθqu ` constant

so that

9ℓpθq “

n
ÿ

i“1

"

yi
µipθq

9µipθq ´ 9µipθq

*

:ℓpθq “

n
ÿ

i“1

"

´
yi

µipθq2
9µipθq 9µipθqJ `

yi
µipθq

:µipθq ´ :µipθq

*
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Poisson GLM

Example (Poisson GLM)

As ErYis “ µipθq, approximating yi{µipθq « 1, we have

:ℓpθq l
n
ÿ

i“1

"

´
yi

µipθq2
9µipθq 9µipθqJ

*

l
n
ÿ

i“1

"

´
1

µipθq
9µipθq 9µipθqJ

*

which yields the required positive definite approximation to
:ℓpθq.
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Expected Information

The matrix :ℓpθq yields ´npIpθq, where pI is the observed (unit)
information. If available, the Fisher or expected information

Ipθq “ ErSθpθqSθpθqJs “ VarrSθpθqs

or
Ipθq “ ´ErSθθpθqs

can be utilized in the algorithm instead; this matrix is
automatically positive (semi) definite.

103



Expected Information

In the Exponential Family, the log-likelihood takes the form

ℓpθq “ log hpyq ´Anpθq ` cpθqJT pyq

so therefore
9ℓpθq “ ´ 9Anpθq ` 9cpθqJT pyq

and as Er 9ℓpθqs “ ErSθpθqs “ 0, if ErT pyqs “ µnpθq, we have

´ 9Anpθq ` 9cpθqJµnpθq “ 0

and thus
9Anpθq “ 9cpθqJµnpθq.
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Expected Information

Hence
9ℓpθq “ 9cpθqJpT pyq ´ µnpθqq

so therefore, by the matrix variance result

Varr 9ℓpθqs “ Varr 9cpθqJpT pYq ´ µnpθqqs “ 9cpθqΣpθq 9cpθqJ

where
Σpθq “ VarrT pYqs.

Here the pˆ p matrix 9cpθq has pj, kqth element

Bcjpθq

Bθk
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Expected Information

Now, by further differentiation

9µnpθq “ Σpθq 9cpθq

so that, provided Σpθq is non-singular,

9cpθq “ Σpθq´1 9µnpθq

and hence

9ℓpθq “ 9µnpθqJΣpθq´1pT pyq ´ µnpθqq

so that, finally

Inpθq “ Varr 9ℓpθqs “ 9µnpθqΣpθq 9µnpθqJ
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Expected Information and Scoring

As before, the matrix Inpθq can replace the :ℓpθq term in the
Newton’s method formula, for example,

θpt`1q “ θptq ` tInpθptqqu´1 9ℓpθptqq

etc. This is termed scoring or Fisher scoring.
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Quasi-Newton methods

The approximating matrix M ptq can also be updated during the
recursion. Using a second order Taylor approximation

9ℓpθpt`1qq ´ 9ℓpθptqq l :ℓpθpt`1qqpθpt`1q ´ θptqq

or
gt l :ℓpθpt`1qqst

say. Thus the positive definite approximating matrix M should
satisfy

gt “ ´Mst

that is, for each step t,

gt “ ´M pt`1qst
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Quasi-Newton methods

To update M ptq to M pt`1q, use the recursion

M pt`1q “ M ptq ´ ctvtv
J

t

where

ct “

”

pgt `M ptqstq
Jst

ı´1

and
vt “ gt `M ptqst.

This is termed a rank-one update because of the vtv
J
t term;

higher-rank updates exist (for example, the BFGS algorithm).

Note: can consider tM ptqu´1 instead of M ptq.
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Iteratively Reweighted Least Squares

For a model using the one parameter exponential-dispersion
family in canonical form, the log-likelihood for data y1, . . . , yn
takes the form

ℓ pθ, ϕq “

n
ÿ

i“1

wi pyiθ ´ kpθqq

ϕ
`

n
ÿ

i“1

log h

ˆ

yi,
ϕ

wi

˙

` const. (1)

and the expectation and variance of Yi are

E rYis “
Bkpθq

Bθ
“ 9k pθq “ µ

Var rYis “
ϕ

wi

B2kpθq

Bθ2
“

ϕ

wi

:k pθq “
ϕ

wi
V pµq (2)

say.
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Iteratively Reweighted Least Squares

The GLM with link function l has µ “ µi, and sets

l pµiq “ xiβ “ ηi (3)

say, for a model with parameters β “ pβ1, ..., βpq
J. With the

canonical link, we have merely that

l pµiq “ θi

so that θi “ xiβ.

ηi is the linear predictor.
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Iteratively Reweighted Least Squares

A set of p score equations is obtained by differentiation
partially with respect to the elements of β and equating to zero.
For example, for βj , by the chain rule

B

Bβj
tℓ pβ, ϕqu “

n
ÿ

i“1

wi

ϕ

ˆ

yi
Bθi
Bβj

´
Bkpθiq

Bβj

˙

“

n
ÿ

i“1

wi

ϕ

ˆ

yi ´
Bkpθiq

Bθi

˙

Bθi
Bβj

“ 0 (4)
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Iteratively Reweighted Least Squares

However, differentiating the LHS of (3), denoting by 9k and :k
the first and second derivatives of k wrt θ, we have

B

Bβj

!

lp 9kpθiqq

)

“ 9lp 9kpθiqqp:kpθiqq
Bθi
Bβj

“ 9lpµiqV pµiq
Bθi
Bβj

by (2). Hence, differentiating the RHS of (3) and substituting
back

Bθi
Bβj

“
1

9l pµiqV pµiq

Bηi
Bβj

.
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Iteratively Reweighted Least Squares

In addition,

Bkpθiq

Bθi
“ 9kpθiq “ µi

Bηi
Bβj

“ xij

so that, finally, (4) becomes

n
ÿ

i“1

wi

ϕ

pyi ´ µiqxij
9l pµiqV pµiq

“ 0. (5)

Removing the dispersion constant ϕ and re-arranging gives the
set of score equations

n
ÿ

i“1

wi pyi ´ µiq

V pµiq

xij
9l pµiq

“ 0 j “ 1, ..., p (6)
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Iteratively Reweighted Least Squares

If the canonical link is used

θi “ xiβ ùñ
Bθi
Bβk

“ xij

and the equations simplify to

n
ÿ

i“1

wi pyi ´ µiqxij “ 0 6

n
ÿ

i“1

wiyi “

n
ÿ

i“1

wiµixij

(7)
for j “ 1, ..., p, to be solved simultaneously for β1, ..., βp which
appear in (7) through µi “ l´1 pxiβq.
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Iteratively Reweighted Least Squares

The system (6) cannot be solved analytically, but can be solved
recursively. Let

Zi “ ηi ` pYi ´ µiq 9l pµiq (8)

“ xiβ ` pYi ´ µiq 9l pµiq

then as E rYis “ µi the expected value of Zi is

E rZis “ ηi ` pE rYis ´ µiq 9l pµiq “ ηi ` 0 ˆ 9l pµiq “ ηi.

and the variance of Zi

Var rZis “ Var rYis
!

9l pµiq
)2

“

!

9l pµiq
)2
ϕV pµiq

wi
.
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Iteratively Reweighted Least Squares

Hence, from (8) the tZiu form a linear model in β conditional
on tηiu and tµiu, and if observed values tziu were available, the
parameters in µi “ l´1 pxiβq could be estimated using a
weighted least squares procedure, that is, by pβ where,

pβ “ pXJWXq
´1XJWz (9)

and where, if xi “ pxi1, ...xipq
J is the row vector of predictors,

X is the nˆ n matrix whose n rows are x1, ..., xn, and

W “ diag

¨

˚

˝

w1
!

9l pµ1q

)2
V pµ1q

, ...,
wn

!

9l pµnq

)2
V pµnq

˛

‹

‚
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Iteratively Reweighted Least Squares

The recursive procedure for finding the estimates of β in the
GLM then proceeds as follows:

1. Choose any values for pµ
p0q

i and pη
p0q

i “ l
´

pµ
p0q

i

¯

for i “ 1, ..., n

2. For i “ 1, ..., n set

pz
p1q

i “ pη
p0q

i `

´

yi ´ pµ
p0q

i

¯

9l
´

pµ
p0q

i

¯

and

pw
p1q

i “
wi

!

9l
´

pµ
p0q

i

¯)2
V
´

pµ
p0q

i

¯

ùñ Wp1q “ diag
´

pw
p1q
1 , ..., pwp1q

n

¯

3. Compute estimates

β̂p1q “

´

XJWp1qX
¯´1

XJWp1q
pzp1q
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Iteratively Reweighted Least Squares

4. Define vectors

pηp1q “ Xβ̂p1q
pµp1q “ l´1

´

pηp1q
¯

5. Iterate through 1. to 4. using pµp1q and pηp1q as the updated
starting values, eventually to obtain pµp2q and pηp2q

6. Repeat 1. to 5. until pµptq and pηptq satisfy

ˇ

ˇ

ˇ
pµptq ´ pµpt´1q

ˇ

ˇ

ˇ
ă ϵµ

ˇ

ˇ

ˇ
pηptq ´ pηpt´1q

ˇ

ˇ

ˇ
ă ϵη

for tolerances ϵµ and ϵη.

119



Iteratively Reweighted Least Squares

This procedure is known as Iteratively Reweighted Least
Squares. It can be shown that the resulting estimator, rβ, has
the correct asymptotic behaviour, that is, as n Ñ 8,

?
nprβ ´ βq

d
ÝÑ N

´

0, I pβq
´1
¯

where the asymptotic variance may be estimated by the inverse
of pIn

pIn “
1

pϕ
XJWX where rWsii “

wi

V prµiq
!

9lprµiq
)2

and rµi is the estimated µi formed by plugging in rβ to the linear
predictor.
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Iteratively Reweighted Least Squares

Equation (8) is justified by noting that, by a first order Taylor
approximation, expanding around µi “ ErYis,

lpYiq l lpµiq ` pYi ´ µiq 9lpµiq

“ ηi ` pYi ´ µiq 9lpµiq

This indicates that the IRLS procedure may work poorly in
finite samples when this first order approximation is not
adequate.
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Conjugate Gradient Methods

A typical minimization problem relates to the quadratic form

gpxq “
1

2
xJAx ´ bJx ` c

If A is positive definite and symmetric, minimizing this function
is equivalent to solving the system

Ax “ b

as
9gpxq “ Ax ´ b

This shows the equivalence of certain optimization and
root-finding tasks.
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Conjugate Gradient Methods

Steepest descent methods are recursive procedures that
utilize the first derivative (gradient) to indicate how the next
point in the recursion should be generated.

In the quadratic form problem, the direction of steepest descent
is

´ 9gpxq “ b ´Ax

At step t, define the residual, rptq, by

rptq “ b ´Axptq.

Denote the true minimizing solution by x˚, and the error at
step t, eptq, by

eptq “ xptq ´ x˚.

Then rptq “ ´Aeptq.

123



Conjugate Gradient Methods

We need to move in the direction ´ 9gpxq - but how far ?
Starting at xp0q, consider the line

x “ xp0q ` αrp0q “ xp0q ` αpb ´Axp0qq

Pick α to minimize the function along this line:

αp0q “ argmin
α
gpxp0q ` αrp0qq

to generate the next point

xp1q “ xp0q ` αp0qrp0q “ xp0q ` αp0qpb ´Axp0qq
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Conjugate Gradient Methods

Minimizing wrt α: Note that

dgpxp1qq

dα
“ 9gpxp1qqJ

dxp1q

dα
“ 9gpxp1qqJrp0q

and so the derivative is zero if 9gpxp1qq and rp0q are orthogonal.

Now, from above,
9gpxp1qq “ ´rp1q

so therefore at the minimizing α

rp1qJ

rp0q “ 0.
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Conjugate Gradient Methods

Therefore

pb ´Axp1qq
J

rp0q “ pb ´Apxp0q ` αrp0qqqJrp0q “ 0

Rearranging, this means choosing

αp0q “
rp0qJ

rp0q

rp0qJ
Arp0q

Thus the recursion involves repeatedly computing

§ rptq “ b ´Axptq,

§ αptq “
rptqJ

rptq

rptqJ
Arptq

,

§ xpt`1q “ xptq ` αptqrptq.

Note that
rpt`1q “ pI ´ αptqAqrptq
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Conjugate Gradient Methods

A modification to the steepest descent method is as follows:
consider a set of orthogonal search directions

dp0q,dp1q, . . . ,dpp´1q

with step sizes αp0q, . . . , αpp´1q chosen to end up precisely at x˚

from a given starting point.

In this strategy, we have

xpt`1q “ xptq ` αptqdptq

Following through in the style of the previous calculations, this
implies we need rpt`1qJ

dptq “ 0, so that

αptq “
dptqJ

rptq

dptqJ
Adptq

.
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Conjugate Gradient Methods

This follows as

dgpxpt`1qq

dα
“ 0 ùñ dptqJ

rpt`1q “ dptqJ

Aept`1q “ 0

and means we should set

αptq “ ´
dptqJ

Aeptq

dptqJ
Adptq

“
dptqJ

rptq

dptqJ
Adptq

which may be calculated, and the algorithm can proceed.

We may instead specify a requirement that

dptqJ

Adpsq “ 0 @ t, s

that is, the directions are conjugate (or A-orthogonal).
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Conjugate Gradient Methods

A Gram-Schmidt type procedure can be used to construct the
search direction vectors.

1. Take p linearly independent vectors up0q,up1q, . . . ,upp´1q.

2. Set dp0q “ up0q.

3. For t “ 1, 2, . . ., set

dptq “ uptq ´

t´1
ÿ

l“1

uptqJ
Adplq

uplqJ
Adplq

dplq

A common choice is to set

uptq “ rptq “ b ´Axptq

that is, based on the successive residuals. This renders the
computation more straightforward as Step 3. simplifies to

dptq “ rptq `
rptqJ

rptq

rpt´1qJ
rpt´1q

dpt´1q
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Conjugate Gradient Methods

Thus the recursion becomes

1. Set dp0q “ rp0q “ b ´Axp0q.

2. For t “ 0, 1, 2, . . ., set

αptq “
rptqJ

rptq

dptqJ
Adptq

xpt`1q “ xptq ` αptqdptq

rpt`1q “ rptq ´ αptqAdptq

dpt`1q “ rpt`1q `
rpt`1qJ

rpt`1q

rptqJ
rptq

dptq
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Non-linear Conjugate Gradient

To minimize a general function g of x, we proceed in a similar
fashion:

1. Pick a starting value xp0q, and choose αp0q to minimize the
function

gpxp0q ´ α 9gpxp0qqq

over α using a grid-based search. Define

xp1q “ xp0q ´ αp0q 9gpxp0qq.

and dpxp0qq “ ´ 9gpxp0qq.

2. For the pt` 1qst step, starting at xptq: compute step size
quantity βptq using some standard formula dependent on
9gpxptqq and 9gpxpt´1qq.

3. Set
dpxptqq “ ´ 9gpxptqq ` βptqdpxpt´1qq
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Non-linear Conjugate Gradient

4. Choose αptq to minimize

gpxptq ` αdpxptqqq

over α.

5. Set
xpt`1q “ xptq ` αptqdpxptqq.

and return to 2. Repeat until convergence.
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Non-linear Conjugate Gradient

The logic behind this algorithm is that ´ 9gpθptqq gives a good
indication of which direction to move in from θptq in order to
achieve minimization.

A typical choice for βptq is

βptq “
9gpxptqqJ 9gpxptqq

9gpxpt´1qqJ 9gpxpt´1qq
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Optimization with constraints

Optimization problems of the form

minimize gpxq subject to φkpxq ď ck, k “ 1, . . . ,K

are not straightforward to solve if the constraints, specified by
pφk, ckq, k “ 1, . . . ,K are not simple interval constraints.

Lagrange multipliers can be used to reformulate the
problem. Define the function g˚px, λq

g˚px, λq “ gpxq `

K
ÿ

k“1

λkpφkpxq ´ ckq,

differentiate with respect to px, λq, and find the zeros of
9g˚px, λq “ 0. The modification to the usual methods is that the
solutions for λ should occur at saddlepoints, not minima.
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Nelder-Mead Simplex algorithm

The Nelder-Mead algorithm is another form of recursive
optimization procedure. It is derivative-free so is simpler to
implement, although can be slower to converge.

The basic algorithm proceeds as follows: to minimize a function
g in p dimensions

1. Pick p` 1 points x1, . . . , xp`1 indexed such that

gpx1q ď gpx2q ď ¨ ¨ ¨ ď gpxpq ď gpxp`1q

and compute the centre of mass xp of x1, . . . , xp

2. For a suitably chosen α ě 1, compute new point, x˚,

x˚ “ xp ` αpxp ´ xp`1q
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Nelder-Mead Simplex algorithm

3. (i) If gpx1q ď gpx˚q ď gpxpq, replace xp`1 by x˚.
(ii) If gpx˚q ă gpx1q, for suitably chosen β ě 1, compute new

point, x:,
x: “ xp ` βpxp ´ xp`1q

If gpx:q ă gpx˚q, replace xp`1 by x: and go to 1., else
replace xp`1 by x˚ and go to 1.

4. For a suitably chosen γ ă 1, compute new point, x;,

x; “ xp`1 ` γpxp ´ xp`1q

If gpx;q ă gpxp`1q, replace xp`1 by x;, and go to 1.

5. For i “ 2, . . . , n` 1, for a suitably chosen δ ă 1, replace xi
by

x1 ` δpxi ´ x1q

and go to 1.
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Nelder-Mead Simplex algorithm

Steps 1-5 are repeated until the function value gpx1q ceases to
change over time. The algorithm is somewhat ad hoc

§ Need to specify α, β, γ, δ

§ No proof of convergence to the global minimum

and can be slow to reach a stationary value.

However, it is remarkable effective.
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R Code for optimization

All of these methods are available via the R function optim:

1 optim(par, fn, gr = NULL, method = c("Nelder-Mead",
2 "BFGS", "CG", "L-BFGS-B", "SANN"),
3 lower = -Inf, upper = Inf,
4 control = list(), hessian = FALSE, ...)

par provides the parameters, fn is the objective function,
defined as a function elsewhere, gr is the gradient (first
derivative) function vector. Arguments to these two functions
can be passed via the ... arguments. lower and upper
specify the parameter constraints.

hessian is a logical specifying whether the Hessian (second
derivative) matrix evaluated at the minimum value should be
returned.
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R Code for optimization

control is a list that controls the parameters of the chosen
algorithm. Key settings are

§ fnscale sets the scale of the objective function, useful in
diagnosing convergence; setting this negative turns the
(default) minimization into a maximization

§ maxit sets the maximum number of iterations

§ tolerance parameters abstol and reltol
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Non-Linear Least Squares

Example (Pharmacokinetics Model)

A model typically used in pharmacokinetics (the study of how
drugs are processed through the body through time), where
given a dose D at time x “ 0, the amount of drug left in the
body at time x is

µpx; θ1, θ2, θ3q “ Dθ1pexpt´θ2xu ´ expt´pθ2 ` θ3qxuq

where θ1, θ2, θ3 ą 0.

The parameters can be estimated by measuring concentration
through time.
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Non-Linear Least Squares

Example (Pharmacokinetics Model)

Let ϕj “ log θj . Least squares estimation of finds the minimum
of the function

gpϕ1, ϕ2, ϕ3q “

n
ÿ

i“1

pyi ´ µpxi; e
ϕ1 , eϕ3 , eϕ3qq2

with respect to ϕ1, ϕ2, ϕ3.

We have

9gpϕq “ 2
m
ÿ

i“1

pyi ´ µpxi; e
ϕ1 , eϕ3 , eϕ3qq 9µpxi; e

ϕ1 , eϕ3 , eϕ3q

where the computation of 9µi involves partial derivatives with
respect to ϕ1, ϕ2, ϕ3.
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Non-Linear Least Squares

Example (Pharmacokinetics Model)

For example

µϕ1px;ϕq “ Deϕ1pexpt´eϕ2xu ´ expt´peϕ2 ` eϕ3quq “ µpx;ϕq

and

µϕ2px;ϕq “ ´Deϕ1`ϕ2xpexpt´eϕ2xu ´ expt´peϕ2 ` eϕ3qxuq

“ ´xeϕ2µpx;ϕq

and
µϕ3px;ϕq “ Deϕ1`ϕ3 expt´peϕ2 ` eϕ3qxu.

Second derivatives are also available in a straightforward
fashion.
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Pharmacokinetics data
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R Code for Non-Linear LS

1 mu.funct<-function(thv,xv){
2

3 aval<-exp(thv[1])
4 lam1<-exp(thv[2])
5 lam2<-exp(thv[3])
6 fvec<-aval*(exp(-lam1*xv)-exp(-(lam1+lam2)*xv))
7 return(fvec)
8 }
9

10 g.funct<-function(thv,xv,yv){
11

12 rv<-yv-mu.funct(thv,xv)
13 return(sum(rv*rv))
14 }
15

16 fit.result<-optim(c(0,0,0),fn=g.funct,xv=X,yv=Y)

if the data are in vectors X and Y.
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Using control=list(trace=1)

Example

Nelder-Mead direct search function minimizer
function value for initial parameters = 10.485159
Scaled convergence tolerance is 1.56241e-07
Stepsize computed as 0.100000

BUILD 4 10.683248 10.379035
EXTENSION 6 10.4851599.809242
LO-REDUCTION 8 10.450614 9.809242
EXTENSION 10 10.379035 8.949165
EXTENSION 12 9.943463 7.170710
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Using control=list(trace=1)

Example

LO-REDUCTION 184 0.088658 0.088656
HI-REDUCTION 186 0.088658 0.088656
HI-REDUCTION 188 0.088657 0.088656
HI-REDUCTION 190 0.088656 0.088656
HI-REDUCTION 192 0.088656 0.088656
HI-REDUCTION 194 0.088656 0.088656
Exiting from Nelder Mead minimizer

196 function evaluations used
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The EM Algorithm

The EM Algorithm is a method for producing the maximum
likelihood estimates in incomplete data problems, that is,
models formulated for data that are only partially observed.

Suppose that random variables to be modelled can be
partitioned pX,Yq where

§ X “ pX1, . . . , XmqJ are unobserved, termed the latent or
missing data.

§ Y “ pY1, . . . , YnqJ are observed, termed the incomplete
data

§ pX,Yq are termed the complete data

where

fY|θpy|θq “

ż

fX,Y|θpx,y|θq dx
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The EM Algorithm: Terminology

LY pθ;yq “ fY|θpy|θq

is termed the incomplete data likelihood, and

LX,Y pθ;x,yq “ fX,Y|θpx,y|θq

is termed the complete data likelihood.

The EM Algorithm facilitates maximization of the incomplete
data likelihood LY pθ;yq by working with the complete data
likelihood LX,Y pθ;x,yq and the conditional distribution

fX|Y,θpx|y, θq “
fX,Y|θpx,y|θq

fY|θpy|θq
“

LX,Y pθ;x,yq

LY pθ;yq
“ Kpθ;x,yq

6 ℓY pθ;yq “ ℓX,Y pθ;x,yq ´ kpθ;x,yq (10)
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The EM Algorithm

Consider replacing the right-hand side of equation (10) by the
expectations with respect to the conditional density
fX|Y,θpx|y, θ1q, for some θ1 P Θ. This yields

ℓY pθ;yq “ EX|Y,θrℓX,Y pθ;X,Yq|y, θ1s ´ EX|Y,θrlogKpθ;X,Yq|y, θ1s

“ EX|Y,θrℓX,Y pθ;X,Yq|y, θ1s ´ EX|Y,θrkpθ;X,Yq|y, θ1s(11)

that is, we condition on a specific (but as yet unspecified) value
of θ1 when computing the expectations of ℓX,Y pθ;X,yq and
kpθ;X,Yq at the θ at which the likelihood on the left-hand side
of equation (11) is being computed.
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The EM Algorithm

The EM algorithm is an iterative algorithm that produces a
sequence of estimates that converges to the (incomplete data)
maximum likelihood estimate. Generically, starting from an
initial value θ “ θp0q, the pt` 1qst value in the sequence, θpt`1q,
is constructed given the rth value , θptq,

θpt`1q “ argmax
θ P Θ

EX|Y,θrℓX,Y pθ;X,Yq|y, θptqs “ argmax
θ P Θ

Qpθ; θptqq

say. The two components of this calculation are

§ E-step : compute the expected conditional log-likelihood

§ M-step : carry out the maximization of the expectation.

We wish to show that the sequence of estimates tθpt`1qu

converges to the maximum likelihood estimate.
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The EM Algorithm

For two pdfs f1 and f2 for random variable Z, we have by the
properties of the Kullback-Leibler divergence that

Ef1rlog f1pZqs ´ Ef1rlog f2pZqs “ ´Ef1rlogtf2pZq{f1pZqus

ě ´ logEf1rtf2pZq{f1pZqus

“ ´ log

ż

Z
tf2pzq{f1pzquf1pzq dz

“ ´ log

ż

Z
f2pzq dz “ 0

so therefore Ef1rlog f1pZqs ě Ef1rlog f2pZqs, with equality if and
only if f1 ” f2.
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The EM Algorithm

For θ P Θ, as

Kpθ;X,Yq “
LX,Y pθ;X,Yq

LY pθ;Yq
“ fX|Y,θpx|y, θq

is itself a (conditional) pdf for all θ P Θ, and hence we have, for
any θ,

Qpθ; θptqq ´ ℓY pθ;yq “ EX|Y,θrℓX,Y pθ;X,Yq|y, θptqs ´ ℓY pθ;yq

“ EX|Y,θ

”

kpθ;X,Yq|y, θptq
ı

ď EX|Y,θ

”

kpθptq;X,Yq|y, θptq
ı

“ Qpθptq|θptqq ´ ℓY pθptq|yq.
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The EM Algorithm

Thus ℓY pθ;yq ´Qpθ; θptqq achieves its minimum value when
θ “ θptq. Now suppose that θpt`1q is the value that maximizes
Qpθ; θptqq over Θ; we have that

ℓY pθpt`1q|yq ” Qpθpt`1q|θptqq `

´

ℓY pθpt`1q|yq ´Qpθpt`1q|θptqq

¯

ě Qpθptq|θptqq `

´

ℓY pθptq|yq ´Qpθptq|θptqq

¯

“ ℓY pθptq|yq

and the likelihood attained is increasing with the sequence
θp0q, θp1q, θp2q, . . ..

Thus, provided LY pθ;yq is bounded, we have that the sequence
of ℓY pθptq|yq converges to a (local) maximum of LY pθ;yq.
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Example: Finite Mixture Model

Suppose that Y1 . . . , Yn are a random sample from the K
component finite mixture model for y P R

fY |θpy|θq “

K
ÿ

k“1

ωkfkpy|θkq

K
ÿ

k“1

ωk “ 1

for 0 ă ωk ă 1 where f1, . . . , fK are component densities.

Estimation of θ “ pθ1, . . . , θKqJ from the likelihood is in general
difficult. However, consider the latent data X1, . . . , Xn, where
PrXi “ ks “ ωk are independent random variables. Then

LX,Y pθ;x,yq “

n
ź

i“1

K
ź

k“1

tωkfkpyi|θkqu1tkupxiq

ℓX,Y pθ;x,yq “

n
ÿ

i“1

K
ÿ

k“1

1tkupxiq plogωk ` log fkpyi|θkqq .
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Example: Finite Mixture Model

The conditional distribution fX|Y,θpx|y, θq is a discrete
distribution on the set t1, 2, . . . ,Ku where for each i “ 1, . . . , n

PrXi “ k|y, ω, θs “
ωkfkpyi|θkq

K
ř

j“1
ωjfjpyi|θjq

“ ϖkpyi, θq k “ 1, . . . ,K

where X1, . . . , Xn are conditionally independent. Thus

EXi|Yi,θ,ωr1tkupXiq|yi, θ, ωs “ ϖkpyi, θq
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Example: Finite Mixture Model

Hence

Qpθ, ω|θptq, ωptqq “ EX|Y,θ,ωrℓX,Y pθ;X,Yq|y, θptq, ωptqs

“

n
ÿ

i“1

K
ÿ

k“1

ϖ
ptq
k pyi, θ

ptqq plogωk ` log fkpyi|θkqq

“

K
ÿ

k“1

#

n
ÿ

i“1

ϖ
ptq
k pyi, θ

ptqq

+

logωk (12)

`

K
ÿ

k“1

n
ÿ

i“1

ϖ
ptq
k pyi, θ

ptqq log fkpyi|θkq (13)
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Example: Finite Mixture Model

We seek to maximize over pθ, ωq to obtain pθpt`1q, ωpt`1qq

presuming that the values ϖ
ptq
k pyi, θ

ptqq are fixed.

From the form of equations (12) and (13), it is evident that the
function is sum of two parts, the first only depending on ω, the
second only dependent on θ.

We can therefore maximize the two parts separately to obtain
pθpt`1q, ωpt`1qq.
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Example: Finite Mixture Model

Equation (12) is of the form of a multinomial likelihood in ω,
therefore, by previous results, it follows that

ω
pt`1q

k “

n
ř

i“1
ϖ

ptq
k pyi, θ

ptqq

K
ř

j“1

n
ř

i“1
ϖ

ptq
j pyi, θptqq

k “ 1, . . . ,K

Equation (13) is the sum of K log-likelihoods for the K mixture
components which can be maximized separately

θ
pt`1q

k “ argmax
θk

n
ÿ

i“1

ϖ
ptq
k pyi, θ

ptqq log fkpyi|θkq (14)
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Example: Finite Mixture Model

For certain choices of the component densities, this
maximization can be carried out analytically. For example, if
fkpy|θkq is the normal density with expectation µk and variance
σ2k, it follows that the new maximizing value equals

θ
pt`1q

k “ pµ
pt`1q

k , σ
pt`1q

k q where

µ
pt`1q

k “

n
ř

i“1

ϖ
ptq
k pyi, θ

ptqqyi

n
ř

i“1

ϖ
ptq
k pyi, θptqq

σ
pt`1q

k “

g

f

f

f

f

f

e

n
ř

i“1

ϖ
ptq
k pyi, θptqqpyi ´ µ

pt`1q

k q2

n
ř

i“1

ϖ
ptq
k pyi, θptqq

In the normal model the terms in (14) correspond to likelihood
components of the form

tfkpyi|θkquϖ
ptq
k “

ˆ

1

2πσ2k

˙ϖ
ptq
k {2

exp

#

´
ϖ

ptq
k

2σ2k
pyi ´ µ

ptq
k q2

+

so the terms ϖ
ptq
k ” ϖ

ptq
k pyi, θ

ptqq are acting as weighting factors. 159



Example: Genetics of Human Blood Groups

In human genetics, the genotype at a genomic locus is a pair
of alleles corresponding to small segments of DNA lying on the
two chromosomal strands. The phenotype is the physical
presentation or trait arising from the genotype. At a certain
locus that determines the phenotype of blood group, the
relationship between genotype and phenotype is somewhat
complex; there are

§ three alleles (A, B and O) yielding six possible genotypes
(ordering is not important)

§ only four phenotypes (A,B,AB and O).
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Example: Genetics of Human Blood Groups

The relationship between phenotype and genotype in this case
is determined by the following table. The third column, headed
X, denotes a label for the genotype class. However, only the
phenotype may be observed; let Y1, . . . , Yn denote the recorded
phenotype for each of the n data.

Genotype Phenotype X Y

AA A 1 1
AB AB 2 3
AO A 3 1
BB B 4 2
BO B 5 2
OO O 6 4
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Example: Genetics of Human Blood Groups

Suppose that inference about the proportions of the three
alleles A,B and O, denoted θA, θB, θO is required from a sample
of size n of phenotype data.

One independence assumption (based on so-called
Hardy-Weinberg equilibrium) is needed; we assume that the
probability of observing a genotype is the product of the
individual allele probabilities. For example

PpAAq “ θA ˆ θA PpABq “ θA ˆ θB

and so on.
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Example: Genetics of Human Blood Groups

Define the augmented data X1, . . . , Xm, where for i “ 1 . . . , n,

PrXi “ js “ Prith genotype is in class js j “ 1, . . . , 6

that is

PrXi “ js “

$

’

’

’

’

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

’

’

’

’

%

θ2A j “ 1

θAθB j “ 2

θAθO j “ 3

θ2B j “ 4

θBθO j “ 5

θ2O j “ 6

for i “ 1, . . . , n

with X1, . . . , Xm a random sample.
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Example: Genetics of Human Blood Groups

This simplification yields a complete data likelihood

LX,Y pθ;x,yq ” LXpθ;xq

“

n
ź

i“1

!

θ
21t1upxiq`1t2upxiq`1t3upxiq

A

θ
1t2upxiq`21t4upxiq`1t5upxiq

B

θ
1t3upxiq`1t5upxiq`21t6upxiq

O

)

“ θ2n1`n2`n3
A θn2`2n4`n5

B θn3`n5`2n6
O

say, where

nj “

n
ÿ

i“1

1tjupxiq j “ 1, . . . , 6

that is, a multinomial-type likelihood in θ.
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Example: Genetics of Human Blood Groups

In the standard notation, for the EM steps, we have to

§ E-step: compute

Qpθ; θptqq “ EX|Y,θrℓX,Y pθ;X,Yq|y, θptqs

taking the expectation over X1, . . . , Xm etc.

§ M-step: maximize Qpθ; θptqq to get θpt`1q.

Here the M-step is straightforward due to the multinomial
likelihood. The E-step is also quite straightforward, but some
steps need clarification.
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Example: Genetics of Human Blood Groups

The log complete data likelihood takes the form

ℓX,Y pθ;x,yq “

n
ÿ

i“1

`

21t1upxiq ` 1t2upxiq ` 1t3upxiq
˘

log θA

`

n
ÿ

i“1

`

1t2upxiq ` 21t4upxiq ` 1t5upxiq
˘

log θB

`

n
ÿ

i“1

`

1t3upxiq ` 1t5upxiq ` 21t6upxiq
˘

log θO

which is linear and additive in the indicator functions.
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Example: Genetics of Human Blood Groups

Conditional on Y and θ, some expectations can be written
down automatically. For example

EXi|Yi,θr1tjupXiq|Yi “ 3, θs “

#

1 j “ 2

0 j ‰ 2

EXi|Yi,θr1tjupXiq|Yi “ 4, θs “

#

1 j “ 6

0 j ‰ 6

as by definition Y “ 3 ùñ X “ 2 and Y “ 4 ùñ X “ 6.
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Example: Genetics of Human Blood Groups

For the remaining conditional expectations, we have by Bayes
theorem

EXi|Yi,θr1tjupXiq|Yi “ 1, θs “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

θ2A
θ2A ` 2θAθO

j “ 1

2θAθO
θ2A ` 2θAθO

j “ 3

0 otherwise
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Example: Genetics of Human Blood Groups

For example, if Y “ 1, then either X “ 1 or X “ 3, with
conditional probability for each determined by noting that

PrX “ 1|Y “ 1s “
PrX “ 1, Y “ 1s

PrX “ 1, Y “ 1s ` PrX “ 3, Y “ 1s

“
P(AA)

P(AA) + P(AO)
.

Similarly,

EXi|Yi,θr1tjupXiq|Yi “ 2, θs “

$

’

’

’

’

’

’

’

’

&

’

’

’

’

’

’

’

’

%

θ2B
θ2B ` 2θBθO

j “ 4

2θBθO
θ2B ` 2θBθO

j “ 5

0 otherwise
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Example: Genetics of Human Blood Groups

Thus Qpθ; θptqq takes the form

Qpθ; θptqq “ α
ptq
A log θA ` α

ptq
B log θB ` α

ptq
O log θO

where

α
ptq
A “

2n1θ
ptq2
A

θ
ptq2
A ` 2θ

ptq
A θ

ptq
O

` n3 `
2n1θ

ptq
A θ

ptq
O

θ
ptq2
A ` 2θ

ptq
A θ

ptq
O

α
ptq
B “ n3 `

2n2θ
ptq2
B

θ
ptq2
B ` 2θ

ptq
B θ

ptq
O

`
2n2θ

ptq
B θ

ptq
O

θ
ptq2
B ` 2θ

ptq
B θ

ptq
O

α
ptq
O “

2n1θ
ptq
A θ

ptq
O

θ
ptq2
A ` 2θ

ptq
A θ

ptq
O

`
2n2θ

ptq
B θ

ptq
O

θ
ptq2
B ` 2θ

ptq
B θ

ptq
O

` 2n4.

and n1, . . . , n4 are the observed counts for phenotypes A,B,AB
and O. 170



Example: Genetics of Human Blood Groups

By the results for the multinomial likelihood, we can maximize
Qpθ; θptqq analytically to get

θ
pt`1q

A “
α

ptq
A

α
ptq
A ` α

ptq
B ` α

ptq
O

θ
pt`1q

B “
α

ptq
B

α
ptq
A ` α

ptq
B ` α

ptq
O

θ
pt`1q

O “
α

ptq
O

α
ptq
A ` α

ptq
B ` α

ptq
O
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Example: Genetics of Human Blood Groups

Real Data Example: Data from Clarke et. al. (1959)
We have n1 “ 186, n2 “ 38, n3 “ 13 and n4 “ 284 for the
numbers of A,B,AB and O phenotypes in a sample of n “ 521.
Starting the iterative procedure at θp0q “ p1{3, 1{3, 1{3qJ yields
the following first ten iterations:

r θ
ptq
A

θ
ptq
B

θ
ptq
O

1 0.25047985 0.06110045 0.68841971

2 0.21845436 0.05049394 0.73105170

3 0.21418233 0.05016173 0.73565593

4 0.21366195 0.05014667 0.73619139

5 0.21359944 0.05014547 0.73625508

6 0.21359196 0.05014535 0.73626270

7 0.21359106 0.05014533 0.73626361

8 0.21359095 0.05014533 0.73626372

9 0.21359094 0.05014533 0.73626373

10 0.21359094 0.05014533 0.73626373

indicating that convergence to the maximum value is fairly
rapid.
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The EM Algorithm

The EM algorithm

§ can often be slow to converge, although speed-up methods
exist.

§ is only guaranteed to find a local maximum of the
likelihood; typically, multiple starting values are used

§ does not readily yield standard errors, as it does not utilize
(or differentiate) the likelihood directly
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The EM Algorithm: Variance Estimates

Let
IX|Y pθ;yq “ ´EX|Y,θr:kpθ;X,Yq|ys

and
IX,Y pθq “ ´EX,Y|θr:ℓpθ;X,Yqs

denote the missing and complete information matrices
respectively, with corresponding score functions

9kpθ;X,yq 9ℓX,Y pθ;X,Yq

respectively.
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The EM Algorithm: Variance Estimates

By definition

9ℓpθ;x,yq “
B

Bθ
tlog fX,Y|θpx,y|θqu

“
B

Bθ
tlog fX|Y,θpx|y, θq ` log fY|θpy|θqu
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The EM Algorithm: Variance Estimates

Therefore

9ℓX,Y pθ;x,yq “ 9kpθ;x,yq ` 9ℓY pθ;yq

:ℓX,Y pθ;x,yq “ :kpθ;x,yq ` :ℓY pθ;yq

Replacing x by X, and taking expectation with respect to the
distribution fX|Y,θ at Y “ y yields

IX,Y pθ;yq “ IX|Y pθ;yq ´ :ℓY pθ;yq

say, where IX,Y pθ;yq “ ´EX|Yr:ℓX,Y pθ;X,Yq|ys.
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The EM Algorithm: Variance Estimates

Hence
´:ℓY pθ;yq “ IX,Y pθ;yq ´ IX|Y pθ;yq

This can be interpreted as

Observed data information at y
=

Expected complete data information evaluated at y
-

Expected latent data information evaluated at y.

Replacing y by Y, and taking a further expectation over fY, we
have

IY pθq “ IX,Y pθq ´ EY|θrIX|Y pθ;Yqs
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The EM Algorithm: Variance Estimates

Now
9kpθ;x,yq “ 9ℓX,Y pθ;x,yq ´ 9ℓY pθ;yq

so for any fixed y the final term is a constant, so replacing x by
X and taking conditional expectations wrt fX|Y,θ, we have

IX|Y pθ;yq “ VarX|Y,θr 9kpθ;X,Yq|ys

“ VarX|Y,θr 9ℓX,Y pθ;X,Yq|ys

“ EX|Y,θr 9ℓX,Y pθ;X,Yq 9ℓX,Y pθ;X,YqJ|ys

´EX|Y,θr 9ℓX,Y pθ;X,Yq|ysEX|Y,θr 9ℓX,Y pθ;X,Yq|ysJ
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The EM Algorithm: Variance Estimates

By the usual expansion

EX|Y,θr 9ℓX,Y pθ;X,Yq|ys “ EX|Y,θr 9ℓX|Y pθ;X,Yq|ys`EX|Y,θr 9ℓY pθ;Yq|ys

and in this expression, the first expectation on the RHS is zero
by the usual properties of (conditional) score functions.
Therefore

IX|Y pθ;yq “ EX|Y,θr 9ℓX,Y pθ;X,Yq 9ℓX,Y pθ;X,YqJ|ys´ 9ℓY pθ;yq 9ℓY pθ;yqJ

Now from the previous expression

´:ℓY pθ;yq “ IX,Y pθ;yq ´ IX|Y pθ;yq

At the ML estimate, 9ℓY ppθ;yq “ 0.
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The EM Algorithm: Variance Estimates

Therefore, at the ML estimate

´:ℓY ppθ;yq “ IX,Y ppθ;yq ´ EX|Y,θr 9ℓX,Y ppθ;X,Yq 9ℓX,Y ppθ;X,YqJ|ys

Both quantities on the right hand side are computed during the
EM algorithm steps, as functions of the complete data, so the
left hand side can be estimated without recourse to other
methods.
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MM Algorithms

A critical step in the EM algorithm derivation is the realization
that the iterations produce a monotone increasing sequence of
likelihood values; this guarantees convergence if the likelihood is
bounded above.

This motivates a general objective: to produce an iterative
scheme to maximize or function gpxq such that for the sequence
of points generated, txptqu, for all t,

gpxpt`1qq ě gpxptqq

for maximization, or

gpxpt`1qq ď gpxptqq

for minimization.
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MM Algorithms

An MM algorithm

§ for minimization: “majorize/minimize”

§ for maximization: “minorize/maximize”

produces such a sequence. A function hpx;xptqq majorizes g at
xptq if

gpxptqq “ hpxptq;xptqq

and
gpxq ď hpx;xptqq @x ‰ xptq

Therefore if next value xpt`1q is chosen such that

xpt`1q “ argmin
x

hpx;xptqq or hpxpt`1q;xptqq ď hpxptq;xptqq

then gpxpt`1qq ď gpxptqq. The function h might be easier to work
with than g.
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MM Algorithms

At an interior point of the support of g, as gpxptqq “ hpxptq;xptqq,

9gpxptqq “ 9hpxptq;xptqq

and
9hpxptq;xptqq ´ 9gpxptqq

is positive definite.
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MM Algorithms: Convexity methods

For convex functions, a method of majorization follows from

gpαJtq ď

p
ÿ

j“1

αjgptjq

which is useful if we choose for any two points x and y, and
vector of positive constants c,

αj “
cjyj
cJy

tj “ pcJyq
xj
yj

then

gpcJxq ď

p
ÿ

j“1

cjyj
cJy

gppcJyqxj{yjq “ hpx;yq

say. This leads to the potential for a componentwise
majorization.
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MM Algorithms: Convexity methods

To relax positivity: choose αj according to

0 ď αj ď 1

p
ÿ

j“1

αj “ 1

such that

gpcJxq ď

p
ÿ

j“1

αjg

ˆ

αj

cj
pxj ´ yjq ` cJy

˙

“ hpx;yq

provided cj ‰ 0 for all j. Could choose

αj “
|cj |

γ

p
ř

k“1

|ck|γ

for γ ě 0.
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MM Algorithms: Derivative methods

First order method: for a concave function

gpxq ď gpyq ` 9gpyqJpx ´ yq “ hpx;yq

Second order method: by a Taylor expansion, for intermediate
point z

gpxq “ gpyq ` 9gpyqJpx ´ yq `
1

2
px ´ yqJ:gpzqpx ´ yq

ď gpyq ` 9gpyqJpx ´ yq `
1

2
px ´ yqJApx ´ yq

for some matrix A, provided A´ :gpzq is non-negative definite
for all z. The right-hand side of this inequality defines hpx;yq.

186



MM Algorithms: Example

Example (Linear Least Squares)

In the linear least squares problem, we aim to minimize the
function

gpθq “

n
ÿ

i“1

pyi ´ xiθq2

for data pyi,xiq, i “ 1, . . . , n. Note that the terms in the
summand are convex in (the elements of) θ, so consider the
majorization at current point θptq

gpθq ď

n
ÿ

i“1

p
ÿ

j“1

αij

ˆ

yi ´
xij
αij

pθj ´ θ
ptq
j q ´ xiθ

ptq

˙2

for which the RHS defines hpθ; θptqq.
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MM Algorithms: Example

Example (Linear Least Squares)

The minimum of this hpθ; θptqq is achieved at

θ
pt`1q

j “ θ
ptq
j `

n
ř

i“1
xijpyi ´ xiθ

ptqq

n
ř

i“1

x2ij
αij

which defines the recursion. Again define

αij “
|xij |

γ

p
ř

k“1

|xik|γ

for some appropriate γ. This procedure avoids matrix inversion.
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Block Relaxation and Coordinate Methods

Block relaxation optimization methods update different
(possibly disjoint) subsets of the components of the parameter
vector at each step of the recursion, cycling through the subsets
to complete an update. This strategy can improve convergence,
or be easier to implement.

When each block just involves a single parameter, the approach
is termed a cyclic coordinate method, that is

§ cyclic coordinate descent for minimization

§ cyclic coordinate ascent for maximization
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Block Relaxation and Coordinate Methods

Example (Gauss-Seidel Method for Solving Linear Systems)

Suppose that we wish to solve the system

Ax “ b

where A is a positive definite pˆ p matrix. Suppose we write

A “ L` U

where

§ L is the lower triangle of A (including the diagonal)

§ U is the upper triangle of A (excluding the diagonal)
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Block Relaxation and Coordinate Methods

Example (Gauss-Seidel Method for Solving Linear Systems)

We then may write
Lx “ b ´ Ux.

In the first component, we have

l11x1 “ b1 ´

p
ÿ

l“2

u1lxl

so that

x1 “
1

l11

˜

b1 ´

p
ÿ

l“2

u1lxl

¸
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Block Relaxation and Coordinate Methods

Example (Gauss-Seidel Method for Solving Linear Systems)

In the second component, we have

l21x1 ` l22x2 “ b2 ´

p
ÿ

l“3

u2lxl

so that

x2 “
1

l22

˜

b2 ´ l21x1 ´

p
ÿ

l“3

u2lxl

¸
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Block Relaxation and Coordinate Methods

Example (Gauss-Seidel Method for Solving Linear Systems)

In the jth component, we have

xj “
1

ljj

¨

˝bj ´

j´1
ÿ

k“1

ljkxk ´

p
ÿ

l“j`1

ujlxl

˛

‚ (15)

where
b
ÿ

k“a

ck “ 0 if a ą b.
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Block Relaxation and Coordinate Methods

Example (Gauss-Seidel Method for Solving Linear Systems)

Equation (15) gives a means of recursive, coordinate-wise
updating without the need for any matrix inversion; given the
‘current’ values of

x1, x2, . . . , xj´1, xj`1, . . . , xp

we use (15) to define an updated value of xj . To update the jth
component at the pt` 1qst step:

x
pt`1q

j “
1

ljj

¨

˝bj ´

j´1
ÿ

k“1

ljkx
pt`1q

k ´

p
ÿ

l“j`1

ujlx
ptq
l

˛

‚

By cycling through updating j “ 1, 2, . . . , p we can find the
solution.
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Block Relaxation and Coordinate Methods

Example (Poisson log-linear model)

A Poisson log-linear model is often used to model data in a
multi-way contingency table. For a three-way table, defined by
three factors A,B and C, it is assumed that
Yijk „ Poissonpµijkq where the saturated model can be written

logµijk “ λ0`λ
pAq

i `λ
pBq

j `λ
pCq

k `λ
pABq

ij `λ
pACq

ik `λ
pBCq

jk `λ
pABCq

ijk

and all other log-linear models are nested inside the saturated
model. If the factors take I, J and K levels, then there are a
maximum of IJK parameters. The log likelihood is

ℓpλq “
ÿ

i

ÿ

j

ÿ

k

pyijk logµijk ´ µijkq ` const.
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Block Relaxation and Coordinate Methods

Example (Poisson log-linear model)

Identifiability: consider the model conventionally written
Y „ A, that is, the main effect A only model. In this model,
the mean parameter is explained only as a function of the first
factor index, that is, for all j, k,

logµijk “ λ0 ` λ
pAq

i i “ 1, . . . , I

The model in this form has I ` 1 parameters, where only I are
identifiable. Thus constraints for identifiability must be
introduced; typically, these constraints take the form

I
ÿ

i“1

λ
pAq

i “ 0.
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Block Relaxation and Coordinate Methods

Example (Poisson log-linear model)

For interaction terms, the constraints are of the form

J
ÿ

j“1

λ
pABq

ij “ 0

or
J
ÿ

j“1

K
ÿ

k“1

λ
pABCq

ijk “ 0

for each i.
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Block Relaxation and Coordinate Methods

Example (Poisson log-linear model)

To find the ML estimates, note that solving ℓλ0pλq “ 0 reduces
to

ℓλ0pλq “
ÿ

i

ÿ

j

ÿ

k

pyijk ´ µijkq “ 0

But note that µijk can be written

µijk “ exptλ0uωijk

so therefore

exptλ0u “

ř

i

ř

j

ř

k yijk
ř

i

ř

j

ř

k ωijk
“

N

ω...

say, where N is the total count, whatever the ω values are.
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Block Relaxation and Coordinate Methods

Example (Poisson log-linear model)

Therefore the log likelihood using this reparameterization is

ℓpωq “
ÿ

i

ÿ

j

ÿ

k

yijk log
Nωijk

ω...
´N

“
ÿ

i

ÿ

j

ÿ

k

yijk log
ωijk

ω...
`N logN ´N

This is a complicated function of the ω parameters, so
differentiating and solving to compute the ML estimates is not
possible analytically (the exception to this is the case of the
saturated model).
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Block Relaxation and Coordinate Methods

Example (Poisson log-linear model)

For a non-saturated model, the Poisson log likelihood is not
amenable to direct maximization, but a block-based method can
be used. Consider the model written in traditional notation as

A`B ` C `A.B `A.C `B.C

where

logµijk “ λ0 ` λ
pAq

i ` λ
pBq

j ` λ
pCq

k ` λ
pABq

ij ` λ
pACq

ik ` λ
pBCq

jk

and the identifiability constraints are

ÿ

i

λ
pAq

i “ 0
ÿ

j

λ
pABq

ij “ 0
ÿ

k

λ
pACq

ik “ 0

and similarly for the other factors.
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Block Relaxation and Coordinate Methods

Example (Poisson log-linear model)

Write

µij “ exptλ0 ` λ
pAq

i ` λ
pBq

j ` λ
pABq

ij u

αijk “ exptλ
pCq

k ` λ
pACq

ik ` λ
pBCq

jk u

and consider the score equation for a single parameter, λ
pABq

ij

say. Note first that for any of the parameters ϕ that appear in
the form of µijk,

Bµijk
Bϕ

“ µijk

so therefore, using the . symbol to indicate summation, we have

Bℓpλq

Bλ
pABq

ij

“
ÿ

k

pyijk ´ µijkq “ yij. ´ µij.
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Block Relaxation and Coordinate Methods

Example (Poisson log-linear model)

But
µij. “ µijαij.

so therefore setting the score equal to zero yields

µij “
yij.
αij.

Now, if
ÿ

k

pyijk ´ µijkq “ 0

then
Bℓpλq

Bλ0
“

Bℓpλq

Bλ
pAq

i

“
Bℓpλq

Bλ
pBq

j

“ 0.
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Block Relaxation and Coordinate Methods

Example (Poisson log-linear model)

Assuming the αijk (i.e. λ
pCq

k , λ
pACq

ik , and λ
pBCq

jk ) are held

constant, the remaining score equations can be solved
analytically

λ0 “
1

IJ

ÿ

i

ÿ

j

logµij “
1

IJ

ÿ

i

ÿ

j

log

"

yij.
αij.

*

λ
pAq
i “

1

J

ÿ

j

logµij ´ λ0

λ
pBq
j “

1

I

ÿ

i

logµij ´ λ0

λ
pABq
ij “ logµij ´ λ0 ´ λ

pAq
i ´ λ

pBq
j

These parameters are thus updated together according to these
formulae, and identify the identifiability constraints.
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Block Relaxation and Coordinate Methods

Example (Poisson log-linear model)

The subsequent steps in the iteration update

§ λ0, λ
pAq

i , λ
pCq

k , λ
pACq

ik

§ λ0, λ
pBq

j , λ
pCq

k , λ
pBCq

ik

and then all three updates are carried out repeatedly until
convergence. Note that the parameter blocks here are not
disjoint.

Note also that this algorithm leads to a non-decreasing
sequence of log likelihood values. The algorithm is termed
Iterative Proportional Fitting.
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Block Relaxation and Coordinate Methods

Example (The LASSO)

The LASSO (Least Absolute Shrinkage and Selection Operator)
is a form of penalized loss estimation procedure, where the
minimum of

gpθq “ Lpx; θq ` λ

p
ÿ

j“1

|θj |

is sought, where L is a data-dependent loss function, and λ ą 0
is a tuning parameter at the control of the user. Most often the
LASSO in the context of (L2) regression

gpβq “ }y ´ xβ}2 ` λ

p
ÿ

j“1

|βj |

but L could be any negative log likelihood.
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Block Relaxation and Coordinate Methods

Example (The LASSO)

The form of the penalty

p
ÿ

j“1

|βj |

renders this a relatively challenging minimization problem, as
the penalty is not differentiable at βj “ 0.

A common method of solution is cyclic coordinate descent,
where the parameters are updated in turn to decrease the
objective function.
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Block Relaxation and Coordinate Methods

Example (The LASSO)

Assuming L is differentiable, taking the derivative of g from the
right yields

g`
θj

pθq “ 9Lθj px; θq `

"

λ θj ě 0
´λ θj ă 0

and from the left yields

g´
θj

pθq “ ´ 9Lθj px; θq `

"

´λ θj ą 0
λ θj ď 0

where

g˘
θ pθq “ lim

tÓ0

gpθ ˘ tϵθq ´ gpθq

t
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Block Relaxation and Coordinate Methods

Example (The LASSO)

Cyclic coordinate descent proceeds as follows:

1. Select starting values for θ
p0q
1 , . . . , θ

p0q
p .

2. For j “ 1, . . . , p, evaluate g`
θj

pθq and g´
θj

pθq at the current

parameter value θ
p0q

j :

§ If both derivatives are non-negative, do not update θj
§ If one derivative is negative (indicating the potential for
reducing the value of the objective function), update θj by
moving in the direction of greatest possible decrease.

3. Complete the cycle to generate θ
p1q
1 , . . . , θ

p1q
p .

4. Cycle through 1. to 3. until the updated vector

θ
ptq
1 , . . . , θ

ptq
p ceases to decrease the objective function.
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Block Relaxation and Coordinate Methods

Example (The LASSO)

Implementing the update: If θ
ptq
j “ 0

g`
θj

pθq “ 9Lθj px; θq ` λ g´
θj

pθq “ ´ 9Lθj px; θq ` λ

so

§ if 9Lθj px; θq ă ´λ, increase θj ,

§ else if 9Lθj px; θq ą λ, decrease θj .

§ else do not update θj , set θ
pt`1q

j “ θ
ptq
j
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Block Relaxation and Coordinate Methods

Example (The LASSO)

In penalized linear (L2) regression with an intercept β0:

gpβq “
1

2

n
ÿ

i“1

pyi ´ β0 ´ xJ

i βq2 ` λ

p
ÿ

j“1

|βj |.

The update for β0 is straightforward

β
pt`1q
0 “

1

n

n
ÿ

i“1

pyi ´ xJ

i β
ptqq “ β

ptq
0 ´

1

n
9Lβ0pβptqq

say.
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Block Relaxation and Coordinate Methods

Example (The LASSO)

The update for the other β parameters can be computed using
the ideas above: either

β
pt`1q

j “ min

$

’

’

&

’

’

%

0, β
ptq
j ´

9Lβj
pβptqq ´ λ
n
ř

i“1
x2ij

,

/

/

.

/

/

-

or

β
pt`1q

j “ max

$

’

’

&

’

’

%

0, β
ptq
j ´

9Lβj
pβptqq ` λ
n
ř

i“1
x2ij

,

/

/

.

/

/

-

as only one of these is non-zero.

211



Part II

Integration
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Applications of Integration in Statistics

The most common use of integration methods in statistics is in
Bayesian analysis. For the posterior computation

πpθ|yq “
Lpθ;yqπpθq

ş

Θ Lpt;yqπptq dt

where the denominator is the marginal likelihood or prior
predictive distribution

Mpyq “

ż

Θ
Lpt;yqπptq dt

This integral is over a region determined by the model and the
dimension of the parameter; typically this is some open subset
of Rp.
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Applications of Integration in Statistics

The ratio marginal likelihoods for two models

M1pyq

M2pyq
“

ş

Θ L1pt;Yqπ1ptq dt
ş

Θ L2pt;Yqπ2ptq dt

can be used as the basis of a model selection procedure. Model
1 is preferred to Model 2 if this ratio is greater than 1.

The ratio M1{M2 is termed the Bayes factor.

Note: the marginal likelihood measures how well the model
(likelihood and prior) predict the observed data, that is, it is a
“within-sample” measure.
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Applications of Integration in Statistics

Bayesian estimation typically relies on minimizing some
expected posterior loss

pθ “ argmin
t

"
ż

Θ
Lpt, θqπpθ|yq dθ

*

and sometimes this results in having to compute a functional of
the posterior of the form

Eθ|Yrhpθqs “

ż

Θ
hpθqπpθ|yq dθ

The posterior predictive distribution is also of interest

fpy˚|yq “

ż

Θ
Lpy˚; θqπpθ|yq dθ
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Applications of Integration in Statistics

In a non-Bayesian setting, the marginal likelihood is required
for the analysis of certain sorts of longitudinal data. Suppose
the following data are available:

§ For individual i “ 1, . . . , N , responses yij , j “ 1, . . . , ni, are
recorded over different time points

§ Covariate values xij are available at baseline and on
subsequent visits.

A linear mixed model or linear random effects model is
commonly used

Yij “ xiβ ` ηi ` ϵij

with, say, ϵij „ Normalp0, σ2ϵ q are (possibly correlated) residual
errors, and where random effects η1, . . . , ηN are presumed to be
iid and ηi „ Normalp0, σ2ηq.
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Applications of Integration in Statistics

Here the marginal likelihood is formed by integrating out the
random effects parameters. If θ “ pβ, σϵ, σηq, then for individual
i,

Lipθ;yi,xiq “

ż

fpyi1 . . . , yini |θ, ηiqppηiq dηi

say, and

Lpθ;x,yq “

N
ź

i“1

Lipθ;yi,xiq

Inference can then proceed using ML.

Note: this is not the only method for analyzing mixed models, it
is also possible to estimate and condition upon the ηi.
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Analytical Approximation Methods

In many large sample situations, the posterior distribution can
be well approximated by a multivariate normal distributions.

If the normal approximation is not valid as the sample is too
small, perhaps an analytical quadratic approximation along the
lines of the Laplace approximation may be used.

See, in particular:

§ L. Tierney and J.B. Kadane, Accurate approximations for
posterior moments and marginal densities. Journal of the
American Statistical Association, 81 (1986), pp. 82-86.

§ Casella and Robert, p 107.
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Basic Numerical Integration

The first method typically encountered for univariate numerical
integration is the trapezium rule: with grid x0, x1, . . . , xn,

xj “ x0 ` jh h “ pxn ´ x0q{n

say, if yj “ gpxjq, then

ż xn

x0

gpxq dx l h

„

py0 ` ynq

2
` py1 ` ¨ ¨ ¨ ` yn´1q

ȷ

that is

ż xn

x0

gpxq dx l hgpx0q ` hgpxnq

2
`

n´1
ÿ

j“1

pxj ´ xj´1qgpxjq

The error in this approximation is Oph2q
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Gaussian Quadrature

For integrals with respect to probability distributions, it is
natural to consider approximations of the form

ż 8

´8

gpxqppxq dx l
k
ÿ

j“0

wjgpxjq

say, for points xj and weights wj chosen in line with the
probability distribution. In the trapezium rule, the density p is
a uniform density, and the points are uniformly distributed.

This method of approximation works well when the integrand is
smooth.

Approximating the integrand well is important in evaluating
the integral.
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A Basic Introduction to Hilbert Spaces

Let H be a vector space with inner product xh1, h2y

§ for a, b P R, xah1 ` bh2, h3y “ axh1, h2y ` bxh1, h3y,

§ xh1, h2y “ xh2, h1y,

§ xh1, h1y ě 0, with xh1, h1y “ 0 if and only if h1 ” 0.

The norm of h P H is

}h} “ xh1, h1y1{2

Elements of H could be vectors in Rp say, in which case the
usual inner product is used

xh1, h2y “ hJ

1h2 “

p
ÿ

j“1

h1jh2j
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A Basic Introduction to Hilbert Spaces

A final requirement is for a vector space H to be a Hilbert space
is that it is complete, that is, for a sequence h1, h2, . . . P H, for
every ϵ ą 0, there exist m,n such that

}hm ´ hn} ă ϵ

that is,
lim

nÝÑ8
hn “ h

exists, for h P H
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A Basic Introduction to Hilbert Spaces

However, elements of H can be infinite dimensional.

For example, H could contain real-valued functions that obey
certain integrability conditions: for example, if h P H, with

h : R ÝÑ R

we might require
ż

hpxq2 dx ă 8

In this case, an inner product that is often used is

xh1, h2y “

ż

h1pxqh2pxq dx

This Hilbert space is denoted L2.
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A Basic Introduction to Hilbert Spaces

A fundamental result for the Hilbert space L2 relates to
approximation: essentially, functions in L2 can be arbitrarily
well approximated. That is, if g is a square-integrable
continuous function defined on R, then g can be approximated
by a function h such that

}g ´ h} ă ϵ

for ϵ arbitrarily small (that is, L2 is dense).

More precisely: this result relates to functions that have
compact (bounded) support.
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A Basic Introduction to Hilbert Spaces

A sequence tψnuně1 of elements of Hilbert space H is
orthogonal if

xψm, ψny “ 0 for all m ‰ n

and orthonormal if it is orthogonal and also }ψn} “ 1 for each n.

In a Hilbert space, tψnuně1 is an orthonormal basis if for each
g P H

g “
ÿ

n

xg, ψnyψn

In this case
}g} “

ÿ

n

|xg, ψny|2
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A Basic Introduction to Hilbert Spaces

Approximation: For each g P H and ϵ ą 0, there exists an
m0 “ m0pg, ϵq such that

›

›

›

›

›

g ´

m
ÿ

n“1

xg, ψnyψn

›

›

›

›

›

ď ϵ

for all m ě m0.

That is, the function g can be arbitrarily well approximated
using a finite series expansion in the orthonormal basis.
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A Basic Introduction to Hilbert Spaces

All of these results are valid if the regular integral is replaced by
an integral with respect to a probability measure µ.

Square-integrability becomes

ż

hpxq2 µpdxq ă 8

and the inner product becomes

xh1, h2y “

ż

h1pxqh2pxq µpdxq

If µ admits a density ppxq, then

xh1, h2y “

ż

h1pxqh2pxqppxq dx
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Orthonormal Polynomial Bases

Many probability distributions can be associated with a natural
orthonormal polynomial basis

ψnpxq “

8
ÿ

j“0

anjx
j

Polynomials are useful for approximating arbitrary real
functions. To construct an orthonormal polynomial
representation for a probability density is more complicated,
but essentially reduces to choosing the coefficients anj .

Provided the density has a moment generating function, it can
be shown that an orthonormal polynomial basis representation
exists.
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Orthonormal Polynomial Bases

The orthonormal polynomials can be constructed using the
Gram-Schmidt procedure: let g1, . . . , gk be a sequence of
polynomials, and

Πpg2|g1q “
xg1, g2y

xg1, g1y
g1 “

"

ş

g1pxqg2pxqppxq dx
ş

g21pxqppxq dx

*

g1pxq

Then the sequence

φ1 “ g1

φ2 “ g2 ´ Πpg2|φ1q

φ3 “ g3 ´ Πpg3|φ1q ´ Πpg3|φ2q

...
...

...

is an orthogonal sequence, and ψj “ φj{}φj} is the normalized
version. 229



Orthonormal Polynomial Bases

Moments can also be used to define the orthonormal basis. If

µk “ ErXks “

ż

xkppxq dx

Then the polynomials tφnu, defined by

φnpxq “

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

µ0 µ1 µ2 ¨ ¨ ¨ µn

µ1 µ2 µ3 ¨ ¨ ¨ µn`1

...
...

...
...

µn´1 µn µn`1 ¨ ¨ ¨ µ2n´1

1 x x2 ¨ ¨ ¨ xn

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

are orthogonal with respect to p.
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Orthonormal Polynomial Bases

Example (Standard Normal Density)

Suppose

ppxq “
1

?
2π
e´x2{2

We need to find tψnu such that

ż 8

´8

ψmpxqψnpxq
1

?
2π
e´x2{2 dx “ 0

for m ‰ n.
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Orthonormal Polynomial Bases

Example (Standard Normal Density)

Consider the exponential generating function for the tψnuně0

Epx, tq “

8
ÿ

n“0

ψnpxq

n!
tn

so that

ψnpxq “
dnEpx, tq

dtn

ˇ

ˇ

ˇ

ˇ

t“0

Suppose that we let

Epx, tq “ exptxt´ t2{2u

in order to specify the ψn.
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Orthonormal Polynomial Bases

Example (Standard Normal Density)

Then it follows that
ż

Epx, sqEpx, tqppxq dx “
1

?
2π

ż 8

´8

exs´s2{2ext´t2{2e´x2{2 dx

“
1

?
2π

ż 8

´8

este´px´s´tq2{2 dx

“ est

“

8
ÿ

n“0

sntn

n!
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Orthonormal Polynomial Bases

Example (Standard Normal Density)

However, the integral on the left-hand side can be written

ż

#

8
ÿ

m“0

ψmpxq

m!
sm

+#

8
ÿ

n“0

ψnpxq

n!
tn

+

ppxq dx

which can be rewritten

8
ÿ

m“0

8
ÿ

n“0

"
ż

ψmpxq

m!

ψnpxq

n!
ppxq dx

*

smtn

234



Orthonormal Polynomial Bases

Example (Standard Normal Density)

Equating the two expansions yields that

ż

ψmpxq

m!

ψnpxq

n!
ppxq dx “

$

&

%

0 m ‰ n

1

n!
m “ n

and hence that the sequence tHnpxqu

Hnpxq “
1

?
n!
ψnpxq

is an orthonormal sequence with respect to this ppxq.

Hnpxq is termed the Hermite polynomial of order n.
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Orthonormal Polynomial Bases

Example (Standard Normal Density)

An explicit form for Hnpxq can be expanding the generating
function Epx, tq as

Hnpxq “

tn{2u
ÿ

j“0

n!p´1qjxn´2j

2jj!pn´ 2jq!

Recursion formulae can also be derived

Hn`1pxq “ xHnpxq ´ nHn´1pxq

which is useful for computation.
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Orthonormal Polynomial Bases

Example (Gamma Density)

If

ppxq “
1

Γpαq
xα´1e´x x ą 0

then define

Epx, tq “
1

p1 ´ tqα
exp

"

´
tx

1 ´ t

*

“

8
ÿ

n“0

ψnpx;αq

n!
tn

to derive the orthonormal polynomial basis tLnpx;αqu

Lnpx;αq “
1

n!αn
ψnpx;αq

where αn “ αpα ` 1q . . . pα ` n´ 1q.
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Orthonormal Polynomial Bases

Example (Gamma Density)

In this case

Lnpx;αq “ Γpn` αq

n
ÿ

m“0

ˆ

n

m

˙

p´1qmxm

Γpm` αq

Lnpx;αq is the (generalized) Laguerre polynomial of order n.

If α “ 1, we have the recursion for n ě 1

Ln`1pxq “
1

n` 1
pp2n` 1 ´ xqLnpxq ´ nLn´1pxqq

with L0pxq “ 1, L1pxq “ 1 ´ x.
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Orthonormal Polynomial Bases

Other orthogonal polynomial bases include

§ Chebychev polynomials

ppxq “
1

π
?
1 ´ x2

´ 1 ă x ă 1

§ Gegenbauer polynomials

ppxq “
Γpα ` 1q

?
πΓpα ` 1{2q

p1 ´ x2qα´1{2 ´ 1 ă x ă 1

§ Legendre polynomials

ppxq “
1

2
´ 1 ă x ă 1
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Implication for Quadrature

Recall the quadrature approximation:

ż 8

´8

gpxqppxq dx l
k
ÿ

j“0

wjgpxjq

Provided the support of p is not finite, and provided that p has
an associated orthonormal polynomial basis tψnu, then this
approximation can be made exact for integrands g that are
themselves polynomials of order 2k ` 1 or lower by choosing the
points x0, . . . , xk to solve

ψk`1pxq “ 0

with weights wj determined by the tψnu.
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Frequentist example

Example (Variance of Normal median)

If X1, . . . , Xn „ N p0, 1q are a random sample, the sample
median rX has (for n odd) the pdf

n

ˆ

n´ 1

m

˙

Φpxqmp1 ´ Φpxqqmϕpxq

where m “ tn{2u, and therefore the variance is

n

ˆ

n´ 1

m

˙
ż 8

´8

x2Φpxqmp1´Φpxqqmϕpxqdx “

ż 8

´8

gpx, nqϕpxqdx

say. Using the central limit theorem and delta method

?
n rX

d
ÝÑ N p0, π{2q

so for large n, the variance is approximately 1.5708{n.
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Frequentist example

Example (Variance of Normal median)

Using the Hermite polynomial basis formulation, the definition
of the roots x0, x1, . . . , xk and the fact that we have

ż 8

´8

Hjpxqϕpxq dx “ 0

for each j, the weights w “ pw0, . . . , wkqJ in the quadrature
formula can be found by solving

Ψpxqw “

¨

˚

˚

˚

˚

˚

˝

ż 8

´8

H0pxqϕpxq dx

0
...
0

˛

‹

‹

‹

‹

‹

‚

where the pi, jqth element of Ψpxq is Hipxjq, for i, j “ 0, . . . , k. 242



R implementation

There are functions in R that evaluate the orthonormal
polynomials. For (univariate) Gauss-Hermite integration the
function gqz in the npmlreg library.

Example (Variance of Normal median)

For different values of n and k, the following exact values of the
variance of the median estimator were found.

k
n 10 20 50 100 1000 Exact

11 0.21018 0.14756 0.13717 0.13716 0.13716 0.13716
21 0.13492 0.10954 0.07455 0.07326 0.07326 0.07326
51 0.02228 0.05311 0.04496 0.03204 0.03054 0.03054
101 0.00075 0.01101 0.02858 0.02268 0.01549 0.01549
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R Code for Gauss-Hermite integration

1 library(npmlreg)
2

3 g.func<-function(xv,nv){
4 mv<-floor(nv/2)
5 gv<-nv*choose(nv-1,mv)*xvˆ2
6 *(pnorm(xv)ˆmv)*((1-pnorm(xv))ˆmv)
7 return(gv)
8 }
9

10 n<-11
11 nk<-20
12 gh<-gqz(nk,minweight=1e-14)
13 x<-gh$location
14 w<-gh$weight
15 g<-g.func(x,n)
16 print(c(n,ik,sum(w*g)))
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Higher dimensions

Gauss-Hermite integration extends to multivariate integration
problems. The simplest extension utilizes the product
approximation

ż 8

´8

gpx1, x2qppx1, x2q dx1dx2 l
k
ÿ

i“0

k
ÿ

j“0

wiwjgpx1i, x2jq

on a rectangular grid, where the weights are determined
identically to the univariate case.

However, for general functions, the approximation breaks down
in high dimensions

§ in p dimensions, need pk`1 function evaluations.

§ “high” translates as tens.
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Part III

Bootstrap and Resampling Methods
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Resampling Approaches to Statistical Inference

Frequentist properties of statistical estimators are often difficult
to study in a finite sample setting: for example, the finite
sample variance of the sample median can only be computed
via numerical integration.

Resampling methods allow the study of frequentist properties of
statistical quantities by producing pseudo-replicate data sets of
the same size as the observed data, and examining the
statistical variation across these replicate data sets.
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Notation: independence case

Suppose Y1, . . . , Yn „ F are a random sample, and let θ “ θpF q

be the focus of inferential interest. For example

θpF q “

ż

y dF pyq or θpF q “ inf
y

tF pyq ě pu

etc. Let y1, . . . , yn be the observed data.

If pFn is the empirical cdf,

pFnpyq “
1

n

n
ÿ

i“1

1ryi,8qpyq d pFnpyq “
1

n

n
ÿ

i“1

1tyiupyq

then a natural estimator of θpF q is Tn “ θp pFnq,
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Notation: independence case

Recall that, for each y, under mild regularity conditions

pFnpyq
p

ÝÑ F pyq

but also
sup
y

| pFnpyq ´ F pyq|
p

ÝÑ 0

as n ÝÑ 8. Therefore

θp pFnq
p

ÝÑ θpF q

which justifies (asymptotically) the use of the plug-in estimator.
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Notation: independence case

The bias and variance of the estimator are

bTnpF q “ EF rTns ´ θpF q

vTnpF q “ VarF rTns

both of which depend on the true F .

We wish to study these properties of the estimator. In some
cases, it is possible to study these quantities analytically.
Suppose, however, pθ is the solution of

n
ÿ

i“1

mpyi; θq “ 0

for some m-estimating function. The corresponding estimator is
not analytically available, so its properties are hard to study.
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The Bootstrap

We wish to summarize an aspect (eg variance, high probability
region) of the sampling distribution of Tn “ θp pFnq. Let

spF q ” spTn;F q

denote the statistical summary of interest; it is written as a
function of F as as the statistical properties of Tn are entirely
dictated by F .

The quantity spF q can again usually be expressed in terms of
an integral with respect to F

spF q “

ż

sptpyqqdF pyq.

for function tp.q that defines the estimator. Occasionally, this
expression can be computed analytically.
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The Bootstrap

The key idea of the bootstrap is to replace calculations wrt F
by calculations wrt pFn, and to compute

sp pFnq

numerically, that is

sp pFnq “

ż

sptpyqqd pFnpyq.
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The Bootstrap

For a random sample, y1, . . . , yn, the bootstrap proceeds as
follows:

1. Set B (the number of bootstrap resamples)

2. For b “ 1, . . . , B,

(a) generate a sample of size n y
pbq
1 , . . . , y

pbq
n at random with

replacement from pFn

(b) form the statistic of interest t
pbq
n

3. Summarize the resampled estimates

tp1q
n , . . . , tpBq

n

using the desired statistical summary, sp.q.
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The Bootstrap

Example (Sample mean standard error)

Consider data

-0.1568 0.4439 -0.7865 -1.6531 -0.6037
-0.6231 0.9061 -0.8215 -1.2829 -0.3538

with sample mean -0.4932 and standard deviation

S “

g

f

f

e

1

n

n
ÿ

i“1

pyi ´ yq2 “ 0.7184

yielding the estimated standard error of the mean (s.e.m.)

pseppθq “
0.7184
?
10

“ 0.2272.
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The Bootstrap

Example (Sample mean standard error)

If the presumption of normality is made, then this is the plug-in
estimate of the standard error

§ the true s.e.m. is seppθq “ σ{
?
n;

§ we estimate σ by the standard deviation under pFn.

§ pFn is the discrete distribution that places mass 1{n at each
of y1, . . . , yn;

§ we then compute the ‘theoretical’ variance of this discrete
distribution.

§ this yields pseppθq “ S{
?
n
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The Bootstrap

Example (Sample mean standard error)

The bootstrap version of this calculation replaces an analytic
calculation by a numerical one. Proceed as follows: set B “ 200.
For b “ 1, . . . , B, resample n values without replacement, and
compute the appropriate summary. For example, for b “ 1,

0.9061 0.4439 0.4439 -1.6531 -1.2829
-0.1568 -0.1568 -1.6531 0.4439 0.4439

with sample mean -0.2221 and standard deviation 0.9097.
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The Bootstrap

Example (Sample mean standard error)

b Mean Std. Dev.

1 -0.2221 0.9097
2 -0.7630 0.1962
3 -0.1794 0.6869
4 -0.5606 0.2777
5 -0.8929 0.3883
6 -0.5359 0.5958
7 -0.6969 0.6149
8 -0.4056 0.9144
...

...
...
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The Bootstrap

Example (Sample mean standard error)

We now have 200 (resampled) sample means, with standard
deviation 0.2327 l S{

?
n, where S is the original sample s.d..

Histogram of resampled means
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The Bootstrap

Example (Sample kurtosis standard error)

The sample kurtosis

tn “

1
n

n
ř

i“1
pyi ´ yq4

ˆ

1
n

n
ř

i“1
pyi ´ yq2

˙2 ´ 3

is a statistic that records the heavy-tailed nature of a sample.

There is no simple formula for the standard error for this
statistic (although an asymptotic expression can be derived).
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The Bootstrap

Example (Sample kurtosis standard error)

2000 (resampled) sample kurtosis values, with standard
deviation 0.9689.

Histogram of resampled kurtosis
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The Bootstrap: notation

Let Tn “ pθ be the statistic of interest, and let

sppθq psBppθp˚qq

respectively denote the true and bootstrap estimated value of
summary quantity s of the sampling distribution of pθ.

For example, for the normal mean standard error, pθ “ y,

sppθq “ seppθq “
σ

?
n

pseppθq “
S

?
n

and

psBppθp˚qq “ pseBppθp˚qq “

g

f

f

e

1

B ´ 1

B
ÿ

b“1

pypbq ´ yp˚qq2

with

yp˚q “
1

B

B
ÿ

b“1

ypbq “ pθp˚q ypbq “
1

n

n
ÿ

i“1

y
pbq

i .
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The Bootstrap

Example (Sample mean standard error)

For the data set above, the following bootstrap standard errors
were obtained for different values of B

B 50 100 200 500 1000 10000 20000
pθp˚q -0.5095 -0.5097 -0.4820 -0.4968 -0.5014 -0.4942 -0.4953

pseBppθp˚qq 0.2362 0.2353 0.2415 0.2263 0.2309 0.2283 0.2272

where recall that the exact standard error of the mean is

pseppθq “
S

?
n

“ 0.2272.
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The Bootstrap: choosing B

For a sample of size n, there are

M “

ˆ

2n´ 1

n

˙

possible distinct resampled data sets:

Number of
n distinct samples

10 9.238 ˆ 104

20 6.892 ˆ 1010

50 5.045 ˆ 1028

100 4.527 ˆ 1058

How the value of B is chosen depends on the type of calculation
being done, and the nature of the underlying data generating
mechanism.
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The Bootstrap: choosing B

Note that B “ 8 returns the plug-in estimate.

§ For the s.e.m., at B “ 8

pse8ppθp˚qq “

g

f

f

e

M
ÿ

j“1

wjpyj ´ y.q
2

where wj , j “ 1, . . . ,M represents the relative frequency of
the resampled data sets yielding mean yj , and y. denotes
the weighted mean

y. “
1

M

M
ÿ

j“1

wjyj .

§ This quantity arises from the exact sampling distribution
of the pθ, given pFn.

§ Recall that there may not be a simple analytical formula
for the required statistic. 264



The Bootstrap: choosing B

Let seppθq denote the standard error functional for statistic pθ,
and, suppressing the dependence on pθ, let

§
pseB denote the estimate of the standard error from B
bootstrap resamples

§
pse8 denote the ideal estimated bootstrap standard error at
B “ 8. Recall that pse8 ” pseppθq is the plug-in estimated
standard error of pθ (that is, the standard deviation of the
sampling distribution of pθ under pFn).

It can be shown that

EF rpse2Bs “ EF rpse28s

and
VarF rpse2Bs ě VarF rpse28s
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The Bootstrap: choosing B

Example (N pµ, σ2q)

The sample variance of pθ “ Y is

seppθq2 “
σ2

n

estimated by

pseppθq2 “

1
n

n
ř

i“1
pyi ´ yq2

n
“

pn´ 1qs2

n2
“
S2

n
.

But, by standard theory, under distribution F pyq ” N pµ, σ2q,

pn´ 1qs2

σ2
„ χ2

n´1.
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The Bootstrap: choosing B

Example (N pµ, σ2q)

Hence, as pse8 ” pse, we have

EF rpse28s “
pn´ 1qσ2

n2
VarF rpse28s “

2pn´ 1qσ4

n4

These results are not identical to those obtained taking
expectations under pFn.

The larger B gets, we expect to see

VarF rpse2Bs ÝÑ VarF rpse28s

Note that we cannot compute the limiting value as B ÝÑ 8 in
many cases.
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The Bootstrap: choosing B

Example (Simulation study)

Suppose F is N p0, 1q, so that

EF rpse28s “
pn´ 1q

n2
VarF rpse28s “

2pn´ 1q

n4
.

For n “ 10, these values are 0.090 and 0.04242 respectively.

For different values of B, the following values were obtained for
the mean and standard deviation of pse2B computed across 2000
simulated N p0, 1q data sets:

B 50 100 200 500 1000 10000 20000 8

Mean 0.0910 0.0910 0.0907 0.0906 0.0907 0.0907 0.0907 0.0900
s.d. 0.0469 0.0450 0.0437 0.0432 0.0428 0.0427 0.0427 0.0424
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The Bootstrap: choosing B

Example (Simulation study)

For n “ 50, these values are 0.0196 and 0.00402 respectively.

B 50 100 200 500 1000 10000 20000 8

Mean 0.0195 0.0196 0.0197 0.0197 0.0197 0.0197 0.0197 0.0196
s.d. 0.0056 0.0049 0.0044 0.0042 0.0041 0.0040 0.0040 0.0040
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The Bootstrap: choosing B

Note: the estimator used here for σ2 is

S2 “
1

n

n
ÿ

i“1

pYi ´ Y q2

that is, the ML estimator, not the unbiased estimator.

This estimator yields the “correct” variance for the bootstrap
estimator at B “ 8, as S2 is the correct plug-in estimator, that
is, it is the variance under pFn.

The unbiased estimator could be used in practice; the difference
is negligible for large n.
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The Bootstrap: Further Examples

In the case of i.i.d. univariate sampling, the bootstrap extends
easily to more general settings. For example, extension to the
i.i.d. vector case is straightforward.

1. A two-sample problem.

2. The Pearson correlation coefficient.

3. Principal components analysis.
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The Bootstrap: Two-sample Estimation

Suppose that two random samples are available from different
distributions

F1 : y11, . . . , y1n1

F2 : y21, . . . , y2n2

and the parameter of interest is the difference in means

µ1 ´ µ2.

In the normal case, under equal variances for the two
populations, the standard error of the estimator

y1 ´ y2

can be studied analytically; more generally, outside of the
normal case and for other estimands, it cannot.
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The Bootstrap: Two-sample Estimation

The bootstrap operates in this case by

§ resampling y
pbq
11 , . . . , y

pbq
1n1

(size n1) from the first sample,

§ resampling y
pbq
21 , . . . , y

pbq
2n2

(size n2) from the second sample,

§ forming the difference

y
pbq
1 ´ y

pbq
2

for b “ 1, . . . , B. Other estimators can be studied in this way.
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The Bootstrap: Pearson correlation

Suppose that pairs of observations pxi, yiq, i “ 1, . . . , n are
available. The Pearson product-moment correlation is

r “

1
n

n
ř

i“1
pxiyi ´ xyq

d

"

1
n

n
ř

i“1
pxi ´ xq2

*"

1
n

n
ř

i“1
pyi ´ yq2

*

which measures the linear correlation between the two variables
in the sample.

r is the moment-based estimator of the population correlation ρ.
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The Bootstrap: Pearson correlation

The bootstrap operates in this case by

§ resampling pairs ppx
pbq
1 , y

pbq
1 q, . . . , px

pbq
n , y

pbq
n qq (size n)

§ forming the resampled value of r

rpbq

for b “ 1, . . . , B.

Note that again it is the i.i.d. units that are being resampled.
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The Bootstrap: Pearson correlation

Example (LSAT vs GPA)

The relationship between GPA (x) and LSAT score (y) in
n “ 15 law school students is to be studied.

1 2 3 4 5 6 7 8 9 10 11 12 13 14 15
GPA 339 330 281 303 344 307 300 343 336 313 312 274 276 288 296
LSAT 576 635 558 578 666 580 555 661 651 605 653 575 545 572 594

For these data r “ 0.776.
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The Bootstrap: Pearson correlation

Example (LSAT vs GPA)

2000 (resampled) sample correlation values, with standard
deviation 0.1382.

Histogram of resampled r
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The Bootstrap: Pearson correlation

Example (LSAT vs GPA)

A common transformation to approximate normality (for large
n) uses

Zn “
1

2
log

ˆ

1 ` r

1 ´ r

˙

for which ?
n´ 3Zn

d
ÝÑ Z „ N pµ, 1q

where

µ “
1

2
log

ˆ

1 ` ρ

1 ´ ρ

˙
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The Bootstrap: Pearson correlation

Example (LSAT vs GPA)

2000 Zn values, and normal approximation: skewness is
apparent, and the bootstrap variance is 1.793, rather than 1.

Histogram of resampled r
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The Bootstrap: Principal components

Suppose that vectors of observations of length p,
xi, i “ 1, . . . , n, are available. Let X denote the nˆ p matrix
formed by row-binding the n i.i.d. vectors x1, . . . ,xn, after
column standardization

§ each column of X has its mean subtracted.

Then the sample covariance matrix is

S “
1

n
XJX

This is a positive-definite matrix, that can be decomposed using
the eigen-decomposition

S “ V DV J

where D is the diagonal matrix of eigenvalues, and V is the
corresponding eigenvector matrix with orthonormal columns.
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The Bootstrap: Principal components

The diagonal elements of D are the sample eigenvalues

pλ1 ě pλ2 ě ¨ ¨ ¨ ě pλp

and the scaled quantity

pθj “
pλj
p
ř

l“1

pλl

j “ 1, . . . , p.

is an estimate of the proportion of variation explained by the
first eigenvector.

The statistical properties of pθj are hard to study analytically.
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The Bootstrap: Pearson correlation

The bootstrap operates in this case by

§ resampling vectors px
pbq
1 , . . . ,x

pbq
n q (size n)

§ forming the resampled matrix Xpbq,

§ forming the resampled covariance matrix Spbq,

§ computing eigenvalues pλ
pbq
1 , . . . , pλ

pbq
p and scaling

for b “ 1, . . . , B.

Note that again it is the i.i.d. units that are being resampled.
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The Bootstrap: Principal components

Example (Education test scores)

88 students each took five tests on mechanics, vectors, algebra,
analysis and statistics. This yielded the S matrix

S “

»

—

—

—

—

–

302.29 125.78 100.43 105.07 116.07
125.78 170.88 84.19 93.60 97.89
100.43 84.19 111.60 110.84 120.49
105.07 93.60 110.84 217.88 153.77
116.07 97.89 120.49 153.77 294.37

fi

ffi

ffi

ffi

ffi

fl

and eigenvalues

pλ “ p679.18, 199.81, 102.57, 83.67, 31.79q
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The Bootstrap: Principal components

Example (Education test scores)
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The Bootstrap: Principal components

Example (Education test scores)

2000 resampled eigenvalues, λj , j “ 1, . . . , 5
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The Bootstrap: Principal components

Example (Education test scores)

2000 resampled scaled eigenvalues, θj , j “ 1, . . . , 5
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The Bootstrap: Principal components

Example (Education test scores)

2000 resampled scaled eigenvalues, cumulative:
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The Bootstrap: Principal components

Example (Education test scores)

We might conclude from this that really there are only two
(orthogonal) dimensions of variation (rather than five) that
explain the majority variation in the response.

The principal components are the vectors

zj “ Xvj j “ 1, . . . , p

where vj is the jth column of V . The first two principal
components carry greater than 80% of the variation observed.
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The Bootstrap: Principal components

Example (Education test scores)

Principal components
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The Bootstrap: Regression

The bootstrap can also be applied in a regression setting.
Suppose pairs of data pxi, yiq, i “ 1, . . . , n are available, and the
relationship is modelled as

yi “ gpxi;βq ` ϵi Erϵi|xs “ 0

for some regression function g.

If g is taken to be linear in parameters β,

gpx;βq “ β0 `

p
ÿ

j“1

βjgjpxq

and the residual errors are presumed Gaussian, then estimation
can be carried out using least-squares in the usual way.

In this case, pointwise confidence intervals are easy to obtain.
However, simultaneous confidence intervals are more
complicated to compute. 290



The Bootstrap: Regression

In harmonic regression, the gjs are taken to be sin and cos
functions. Assuming p “ 2q say, and j “ 1, . . . , p

gjpxq “

#

cosp2πxϕlq j “ 2l ´ 1

sinp2πxϕlq j “ 2l

for known constants ϕ1, . . . , ϕq.

For example, a typical choice is q “ 2, with

ϕ1 “
1

2
ϕ2 “

1

4
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The Bootstrap: Regression

In such a model, the ML estimator is

pβ “ pXJXq´1XJY

where X is the nˆ pp` 1q matrix with ith row

r1, cosp2πxiϕ1q, sinp2πxiϕ1q, cosp2πxiϕ2q, sinp2πxiϕ2qs

The variance of pβ is
pσ2pXJXq´1

and pointwise confidence intervals can be obtained in the usual
way.
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The Bootstrap: Regression

Example (Cholostyramine Data)

n “ 164 men took part in an experiment to see if the drug
cholostyramine lowered blood cholesterol levels.
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The Bootstrap: Regression

Example (Cholostyramine Data)

Consider the model

gpx;βq “ β00 ` β01x`

q
ÿ

j“1

rβj0 cosp2πxϕlq ` βj1 sinp2πxϕlqs

on the range r0, 100s with

ϕ1 “
1

50
ϕ2 “

1

66
ϕ3 “

1

75

and the three fits obtained taking

§ q “ 0

§ q “ 2

§ q “ 3
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The Bootstrap: Regression

The bootstrap operates in this case by

§ resampling pairs ppx
pbq
1 , y

pbq
1 q, . . . , px

pbq
n , y

pbq
n qq (size n) and

forming the boostrapped design matrix Xpbq.

§ fitting the regression to the resampled data obtaining

pβpbq “ pXJ

pbqXpbqq
´1XJ

pbqypbq

§ recording the fitted values

ŷpbq “ Xpbq
pβpbq

for b “ 1, . . . , B.

Again it is the i.i.d. units that are being resampled.
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The Bootstrap: Regression

Example (Cholostyramine Data)

B “ 200 bootstrapped curves with q “ 2.
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The Bootstrap: Regression

Example (Cholostyramine Data)

B “ 200 bootstrapped curves with q “ 2.
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The Bootstrap: Loess

A more flexible model is based on local smoothing using loess.

The loess approach fits a series of weighted local linear
regression models restricted to a rolling neighbourhood of data
points. The size of the neighbourhood (the span) determines
the smoothness of the resulting fitted curve.

The statistical properties of the resulting fitted curve are hard
to study analytically, but can be studied by the bootstrap.
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The Bootstrap: Loess

Example (Cholostyramine Data)

B “ 200 bootstrapped loess curves: span is 0.75.
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The Bootstrap: Loess

Example (Cholostyramine Data)

B “ 200 bootstrapped loess curves: span is 0.375.
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The Bootstrap: Loess

The choice of the span can be determined by K-fold
cross-validation:

1. split data at random into K equal portions of size m.

2. fit the loess model using K ´ 1 training portions using a
fixed value of the span.

3. use the fitted model to predict the values in the remaining
test portion; record the prediction mean square error

1

m

m
ÿ

i“1

ppyi ´ yiq
2

4. repeat 1. - 3. over different random splits, taking the
average prediction MSE.

and repeat this whole process for different values of the span,
recording the MSE every time. Choose the optimal span to
minimize the prediction MSE.
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The Bootstrap: Loess

Example (Cholostyramine Data)

8-fold cross-validation: average prediction MSE from 20000
random splits.
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The Bootstrap: Loess

Example (Cholostyramine Data)

B “ 200 bootstrapped loess curves: span is 0.50.
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The Bootstrap: Loess instability

Note: in this semi-parametric setting, the cross-validation can
become unstable. A specific random split may disrupt the local
structure of the data so that a local fit at any given x is not
possible.

This instability can potentially occur in the parametric setting
as well; if the x values contain ties (as for the cholostyramine
data) then, by chance we may resample an Xpbq such that

XJ

pbqXpbq

is singular.
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The Bootstrap: Problems

Suppose Y1, . . . , Yn „ N p0, 1q. Consider the statistic

Tn “ maxtY1, . . . , Ynu

We know that for t P R

FTnptq “ tΦptqun fTnptq “ nϕptqtΦptqun´1

Can we study this statistic via the bootstrap ?
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The Bootstrap: Problems

B “ 2000 bootstrapped maxima for n “ 50, 100, 1000, 10000.
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The Bootstrap: Problems

The maximum order statistic cannot be studied in this setting
using the bootstrap.

In this case, Tn has no limiting distribution, that is, as n ÝÑ 8

FTnptq ÝÑ 0

for all t. Is this the source of the problem ?
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The Bootstrap: Problems

Suppose Y1, . . . , Yn „ Uniformp0, θq. Consider again the
statistic Tn, which in this case is the ML estimator of θ:

pθn “ Tn “ maxtY1, . . . , Ynu.

We know that for t P R

FTnptq “

"

t

θ

*n

fTnptq “ n
1

θ

"

t

θ

*n´1

The same problem arises in this setting.

308



The Bootstrap: Problems

For the bth bootstrap resampled data set

Prpθpbq “ pθs “ PrmaxtY
pbq
1 , . . . , Y pbq

n u “ maxtY1, . . . , Ynus

“ 1 ´

ˆ

1 ´
1

n

˙n

and as n ÝÑ 8

1 ´

ˆ

1 ´
1

n

˙n

ÝÑ 1 ´ e´1 l 0.632

Therefore, even for large n, there is a probability mass at pθ in
the sampling distribution.
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The Bootstrap: Problems

Other problems can occur for the bootstrap when resampling
can fundamentally change the nature of the data set:

§ Mixture distributions: if the Yi follow a mixture
distribution with K components, then resampling may only
yield observations from L ă K of the components. This
changes the statistical behaviour of some estimators.

§ Logistic Regression (or classification): For binary
data, resampling may eliminate all of the data with
response value 0 (or 1), in which case the logistic regression
coefficients are not defined.
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The Parametric Bootstrap

The parametric bootstrap replaces resampling from pFn with
sampling from a parametric approximation F p.; pϑnq, where pϑn
is the parameter estimate derived from the original sample.

Essentially, this is a Monte Carlo technique, where psppθp˚qq is
approximated using B random samples from F p.; pϑnq.

This can be useful if a good (and tractable) parametric
approximation exists.
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The Parametric Bootstrap

Suppose Y1, . . . , Yn „ Uniformp0, θq.

§ Nonparametric bootstrap: resampling from ty1, . . . , ynu

leads to problems as

Prpθpbq “ pθs ą 0

§ Parametric bootstrap: sampling from Uniformp0, pθq

yields
Prpθpbq “ pθs “ 0

and a reasonable approximation to the distribution of pθ.
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The Parametric Bootstrap

Non-parametric (left) vs Parametric (right)
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Bootstrap regression: alternative approach

In an alternative formulation of the bootstrap for linear
regression, consider

yi “ xiβ ` ϵi

where ϵi „ F p.q, where F is constrained to have mean zero.

If the distribution F is regarded as unknown, but the form of
the linear regression is satisfactory (up to unknown
parameters), attention can focus on bootstrapping the residual
errors ϵ1, . . . , ϵn.

314



Bootstrap regression: alternative approach

In this β can be estimated by least-squares

pβ “ pXJXq´1XJy

and then the residual cdf F estimated by the empirical cdf of
the residuals

ei “ yi ´ xi
pβ i “ 1, . . . , n

denoted pFn.

The bootstrap data y
pbq
1 , . . . , y

pbq
n are then computed by

producing a bootstrap resample e
pbq
1 , . . . , e

pbq
n , and setting

y
pbq

i “ xiβ ` e
pbq

i
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Bootstrap regression: alternative approach

This then yields the bootstrap estimate

pβpbq “ pXJXq´1XJypbq.

In this case, the idealized bootstrap estimate (B “ 8) of the
standard error is available analytically via

Varrpβpbqs “ pσ2pXJXq´1

where

pσ2 “
1

n´ p

n
ÿ

i“1

e2i

that is, identical to the usual variance in least-squares.
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Bootstrap regression: alternative approach

Example (Cholostyramine Data)

B “ 200 harmonic regressions with bootstrapped residuals.
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Estimating Bias

The bias of an estimator Tn of θpF q is

bTnpF q “ EF rTns ´ θpF q

which can be estimated by

pbTnp pFnq “ E
pFn

rT p˚q
n s ´ θp pFnq

where T
p˚q
n is the bootstrap estimator, derived from bootstrap

resamples
tp1q
n , . . . , tpBq

n

and θp pFnq is the plug-in estimate. Typically E
pFn

rT
p˚q
n s is

approximated by

1

B

B
ÿ

b“1

tpbq
n
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Estimating Bias

If Tn “ θp pFnq, that is, the estimator is the plug-in estimator,
then an alternative estimate of bias can be obtained for B “ 8.

Denote by P
pbq

j , j “ 1, . . . , n denote the proportion of a

bootstrap resampled data set y
pbq
1 , . . . , y

pbq
n that are equal to yj .

P
pbq

j “
1

n

n
ÿ

i“1

1tyjupy
pbq

i q

The (random) probability distribution P pbq “ pP
pbq
1 , . . . , P

pbq
n q

(the resampling vector) can be used to construct the bootstrap
estimate in terms of the original data; for example,

ypbq “

n
ÿ

j“1

P
pbq

j yj .
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Estimating Bias

The bootstrap resampling vectors are thus

P p1q, . . . , P pBq.

In general, denote the bootstrap estimator in terms of the

T pbq
n “ TnpP pbqq

Let P0 “ 1
n1n denote the vector of length n containing identical

elements 1{n. Then, in this notation

TnpP0q “ θp pFnq
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Estimating Bias

Let

P
p˚q

“
1

B

B
ÿ

b“1

P pbq

This allows a new bias estimate

rbTnp pFnq “
1

B

B
ÿ

b“1

tpbq
n ´ TnpP

p˚q
q

to be compared with the plug-in estimate

pbTnp pFnq “
1

B

B
ÿ

b“1

tpbq
n ´ TnpP0q
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Estimating Bias

Example (Hormone patch data)

Eight subjects were treated with two different hormone patches,
and the subsequent level of hormone in the bloodstream
measured.

ID Placebo Old Patch New Patch old-plac. new - old
z y

1 9243 17649 16449 8406 -1200
2 9671 12013 14614 2342 2601
3 11792 19979 17274 8187 -2705
4 13357 21816 23798 8459 1982
5 9055 13850 12560 4795 -1290
6 6290 9806 10157 3516 351
7 12412 17208 16570 4796 -638
8 18806 29044 26325 10238 -2719
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Estimating Bias

Example (Hormone patch data)

The parameter of interest here is

θ “
ErY s

ErZs

which is a measure of bio-equivalence. The plug-in estimate is

tn “ θp pFnq “
y

z
“ ´0.0713.

This parameter can be studied using the bootstrap, resampling
individual subjects as the i.i.d. units.

For different values of B, we study the bias estimates given by
the previous formulae.
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Estimating Bias

Example (Hormone patch data)

Bias estimates pb and rb for B up to 1000.
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Estimating Bias

Example (Hormone patch data)

The bias estimate rb is much less variable than pb.

The two bias estimates agree approximately when B “ 100000

pbTnp pFnq “ 0.00762 rbTnp pFnq “ 0.00781

but for B up to 1000, rb is very stable, whereas pb fluctuates
considerably.
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Estimating Bias

Example (Hormone patch data)

Sampling distribution of pθ: Pr|pθ| ă 0.2s l 0.9158. 
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The jackknife

The jackknife was introduced as another bias estimation
procedure. For i “ 1, . . . , n, let

ypiq “ py1, . . . , yi´1, yi`1, . . . , ynq

be the i-deleted data set (with the ith datum deleted). Let

pθpiq “ tn´1pypiqq

be the estimate derived from the i-deleted data, and let

pθp.q “
1

n

n
ÿ

i“1

pθpiq

A bias estimate for a plug-in statistic pθ is then

pbJACK “ pn´ 1qppθp.q ´ pθq
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The jackknife

In this calculation

pθ “ θp pFnq pθpiq “ θp pFnpiqq

are the plug-in estimators derived from the full and i-deleted
data respectively.

A jackknife estimate for the standard error of a statistic is

pseJACK “

g

f

f

e

n´ 1

n

n
ÿ

i“1

ppθpiq ´ pθp.qq
2

This formula applies for smooth functions t of the data.

Note: There is no resampling here, so precisely n computations
are needed.
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The jackknife

Formally, the jackknife is an approximation to the bootstrap
that arises from a linear approximation to the statistic of
interest, derived from a Taylor expansion.

The above bias/s.e. formulae are derived under the assumption
that the identity

pθ “ tnpyq “ µ`
1

n

n
ÿ

i“1

αpyiq

holds exactly from some function αp.q. The jackknife arises from
regarding a first-order Taylor approximation for arbitrary tn.

The jackknife procedure fails when such an expansion fails; for
example, for studying the median, the jackknife provides an
inconsistent estimator.
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Confidence Intervals and Hypothesis Testing

Given an estimator pθ and estimated standard error pse, the
p1 ´ αq% confidence interval

pθ ˘ Φ´1
´

1 ´
α

2

¯

pse

is commonly used, where Φ´1 is the standard normal inverse
cdf.

For example,

α “ 0.10 : Φ´1p0.95q “ 1.645 α “ 0.05 : Φ´1p0.975q “ 1.960.

This formula uses the asymptotic normal approximation to the
distribution of pθ.
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Confidence Intervals and Hypothesis Testing

Recall the definition of a confidence interval in a simple
situation where a pivotal quantity is available. Suppose the
sampling distribution of estimator pθ is given exactly by

pθ „ N pθ, se2q.

Recall that this is a frequentist statement, conditional on the
known true values θ and se. Then

Z “
pθ ´ θ

se
„ N p0, 1q

so that, for c ą 0,

Pθr´c ď Z ď cs “ Φpcq ´ Φp´cq “ 1 ´ 2Φp´cq
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Confidence Intervals and Hypothesis Testing

Choosing c such that Φpcq “ α{2, say c “ zα{2, we have

Pθ

«

´zα{2 ď
pθ ´ θ

se
ď zα{2

ff

“ 1 ´ α

which can be rewritten

Pθ

”

pθ ´ se ˆ zα{2 ď θ ď pθ ` se ˆ zα{2

ı

“ 1 ´ α

This is a probability statement concerning the random
interval

rpθ ´ se ˆ zα{2, pθ ` se ˆ zα{2s

given the true value of θ, and the true standard error se.
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Confidence Intervals and Hypothesis Testing

Recalling the equivalence with hypothesis testing, the p1 ´ αq%
confidence interval is the set of values of θ0 that do not lead to
a rejection of the null hypothesis

H0 : θ “ θ0

at significance level α, in a two-tailed test, in light of the
observed data and the estimate pθ.

Typically, α is chosen to be 0.05, or 0.01.
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Confidence Intervals and Hypothesis Testing

The Normal interval

rpθ ´ se ˆ zα{2, pθ ` se ˆ zα{2s

is justified asymptotically, but for finite n, the Student-t interval

rpθ ´ se ˆ tα{2pn´ 1q, pθ ` se ˆ tα{2pn´ 1qs

is preferable, where
tαpνq

is the α percentile of the Student-t density with ν degrees of
freedom.
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Confidence Intervals and Hypothesis Testing

The standard error se is typically not known, so it is replaced
by the usual estimate pse obtained from the plug-in procedure.

For example, for an unknown mean

pseppθq “
pσ

?
n

“
1

?
n

g

f

f

e

1

n

n
ÿ

i“1

pyi ´ yq2

that is, using the plug-in estimator of the population variance
based on pFn.
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Confidence Intervals and Hypothesis Testing

The corresponding studentized bootstrap interval is based on
the bootstrap resampled quantities

Zpbq “
pθpbq ´ pθ

psepbq

where

§ pθ is the estimator from the original data

§ pθpbq “ t
pbq
n is the estimator derived from the bth bootstrap

resample.

§
psepbq is the estimator of the standard error for pθpbq from the
bth bootstrap resample.

336



Confidence Intervals and Hypothesis Testing

The empirical distribution of the observed bootstrap resampled
quantities zp1q, . . . , zpBq yields the lower and upper percentiles

plα{2 :
1

B

B
ÿ

b“1

1
tzpbqď plα{2u

l α{2

puα{2 :
1

B

B
ÿ

b“1

1tzpbqě puα{2u l α{2

and hence the bootstrap interval

rpθ ´ pse ˆ plα{2, pθ ` pse ˆ puα{2s

Here pθ and pse are estimated from the original data.
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Example: Mouse data

Example (Mouse data)

The following data are the survival times for mice in a
randomized experiment comparing a treated group with a
control group.

Control C 52 104 146 10 50 31 40 27 46
Treatment T 94 197 16 38 99 141 23
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Example: Mouse data

Example (Mouse data)

Bootstrap percentiles used for reporting CI for ErYCs:

B 0.05 0.1 0.5 0.9 0.95

100 -4.6258 -4.1015 0.0382 1.2886 1.4606
200 -4.5560 -2.4595 -0.2170 1.0194 1.4346
500 -4.6962 -3.3398 -0.0873 1.2819 1.5853
1000 -4.4927 -2.3528 -0.0752 1.1252 1.5343
2000 -4.5014 -3.3380 -0.0562 1.1478 1.4993
5000 -4.6618 -3.5709 -0.0495 1.1760 1.5561
10000 -4.5987 -3.4164 -0.0828 1.1706 1.4984
20000 -4.6032 -3.3034 -0.0762 1.1406 1.4817
50000 -4.6337 -3.2448 -0.0710 1.1709 1.5248
100000 -4.6083 -3.2710 -0.0720 1.1603 1.5032

Normal -1.6449 -1.2816 0.0000 1.2816 1.6449
Student -1.8595 -1.3968 0.0000 1.3968 1.8595
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Example: Mouse data

Example (Mouse data)

CI for ErYCs:

B Lower Upper

100 -5.4411 75.6928
200 -4.5104 75.3462
500 -6.3801 77.3555
1000 -3.6664 76.6748
2000 -3.7825 76.2090
5000 -5.9217 76.9659
10000 -5.0803 76.1960
20000 -5.1401 75.9739
50000 -5.5468 76.5478
100000 -5.2086 76.2598

Normal 31.4338 81.0106
Student 34.2957 78.1487
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Example: Mouse data

Example (Mouse data)

pθpbq:  

θ̂

F
re

qu
en

cy

20 40 60 80 100 120

0
20

00
40

00
60

00
80

00
10

00
0

12
00

0
14

00
0

341



Example: Mouse data

Example (Mouse data)

psepbq:  
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Example: Mouse data

Example (Mouse data)

Zpbq “ ppθpbq ´ pθq{psepbq:  
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Issues

Some issues:

§ In general, a formula for pse is not available

§ Need to do a nested bootstrap: within each bootstrap
iteration, need an internal bootstrap calculation of the
standard error estimate, pseB .

§ Can be computationally demanding

§ The symmetric interval of the form

pθ ˘ se ˆ qα{2

may include negative values, even if the quantity of interest
is positive.

§ A transformation may be necessary

§ The bootstrap interval is not invariant to transformations
(specifically, the computation of standard errors needs care)
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Variance stabilizing transformations

The bootstrap-t interval is constructed by appealing to
asymptotic normality, so therefore we seek a transformation
ϕ “ gpθq such that the distribution of pϕ is better represented by
a normal distribution for finite n.

Suppose that, by the Central Limit Theorem, we have that

?
nppθ ´ θq

d
ÝÑ N p0, σ2pθqq

where the asymptotic variance σ2pθq in general depends on the
true θ. We seek a transform ϕ “ gpθq such that

?
nppϕ´ ϕq

d
ÝÑ N p0, ς2q

where ς2 does not depend on the true θ (or ϕ).
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Variance stabilizing transformations

For example, for the Pearson correlation coefficient R in a
bivariate normal problem with true correlation ρ, we saw that if

Z “
1

2
log

ˆ

1 `R

1 ´R

˙

ϱ “
1

2
log

ˆ

1 ` ρ

1 ´ ρ

˙

then ?
n´ 3Z

d
ÝÑ N pϱ, 1q

suggesting that we should construct the bootstrap-t interval for
Z, and then back-transform to the R scale to get the confidence
interval for ρ.
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Variance stabilizing transformations

Suppose that X is a random variable with

ErXs “ θ VarrXs “ spθq2

Let transformation g be defined by the relation

9gpxq “
1

spxq
or, equivalently gpxq “

ż x 1

spuq
du

Then if Y “ gpXq, by a Taylor series approximation

VarrY s “ t 9gpθqu2spθq2 “ 1

This variance-stabilizing transformation can be used to assist in
the construction of the bootstrap-t intervals.
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Variance stabilizing transformations

In statistical applications, the function sp.q is the standard
error, a function of the true θ; often this is not known.
However, it can be estimated from the data.

Let
spuq “ seppθ|θ “ uq.

This function can be estimated using a nested bootstrap for a
collection of fixed values, then integrated numerically to yield
an estimate of the transform function g.
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Variance stabilizing transformations: Algorithm

1. Generate B1 bootstrap samples, and bootstrap estimates
pθpbq. For each bootstrap sample ypbq, generate B2 nested
resamples, and estimate the standard error pseppθpbqq for this
bootstrap sample.

2. Fit a curve through the collection of points tppθpbq, pseppθpbqq,
to get an estimate of spuq “ seppθ|θ “ uq.

3. Estimate the variance-stabilizing transform g by
integrating spuq numerically

4. Use B3 new bootstrap samples to compute a bootstrap-t
interval for ϕ “ gpθq by inspecting

pϕpbq ´ pϕ

as the variance has been stabilized to 1.

5. Back-transform to the θ scale using the numerically defined
g´1.
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Variance stabilizing transformations: Example

Example (LSAT vs GPA data)

Raw data
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Variance stabilizing transformations: Example

Example (LSAT vs GPA data)

B1 “ 10000 bootstrap resamples with B2 “ 500 inner resamples.
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Variance stabilizing transformations: Example

Example (LSAT vs GPA data)

Estimated transform g (solid), and Fisher transform (dashed)
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Variance stabilizing transformations: Example

Example (LSAT vs GPA data)

B “ 2000 bootstrap samples of pρ (left) and pϕ (right). 
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Variance stabilizing transformations: Example

Example (LSAT vs GPA data)

Comparison of 90 % intervals:

Method Lower Upper

Fisher transform 0.5090 0.9071
pg 0.5299 0.9448
Bootstrap 0.5262 0.9475

The bootstrap interval is computed direct from the percentiles
of the initial B1 bootstrap resampled values.
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Bootstrap Percentile Interval

The bootstrap percentile interval is computed direct from the
percentiles of the bootstrap resampled values.

plα{2 :
1

B

B
ÿ

b“1

1
tpθpbqď plα{2u

l α{2

puα{2 :
1

B

B
ÿ

b“1

1
tpθpbqě puα{2u

l α{2

This method is invariant to transformation of the statistic of
interest; it is a non-parametric version of the previous
variance-stabilizing transform method which focusses on the
quantiles of interest.

Typically, B needs to be large to get reliable percentile
intervals. They can be more variable when the sampling
distribution of the statistic is highly skewed.
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Bias correction/Acceleration

An alternative approach uses the interval based on

plα1 :
1

B

B
ÿ

b“1

1
tpθpbqď plα1u

l α1

puα2 :
1

B

B
ÿ

b“1

1
tpθpbqď puα2u

l α2

that is, the empirical α1 and α2 quantiles, where

α1 “ Φ

ˆ

pz0 `
pz0 ` zα{2

1 ´ pappz0 ` zα{2q

˙

α2 “ Φ

ˆ

pz0 `
pz0 ` z1´α{2

1 ´ pappz0 ` z1´α{2q

˙

where pz0 and pa are to be defined, and zα{2 and z1´α{2 are the
tail quantiles of the standard normal. 356



Bias correction/Acceleration

For α “ 0.1, zα{2 “ z0.05 “ ´1.645, z1´α{2 “ z0.95 “ 1.645.

§
pz0 is a bias-correction constant defined by

pz0 “ Φ´1

˜

1

B

B
ÿ

b“1

1
tpθpbqď pθu

¸

that is, it measures the median bias of pθpbq

§
pa is an acceleration factor which defined via jackknife
quantities

pa “

n
ř

i“1
ppθp.q ´ pθpiqq

3

6

"

n
ř

i“1
ppθp.q ´ pθpiqq

2

*3{2

Bias corrected/accelerated percentile intervals have good
theoretical properties.
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Permutation tests

Permutation procedures utilize resampling to construct tests of
hypothesis without using parametric assumptions.

The sampling distribution of a (test) statistic is constructed
using resampling from the original data, but assuming the
structure implied by the null hypothesis.

Thus, unlike the bootstrap which retains the original data
structure during resampling, permutation tests impose a
hypothesis driven structure.
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Permutation tests: Example

Example (Mouse data)

Recall the mouse survival time data:

Control C pyq 52 104 146 10 50 31 40 27 46
Treatment T pzq 94 197 16 38 99 141 23

Suppose the null hypothesis is that there is no difference
between the survival time distributions in the two groups.
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Permutation tests: Example

Example (Mouse data)

We select a test statistic, T “ T pY,Zq, suitable for testing the
hypothesis; could use the two-sample t-statistic assuming
unequal variances:

T “
Y ´ Z

c

sY
nY

`
sZ
nZ

where sY and sZ are the unbiased sample variances. This
statistic is derived from the perspective of normal random
sampling, but the test itself will not rely on this assumption.

The sampling distribution of T under the null hypothesis, H0, is
computed by noting that, under H0, the labelling of a mouse as
being in the Control or Treatment group makes no difference to
their random survival time.
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Permutation tests: Example

Example (Mouse data)

Therefore, we compute the statistic for each of the possible
relabellings of the n “ nY ` nZ measurements consistent with
the original group sizes; that is, for relabelling j, we choose at
random without replacement nY measurements and denote
them ypjq, denote the remaining nZ measurements zpjq, and
compute the resulting relabelled statistic Tpjq.

When all N possible relabellings have been examined, we have
computed the statistics

tp1q, . . . , tpNq

which define the permutation distribution.
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Permutation tests: Example

Example (Mouse data)

The critical values for the test are defined via the empirical
distribution of

tp1q, . . . , tpNq

If t “ T py, zq is the observed test statistic for the original data,
then empirical probabilities

P0rTp˚q ď ts “
1

N

N
ÿ

j“1

1rtpjq,8qptq

can be used to define the p-value (achieved significance level) in
the two-tailed test as

P0rTp˚q ď ´|t|s ` P0rTp˚q ě |t|s
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Permutation tests: Computation

Evaluating all possible relabellings can be a computationally
demanding step; for the two-sample problem, the number of
relabellings is

N “

ˆ

n

nY

˙

For the mouse data, nY “ 9, nZ “ 7, so

N “

ˆ

16

9

˙

“ 11440

which is not too large.

If N gets too large, a fixed number of randomly chosen
relabellings can be generated in place of the exhaustive
calculation.

363



Permutation tests: Computation

If the permutations are randomly chosen, the procedure is
termed a Monte Carlo permutation (or Monte Carlo
randomization) procedure.

The choice of the Monte Carlo sample size depends on the
quantity being estimated.

In any case, the procedure is distribution-free, but is reliant on
being able to construct a suitable test statistic.
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Permutation tests: Example

Example (Mouse data)

Permutation p-value = 0.3068.  
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Permutation tests: Other statistics

The permutation procedure can be used

§ with other test statistics

§ tests for equality of variance
§ Kolmogorov-Smirnov

§ in more general data collection situations

§ inference in regression
§ ANOVA
§ discrete data (chi-squared test, Fisher’s Exact test)
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Permutation tests: Other statistics

Example (Mouse data)

Test statistic T “ logpsY {sZq: two-sided p-value 0.3156 
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Permutation tests: Other statistics

Example (Mouse data)

Kolmogorov-Smirnov test one-sided p-value 0.5727 (32 possible
values of tpjq.  
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Hypothesis testing: summary

In general, hypothesis testing can be carried out using the
bootstrap due to the connection between hypothesis testing and
confidence intervals.

That is, a p1 ´ αq% confidence interval for θ that contains those
θ0 values that, in light of the observed data and estimate pθ,
would NOT lead to the rejection of the null hypothesis

H0 : θ “ θ0

at significance level α.
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Part IV

Monte Carlo Methods

370



Monte Carlo: basic principles

The basic principles of Monte Carlo are based on simple ideas
from frequentist statistics:

§ Laws of large numbers: Suppose X1, . . . , Xn, . . . are
independent, identically distributed random variables.
Then, usually, as n ÝÑ 8,

1

n

n
ÿ

i“1

gpXiq
a.s.
ÝÝÑ
p

ErgpXqs

§ Ergodic Theorems: Under mild conditions on the joint
distribution of random variables X1, . . . , Xn, . . ., as
n ÝÑ 8,

1

n

n
ÿ

i“1

gpXiq
a.s.
ÝÝÑ
p

ErgpXqs
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Monte Carlo: basic principles

§ Central Limit Theorems: Under mild conditions on the
joint distribution of random variables X1, . . . , Xn, . . ., as
n ÝÑ 8,

an

˜

1

n

n
ÿ

i“1

gpXiq ´ bn

¸

d
ÝÑ N pµ, σ2q

for suitable choices of the sequences tanu and tbnu.

Essentially, standardized sums of random variables have
tractable long-run behaviour. For example, for a distribution
with finite second moment

X
p

ÝÑ ErXs
1

n

n
ÿ

i“1

X2
i

p
ÝÑ ErX2s

as n ÝÑ 8, and so on.
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Monte Carlo: basic principles

More explicitly, in the i.i.d. case,

1

n

n
ÿ

i“1

Xi
p

ÝÑ

ż

x dF pxq “

ż

xfpxq dx

where fpxq is the density of the X variables. Recall that

1

n

n
ÿ

i“1

xi “

ż

x d pFnpxq

where pFn is the empirical cdf.

In essence, Monte Carlo methods replace integrals with
respect to F by integrals with respect to pFn, and then rely on
the convergence of the latter to the former.
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Monte Carlo: basic principles

We consider approximating the integral

ż

gpxqppxq dx

for probability density ppxq by the sum

1

N

N
ÿ

i“1

gpxiq

where x1, . . . , xN are an i.i.d sample from p.

We need to establish

§ whether this approximation works

§ the accuracy of the approximation

§ how the samples from ppxq are obtained.
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Monte Carlo: Validity

The strong law of large numbers ensures that

1

N

N
ÿ

i“1

gpXiq
a.s.
ÝÑ ErgpXqs “

ż

gpxqppxq dx

provided the expectation ErgpXqs exists. Does this ever go
wrong ?

Consider computing

ż 1

0

1

x
sinp2π{xq dx

by sampling Xi „ Uniformp0, 1q, and then computing

1

N

N
ÿ

i“1

1

Xi
sinp2π{Xiq
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Monte Carlo: Validity

The integral can be computed as

ż 1

0

1

x
sinp2π{xq dx “

ż 8

1

sinp2πtq

t
dt

“

ż 8

0

sinptq

t
dt´

ż 2π

0

sinptq

t
dt

“ Sip8q ´ Sip2πq

where Sip.q is a special function (the sine integral) with
Sip8q “ π{2.

The numerical value of the integral is 0.1526.
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Monte Carlo: Validity

Run 1:
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Monte Carlo: Validity

Run 2:
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Monte Carlo: Validity

Occasional large values of

Yi “
1

Xi
sinp2π{Xiq

cause the Monte Carlo average to not converge as N gets large.

A sufficient condition for strong convergence is

ż

|gpxq|ppxq dx ă 8

which does not hold here.
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Monte Carlo Estimation: Statistical Properties

In situations where the Monte Carlo estimator

pIN pgq “
1

N

N
ÿ

i“1

gpXiq

of µpgq “ ErgpXqs does converge satisfactorily, and a central
limit theorem applies, we have that

?
NppIN pgq ´ µpgqq

d
ÝÑ N p0, V pgqq

where

V pgq “ VarrgpXqs “

ż

pgpxq ´ µpgqq2 ppxq dx

That is, the Monte Carlo estimator exhibits oP p
?
Nq

convergence.
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Monte Carlo Estimation: Example

Example (Normal Interval Probabilities)

Consider ppxq “ ϕpxq (standard Normal pdf), the function

gpxq “

#

0 x ď x0

1 x ą x0

for some fixed x0 ą 0, and the integral

ż 8

´8

gpxqppxq dx “ 1 ´ Φpx0q.

The integral is the tail probability from ordinate x0.
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Monte Carlo Estimation: Example

Example (Normal Interval Probabilities)

The Monte Carlo estimator is this case is

pIN pgq “
1

N

N
ÿ

i“1

gpXiq “
1

N

N
ÿ

i“1

1px0,8qpXiq

where X1, . . . , XN „ N p0, 1q, which has ErpIN pgqs “ 1 ´ Φpx0q,
and variance

Φpx0qp1 ´ Φpx0qq

N

which decreases with increasing x0. The variance estimate is

pIN pgqp1 ´ pIN pgqq

N

382



Monte Carlo Estimation: Example

Example (Normal Interval Probabilities)

A problem that occurs when x0 is large is finite sample bias; the
probability of obtaining no Xi ą x0, and thus an estimate
pIN pgq “ 0, is

p0 “ tΦpx0quN

which can remain large even for large N if x0 is large enough.

In the following table, N0 is N such that p0 “ 10´6:

x0 2 4 6 8 10 12

N0 6.00 ˆ 102 4.36 ˆ 105 1.40 ˆ 1010 2.21 ˆ 1016 1.81 ˆ 1024 7.77 ˆ 1033
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Monte Carlo Estimation: Example

Example (Mixture Integrand)

Consider

gpxq “ exp

"

´
1

2
px` 2.5q2

*

` 3 exp

"

´
1

2
px´ 2q2

*
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Monte Carlo Estimation: Example

Example (Mixture Integrand)

Plot of integrand gpxqppxq (solid) and ppxq (dashed):
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Monte Carlo Estimation: Example

Example (Mixture Integrand)
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Monte Carlo Estimation

Motivated by the deterministic approximation

ż

gpxqppxq dx l
k
ÿ

j“0

wjgpxjq

where weights are determined by ppxq, to minimize the error in
the approximation, it should be advantageous to choose design
points x0, . . . , xk where g is largest.

In a Monte Carlo setting, it seems clear that the estimator will
converge more quickly and have lower variance for finite N
when ppxq generates points in regions where gpxq is large in
magnitude.
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Importance sampling

The identity

ż

gpxqppxq dx “

ż

gpxqppxq
p0pxq

p0pxq
dx “

ż

gpxqppxq

p0pxq
p0pxq dx

where p0 is a probability density with support including the
support of p, demonstrates that

EprgpXqs “ Ep0

„

gpXqppXq

p0pXq

ȷ

so that an estimator of the LHS is

pI
pp0q

N pgq “
1

N

N
ÿ

i“1

gpXiqppXiq

p0pXiq

where X1, . . . , XN „ p0p.q.
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Importance sampling

pI
pp0q

N is termed the importance sampling estimator.

p0 is termed the importance sampling density. By careful choice
of p0, the estimator can have better performance than the
Monte Carlo estimator in finite samples.

Note that

pI
pp0q

N pgq “
1

N

N
ÿ

i“1

ppXiq

p0pXiq
gpXiq “

1

N

N
ÿ

i“1

w0pXiqgpXiq

say, where

w0pXiq “
ppXiq

p0pXiq

is the importance sampling weight.
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Importance sampling

Note that

Ep0

„

ppXq

p0pXq

ȷ

“

ż

ppxq dx “ 1

so

E

«

1

N

N
ÿ

i“1

w0pXiq

ff

“ 1

although for any realization

1

N

N
ÿ

i“1

w0pXiq ‰ 1

in general.
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Importance sampling: Example

Example (Normal tail probability)

Consider the Monte Carlo estimation of
ż 8

x0

ϕpxq dx “ 1 ´ Φpx0q

For x0 large, the Monte Carlo estimator is prone to finite
sample bias.

For x0 “ 4, 1 ´ Φpx0q “ 3.167 ˆ 10´5, and the probability of
getting pIN “ 0 for N “ 100000 is

tΦpx0qu100000 “ 0.0421
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Importance sampling: Example

Example (Normal tail probability)

Monte Carlo estimate pIN pgq of 1 ´ Φpx0q, with x0 “ 4:
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Importance sampling: Example

Example (Normal tail probability)

Consider using the importance sampling density

p0pxq “ λ expt´λpx´ x0qu x ą x0

This density has support identical to the tail region of interest,
so in the importance sampling estimator, we have

pI
pp0q

N “
1

N

N
ÿ

i“1

gpXiqppXiq

p0pXiq
“

1

Nλ

N
ÿ

i“1

ϕpXiq exptλpXi ´ x0qu

as gpXiq “ 1 for all variates sampled from p0.
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Importance sampling: Example

Example (Normal tail probability)

IS estimate pI
pp0q

N pgq (dotted) for λ “ 10
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Importance sampling: Example

Example (Normal tail probability)

IS estimate pI
pp0q

N pgq (dotted) for λ “ 100
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Importance sampling: Example

Example (Normal tail probability)

Consider using the importance sampling density p0pxq ” tp5q,
the Student-t density with five degrees of freedom.

A similar importance sampling estimator can be defined for this
density; in this case, the tail-region indicator function

gpxq “

#

0 x ď x0

1 x ą x0

must be included in the computation of pI
pp0q

N pgq.
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Importance sampling: Example

Example (Normal tail probability)

IS estimate pI
pp0q

N pgq (dotted) for p0 ” tp5q

0e+00 2e+05 4e+05 6e+05 8e+05 1e+06

0.
00

00
0

0.
00

00
2

0.
00

00
4

0.
00

00
6

0.
00

00
8

0.
00

01
0

0.
00

01
2

N
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Optimal Importance Sampling

There are many possible choices for the importance sampling
density p0. We now seek guidelines for choosing p0 optimally.

Note first that the variance of pI
pp0q

N pgq is finite if and only if

gpXqppXq

p0pXq

has finite variance, that is, if and only if

Ep0

«

"

gpXqppXq

p0pXq

*2
ff

“

ż 8

´8

"

gpxqppxq

p0pxq

*2

p0pxq dx

is finite.

398



Optimal Importance Sampling

This equates to
ż 8

´8

tgpxqppxqu
2

p0pxq
dx

being finite. Note also that

Ep0

«

"

gpXqppXq

p0pXq

*2
ff

“ Ep

„

tgpXqu
2 ppXq

p0pXq

ȷ

Now, if ppxq{p0pxq is unbounded on the support of p, then

these expectations, and the variance of pI
pp0q

N pgq, are not finite.

Therefore, for p with unbounded support, we must ensure that
ppxq{p0pxq stays bounded on R, particularly in the tails.
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Optimal Importance Sampling

To optimize the importance sampling procedure, we inspect the
variance of the IS estimator. We have that

Varp0
„

gpXqppXq

p0pXq

ȷ

“ Ep0

«

"

gpXqppXq

p0pXq

*2
ff

´

"

Ep0

„

gpXqppXq

p0pXq

ȷ*2

.

But

Ep0

„

gpXqppXq

p0pXq

ȷ

“ Ep rgpXqs

does not depend on p0, so to minimize the variance, we must
minimize the first term. Note that

Ep0

«

"

gpXqppXq

p0pXq

*2
ff

ě

"

Ep0

„

|gpXq|ppXq

p0pXq

ȷ*2

“

"
ż

|gpxq|ppxq dx

*2

by Jensen’s inequality. 400



Optimal Importance Sampling

This is a lower bound on the variance of the estimator which is
independent of p0. By the logic of Jensen’s inequality, the
inequality becomes an equality when

|gpxq|ppxq

p0pxq

is a constant, that is, when

p0pxq9|gpxq|ppxq

that is,

p0pxq “
|gpxq|ppxq

ż

|gpuq|ppuq du

.

This is an infeasible choice, as we do not know the denominator.
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Optimal Importance Sampling

Note that, in general, if X1, . . . , XN , . . . „ p0, then

1

N

N
ÿ

i“1

ppXiq

p0pXiq

a.s.
ÝÑ

ż 8

´8

ppxq

p0pxq
p0pxq dx “ 1

so therefore

rI
pp0q

N pgq “

N
ÿ

i“1

gpXiqppXiq

p0pXiq

N
ÿ

i“1

ppXiq

p0pXiq

a.s.
ÝÑ ErgpXqs

also, if the expectation exists. For finite N , this estimator
rI

pp0q

N pgq is biased, but asymptotically unbiased. It may have

smaller variance than pI
pp0q

N pgq
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Optimal Importance Sampling

It seems appealing to combine this with the optimality result.
The estimator

rI
pp0q

N pgq “

N
ÿ

i“1

gpXiqppXiq

p0pXiq

N
ÿ

i“1

ppXiq

p0pXiq

“

N
ÿ

i“1

gpXiq

|gpXiq|

N
ÿ

i“1

1

|gpXiq|

is feasible. When gp.q is positive

rI
pp0q

N pgq “
N

N
ÿ

i“1

1

gpXiq

that is, the harmonic mean estimator. Unfortunately, this
estimator often has poor properties.
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Optimal Importance Sampling

However, to get as close to the variance bound as possible, a
sensible objective is to choose p0 so that

|gpxq|ppxq

p0pxq

is almost constant, such that the variance is finite.

This suggests designing p0 to have high density whenever the
original integrand |gpxq|ppxq is large, subject to the constraint

ppxq

p0pxq
ă M or Ep

„

ppXq

p0pXq

ȷ

ă M

for some finite bound M .
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Monte Carlo and Importance Sampling in Higher
Dimensions

All of the previous results carry across to the case where the
target integral is an integral in dimension higher than one.

§ gpxq is a scalar function of vector argument x,

§ ppxq and p0pxq are multivariate densities.

In higher dimensions, in general, many more random samples
are needed to obtain sufficient accuracy than in the univariate
case.
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Random number generation

Monte Carlo and Importance sampling both require ready
access to random samples from univariate or multivariate
distributions.

There are many straightforward techniques available to obtain
random samples from standard distributions once a random
sample of Uniform random variables is available:

§ CDF inversion: If U „ Uniformp0, 1q, and FX is a cdf
with inverse F´1

X , then

X “ F´1
X pUq „ FX

(the probability integral transform). If FX is discrete, define

F´1
X puq “ maxtx : FXpxq ď uu
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Random number generation

§ Transformation:

§ Exponential, Gamma, Beta
§ Normal

§ Box-Müller
§ Polar Marsaglia

§ Student, Fisher, Multivariate Normal

§ Summation: The distribution of sums of independent
identically distributed random variables.

R has many random number generation tools for standard
distributions.
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Uniform random number generation

Generation of truly random uniform variates mechanically is
reasonably challenging. All statistical packages rely on
pseudo-random uniform generation:

§ sequences tunu that are generated by some deterministic
mechanism, but that appear to be random even under
severe statistical testing.

Pseudo-random number generators are typically built on
deterministic equations of the form

un`1 “ hpu1, . . . , unq

constructed to that un`1 is apparently not predictable from
previous elements.
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Congruential Generators

A (linear) congruential generator takes the form

un`1 “ aun ` b mod c

for integers a, b, c, where 0 ă a ă c and 0 ď b ă c. The
initialization of the sequence is achieved by setting the seed u0,
0 ď u0 ă c. The recursion generates integers on t0, 1, . . . , c´ 1u,
which can be transformed into uniform random variates by
rescaling.

Care is needed in the choice of the constants, but provided

§ a and b are coprime,

§ a´ 1 is divisible by all prime factors of c

§ a´ 1 is a multiple of 4 if c is a multiple of 4.

the generator has full cycle length c. Typically c “ 232 is chosen.

409



Congruential Generators: defects

Congruential generators can perform adequately, but also have
known defects. They are principally favoured because of
simplicity of computation.

Most obviously, the generated points can be shown to exhibit
specific forms of serial dependence. For examples, certain
subsequences of points can be demonstrated to lie on a
hyperplanes (and hence be predictable).

Predictability is an undesirable property for randomness, but
may not be too problematic in Monte Carlo for certain integrals.
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Recursion/shift Generators

More recently, vector recursion generators have superseded
congruential generators. These algorithms take linear (matrix)
combinations of current vectors to produce new vectors in the
sequence.

The most widely used shift generator is the Mersenne Twister,
which is the default in R, which has a cycle length of

219937 ´ 1.

It produces very reliable uniform pseudo-random variates that
are virtually indistinguishable from truly random numbers.
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Rejection sampling

Suppose that we wish to sample from an arbitrary density ppxq,
but this is not straightforward directly. Suppose instead we
have easy access to variates from the density p0pxq, where

ppxq

p0pxq
ă M for all x

Then the following algorithm produces variates from p:

1. generate x from p0

2. generate u from Uniformp0, 1q

3. if

u ď
ppxq

Mp0pxq

accept x as a variate from p; if this inequality is not met,
return to 1.
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Rejection sampling

This is the rejection sampling (or accept-reject) algorithm. The
density p0 is the proposal density.

It works for any bound M , but is most efficient (has fewest
rejections) when M is as small as possible, for example, if

M “ sup
x

ppxq

p0pxq

If ppxq is bounded, and has support which is a bounded subset
X of R, then p0 can be chosen to be the Uniform density on X ,
although this is not necessarily the optimal choice.
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Rejection sampling: Efficiency

Note that

PrX is accepteds “ P
„

U ď
ppXq

Mp0pXq

ȷ

“

ż 8

´8

#

ż ppxq{pMp0pxqq

0
du

+

p0pxq dx

“

ż 8

´8

ppxq

Mp0pxq
p0pxq dx

“
1

M

ż 8

´8

ppxq dx “
1

M

so ideally M should be as small as possible.
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Rejection sampling: Efficiency

Note also neither p nor p0 need to be normalized for this
algorithm to be valid:

§ If ppxq “ mgpxq and p0pxq “ m0g0pxq, then

ppxq

p0pxq
“

m

m0

gpxq

g0pxq
ă M

or
gpxq

g0pxq
ă M 1 “

mM

m0

is the rejection sampling bound.

§ We proceed by bounding gpxq{g0pxq.

§ The acceptance probability is now indeterminate, however,
by monitoring the empirical acceptance rate, an estimate of
m{m0 can be obtained.
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Rejection sampling

Example (Normal mixture)

Consider sampling from the normal mixture

ppxq “
1

4
ϕpx` 2q `

3

4
ϕpx´ 1q

where ϕp.q is the standard normal pdf. Consider rejection
sampling from this density using

p0pxq “
1

σ
ϕ

ˆ

x´ 1

σ

˙

for some variance σ2.
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Rejection sampling

Example (Normal mixture)

Target ppxq (solid) and p0pxq (dashed) with σ “ 2.5.
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Rejection sampling

Example (Normal mixture)

ppxq{p0pxq maximized at x “ 0.9863, yielding M “ 1.8821:
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Rejection sampling

Example (Normal mixture)

ppxq bounded by Mp0pxq:
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Rejection sampling

If x is a variate from p0, then p0pxq is the value of the density
at that variate, and Mp0pxq is the scaled version. Consider a
vertical slice at x which is the line segment

px, 0q ÝÑ p0,Mp0pxqq

By assumption ppxq ď Mp0pxq. If u is simulated from
Uniformp0, 1q, then uMp0pxq is the random portion of the
vertical slice, and if

ppxq ď uMp0pxq

then ppxq is below the random point on the line segment, and
hence is rejected.
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Rejection sampling

Example (Normal mixture)

−2 −1 0 1 2

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

x

D
en

si
ty

421



Rejection sampling

Example (Normal mixture)
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Rejection sampling

Example (Normal mixture)
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Rejection sampling

Example (Normal mixture)
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Rejection sampling

Example (Normal mixture)
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Rejection sampling

Example (Normal mixture)

53078 out of 100000 points accepted (1{M “ 0.5313).
Accepted Points

x

F
re

qu
en

cy

−6 −4 −2 0 2 4 6

0
10

00
20

00
30

00
40

00

426



Rejection sampling

Notes:

§ The acceptance rate is 1 if p0pxq ” ppxq.

§ If p0pxq resembles ppxq, then the acceptance rate will be
high.

§ The maximization of ppxq{p0pxq can be done numerically.

§ The extension to the multivariate case is straightforward

§ The proposal density can be constructed adaptively ;
whenever a point is rejected, it is used to update the
proposal function.
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Adaptive Rejection sampling

If ppxq is log-concave (that is log ppxq is concave), then adaptive
rejection sampling constructs an adaptive proposal density
using rejected points.

Even when a point x is rejected, ppxq is computed, and this
information is useful improving p0.

For example, consider sampling from Gammapα, 1q for
noninteger α ą 0. We have

log ppxq “ const. ` pα ´ 1q log x´ x

which is concave, as the second derivative is negative.
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Adaptive Rejection sampling

The proposal function p0pxq can be taken as Exponentialp1{2q;
in this case

ppxq

p0pxq
“

2

Γpαq
xα´1e´x{2

which achieves its unique maximum at

xmax “ 2pα ´ 1q

Thus rejection sampling can be carried out using this p0.
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Adaptive Rejection sampling

However, the Exponentialp1{2q distribution is potentially
inefficient
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Adaptive Rejection sampling

However, the Exponentialp1{2q distribution is potentially
inefficient
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Adaptive Rejection sampling

In this problem

M “
2

Γpαq
xα´1
maxe

´xmax{2

so acceptance rate is the reciprocal of this

α 1 2 3 4 5 6 7 8

1{M 0.5000 0.6796 0.4618 0.2790 0.1600 0.0890 0.0486 0.0262

For large α, the acceptance rate becomes very small.
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Adaptive Rejection sampling

Adaptive rejection sampling proceeds by adapting the squeezing
method. Suppose that there exists a function lpxq such that

lpxq ď ppxq ď Mp0pxq.

Then the following algorithm generates a variate from ppxq:

1. Generate x from p0, and u from Uniformp0, 1q

2. Accept x if u ď lpxq{pMp0pxqq and stop.

3. Accept x if u ď ppxq{pMp0pxqq and stop.

4. Return to 1.

The function lp.q provides a screening mechanism.
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Adaptive Rejection sampling

For an adaptive version for log-concave densities, suppose that
px0, . . . , xn`1q is an ordered set of points at which yi “ log ppxiq
has been evaluated for each i. For a log-concave density, the
line segment

Li,i`1pxq : pxi, yiq ÝÑ pxi`1, yi`1q

for xi ď x ď xi`1 is below log ppxq on pxi, xi`1q, and above
log ppxq on the rest of the range.
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Adaptive Rejection sampling
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Adaptive Rejection sampling
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Adaptive Rejection sampling

Therefore, consider the squeezing envelope defined piecewise on
the support of ppxq. For xi ď x ď xi`1

Lower : lnpxq “ Li,i`1pxq

Upper : unpxq “ mintLi´1,ipxq, Li`1,i`2pxqu

where, for each i

Li,i`1pxq “ yi `

ˆ

yi`1 ´ yi
xi`1 ´ xi

˙

px´ xiq

Take

lnpxq “ ´8 unpxq “ mintL0,1pxq, Ln,n`1pxqu

for x outside of px0, xn`1q.
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Adaptive Rejection sampling

The scheme needs initialization; usually two function
evaluations at x values either side of the mode are sufficient.

The lower bound lnpxq and upper bound unpxq yield the
following bounds on exponentiation

exptlnpxqu ď ppxq ď exptunpxqu “ Mnp0npxq

say, where Mn is a scaling constant such that p0npxq is a density
function

p0npxq “

n
ř

i“0
exptmix` ciu1rxi,xi`1spxq

n
ř

i“0

ż 8

´8

exptmit` ciu1pxi,xi`1qptq dt
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Adaptive Rejection sampling

Log-density:
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Adaptive Rejection sampling

Lower Envelope
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Adaptive Rejection sampling

Upper envelope (part 1):
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Adaptive Rejection sampling

Upper envelope (part 2):
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Adaptive Rejection sampling

Lower and Upper envelopes:
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Adaptive Rejection sampling

Lower and Upper envelopes: original scale:
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Adaptive Rejection sampling

This p0npxq can be sampled directly by cdf inversion. The
algorithm is therefore

1. Generate x from pn0, and u from Uniformp0, 1q

2. Accept x if u ď exptlnpxqu{pMnp0npxqq, and go to 4.

3. Accept x if u ď ppxq{pMnp0npxqq and go to 4.

4. Update pn0 by updating the lower and upper envelopes
taking into account the x and the function value ppxq, and
return to 1.

Every time a point is accepted or rejected, the envelopes are
potentially updated; the updating only changes the envelopes
locally, the intervals surrounding the location of the rejected
points.

445



Rejection sampling and Importance sampling

There is obviously a clear connection between rejection
sampling and importance sampling

§ both rely on choosing a suitable p0pxq

§ the boundedness of the ratio ppxq{p0pxq is crucial in the
construction of the procedure

The difference is that rejection sampling produces i.i.d. samples
from ppxq, whereas importance sampling approximates
numerical integration with respect to ppxq.
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Sampling Importance Resampling

Sampling Importance Resampling (SIR) can be used to sample
(approximately) from density ppxq by re-weighting and then
resampling samples from p0pxq:

1. Generate variates x1, . . . , xN from p0.

2. Compute renormalized weights w1, . . . , wN given by

wi “
ppxiq{p0pxiq

N
ř

j“1
pppxiq{p0pxiqq

i “ 1, . . . , N.

3. Resample yi from the discrete distribution on tx1, . . . , xNu

with masses tw1, . . . , wNu.
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Sampling Importance Resampling

Returning to the previous example: suppose

ppxq “
1

4
ϕ px` 2.5q `

3

4
ϕ px´ 1q

p0pxq “ ϕ px{σq

for some σ ą 0.

Choosing σ poorly can disrupt the performance of the SIR
algorithm.

§ need to ensure there are samples in the tails of ppxq.
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Sampling Importance Resampling

SIR with σ “ 2 (N “ 100000, 2000 resampled points):
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Sampling Importance Resampling

SIR with σ “ 1 (N “ 100000, 2000 resampled points):
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Sampling Importance Resampling

SIR with σ “ 0.5 (N “ 100000, 2000 resampled points):
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Variance Reduction: Antithetic Variables

Suppose that the integral

I “

ż

gpxqppxq dx

is to be estimated via Monte Carlo. The usual estimator

pIN pgq “
1

N

N
ÿ

i“1

gpXiq,

with X1, . . . , XN i.i.d. from p, has variance

VarrgpXqs

N

We aim to reduce this variance.
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Variance Reduction: Antithetic Variables

Consider the estimator

qINA
pgq “

1

2NA

NA
ÿ

i“1

rgpXiq ` gpYiqs ,

where pairs pX1, Y1q, . . . , pXNA
, YNA

q are i.i.d. from some
bivariate distribution with identical marginal distribution p,
and 2NA “ N .

The variance of this estimator is

VarrgpXqs

2NA
`

CovrgpXq, gpY qs

2NA

Therefore if CovrgpXq, gpY qs is negative, this variance is
smaller than the usual Monte Carlo variance. This is termed
the method of antithetic variables.
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Variance Reduction: Antithetic Variables

Example (Bivariate Normal)

Suppose pX,Y qJ „ N2pµ1J,Σq, with variances 1 and

CovrX,Y s “ ρ

In the estimation of µ by Monte Carlo, the relative variances of
the Monte Carlo and Antithetic Variable estimators is

VarrXs

VarrXs ` CovrX,Y s
“

1

1 ´ ρ

Thus there is automatic variance reduction for the same total
simulation size.

There is a slight computation overhead in computing qINA
pgq.
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Variance Reduction: Control Variates

Suppose

Ipgq “

ż

gpxqppxq dx

with Monte Carlo estimator pIN pgq. Consider an adjusted Monte
Carlo estimator of Ipgq

pIN pg; g0, λq “ pIN pgq ` λppIN pg0q ´ Ipg0qq

for some function g0, where pIN pg0q is an unbiased estimator of
Ipg0q, and λ is some real constant. This estimator is unbiased
for Ipgq, and has variance

VarrpIN pgqs ` λ2VarrpIN pg0qs ` 2λCovrpIN pgq, pIN pg0qs
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Variance Reduction: Control Variates

Therefore, choosing

λ “ ´
CovrpIN pgq, pIN pg0qs

VarrpIN pg0qs

yields the variance of pIN pg; g0, λq as

p1 ´ CorrrpIN pgq, pIN pg0qs2qVarrpIN pgqs ď VarrpIN pgqs

This optimal choice of λ yields the maximum possible reduction
for a given g0, but requires knowledge of the sign of the
covariance value.

In practice, the sign of λ can be assessed by regressing gpxiq on
g0pxiq.
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Variance Reduction: Control Variates

Example (Normal tail probability)

Consider

Ipgq “

ż 8

´8

gpxqppxq dx “

ż 8

x0

ϕpxq dx “ PrX ą x0s

Consider
g0pxq “ 1p0,8qpxq

so that Ipg0q “ 1{2. We examine the variance of the estimator

1

N

N
ÿ

i“1

1px0,8qpXiq ` λ

˜

1

N

N
ÿ

i“1

1p0,8qpXiq ´
1

2

¸

relative to the Monte Carlo estimator pIN pgq.
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Variance Reduction: Control Variates

Example (Normal tail probability)

Relative variance for varying λ: x0 “ 2.5, N “ 20000.
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Variance Reduction: Control Variates

Example (Normal tail probability)

The best choice seems to be λ « ´0.008.

In this case, finite sample bias might be exhibited. Therefore we
also examine mean-square error (MSE)

MSEpλq “ ErpIpgq ´ pIN pg; g0, λqq2s

We see that the MSE is also lowest when λ « ´0.008, indicating
that if there is finite sample bias, it is relatively insignificant.
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Variance Reduction: Control Variates

Example (Normal tail probability)

MSE for varying λ: x0 “ 2.5, N “ 20000.
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Markov chain Monte Carlo

Generating variates from a probability distribution ppxq is not
straightforward when

§ x is high-dimensional (but not Gaussian),

§ ppxq is of non-standard form.

These difficulties occur often (but not exclusively) in Bayesian
inference.

We seek a way of simulating from ppxq in this situation.
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A brief introduction to Markov chains

A Markov chain is a countable sequence of random variables,
tXtu, for which

PrXt P B|X1 “ x1, . . . , Xt´1 “ xt´1s “ PrXt P B|Xt´1 “ xt´1s

that is, Xt is conditionally independent of X0, . . . , Xt´2 given
Xt´1.

In the simplest case, the tXtu takes values on the finite
(discrete) state space

SX “ ts1, . . . , sdu

and the chain is homogeneous, that is, the stochastic properties
of tXtu do not change with time.
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A brief introduction to Markov chains

A homogeneous, discrete state-space Markov chain is
characterized by its initial state X0, and its transition matrix
P , a dˆ d stochastic matrix whose rows sum to one, such that

Pij “ PrXt “ sj |Xt´1 “ sis

describes the entire set of one-step ahead conditional
probabilities. Denote by

pijpkq “ PrXt0`k “ sj |Xt0 “ sis

the k-step ahead probabilities. Note that if P pkq is the matrix
of k-step ahead transition probabilities, then

P pkq “ P k
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A brief introduction to Markov chains

The properties of the chain depend on P . The chain is

§ irreducible if pijpkq ą 0, for all i, j, and at least one k.

§ aperiodic if all states have period 1: that is, for each i,
returns to state i can occur after any number of steps. The
period of state i is defined as the greatest common divisor
of the set of possible return times, R,

R “ tr : PrXr “ si|X0 “ sis ą 0u

§ recurrent if all states are recurrent, that is, the probability
of returning to each state in a finite number of steps is
positive. Let Ti “ inftk : Xk “ i|X0 “ iu. State i is
recurrent if and only if

PrTi “ 8s “ 0

and transient otherwise. If ErTis ă 8, state i is termed
positive recurrent, otherwise it is termed null recurrent. 464



A brief introduction to Markov chains

The stationary or equilibrium distribution, π, of a homogeneous
Markov chain is the 1 ˆ d vector of probabilities such that

π “ πP

that is, for each i,
πi “

ÿ

j

πjPji

An irreducible chain has a stationary distribution if and only if
all of its states are positive recurrent, in which case π is unique.
Given P , π can be computed as

lim
kÝÑ8

P k “ 1π.

where 1 is the dˆ 1 vector of 1s. A matrix P with the
stationary distribution π can be computed by solving the
system of equations π “ πP .
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A brief introduction to Markov chains

Key aspects of the stationary distribution are that

(a) As the k-step ahead probability matrix P k converges to a
matrix with d identical rows, the Markov chain can
eventually “forget” its initial value X0.

(b) Realizations of tXtu exhibit statistical properties that
demonstrate (strong) convergence to the stationary
distribution, that is, for i “ 1, . . . , d,

lim
nÝÑ8

n
ř

k“1

1tsiupXkq

n
“ πi
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A brief introduction to Markov chains

A homogeneous Markov chain with stationary distribution π is
reversible if

πiPij “ πjPji

for all states i and j. This is also termed the detailed balance
condition.

Note that if this equation holds for a specified π, then this
implies that the P has been specified so as to have stationary
distribution π.
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Discrete Markov chains

Note that the tXtu are dependent random variables, so the
standard frequentist asymptotic laws do not directly apply.

However, the ergodic theorem applies for irreducible, aperiodic
and positive recurrent Markov chains, in particular

1

N

N
ÿ

t“1

gpXtq
a.s.
ÝÑ EπrgpXqs

for all bounded functions g, provided

Eπr|gpXq|s ă 8
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Discrete Markov chains

A Central Limit Theorem result also holds under mild
regularity conditions, specifically,

?
N

˜

1

N

N
ÿ

t“1

gpXtq ´ EπrgpXqs

¸

d
ÝÑ N p0, σ2pgqq

where

σ2pgq “ VarπrgpX0qs ` 2
8
ÿ

t“1

CovπrgpX0q, gpXtqs.
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Discrete Markov chain: example

Example (d “ 2)

Consider d “ 2, with

P “

„

0.3 0.7
0.9 0.1

ȷ

Then π “ p9{16, 7{16q. Here

π1P12 “
9

16
ˆ

7

10
“

63

160
π2P21 “

7

16
ˆ

9

10
“

63

160

so this chain is reversible.
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Discrete Markov chain: example

Example (d “ 2)

Sample average relative frequency of being in state 2 over 10000
steps.
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Constructing reversible chains

In the 2 ˆ 2, for a reversible chain, we require

π1P12 “ p1 ´ π1qP21

Suppose

P12 “ min

"

1,
1 ´ π1
π1

*

P21 “ min

"

1,
π1

1 ´ π1

*

Then

π1P12 “ π1min

"

1,
1 ´ π1
π1

*

“ min tπ1, 1 ´ π1u “ min t1 ´ π1, π1u

“ p1 ´ π1qmin

"

1,
π1

1 ´ π1

*

“ p1 ´ π1qP21
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Constructing reversible chains

The above Markov chain we can think of as acting as follows:

§ If Xt “ 1: propose setting Xt`1 “ 2, but only accept this
move with probability

min

"

1,
1 ´ π1
π1

*

otherwise set Xt`1 “ 1.

§ If Xt “ 2: propose setting Xt`1 “ 1, but only accept this
move with probability

min

"

1,
π1

1 ´ π1

*

otherwise set Xt`1 “ 2.
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Constructing reversible chains

A generalization of this approach is as follows:

§ If Xt “ 1, simulate Zt on the set t1, 2u with probabilities
pq11, q12q.

§ If Xt “ 2, simulate Zt on the set t1, 2u with probabilities
pq21, q22q.
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Constructing reversible chains

§ If Xt “ 1, if Zt “ 2, set Xt`1 “ Zt “ 2 with probability

α12 “ min

"

1,
π2
π1

q21
q12

*

otherwise set Xt`1 “ Xt “ 1.

§ If Xt “ 2, if Zt “ 1, set Xt`1 “ Zt “ 1 with probability

α21 “ min

"

1,
π1
π2

q12
q21

*

otherwise set Xt`1 “ Xt “ 2.
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Constructing reversible chains

In this case, we have the transition probabilities given as
follows:

P12 “ PrXt`1 “ 2|Xt “ 1s “ q12α12

P21 “ PrXt`1 “ 1|Xt “ 2s “ q21α21

to therefore

π1P12 “ π1q12α12 “ π1q12min

"

1,
π2
π1

q21
q12

*

“ min tπ1q12, π2q21u

π2P21 “ π2q21α21 “ π2q21min

"

1,
π1
π2

q12
q21

*

“ min tπ2q21, π1q12u

and
π1P12 “ π2P21.
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Constructing reversible chains

This allows the generalization to the more general discrete state
space t1, 2, . . . , d, . . .u. Suppose that π is an arbitrary discrete
distribution. Let matrix Q define the proposal probabilities

rQsij “ PrZt “ j|Xt “ is

Define the acceptance probabilities

αij “ min

"

1,
πj
πi

qji
qij

*

If Xt “ i, set Xt`1 “ Zt “ j with probability αij . Otherwise set
Xt`1 “ Xt “ i.
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Constructing reversible chains

This Markov chain satisfies detailed balance

πiPij “ πjPji for all i, j

provided it is irreducible, aperiodic and positive recurrent.

Note that the rows of Q must sum to 1 as

8
ÿ

j“1

PrZt “ j|Xt “ is “ 1

so Q defines a stochastic proposal (or transition) matrix.
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Constructing reversible chains: example

Example (Poisson distribution)

Suppose, for λ ą 0,

πi “
e´λλi

i!
i “ 0, 1, 2, . . . .

Suppose

qij “

$

’

’

&

’

’

%

1 i “ 0, j “ 1

1
2 i ě 1, j “ i´ 1, i` 1

0 otherwise

That is, Zt is proposed uniformly on the finite set
txt ´ 1, xt ` 1u, unless Xt “ 0, in which case Zt “ 1 is proposed.
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Constructing reversible chains: example

Example (Poisson distribution)

First 200 steps of the chain starting at X0 “ 0 with λ “ 2.5.
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Constructing reversible chains: example

Example (Poisson distribution)

Histogram of states visited over N “ 10000 steps (with true
values (+))  
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Constructing reversible chains: example

Example (Poisson distribution)

Relative frequencies (pπi) of states visited over N “ 10000 steps,
with true Poisson probabilities (πi).

i 0 1 2 3 4 5

pπi 0.0830 0.2005 0.2491 0.2140 0.1351 0.0703
πi 0.0821 0.2052 0.2565 0.2138 0.1336 0.0668

i 6 7 8 9 10 11

pπi 0.0319 0.0119 0.0027 0.0008 0.0005 0.0002
πi 0.0278 0.0099 0.0031 0.0009 0.0002 0.0000
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Constructing reversible chains: example

Example (Poisson distribution)

To measure convergence, we can use the Total Variation
distance. For two mass functions f1pxq and f2pxq, we compute

dTV pf1, f2q “
1

2

ÿ

x

|f1pxq ´ f2pxq|

Here we take f1 to be the true Poisson mass function π, and f2
to be the estimated mass function pπ.

We monitor this distance as N increases.
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Constructing reversible chains: example

Example (Poisson distribution)

dTV pπ, pπq as N increases.

0 2000 4000 6000 8000 10000

0.
0

0.
1

0.
2

0.
3

0.
4

N

T
V

484



Measuring convergence

Note: For continuous densities (defined with respect to
Lebesgue measure) the total variation distance is given by

dTV pf1, f2q “
1

2

ż

|f1pxq ´ f2pxq| dx

In general, the total variation distance dTV pf1, f2q can be hard
to compute.
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Measuring convergence

Recall the relationship between dTV pf1, f2q and the Hellinger
distance dHpf1, f2q

dHpf1, f2q “

d

ÿ

x

´

a

f1pxq ´
a

f2pxq

¯2

that is,
1

2
d2Hpf1, f2q ď dTV pf1, f2q ď dHpf1, f2q

These inequalities also hold in the continuous case. Note that

dTV pf1, f2q ÝÑ 0 ðñ dHpf1, f2q ÝÑ 0.

The Hellinger distance is sometimes easier to compute.
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Discrete Markov chains: Recap

For an arbitrary discrete distribution, π, we can now construct
a Markov chain that has π as its stationary distribution, and
can produce dependent samples from the π by running the
Markov chain and collecting the generated states.

§ specify the stochastic matrix Q

§ initialize the chain by setting X0

§ for each t, if Xt “ i, use the ith row of Q as a discrete
distribution for proposing Zt

§ If Zt “ j, accept Xt`1 “ j with probability αij

αij “ min

"

1,
πj
πi

qji
qij

*

otherwise set Xt`1 “ Xt “ i.
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Continuous State-Space Markov Chains

The theory above extends (reasonably straightforwardly) to
continuous state spaces, that is, the countable state set
ts1, ..., sdu is replaced by a continuum of possible values, X.

In this case, instead of having a transition matrix, we have a
transition kernel

P px,Bq “

ż

B
P px, zq dz

P px,Bq determines the probability of making the transition
from current value x into the set B Ă X in any given step.
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Continuous State-Space Markov Chains

We retain the discrete time nature of the Markov chain, and
again consider outcome sequences tx1, x2, ..., xn, ...uq.

Transitions are implemented using a transition density

P px, zq ” P px Ñ zq

which specifies a conditional probability density in z, given the
current value x, for x, z P X.
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Continuous State-Space Markov Chains

By analogy with the discrete case, the stationary distribution π
for the continuous state space chain must satisfy

πpxq “

ż

P pz, xqπpzq dz

A reversible chain must satisfy detailed balance

πpxqP px, zq “ πpzqP pz, xq

for all x and z. Given P , we can in theory solve for π.

In the context of sampling from probability distributions, we
wish to specify π, and then find a P such that its equilibrium
distribution is π.
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The Metropolis-Hastings Algorithm

We attempt to mimic the construction of a Markov chain with
stationary distribution π used in the discrete case.

Let Q be any proposal (transition) kernel suitable for moving
(exhaustively) around X, with associated transition density q
such that

q pz, xq “ qpz ÝÑ xq ą 0

for all x, z.

In fact, this can be relaxed to the condition that requires
Qn px, zq ą 0 for all x, z P X, separated by n steps in the chain).
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The Metropolis-Hastings Algorithm

Then, for z ‰ x, define

P px, zq “ q px, zqα px, zq

where

α px, zq “ min

"

1,
π pzq

π pxq

q pz, xq

q px, zq

*

defines an acceptance probability for the move from x to z.
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The Metropolis-Hastings Algorithm

Under this transition kernel or density P with transition
density if the current state of the chain at step n is Xn “ x,
then the next value of the chain is either

§ a new value Xn`1 “ z, generated from the conditional
density q px, zq,

§ or the current value Xn`1 “ x.

The value z the proposed or candidate state.

Thus, starting from the nth step when xn “ x, we have the
following algorithm for implementing the continuous state space
Markov chain:
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The Metropolis-Hastings Algorithm

1. Generate candidate z from the conditional density q p., .q
given x

2. Compute α px, zq

3. Generate u from Uniform p0, 1q

§ if u ď α px, zq, accept the move to z and set Xn`1 “ z
§ if u ą α px, zq, reject the move to z and set Xn`1 “ x

4. Return to 1 to generate Xn`2

and so on.

This is the Metropolis-Hastings algorithm
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The Metropolis Algorithm

The general algorithm above has some special cases of interest.
If q is chosen such that

q px, zq “ q pz, xq

so that q is symmetric in its arguments, then

α px, zq “ min

"

1,
π pzq

π pxq

*

and the move to z is accepted with certainty if the target
probability density at z is higher than at x.
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The Metropolis Algorithm

A simple symmetric transition density has

Z|Xn “ x „ N
`

x, σ2q
˘

Choosing σ2q small encourages many small moves.
This is the original Markov chain simulation algorithm, known
as the Metropolis Algorithm.

Many such “local” moves can be proposed. Note that it is
important to respect any parameter constraints in the proposal.
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Independence Metropolis-Hastings

Another common choice is the independence
Metropolis-Hastings algorithm, where

q px, zq “ q pzq

that is, independent of the current value of the chain. This still
defines a Markov chain as

p px, zq “ q pzqα px, zq

still depends on x through α px, zq.

A good independence Markov chain (that traverses X quickly)
is more difficult to construct without knowledge of π.

However, if π can be well-approximated by a density q (as in
rejection sampling), then this method can work well.
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Metropolis-Hastings algorithm

Example (Gamma density)

Suppose, for γ ą 0

πpxq “
1

Γpγq
xγ´1e´x x ą 0.

Suppose, first that qpx, zq is specified as a reflected normal
density, that is, we propose z by simulating

Y |Xt “ x „ N px, σ2q q,

and setting Z “ |Y |.
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Metropolis-Hastings algorithm

Example (Gamma density)

Note that

PrZ ď z|X “ xs “ Pr|Y | ď z|X “ xs “ Pr´z ď Y ď z|X “ xs

so therefore

PrZ ď z|X “ xs “ Φppz ´ xq{σqq ´ Φpp´z ´ xq{σqq

and, on differentiation wrt z,

qpx, zq “
1

σq
pϕppz ´ xq{σqq ` ϕpp´z ´ xq{σqqq “ qpz, xq

as ϕ is an even function.
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Metropolis-Hastings algorithm

Example (Gamma density)

First 200 steps of the chain starting at X0 “ 0 with γ “ 2.5,
σq “ 1.
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Metropolis-Hastings algorithm

Example (Gamma density)

Histogram of states visited over N “ 10000 steps (with Gamma
density (solid))  
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Metropolis-Hastings algorithm

Example (Gamma density)

First 200 steps of the chain starting at X0 “ 0 with γ “ 2.5,
σq “ 0.1.
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Metropolis-Hastings algorithm

Example (Gamma density)

Histogram of states visited over N “ 10000 steps (with Gamma
density (solid))  
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Metropolis-Hastings algorithm

Example (Gamma density)

First 200 steps of the chain starting at X0 “ 0 with γ “ 2.5,
σq “ 3.
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Metropolis-Hastings algorithm

Example (Gamma density)

Histogram of states visited over N “ 10000 steps (with Gamma
density (solid))  
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Metropolis-Hastings algorithm

The states generated by the Markov chain are correlated; we
can assess the performance of the Markov chain by examining
the sample autocorrelation function

rpkq “

ˆ

N ´ 1

N ´ k ´ 1

˙

N
ř

t“k`1

pxt ´ xqpxt´k ´ xq

N
ř

t“1
pxt ´ xq2

for k “ 0, 1, 2 . . ..

A chain with high autocorrelation for large k is typically slow to
converge.
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Metropolis-Hastings algorithm

Example (Gamma density)

Autocorrelation function for σq “ 1.
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Metropolis-Hastings algorithm

Example (Gamma density)

Autocorrelation function for σq “ 0.1: inferior performance.
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Metropolis-Hastings algorithm

Example (Gamma density)

Autocorrelation function for σq “ 3: superior performance.
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Metropolis-Hastings algorithm

If the chain is started away from the high-probability region of
π, then the it can take many steps to return there.

In the following trace plots, the red dashed lines give the 0.025
and 0.975 quantiles of the Gammap2.5, 1q distribution from the
example. The chain is initialized at X0 “ 20, and then run for
20000 steps.
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Metropolis-Hastings algorithm

Example (Gamma density)

Starting value X0 “ 20, σq “ 0.1: first 1000 steps.

0 200 400 600 800 1000

0
5

10
15

20
25

t

X

511



Metropolis-Hastings algorithm

Example (Gamma density)

Starting value X0 “ 20, σq “ 0.1: first 10000 steps.
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Metropolis-Hastings algorithm

Example (Gamma density)

Starting value X0 “ 20, σq “ 0.1: first 20000 steps.

0 5000 10000 15000 20000

0
5

10
15

20
25

t

X

513



Metropolis-Hastings algorithm

Example (Gamma density)

Starting value X0 “ 20, σq “ 0.1: steps 15000 to 20000.
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Metropolis-Hastings algorithm

In this final section of the chain, the generated values appear to
oscillate, despite the fact that the chain has apparently reached
the stationary phase. This oscillation is a result of the high
autocorrelation present in the chain.

It is often difficult to distinguish such high autocorrelation from
the case where a chain has not converged.

The high autocorrelation results here from the choice σq “ 0.1;
this value is smaller than is optimal.
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Gibbs Sampler

The Metropolis-Hastings algorithm above is valid for both
univariate and multivariate probability distributions, but is
more complicated in high dimensions.

The objective is to choose a transition density q that moves
around the space X quickly, which means that we wish to have
the acceptance probability reasonably large.

In high dimensions, this is often difficult to achieve. The Gibbs
Sampler algorithm attempts to solve this problem by breaking
down a high-dimensional problem into several lower dimensional
problems that are solved iteratively and simultaneously.
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Gibbs Sampler

Suppose that π is a probability density in K dimensions, and
let the variables be denoted pX1, ..., XKq. Define the conditional
density πkp.|.q for

Xk|X1, ..., Xk´1, Xk`1, ...XK

by

πk
`

xk;xpkq

˘

“
π px1, ..., xKq

π px1, ..., xk´1, xk`1, ...xKq
9π px1, ..., xKq

where the denominator is the marginal distribution of Xpkq, the
K ´ 1 variables excluding Xk.

The Gibbs Sampler utilizes this set of K full conditional
distributions to construct a Markov chain on the support of the
joint distribution.
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Gibbs Sampler

It is implemented using the following algorithm:

1. Set a vector of starting values for the K variables
px10, ..., xK0q .

2. Sample in turn from the conditional distributions as
follows:

(a) sample x11 from π1 px1;x20, x30, ..., xK0q

(b) sample x21 from π2 px2;x11, x30, ..., xK0q

(c) sample x31 from π3 px3;x11, x21, ..., xK0q
...

(K) sample xK1 from πK pxK ;x11, x21, ..., xK´1 1q

This completes one step of the Gibbs sampler.

3. Return to 2 (a), and repeat to obtain, at step t, the
sampled variates px1t, x2t, ..., xKtq

518



Gibbs Sampler

This Markov chain defines, in steps 2(a)-2(K), a means of
updating the vector xt to vector xt`1. Each of the steps can be
achieved using direct sampling from the conditional distribution
if that is possible, but can also involve individual
Metropolis-Hastings steps, with acceptance probabilities

αk px, zq “ min

#

1,
πk

`

z;xpkq

˘

πk
`

x;xpkq

˘

qk pz, xq

qk px, zq

+

for k “ 1, ...,K. In 2., the steps can also be completed in
random order

Finally, these steps can be achieved with the scalar variables
X1,...,XK or with these components as vector variables;
deciding on which blocks of variables to update simultaneously
is often a key issue.
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Gibbs Sampler as Metropolis-Hastings

The Gibbs sampler is in fact a special case of the
Metropolis-Hastings algorithm: we can regard the individual
updates in 2. as implementing K separate transition kernels
P1, . . . , PK that act on the components of the vector X; note
that these kernels in isolation yield reducible Markov chains.

A more general form of Metropolis-Hastings algorithm is based
on a mixture transition kernel

P px,Bq “
ÿ

j

ωjPjpx,Bq

where 0 ď ωj ď 1 and
ř

j
ωj “ 1, and the Pj are themselves

transition kernels. This allows for the possibility of choosing
several proposal densities qj .

520



Gibbs Sampler: example

Example (Bivariate Normal)

Suppose X “ pX1, X2qJ „ N2p0,Σq where

Σ “

„

1 ρ
ρ 1

ȷ

The general result for multivariate normal distribution
conditional distributions is that if X “ pX1,X2qJ „ Ndpµ,Σq,
where X1 is pd1 ˆ 1q, and

Σ “

„

Σ11 Σ12

Σ21 Σ22

ȷ

then

X1|X2 “ x2Nd1 „
`

µ1 ` Σ12Σ
´1
22 px2 ´ µ2q,Σ11 ´ Σ12Σ

´1
22 Σ21

˘
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Gibbs Sampler: example

Example (Bivariate Normal)

Therefore, here d “ 2, and

X1|X2 “ x2 „ N pρx2, p1 ´ ρ2qq

X2|X1 “ x1 „ N pρx1, p1 ´ ρ2qq

These distributions are sampled repeatedly with updating of
the conditioning value after each sampling.

Suppose we start at px10, x20q “ p0, 0q.
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Gibbs Sampler: example

Example (Bivariate Normal)

Initial point: px10, x20q
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Gibbs Sampler: example

Example (Bivariate Normal)

After one update: px11, x21q
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Gibbs Sampler: example

Example (Bivariate Normal)

After two updates: px12, x22q
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Gibbs Sampler: example

Example (Bivariate Normal)

After three updates: px13, x23q
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Gibbs Sampler: example

Example (Bivariate Normal)

After four updates: px14, x24q
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Gibbs Sampler: example

Example (Bivariate Normal)

After 2000 updates: entire collected sample
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Gibbs Sampler: example

Example (Bivariate Normal)

Histogram for X1 with true marginal density (solid): 
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Gibbs Sampler: example

Example (Bivariate Normal)

Trace for X1:
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Gibbs Sampler: example

Example (Bivariate Normal)

ACF for X1:

0 5 10 15 20 25 30

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

Lag

A
C

F

531



Gibbs Sampler: example

Example (Bivariate Normal)

We note that

§ the Gibbs sampler makes one-step moves along the
coordinate axes

§ the moves can traverse the support of the joint density
fairly well

§ there is no “tuning” of a proposal parameter (like σq)

§ the samples of x1 that are collected across steps are
(dependent) samples from the correct marginal distribution
for X1; the same result holds for X2

We can re-run the Gibbs sampler from the same starting value,
but now with ρ “ 0.95.
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Gibbs Sampler: example

Example (Bivariate Normal)

Initial point: px10, x20q
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Gibbs Sampler: example

Example (Bivariate Normal)

After one update: px11, x21q
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Gibbs Sampler: example

Example (Bivariate Normal)

After two updates: px12, x22q
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Gibbs Sampler: example

Example (Bivariate Normal)

After three updates: px13, x23q

−3 −2 −1 0 1 2 3

−
3

−
2

−
1

0
1

2
3

x1

x 2

536



Gibbs Sampler: example

Example (Bivariate Normal)

After four updates: px14, x24q
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Gibbs Sampler: example

Example (Bivariate Normal)

After 2000 updates: entire collected sample
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Gibbs Sampler: example

Example (Bivariate Normal)

Histogram for X1 with true marginal density (solid): 
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Gibbs Sampler: example

Example (Bivariate Normal)

Trace for X1:
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Gibbs Sampler: example

Example (Bivariate Normal)

ACF for X1:
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Gibbs Sampler: example

Example (Bivariate Normal)

With ρ “ 0.95, the Gibbs sampler still performs adequately, but
the moves made are smaller, and exploring the distribution is
much more difficult.

This illustrates a potential general problem with the Gibbs
sampler: although it is straightforward to implement as it
involves only sampling variates from univariate densities, the
restriction to moves along the coordinate axes can cause
problems if the variables are highly correlated.
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Gibbs Sampler: example

Example (Weibull posterior distribution)

Suppose that Y1, . . . , Yn are i.i.d. from the Weibull distribution
with density

fY py; γ0, λ0q “ γ0λ0y
γ0´1 expt´λ0y

γ0u y ą 0

and zero otherwise, for parameters γ0, λ0 ą 0. We seek to
perform Bayesian inference for the two unknown parameters.

The likelihood function for observed data y1, . . . , yn takes the
form

Lpγ0, λ0;yq “ γn0 λ
n
0

˜

n
ź

i“1

yi

¸γ0´1

exp

#

´λ0

n
ÿ

i“1

yγ0i

+
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Gibbs Sampler: example

Example (Weibull posterior distribution)

We assume independent Exponentialp0.1q priors for γ0 and λ0

ppγ0, λ0q “ 0.01e´0.1pγ0`λ0q γ0, λ0 ą 0.

This yields the posterior distribution up to proportionality as

πpγ0, λ0|yq9Lpγ0, λ0;yqppγ0, λ0q γ0, λ0 ą 0

which is a non-standard distribution.

We seek to produce a sample from this joint posterior
distribution for data pn “ 15q.

10.3959 6.2281 6.5331 10.7086 7.6138 8.9423 8.8254 6.1461
7.2988 8.8081 7.5316 8.2238 8.9831 6.4174 9.7648
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Gibbs Sampler: example

Example (Weibull example)

Joint posterior (up to proportionality)
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Gibbs Sampler: example

Example (Weibull example)

In this case, neither full conditional posterior

πpγ0|λ0,yq πpλ0|γ0,yq

is a standard distribution, and cannot be sampled from easily.

We adopt a Metropolis-within-Gibbs strategy, using
Metropolis-Hastings accept-reject steps for each parameter and
its full conditional.

Specifically, as both parameters are positive, we use the
reflected normal proposal distribution from the previous
example with σq “ 1 for γ0 and σq “ 10´3 for λ0 proposals.
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Gibbs Sampler: example

Example (Weibull example)

Sample from joint posterior from first 2000 Gibbs sampler steps.
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Gibbs Sampler: example

Example (Weibull example)

Trace plots:
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Gibbs Sampler: example

Example (Weibull example)

Acf:
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Gibbs Sampler: example

Example (Weibull example)

The posterior correlation here is approximately 0.86; this
severely affects the performance of the Gibbs sampler.

An alternative parameterization partially solves this problem.
Let γ “ γ0, but

λ “

ˆ

1

λ0

˙1{γ

λ0 “

ˆ

1

λ

˙γ

For this new parameterization, we must remember to include
the Jacobian in the prior for the new parameters

ppγ, λq “ ppγ, λ0pγ, λqq|Jpα, γq|

We again must use Metropolis-within-Gibbs.
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Gibbs Sampler: example

Example (Weibull example)

Joint posterior (up to proportionality) for new parameterization
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Gibbs Sampler: example

Example (Weibull example)

Sample from joint posterior for new parameterization
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Gibbs Sampler: example

Example (Weibull example)

Trace plots: new parameterization
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Gibbs Sampler: example

Example (Weibull example)

Acf: new parameterization
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Gibbs Sampler: example

Example (Weibull example)

The posterior correlation here is approximately 0.25, and the
Gibbs sampler can effectively traverse the parameter space.

Parameter estimates for the new parameters can be obtained
from the posterior samples: the mean and 95% credible interval
for each parameter is

γ : 4.079 p2.455, 6.038q

λ : 8.446 p7.310, 9.593q

It is also possible to obtain posterior summaries for other
functions of the posterior parameters.
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Gibbs Sampler: example

Example (Weibull example)

For example, the survivor function, Spyq, is defined by

Spyq “ PrY ą ys “ expt´py{λqγu.

For each y P R`, we can compute this function for each sampled
pair pγ, λq obtained from the Gibbs sampler. We can then
compute the pointwise credible intervals.
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Gibbs Sampler: example

Example (Weibull example)

Posterior survivor function: Bayes estimate and 95 % credible
interval (shaded). Solid line is empirical survivor function.
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Effective sample size

We seek to measure the adequacy of the collected samples for
estimating parameters, in particular, we wish to assess the
variance of the estimators.

For an i.i.d. sample of size N , the variance of the Monte Carlo
estimator pIN pgq is

VarrgpXqs

N
.

However, for a dependent sample, the variance is

VarrgpXqs

Neff

where Neff is the effective sample size.
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Effective sample size

We have that, for a series of N observations from a dependent
stochastic process, the effective sample size is given by

Neff “
N

1 ` 2
8
ř

k“1

ρpkq

where ρpkq is the true lag-k autocorrelation for the Markov
chain. The denominator is termed the integrated autocorrelation
time.

The true autocorrelations are typically not known, so must be
estimated from the data. Most typically this is achieved using
spectral methods. The calculation is available in R from the
library coda, in the function

effectiveSize.
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Effective sample size

For the Weibull example, with N “ 2000 in runs shown above

Neff

γ λ
pγ0, λ0q parameterization 8.46 0.00
pγ, λq parameterization 217.20 393.69

From this we can tell that the second MCMC run, in the pγ, λq

parameterization, has produced much larger effective sample
sizes.

The value of zero (highlighted) is the result of apparent lack of
convergence.
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Rejection sampling for the Weibull example

Note that we could attempt to address the problem of sampling
from the posterior distribution in the Weibull problem above by
rejection sampling. In the pγ, λq parameterization, we have

πpγ, λ|yq9Lpγ, λ;yqppγ, λ0pγ, λqq|Jpα, γq|

where pp., .q is the product of independent Exponentialp0.01q

priors.

We can use proposal function p0 which is the product of
Gamma densities; we choose

Gammap2, 1{2q Gammap4, 2q

for proposing pγ, λq, and then use numerical maximization to
find M .
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Rejection sampling for the Weibull example

Example (Weibull example)

Rejection sampling: acceptance rate is approximately 0.116.

0 2 4 6 8 10

0
5

10
15

20

γ

λ

562



Metropolis-Hastings in higher dimensions

The Metropolis-Hastings algorithm can be used for probability
distributions in arbitrary dimension. Note that it is always the
case that, for the full conditional distributions, if

§ x1 is a sub-vector of the entire vector x of variables, and

§ xp1q is x with the components x1 removed,

then
πpx1|xp1qq 9 πpxq

as the normalizing constant is πpxp1qq, which does not depend
on x1.

For Metropolis-within-Gibbs, knowing πpx1|xp1qq up to
proportionality is sufficient, as the normalizing constant cancels
out in the calculation of the acceptance probability.
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A high-dimensional Gibbs sampler example

Example (Ising model)

The Ising model is a joint distribution for the collection of
binary random variables tXiu placed on a rectangular (N ˆM)
lattice, with joint mass function

πX|βpx|βq “

exp

#

β
NM
ř

i“1

ř

j‰i
1txiupxjq

+

Zpβq

where Zpβq is the normalizing constant. The support of this
mass function has

2NM

elements.
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A high-dimensional Gibbs sampler example

Example (Ising model)

The full conditional distribution for the Xi is a discrete
distribution on t0, 1u, with

πipxi|xpiqq9 exp

#

β
ÿ

j P Bi

1xj pxiq

+

where Bi is the neighbourhood of i. This distribution reduces to

PrXi “ 0|Xpiq “ xpiqs “
eβni0

eβni0 ` eβni1

where ni0 and ni1 are the numbers of neighbours of i that take
the values 0 and 1 respectively. This distribution can be
sampled easily as part of a Gibbs sampler.
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Auxiliary variable methods

The Gibbs sampler is readily implementable for the Ising
model, but can be extremely slow to converge to the stationary
distribution. This is due in part to high dependence between
the variables.

One method for speeding up simulation of variates from the
Ising model is to introduce auxiliary or latent variables that
extend the state-space of the Markov chain in such a way that
the full-conditionals remain tractable, but which help to break
the dependence.

The most common latent variable method for the Ising model is
the Swendsen-Wang algorithm.
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Auxiliary variable methods

The general principle is as follows. Consider target distribution
πXpxq for random variables X, and let U be a collection of
random variables such that the joint distribution πX,U px, uq has
marginal πXpxq

πXpxq “

ż

πX,U px, uq du

In a Gibbs sampler context, we could consider constructing a
Markov chain using the two conditional distributions

πX|U px|uq πU |Xpu|xq

and then collecting the samples for X, which are necessarily
samples from πXpxq.
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Auxiliary variable methods

Note that
πX,U px, uq “ πXpxqπU |Xpu|xq

We are free to select the U variables in whichever way is
appropriate. We seek to introduce U such that

§ the full conditionals are straightforward to sample

§ the dependence structure amongst the X variables is
broken.
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Auxiliary variable methods

For example, suppose

πXpxq 9 π
p0q

X pxq

K
ź

k“1

bkpxq

where π
p0q

X pxq can be sampled in straightforward fashion. Let

Uk|X “ x „ Uniformp0, bkpxqq k “ 1, . . . ,K

be a collection of conditionally independent random variables.
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Auxiliary variable methods

πX,U px, uq “ πXpxqπU |Xpu|xq

“

#

π
p0q

X pxq

K
ź

k“1

bkpxq

+#

K
ź

k“1

1

bkpxq
1r0,bkpxqspukq

+

“

!

π
p0q

X pxq

)

#

K
ź

k“1

1r0,bkpxqspukq

+

Therefore

πX|U px|uq 9 π
p0q

X pxq

K
ź

k“1

1ruk,8qpbkpxqq

that is, proportional to π
p0q

X pxq with support restricted by

bkpxq ě uk k “ 1, . . . ,K.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

In the Ising model

πXpxq9 exp

#

β
ÿ

l

ÿ

m P Bl

1txmupxlq

+

.

where Bl constitute the neighbours of site l. In the simplest
case, if site l is at Cartesian location pi, jq, the neighbours are
the four sites immediately

§ to the left pi´ 1, jq

§ to the right pi` 1, jq

§ above pi, j ` 1q

§ below pi, j ´ 1q

site pi, jq.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

The full conditional distributions for the Gibbs sampler are
given by

Xl|XBl “ xBl „ Bernoullipθpβ;xBlqq

that is
PrXl “ 1|XBl “ xBls “ θpβ;xBlq

where

θpβ;xBlq “
exptβNl1u

exptβNl0u ` exptβNl1u

This algorithm updates one x value at a time, either in a fixed
or random scan fashion.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

The Swendsen-Wang algorithm introduces a collection of
auxiliary bond variables, u. Consider two neighbouring sites, l
and m, say. Let ω “ 1 ´ e´β. Define the binary bond random
variable Ulm, conditional on Xl and Xm, to have distribution
described by

PrUlm “ 1|Xl “ xl, Xm “ xms “

#

ω xl “ xm

0 xl ‰ xm

such that the collection of U variables are conditionally
independent given X variables.

The bond is present if Ulm “ 1, and absent otherwise.

573



Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

Bond variables (green) between adjacent, similar x values.

X

Y

1 2 3

1
2

3

X

Y

1 2 3

1
2

3
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

Consider the joint specification πX,U given by

πX,U px, uq 9
ź

l,m

tωδxlxmδulm1 ` p1 ´ ωqδulm0u

where the product is over all pairs of neighbouring sites, and
δab “ 1 if a “ b, and zero otherwise. We have

πUlm|Xpu|xq “ πUlm|Xl,Xm
pu|xl, xmq “

#

ωup1 ´ ωq1´u xl “ xm

1t0upuq xl ‰ xm

for u “ 0, 1.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

Also marginalizing over the u variables by summing out over
ulm “ 0, 1 can be achieved over each term in the product
separately. We have

ÿ

u

πX,U px, uq 9
ź

l,m

tp1 ´ ωq ` ωδxlxmu

“
ź

l,m

!

e´β ` p1 ´ e´βqδxlxm

)

.

Multiplying through each term by e´β yields

ÿ

u

πX,U px, uq 9
ź

l,m

!

1 ` peβ ´ 1qδxlxm

)

.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

For each term in the product, when xl ‰ xm, the term
contributes 1; when xl “ xm, the term contributes eβ. Hence

ÿ

u

πX,U px, uq 9
ź

l,m

exptβδxlxmu “ exp

$

&

%

β
ÿ

l,m

δxlxm

,

.

-

“ πXpxq

and so the correct marginal Ising model is recovered.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

Marginalizing over the X variables, we have

ÿ

x

πX,U px, uq 9
ÿ

x

ź

l,m

tωδxlxmδulm1 ` p1 ´ ωqδulm0u

9 ωnpuqp1 ´ ωqnb´npuq

where npuq is the total number of bonds present

npuq “
ÿ

l,m

ulm

and nb is the total number of bonds possible.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

We now consider running a Gibbs sampler for πX,U .

§ The full conditional distribution of U |X “ x is determined
by the definition above, that is,

πU |Xpu|xq “
ź

l,m

πUlm|Xl,Xm
pulm|xl, xmq

where

πUlm|Xl,Xm
pulm|xl, xmq “

#

ωup1 ´ ωq1´u xl “ xm

1t0upuq xl ‰ xm

for u “ 0, 1, with the product being over all neighbouring
sites. Thus the U variables can be updated independently,
conditional on X.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

§ The full conditional distribution of X|U is defined by the
fact that

πX|U px|uq 9 πX,U px, uq 9
ź

l,m

tωδxlxmδulm1 ` p1 ´ ωqδulm0u

and that bonds link “clusters” of sites that have the same
value. The conditional distribution does not depend on the
value of each xl, merely whether or not xl “ xm.

Conditional on u, clusters can assume the label 0 or 1,
independently with equal probability.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

Thus the Gibbs sampler can be implemented by sampling from
the two full conditional distributions

πX|U px|uq πU |Xpu|xq

recursively, both of which involve sampling from trivial
distributions.

There is some computational overhead in implementing
Swendsen-Wang, in particular, tracing the clusters.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

For a specific computational example: with grid size N “ 128,
β “ 0.85, the Gibbs sampler and Swendsen-Wang (SW)
algorithms were run in R for 500 iterations.

§ Gibbs sampler: 11 minutes, 30 seconds,

§ Swendsen-Wang: 30 minutes, 3 seconds.

that is, roughly 2.5 slower for SW. However, the SW chain
converges much more quickly; the Gibbs sampler chain exhibits
slower convergence for larger values of β.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

With β “ 0.85, the performance of the two methods is not
appreciably different; when β “ 0.95, the behaviour is radically
different.

The Ising model exhibits critical behaviour when β “ 1: for
β ą 1, entire configurations of one “colour” occur with high
probability.

As β Ò 1, the Gibbs sampler exhibits increasingly poor
behaviour (“critical slowing”), whereas Swendsen-Wang does
not.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

To demonstrate this, we track the summary statistic

T pxq “
ÿ

l

ÿ

m P Bl

1txmupxlq

across iterations. This is the number of neighbours that are
alike in the configuration.

We do this for the three cases

(i) β “ 0.5

(ii) β “ 0.85

(iii) β “ 0.95.
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

β “ 0.5
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

β “ 0.85
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Auxiliary variable methods

Example (Swendsen-Wang Algorithm)

β “ 0.95
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Auxiliary variable methods: Mixture Models

Example (Bayesian analysis of Finite Mixture Models)

Suppose that Y1 . . . , Yn are a random sample from the K
component finite mixture model for y P R

fY |θpy|θq “

K
ÿ

k“1

ωkfkpy|θkq

K
ÿ

k“1

ωk “ 1

for 0 ă ωk ă 1 where f1, . . . , fK are component densities. The
likelihood is

LY pθ;yq “

n
ź

i“1

#

K
ÿ

k“1

ωkfkpyi|θkq

+
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Auxiliary variable methods: Mixture Models

Example (Bayesian analysis of Finite Mixture Models)

For a Bayesian analysis, we specify a prior distribution

ppθq “ ppω1, . . . , ωK , θ1, . . . , θKq

which yields a posterior which is not analytically tractable. Here

πpθ|yq9LY pθ;yqppθq.
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Auxiliary variable methods: Mixture Models

Example (Bayesian analysis of Finite Mixture Models)

Consider the discrete auxiliary variables U1, . . . , Un introduced
into the likelihood density for each i via the identity

fY |θpy|θq “

K
ÿ

k“1

fY |U,θpy|u, θqfU puq

where U has the Multinomialp1, ω1, . . . , ωKq distribution

fU puq “

K
ź

k“1

ω
1tkupuq

k

and fY |U,θpy|u, θq ” fupy|θq.
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Auxiliary variable methods: Mixture Models

Example (Bayesian analysis of Finite Mixture Models)

The U variables are discrete labels indicating which of the
component densities, f1, . . . , fK , each data point is sampled
from, with

PrU “ ks “ ωk k “ 1, . . . ,K

Consider the joint posterior distribution on the unknown
(unobservable) quantities

πθ,U pθ,u|yq9Lpy; θ,uqppθ,uq

Here

ppθ,uq “ ppθqppu|θq “ ppθq

n
ź

i“1

#

K
ź

k“1

ω
1tkupuq

k

+

where ppθq is a joint prior on the ω and θ variables.
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Auxiliary variable methods: Mixture Models

Example (Bayesian analysis of Finite Mixture Models)

Running the Gibbs sampler on the full conditional distributions

πθ|U pθ|u,yq πU |θpu|θ,yq

yields samples from the joint posterior. Marginally, the Gibbs
sampler produces a sample from

πθpθ|yq

which is the target posterior of interest.

For the first conditional, given U “ u, we have a factorization

πθ|U pθ|u,yq “ πθ1,...,θK |U pθ1, . . . , θK |u,yqπω|U pω1, . . . , ωK |u,yq

and can update these parameters independently in two parts.
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Auxiliary variable methods: Mixture Models

Example (Bayesian analysis of Finite Mixture Models)

§ πθ|U pθ|u,yq (Part I): if the prior on the θ parameters
factorizes into independent components, then

πθ1,...,θK |U pθ1, . . . , θK |u,yq “

K
ź

k“1

πθk|U pθk|u,yq

where

πθk|U pθk|u,yq9

#

ź

i:ui“k

fkpyi|θkq

+

ppθkq

and we can update the θ parameters independently
conditional on u. This may require a Metropolis-Hastings
update.
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Auxiliary variable methods: Mixture Models

Example (Bayesian analysis of Finite Mixture Models)

§ πθ|U pθ|u,yq (Part II): a standard choice for the prior for
the ω parameters is the Dirichlet prior

ppω1, . . . , ωKq 9

K
ź

k“1

ωαk´1
k

ùñ ppω1, . . . , ωK |u,yq 9

K
ź

k“1

ωnk`αk´1
k

where, for k “ 1, . . . ,K, nk “
n
ř

i“1
1tkupuiq is the count of

the U variables that are set equal to k. Thus the full
conditional distribution is also Dirichlet, and can be
sampled directly.
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Auxiliary variable methods: Mixture Models

Example (Bayesian analysis of Finite Mixture Models)

§ πU |θpu|θ,yq: by conditional independence of the Y given θ,
we must have

πU |θpu|θ,yq “

n
ź

i“1

πUi|θpui|θ, yiq

where, by Bayes theorem

πUi|θpui|θ, yiq “
fYipyi|ui, θqfUipui|θq

K
ř

k“1

fYipyi|k, θqfUipk|θq

“
fuipyi|θuiqωui

K
ř

k“1

fkpyi|θkqωk

which is a discrete distribution on t1, . . . ,Ku. Thus
updating the U variables is straightforward.
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Auxiliary variable methods: Mixture Models

Example (Bayesian analysis of Finite Mixture Models)

Note: this formulation reveals a connection with the EM
algorithm; the full conditional distribution of Ui is identical to
the conditional distribution of the missing data, given the
observed data (see earlier section).

Indeed, the entire formulation is similar, the only difference is
that we replace the Expectation and Maximization steps by
sampling steps. The Gibbs sampler does not perform
maximization to get the ML estimate, it produces samples from
the posterior distribution of the parameters.
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Auxiliary variable methods: Mixture Models

Example (Bayesian analysis of Finite Mixture Models)

Some care is needed in interpreting the Gibbs sampler output,
as the component labels are, in fact, arbitrarily assigned in the
mixture formulation. Therefore, the U variables can exhibit
label-switching.

A simple solution is to add an additional Metropolis-Hastings
step at the end of each Gibbs sampler iteration that permutes
the labels on the U variables, that is, for K “ 3, if the random
permutation is p3, 1, 2q, then

§ All Us labelled 1 are relabelled 3

§ All Us labelled 2 are relabelled 1

§ All Us labelled 3 are relabelled 2

This Metropolis-Hastings proposal is always accepted, as it
does not change the posterior density value.
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Auxiliary variable methods: Missing data

Auxiliary variable methods can also be used to handle missing
data problems. Missing data can arise in problems due to

§ drop-out

§ data handling issues

§ censoring/truncation

The missingness can occur

§ completely at random (independently of the observed and
unobserved data)

§ at random (dependent on the observed data, but
independent of the unobserved data)

§ not at random (dependent on the observed data and
unobserved data)
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Auxiliary variable methods: Missing data

Missingness can occur in the

§ response variable Y

§ covariate X

We will denote the missing values by X‹ and Y ‹.

We consider a Bayesian formulation of the missing data
inference problem; maximum likelihood estimation can be
handled using the EM algorithm. We consider the joint
likelihood of the observed and unobserved data, and treat the
unobserved values as quantities to be updated during the
MCMC.

The parameter vector θ can now also include parameters in the
stochastic missingness mechanism.
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Auxiliary variable methods: Missing data

In the case of i.i.d. data, where the missing data are considered
independent of the observed data, the complete data pY,Y‹q

have likelihood

Lpy,y‹; θq “

#

n
ź

i“1

fY pyi; θq

+#

n‹
ź

i“1

fY py‹
i ; θq

+

In this case, a Gibbs sampler can be used to update the
quantities pθ,Y‹q from their full conditionals. For θ,

πθ|Y,Y‹pθ|y,y‹q9Lpy,y‹; θqppθq

that is, we perform Bayesian inference using the complete data
likelihood.
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Auxiliary variable methods: Missing data

For elements of Y‹, the full conditional distribution is merely
the density fY py‹

i ; θq. Most typically, however, this kind of
missing data occurs due to censoring, that is, we have
information that

Y ‹
i ą ci

say. In this case, the full conditional distribution used in the
Gibbs sampler must respect the censoring constraint, that is,
the full conditional is

fY py‹
i ; θ, ciq 9 1pci,8qpy

‹
i qfY py‹

i ; θq

Conditional on py,y‹q, the full conditional distribution of θ is
not affected by the censoring, so is identical to above.
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Auxiliary variable methods: Missing data

For missing covariate data in a regression setting, sampling the
missing covariates involves an extra component. Consider the
full conditional distribution for missing covariates X‹

πX‹|X,Y,Y‹,θpx‹|x,y,y‹, θq

By Bayes theorem, this is proportional to

fY,Y‹|X,X‹,θpy,y‹|x,x‹, θq fX‹|X,θpx‹|x, θq

The first term is the complete data likelihood for a regression
problem. The second term most typically simplifies to

fX‹|θpx‹|θq

under the assumption of random sampling of the
response/covariate pairs.
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Multiple chain MCMC

The Metropolis-Hastings algorithm is a general purpose
algorithm that is extremely useful in producing samples from
arbitrary multivariate distributions. The principal problems it
encounters in applications relate to

§ Choice of starting values: Poorly chosen starting values
can result in slow convergence; often deterministic
numerical optimization methods can be used effectively to
determine good starting values.

§ Posterior correlation: High posterior correlation leads to
inefficiency of Gibbs sampler moves, and slow convergence;
this can sometimes be overcome by reparameterization.

§ Failure to explore the state space: The MH algorithm
can sometimes get trapped in localized regions of high
probability density; this can sometimes be overcome by
using multiple chain MCMC methods.
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Multi-Mode Distributions

Example (Mixture of Bivariate Normals)

Suppose

πpxq ” ωN2pµ1,Σ1q ` p1 ´ ωqN2pµ2,Σ2q

where µ1 and µ2 are relatively well separated (in light of the
covariance matrices Σ1 and Σ2.

MCMC algorithms to sample from this bivariate density often
encounter problems because they get stuck in the modes at µ1
and µ2, and cannot jump between them.
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Multi-Mode Distributions

Example (Mixture of Bivariate Normals)

Mixture of Bivariate Normal densities.
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Dominant-Mode Distribution

Example (The Witch’s Hat)

In d dimensions, suppose

πpxq “ ω

ˆ

1

σ

˙d d
ź

j“1

ϕ

ˆ

xj ´ θj
σ

˙

` p1 ´ ωq

d
ź

j“1

1p0,1qpxjq

This density has a single mode at θ, but also a diffuse
probability on the d-dimensional hypercube given by the second
term.

MCMC algorithms can find it difficult to explore the “diffuse”
region, because they get stuck in the mode, or vice versa.
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Multiple chain MCMC

It is possible to use multiple Markov chain algorithms to
produce variates from a target distribution π.

§ Replicate chains: we run m chains with the same
transition kernel P from different starting values, and
then combine the chain as independent samples.

§ Parallel chains: we run M chains each with its own
transition kernel P1, . . . , PM , such that the chain is
reversible with respect to π: for m “ 1, . . . ,M

πpxqPmpx, yq “ πpyqPmpy, xq

and then the variates from the different chains are
combined as independent samples.

In both of these cases, it is easy to see that the samples
produced at stationarity are samples from π.
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Multiple chain MCMC

§ Different chains: we run M chains each with its own
transition kernel P1, . . . , PM , such that each chain is
reversible with respect to its own target πm where, say
π1 ” π. We then allow exchange of information
between chains to facilitate sampling from π.

In this case it is not so straightforward to guarantee that the
exchange of information does produce samples from π. This
does need verification, once the exchange mechanism has been
defined.

Such methods are called multiple chain or population MCMC.
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Multiple chain MCMC

The simplest way to think about multiple chain methods in the
case of different chains is via auxiliary variables, and an
augmentation of the state space. For m “ 1, . . . ,M , consider

§ variable Xm

§ (posterior) distribution πmpxq

§ irreducible transition kernel Pm, defined so that Pm and
πm exhibit detailed balance, and Pm defines a recurrent
Markov chain

where, without loss of generality, π1 is the distribution of
interest, so that X2, . . . , Xm are auxiliary variables.
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Multiple chain MCMC

Consider the joint distribution for X “ pX1, . . . , XM q, πM pxq,
defined by

πM pxq 9

M
ź

m“1

πmpxmq.

By construction, the marginal distributions are π1, . . . , πM .

Consider constructing a Markov chain on the extended state
space, with πM as the target distribution. The usual rules of
Metropolis-Hastings apply - we propose a candidate new value,
and accept it with some acceptance probability, otherwise we
remain at the current value.

The values of x1 that we collect across iterations are
(dependent) samples from the marginal distribution, π1.
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Multiple chain MCMC: Types of move

1. Mutation: Select m P t1, . . . ,Mu, and perform a
Metropolis-Hastings move using proposal density qmpx, zq.
If the current value for xm is x, and the proposed value is
z, accept the proposed point with probability

α “ min

"

1,
πmpzqqmpz, xq

πmpxqqmpx, zq

*

In the context of the vector x, this move is essentially a
Gibbs sampler move, as the full conditional for Xm is πm.

2. Exchange: Select l,m P t1, . . . ,Mu, and propose the swap

xl ÐÑ xm

Accept this proposal with probability

α “ min

"

1,
πlpxmqπmpxlq

πlpxlqπmpxmq

*

.

611



Multiple chain MCMC: Types of move

In the case where all the πm are equal to the target π, we can
utilize the following move:

3. Snooker: Select l,m P t1, . . . ,Mu, and, in an attempt to
update xl, make the proposal z

z “ xm ` upxl ´ xmq

where u is a random variate sampled from the density

fpuq 9 πpxm ` upxl ´ xmqq

and then update xl to z.
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Multiple chain MCMC: Types of move

This move can be utilized in the case of vector state spaces. If
each x is d-dimensional, then the move becomes

3‹. Snooker: Select l,m P t1, . . . ,Mu, and, in an attempt to
update xl, make the proposal z

z “ xm ` upxl ´ xmq

where u is a scalar random variate sampled from the
density

fpuq 9 |u|d´1πpxm ` upxl ´ xmqq

and then update xl to z.
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Multiple chain MCMC: Types of move

A related move returns to basic ideas from optimization:

4. Local optimum: Select l,m P t1, . . . ,Mu, and, in an
attempt to update xl, proceed as follows: starting at xm,
use conjugate gradient or steepest descent to find the local
mode of π, and denote this pxm.

Then make the proposal z

z “ pxm ` upxl ´ pxmq

where u is a scalar random variate sampled from the
density

fpuq 9 |u|d´1πppxm ` upxl ´ pxmqq

and then update xl to z.
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Multiple chain MCMC: Types of move

Again in the d-vector case, we have the final move type,
inspired by ideas from genetic algorithms:

5. Crossover: Select l,m P t1, . . . ,Mu, and then select j
uniformly from t1, . . . , d´ 1u. Perform a crossover at
position j, that is, attempt to replace xl and xm by

xnew
l “ pxl1, . . . , xlj , xmj`1, . . . , xmdq

xnew
m “ pxm1, . . . , xmj , xlj`1, . . . , xldq

that is, exchange the pj ` 1, . . . , dq portions of each vector.

Accept this proposal with probability

α “ min

"

1,
πlpx

new
l qπmpxnew

m q

πlpxlqπmpxmq

*

.
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Parallel Tempering

Parallel Tempering is a multiple chain method that gives a
specific construction of the distributions π1, . . . , πM . Write the
target density π as

πpxq 9 expt´Hpxqu

and define

πmpxq 9 exp

"

´
Hpxq

Tm

*

“ πpxq1{Tm

where
1 “ T1 ă T2 ă ¨ ¨ ¨ ă TM

represent a series of “temperatures”. The densities π2, . . . , πM
are tempered versions of π1.
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Parallel Tempering

Note that

πmpxq “
exp

!

´
Hpxq

Tm

)

ZpTmq

where

ZpTmq “

ż

exp

"

´
Hpxq

Tm

*

dx

may not be available analytically.

This integral needs to be finite for πm to be a proper
distribution.
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Parallel Tempering

Example (Two component Normal mixture)

For the two component mixture

πpxq “
1

4
ϕpx` 4q `

3

4
ϕpx´ 2q

the tempered distributions have modes that become
increasingly flat.
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Parallel Tempering

Example (Two component Normal mixture)

T1 “ 1:
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Parallel Tempering

Example (Two component Normal mixture)

T2 “ 2:
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Parallel Tempering

Example (Two component Normal mixture)

T3 “ 5:
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Parallel Tempering

Example (Two component Normal mixture)

T4 “ 10:
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Parallel Tempering

Example (Two component Normal mixture)

T5 “ 20:

−10 −5 0 5 10

0.
00

0.
05

0.
10

0.
15

0.
20

0.
25

0.
30

x

f m
(x

)

623



Parallel Tempering

Example (Two component Normal mixture)

T6 “ 50:
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Parallel Tempering

When Tm is large

πmpxq 9 exp

"

´
Hpxq

Tm

*

is relatively “flat”, that is, changes in x do not lead to large
changes in πmpxq.

Parallel tempering utilizes within chain and between chain
updates. In the classical version, each iteration consists of

1. Within: an update for each chain using the
Metropolis-Hastings kernels P1, . . . , PM , then

2. Between: an update that attempts to swap xm (from the
chain for πm at temperature Tm) with one of its
temperature neighbours.

625



Parallel Tempering

Define the between-chain exchange probabilities

qBpl,mq “ PrSwap chain l with chain ms

“

$

’

’

’

’

’

&

’

’

’

’

’

%

1

2
2 ď l ď M,m “ l ´ 1, l ` 1

1 l “ 1 and m “ 2, or l “ 1 and m “ 2

0 otherwise

Then the between-chain exchange that proposes to swap xl with
xm is accepted with probability

α “ min

"

1,
πlpxmqπmpxlqqBpm, lq

πlpxlqπmpxmqqBpl,mq

*

626



Parallel Tempering

For the tempered distributions

πlpxmqπmpxlq

πlpxlqπmpxmq
“ expt´Hpxmq{Tl´Hpxlq{Tm`Hpxlq{Tl`Hpxmq{Tmu

or equivalently

exp

"

pHpxlq ´Hpxmqq

ˆ

1

Tl
´

1

Tm

˙*

The temperatures T2, . . . , TM should be chosen such that moves
are accepted at an appropriate rate (neither too high nor too
low).

The samples collected for x1 across iterations represent a
sample from the marginal π1 ” π, the target distribution.
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Parallel Tempering

Tempered moves can be proposed in sequence in an “up-down”
fashion. An update for x1 (in the target chain for π1 ” π) can
be proposed as follows.

For the “up phase”:
Propose y1 from MH kernel q1px1, yq in chain 1
Propose y2 from MH kernel q2py1, yq in chain 2
Propose y3 from MH kernel q3py2, yq in chain 3
. . .
Propose yM´1 from MH kernel qM´1pyM´2, yq in chain M ´ 1
Propose yM from MH kernel qM pyM´1, yq in chain M
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Parallel Tempering

For the “down phase”:
Propose zM from MH kernel qM pyM , zq in chain M
Propose zM´1 from MH kernel qM´1pzM , zq in chain M-1
Propose zM´2 from MH kernel qM´2pzM´1, zq in chain M-2
. . .
Propose z2 from MH kernel q2pz3, zq in chain 2
Propose z1 from MH kernel q1pz2, zq in chain 1

This up and down sequence has proposed a move in the π1
chain x1 ÝÑ z1 via the intermediate steps through the other
tempered chains.
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Parallel Tempering

The acceptance probability for the move is the minimum of 1
and

π1pz1q

π1px1q

qU pz1, . . . , zM , yM qqDpyM , . . . , y1, x1q

qU px1, y1, . . . , yM qqDpyM , zM , . . . , z1q

where

qU pz1, . . . , zM , yM q “ q1pz1, z2qq2pz2, z3q ¨ ¨ ¨ qM pzM , yM q

qDpyM , . . . , y1, x1q “ qM pyM , yM´1qqM´1pyM´1, yM´2q ¨ ¨ ¨ q1py1, x1q

qU px1, y1, . . . , yM q “ q1px1, y1qq2py1, y2q ¨ ¨ ¨ qM pyM´1, yM q

qDpyM , zM , . . . , z1q “ qM pyM , zM qqM´1pzM , zM´1q ¨ ¨ ¨ q1pz2, z1q

If all of the proposals are symmetric qmpx, yq “ qmpy, xq, then
the ratio simplifies to

π1pz1q

π1px1q
630



Evolutionary Monte Carlo

Evolutionary Monte Carlo combines the move types outlined
above (mutation, exchange, crossover, snooker) with tempered
distributions in order to make exploration of the state space
more effective.

The Metropolis-Hastings acceptance probability is reasonably
straightforward to evaluate for each type of move. For a
crossover move, a common approach to choosing the two
“parent” vectors that participate in the crossover is to examine
the current configurations, and to select the first parent to be xl

with probability pl proportional to

expt´βHpxlqu

where β ą 0, and the second parent uniformly from the
remaining population.
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Evolutionary Monte Carlo

The acceptance probability is computed by considering the
various probabilities and densities in the proposal steps. For the
crossover move

§ Pick parent 1, xl, with probability pl
§ Pick parent 2, xm, uniformly, with probability 1{pM ´ 1q

§ Pick the location of the crossover j, uniformly, with
probability 1{pd´ 1q

§ Perform the crossover to obtain xnew
l and xnew

m .

This yields the numerator in the Hastings ratio

pm ˆ
1

M ´ 1
ˆ

1

d´ 1
ˆ πlpx

new
l q ˆ πmpxnew

m q

Considering the reverse move yields the denominator.
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Simulated Tempering

In simulated tempering, the temperatures are also treated as
parameters quantities that are updated during the MCMC
updates. Suppose

πmpx, τmq 9
expt´Hpxq{τmu

Zpτmq

where Zpτmq is the normalizing constant for the mth tempered
(conditional) distribution. A Metropolis-Hastings algorithm is
constructed on the augmented state space

px1, τ1q, px2, τ2q, . . . , pxM , τM q

and the sampled collected from chain 1 are samples from the
target π1 ” π.
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Simulated Tempering

Mutation and exchange moves can be implemented. For the
mutation move, chain m is selected uniformly from collection
of chains, and then the pair pxm, τmq is updated using a
transition proposal

qmppxm, τmq, pxnewm , τnewm qq

with the usual acceptance probability.

For the exchange move between l and m, the proposed
exchange is accepted with probability

α “ min

"

1,
πlpxmqπmpxlq

πlpxlqπmpxmq

*

where the probabilities of choosing pairs of chains l and m to
attempt the exchange are equal.
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Simulated Tempering

A Gibbs sampler update, involving proposals for x, and then for
τl, can also be carried out. Specifically, we may propose an
exchange for τl whilst holding xl constant.

If l is selected uniformly from t1, . . . ,Mu, then another index m
is selected with probability qlm, and a temperature swap
τl ÐÑ τm is proposed. In this case, the acceptance probability
is

α “ min

"

1,
πmpxlq

πlpxlq

qml

qlm

*

Here
πmpxlq

πlpxlq
“
Zpτmq

Zpτlq
exp

"

´Hpxlq

ˆ

1

τm
´

1

τl

˙*
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Simulated Tempering

In this formula, the normalizing constant ratio

Zpτmq

Zpτlq

must be computed. Here

Zpτq “

ż

expt´Hpxq{τu dx

which, in the multivariate case is a d-dimensional integral that
needs to be finite for each possible τ .

In some cases, analytical expressions can be obtained, but more
generally an estimate pZpτq must be used.
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Simulated Annealing

Simulated annealing is a related optimization technique that
utilizes MCMC and a temperature ladder. Suppose that the
function Hpxq is to be minimized. Define the tempered
probability distribution

πT pxq 9 expt´Hpxq{T u

and consider the sequence of decreasing temperatures

T1 ą T2 ą ¨ ¨ ¨

Simulated annealing proceeds by running MCMC at the highest
temperature T1 for a fixed number N1 of iterations, then
changing temperatures to T2 and running MCMC for N2

iterations, and so on.
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Simulated Annealing

As i ÝÑ 8 with Ti ÝÑ 0, the MCMC samples become focussed
at the mode(s) of πpxq, that is, the minima of Hpxq.
Theoretically, the logarithmic rate, where

Ti “
K

logpMiq
with Mi “

i
ÿ

j“1

Ni

guarantees convergence of the algorithm to the global maximum
of π.

This rate is extremely slow, and typically geometric or linear
cooling schedules are used; they generally have reasonable
performance.

Simulated annealing is available as an option in the optim
function in R.
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Sequential Monte Carlo

Consider a sequence of probability distributions

π1, π2, . . . ,

defined on a sequence of state spaces

X1,X2,

where, for each n, Xn “ X ˆ X ¨ ¨ ¨ ˆ X ” Xn for some X.

Suppose that

πnpxnq “
gnpxnq

Zn

where xn “ px1, . . . , xnq, gn is an integrable non-negative
function, and Zn is a normalizing constant.
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Sequential Monte Carlo

Such a series of distributions could arise in

1. Dynamic problems: where data are collected
sequentially though time, as in state-space models

yt “ hpxt; θq ` ϵt

xt “ µ` ϕpxt´1 ´ µq ` εt

where the observed data ty1, . . . , ynu are related to the
unobserved states tx1, . . . , xnu.

Here the parameters θ, µ, ϕ, σ2ϵ , σ
2
ε are also of interest.

Here πt is the posterior distribution derived from the data
ty1, . . . , ytu.
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Sequential Monte Carlo

2. Static problems: where data are collected together, but
used sequentially.

For example, in a Bayesian inference problem, we may have

§ π1 being the posterior computed from x1
§ π2 being the posterior computed from x1, x2

and so on.

In both cases, we may wish to perform a Monte Carlo
calculation with respect to πn, such as an expectation of the
form

EπnrhpXnqs “

ż

hpxnqπnpxnq dxn
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Sequential Monte Carlo

The basic principle of importance sampling uses the identity

ż

hpxqppxq dx “

ż

hpxqppxq
p0pxq

p0pxq
dx “

ż

hpxqppxq

p0pxq
p0pxq dx

which demonstrates that

EprhpXqs “ Ep0

„

hpXqppXq

p0pXq

ȷ

so that an estimator of the LHS is

pI
pp0q

N phq “
1

N

N
ÿ

i“1

hpXiqppXiq

p0pXiq

where X1, . . . , XN „ p0p.q.
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Sequential Monte Carlo

Here, write

πnpxnq “
gnpxnq

Zn
“

gnpxnq
ż

gpxnq dxn

“
wnpxnqpnpxnq

ż

wnpxnqpnpxnq dxn

where pn is the importance distribution, and

wnpxnq “
gnpxnq

pnpxnq

is the importance weight.
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Sequential Monte Carlo

If an i.i.d. sample of size N

xp1q
n , . . . ,xpNq

n

can be obtained from pn, then the empirical distribution

ppnpxq “
1

N

N
ÿ

i“1

δ
x

piq
n

pxq

can be used to estimate πn

pπnpxq “

N
ÿ

i“1

W piq
n δ

x
piq
n

pxq

where

W piq
n “

wnpx
piq
n q

N pZn

pZn “
1

N

N
ÿ

i“1

wnpxpiq
n q

We require the variance of the weights to be finite. 644



Sequential Monte Carlo

In a “static” Bayesian calculation, the posterior from n data
points can be written

πnpθ|ynq “
Lpθ;ynqπpθq

ż

Lpφ;ynqπpφq dφ

so could consider setting

pnpθq “ πpθq

for all n. The problem with this is that Lpθ;ynq is likely to be
very peaked compared to πpθq once n gets moderately large.
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Sequential Importance Sampling

Using the chain-rule factorization

πnpxnq “ π1px1q

n
ź

j“2

rπjpxj |xj´1q

where

rπjpxj |xj´1q “
πjpxjq

πj´1pxj´1q

is the conditional distribution of element xj , given
xj´1 “ px1, . . . , xj´1q, it is possible to construct a Sequential
Importance Sampling (SIS) density

pnpxnq “ p1px1q

n
ź

j“2

rpjpxj |xj´1q

where rpjpxj |xj´1q is again a conditional distribution.
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Sequential Importance Sampling

The importance sampling weight then takes the form

wnpxnq “
πnpxnq

pnpxnq
“
π1px1q

p1px1q

n
ź

j“2

rπjpxj |xj´1q

rpjpxj |xj´1q

so therefore

wnpxnq “ wn´1pxn´1q
rπnpxn|xn´1q

rpnpxn|xn´1q

wn´1pxn´1q “ wn´2pxn´2q
rπn´1pxn´1|xn´2q

rpn´1pxn´1|xn´2q

and so on, so there is a recursive weight calculation,

wjpxjq “ wj´1pxj´1q
rπjpxj |xj´1q

rpjpxj |xj´1q
.
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Sequential Importance Sampling

In the numerator of the weights, we have the conditional
densities

rπjpxj |xj´1q “
πjpxjq

πj´1pxj´1q

but to compute this we need the marginal distributions πj and
πj´1, which may not be available analytically.

A strategy for the static Monte Carlo case involves, for each j,
defining the auxiliary distributions

p0jpxjq j “ 1, . . . , n

such that p0npxnq ” πnpxnq, and where p0j resembles πj , but is
directly available.
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Combining Importance Sampling and MCMC

Recall that
ż

hpxqπpxq dx “

ż

hpxq
πpxq

p0pxq
p0pxq dx “

ż

hpxqwpxqp0pxq dx

If P is a Markov transition kernel with stationary (invariant)
distribution π, that is, for all x

ż

πpzqP pz, xq dz “ πpxq

then also
ż

πpzq

p0pzq
P pz, xqp0pzq dz “ πpxq
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Combining Importance Sampling and MCMC

Thus
ż

wpzqP pz, xqp0pzq dz “ πpxq

and hence, from the importance sampling identity

EπrhpXqs “ Ep0rwpXqhpXqs “

ż ż

hpxqwpzqP px, zqp0pxq dzdx

and the estimator
1

N

N
ÿ

i“1

hpXiqwpZiq

can be constructed, where

§ X1, . . . , XN „ p0

§ Z1, . . . , ZN „ fpz|xq

where fpz|xq is the conditional density for Z given X implied
by P p., .q.
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Annealed Importance Sampling

Annealed Importance Sampling (AIS) uses a SIS approach, but
with auxiliary densities each in n dimensions defined by

p0jpxjq “ tp0pxjqu1´ξjtπnpxjquξj

where p0 is a “diffuse” distribution, and

0 “ ξ0 ă ξ1 ă ¨ ¨ ¨ ă ξn “ 1.

This defines a “path” from p0 to πn. These distributions are
utilized by employing a MCMC kernel.
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Annealed Importance Sampling

The AIS algorithm proceeds as follows: dropping the
dependence on n throughout

1. Sample x0 from p00, set w0 “ 1

2. For j “ 1, 2, . . . , n,

(i) Sample xj from Pjpxj´1,xq, where Pj is a Markov kernel
with invariant distribution p0j .

(ii) Set

wj “ wj´1
p0jpxjq

p0 j´1pxj´1q

3. Return to 1 and repeat N times to produce N samples

xp1q
n , . . . ,xpNq

n

and weights
wp1q
n , . . . , wpNq

n
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Annealed Importance Sampling

If PR
j is the “reverse” kernel, for each instance

PR
j px,x1q “

Pjpx
1,xqp0jpx

1q

p0jpxq

and

π‹px‹q “ p0npxnq

n
ź

j“1

PR
j pxn´j ,xn´j`1q

p‹
0px‹q “ p00px0q

n
ź

j“1

Pjpxj´1,xjq

then

w‹px‹q “
π‹px‹q

p‹
0px‹q

is the importance sampling weight for the augmented sample
px0,x1, . . . ,xnq generated from p‹

0. The marginal distribution
from π‹ of xn is the true target πn. 653



Sequential Monte Carlo for State-Space Models

Recall the state-space model: for t “ 1, . . . , T

yt “ gpxt; θq ` ϵt

xt`1 “ hpxt; θq ` εt

where only the series y1, . . . , yT , is observed. Sequences tϵtu and
tεtu are independent zero mean random variables.

If yt “ py1, . . . , ytq, xt “ px1, . . . , xtq. we must carry out

§ Filtering: Compute ppxt|ytq

§ Prediction: Compute ppxt`1|ytq

§ Smoothing: Compute ppxt|yT q
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Sequential Monte Carlo for State-Space Models

Filtering: By Bayes theorem

ppxt|ytq “
ppyt|xtqppxt|yt´1q

ppyt|yt´1q

9 ppyt|xtqppxt|yt´1q

where the function ppyt|xtq is usually a straightforward
conditional density, but the function ppxt|yt´1q is the density
computed at the previous time point prediction step.

Prediction:

ppxt`1|ytq “

ż

ppxt`1|xtqppxt|ytq dxt

where ppxt`1|xtq is again a conditional density derived from the
state equation, and ppxt|ytq is the posterior density computed
at the time point filtering step. 655



Sequential Monte Carlo for State-Space Models

We consider simulation-based versions of these calculations.

For example, in the filtering step, suppose we have a sample

z
p1q
t , . . . , z

pNq
t

from ppxt|yt´1q obtained at the previous prediction step. Then
we can obtain a particle approximation to ppxt|ytq as

pppxt|ytq “
1

N

N
ÿ

i“1

ppyt|z
piq
t qδ

z
piq
t

656



Sequential Monte Carlo for State-Space Models

Note also that the denominator ppyt|yt´1q can be approximated
by the sum of the weights

pppyt|yt´1q “
1

N

N
ÿ

i“1

ppyt|z
piq
t q

which is useful in approximating the likelihood by

pLpytq “ pppy1q

T
ź

t“2

pppyt|yt´1q

We can also produce a sample from the particle approximation
pppxt|ytq by performing a weighted resampling from the

collection pz
p1q
t , . . . , z

pNq
t q with weights proportional to ppyt|z

piq
t q.

Denote this resampled vector

v
p1q
t , . . . , v

pNq
t
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Sequential Monte Carlo for State-Space Models

For the prediction step, the particle approximation to
ppxt`1|ytq is obtained using a similar Monte Carlo strategy

pppxt`1|ytq “
1

N

N
ÿ

i“1

ppxt`1|v
piq
t q

Also, a sample from this approximation can be obtained by

propagating the samples v
p1q
t , . . . , v

pNq
t forward by sampling the

transition densities ppxt`1|v
piq
t q for each i.

This yields the sample

z
p1q
t`1, . . . , z

pNq
t`1

and the recursion continues.
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Sequential Monte Carlo for State-Space Models

Recap: to perform SIS for πnpxnq “ gnpxnq{Zn, use the IS
density

pnpxnq “ p1px1q

n
ź

j“2

rpjpxj |xj´1q

with weights given by w1px1q “ π1px1q{p1px1q and

wjpxjq “ wj´1pxj´1q
rπjpxj |xj´1q

rpjpxj |xj´1q
“ wj´1pxj´1q

πjpxjq

πj´1pxj´1qrpjpxj |xj´1q

If the normalizing constants Zj for j “ 1, . . . , n are unknown,
the weights can be replaced by w1px1q “ g1px1q{p1px1q and

wjpxjq “ wj´1pxj´1q
gjpxjq

gj´1pxj´1qrpjpxj |xj´1q
“ wj´1pxj´1qαjpxjq

say.
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Sequential Monte Carlo for State-Space Models

The Monte Carlo computation is carried out by sampling

x
p1q
1 , . . . , x

pNq
1 from p1, then at step j ě 2 sampling

x
p1q

j , . . . , x
pNq

j from rpjp.|x
piq
j´1q

for i “ 1, . . . , N . The importance sampling weights are w1px
piq
1 q

and, for j ě 2,

wjpx
piq
j q “ wj´1px

piq
j´1qαjpx

piq
j q

We then have

pπnpxq “

N
ÿ

i“1

W piq
n δ

x
piq
n

pxq

where

W piq
n “

wnpx
piq
n q

N pZn

pZn “
1

N

N
ÿ

i“1

wnpxpiq
n q

in the usual way. 660



Sequential Monte Carlo for State-Space Models

In a simple state-space model, write

Observation equation : pY |Xpyj |xjq

State equation : pXpxj |xj´1q

with X1 „ pX1 .

In light of the observed data yn “ py1, . . . , ynq, the posterior of
interest is

πnpxnq “ ppxn|ynq “
ppxn,ynq

ppynq
“
gnpxn,ynq

Znpynq
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Sequential Monte Carlo for State-Space Models

We have

gnpxn,ynq “ pX1px1q

#

n
ź

j“2

pXpxj |xj´1q

+#

n
ź

j“1

pY |Xpyj |xjq

+

and

Znpynq “

ż

gnpxn,ynq dxn
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Sequential Monte Carlo for State-Space Models

Now, for sequential Monte Carlo, the optimal choice of IS
density is

rpjpxj |xj´1q

is
rπjpxj |xj´1q

which in the simple state-space model is given by

rπjpxj |xj´1q ” ppxj |yj ,xj´1q “
pY |Xpyj |xjqpXpxj |xj´1q

ppyj |xj´1q

“
pY |Xpyj |xjqpXpxj |xj´1q

ż

pY |Xpyj |xqpXpx|xj´1q dx
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Sequential Monte Carlo for State-Space Models

In most cases (specifically, outside of the Gaussian case), the
optimal choice is not feasible: recall that we need successive
samples from the IS densities

rpjpxj |xj´1q “ ppxj |yj ,xj´1q.

We might choose instead

rpjpxj |xj´1q “ ppxj |xj´1q

which typically is straightforward to sample from, and yields
the recursive weight calculation

wjpxjq “ wj´1pxj´1qpY |Xpyj |xjq
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

Suppose

Observation equation : pY |Xpyj |xjq ” N p0, expt2xjuq

State equation : pXpxj |xj´1q ” N pµ` ϕpxj´1 ´ µq, σ2q

with pX1pxq ” N pµ, σ2{p1 ´ ϕ2qq. We regard µ, ϕ and σ as
known constants.

This model is used in the analysis of financial time series: it is a
non-linear state-space model, due to the non-linear dependence
of the distribution of yj on xj .
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

n “ 500 realizations from the stochastic volatility model.
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

Here, for j ě 2,

pY |Xpyj |xjq “

ˆ

e´2xj

2π

˙1{2

expt´e´2xjy2j {2u

and the recursive weight calculation is based on

wjpxjq “

j
ź

k“1

pY |Xpyk|xkq

that is, the likelihood to observation j.
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 1
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 2
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 3
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 4

−4 −3 −2 −1 0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

xj

w
j(x

j)

671



Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 5
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 20
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Particle Degeneracy

A problem with this strategy is that the weights start to
degenerate as j increases;

§ the weights that define the Monte Carlo estimate pπnpxq are
very small for most i, with only a few large weights.

§ the empirical variance of the collection of unnormalized

weights twjpx
piq
j qu for i “ 1, . . . , N increases

§ this is mitigated, but not resolved by a better choice of
rpjpxj |xj´1q

§ could try a normal approximation of

ppxj |yj ,xj´1q 9 pY |Xpyj |xjqpXpxj |xj´1q

“ exp

#

´xj ´
y2j

2e2xj
´

1

2σ2
pxj ´ µjq

2

+

where µj “ µ` ϕpxj´1 ´ µq.
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Particle Degeneracy

Example (Stochastic volatility model)

Here the mode of

ppx|yj , xj´1q “ exp

#

´x´
y2j
2e2x

´
1

2σ2
px´ µjq

2

+

can be computed numerically, and the variance of the normal
approximation can be computed by inspecting the curvature at
the mode, given by

„

´
B2 log ppx|yj , xj´1q

Bx2

ȷ´1

“
“

2y2j e
´2x ` 1{σ2

‰´1
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Particle Degeneracy

Example (Stochastic volatility model)

Normal approximation to ppxj |yj , xj´1q for xj´1 “ 0, yj “ 2:
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Particle Degeneracy

The main reason for particle degeneracy is that particles with
low weight at step j ´ 1 tend to have low weight at step j.

Particle degeneracy can be overcome by resampling that
removes the particles with low weights. The commonest form of
resampling is to use a non-parametric bootstrap, with
multinomial sampling.

At step j, the Monte Carlo estimate of πj is

pπjpxq “

N
ÿ

i“1

Wjpx
piq
j qδ

x
piq
j

pxq

This discrete distribution on

x
p1q

j , . . . ,x
pNq

j

is resampled N times according to the weights

Wjpx
p1q

j q, . . . ,Wjpx
pNq

j q.
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Particle Degeneracy

After resampling, the new resampled values replace the

x
p1q

j , . . . ,x
pNq

j

collection, and each resampled point carries with it its

normalized resampling weight Wjpx
piq
j q.

Each original value x
piq
j may appear in the resampled collection

more than once.
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Particle Degeneracy

Let nj1, . . . , njN denote the numbers of times that particles

x
p1q

j , . . . ,x
pNq

j are resampled during multinomial sampling. Let

rπjpxq “

N
ÿ

i“1

nji
N
δ
x

piq
j

pxq

Resampling does not disrupt the particle approximation in
expectation (that is, it does not introduce bias)

Errπjpxq|pπjpxqs “ pπjpxq

but it does introduce “noise” - for any suitable h,

Var
rπj

rhpXjqs ě Var
pπj

rhpXjqs

This follows by the law of iterated variance.
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Particle Degeneracy

The message from this result is that although you should
perform resampling to preserve particle diversity, you should
not resample too often, as that introduces variability.

A common strategy is to resample only when the observed
variance of the weights exceeds some threshold. A statistic to
track is the effective sample size (ESS) where

ESS “

˜

N
ÿ

i“1

!

W
piq
j

)2
¸´1

We have 1 ď ESS ď N :

ESS “ 1 if W
piq
j “ 1 for some i

ESS “ N if W
piq
j “

1

N
for each i
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Particle Degeneracy

Can also use entropy as a measure

Entropy “ ´

N
ÿ

i“1

W
piq
j logW

piq
j

where 0 ď Entropy ď log2N

Entropy “ 0 if W
piq
j “ 1 for some i

Entropy “ log2N if W
piq
j “

1

N
for each i
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Particle Degeneracy

Example (Stochastic volatility model)

N “ 100 resampled particles and weights at j “ 1
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Particle Degeneracy

Example (Stochastic volatility model)

N “ 100 resampled particles and weights at j “ 2
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Particle Degeneracy

Example (Stochastic volatility model)

N “ 100 resampled particles and weights at j “ 3

−0.5 0.0 0.5 1.0

0.
0

0.
2

0.
4

0.
6

0.
8

1.
0

xj

w
j(x

j)

684



Particle Degeneracy

Example (Stochastic volatility model)

N “ 100 resampled particles and weights at j “ 4
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Particle Degeneracy

Example (Stochastic volatility model)

N “ 100 resampled particles and weights at j “ 5
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Particle Degeneracy

Example (Stochastic volatility model)

Effective sample size (ESS) with resampling when ESS ă 10
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