MATH 557 - EXERCISES 1 : SOLUTIONS

1 (a) Suppose, for two points z and y in the parameter space, c(z,y) is a function of these two
arguments. We have that

filz) o filz)  folz) i
20 =c(z,y), i=0,....k = i) = fo(g)’ =1,...,k
filw) Sy
= R hw TRt
— Ti(z) =Ti(y)

for the given statistic
T(X) = (T(X),- - Te(X)) " = (T X))o,k

Therefore, by the Theorem from lectures, 7'(X ) is minimal sufficient. This result implies that
for selecting a model from a group of models, likelihood ratios provide summary statistics.

(b) If T'(X) is sufficient for 6, then by the Neyman Factorization Theorem there exist g and h

such that
fo(z) = g (T'(2);0) h(z).
Thus, choosing 6;, ¢ = 1,...,k, such that f; = fy,,

RN (g X00RX)\T [ a(T(X):0)\
) = (fo(X))i:L, - (90@,(%();90%(%())1_1 - <go<z'<;<>;eo>>i_1. .

Hence for any sufficient 77, T is a function of 7". Therefore 7' is minimal sufficient.
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(c) Let T be minimal sufficient for 6, so that if W is also sufficient for 6, there exists h such that
h(W) =T. Let T' = r(T) where r is a 1-1 mapping. Then 7" = r(h(W)), so T is a function
of every sufficient statistic.

(d) In the notation of the earlier parts, let 71 = {f3: 8 =1,2} and F = {f3: § > 0}, where f3
is the Exponential density with expectation (3, so that

fola) = ;e-w/ﬁqom) ().

If X(l) = min{Xl, . ,Xn}, define

e

1
-1 X;

1
f(X)  gne T (X)) {nX}
) - =2""expy — ¢ .

n

-V X
e =1 T ) (X))

~—

However, since

- 11
fo(z) = @6 /8 Lo,00)(T(1)) = @AY T(2)? T(0,00) (T(1))

T'(X) is sufficient for 3 by the Neyman factorization theorem. Therefore 7'(X) is minimal
sufficient for 3 by part (b). Since 7'(-) is a 1-1 transformation, X is minimal sufficient for 3
by part (c).
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2 (a) The joint pmf takes the form of an n-sample multinomial without the combinatorial term
(here we observe the X;s individually, not merely the totals in each of the categories):

where

counts the number of times X; takes the value j, for j = 1,2, 3. But n3 = n — ny — ng, hence
Fxio(zlf) = 072 052(1 — 6, — 6,
Thus, by the Neyman Factorization Theorem, 7' = (N, NQ)T is sufficient for § = (64, 92)T.

(b) When looking at N; and N;, we have the traditional multinomial pmf, so

n!

071052 (1— 0y — 03)8

fz(g)[@(z(@\ﬁ) = nilna!(n — ny — ng)!

where T(z) = (n1,n2)T and ng =n —ny —ns .

(c) Using the using calculus approach, we form the log likelihood, partially differentiate in
turn with respect to 61 and 6, equate to zero, and then solve the resulting two equations
simultaneously. We have

1(01,02|z) = c(n) + n1log by + nolog s + nzlog(l — 01 — 02)

so that
ol ny n3
96— 0 1010,
ol ng ns
9y 6 1010,
Equating to zero and subtracting the second from the first equation, we obtain that
ny  ng ) 01 n
6hh T 6w

Substituting back into the first equation, we have

E_ (91 . 01
ns - 1—91—92 - 1—91—“291/7)4

Cross multiplying, we get

ny —n161 — noby = nzby
and hence n n
ni1 = (n1 +ng +ng)o bh=— ==
! ( ! 2 3) ! ! ni + ng + ng n

Thus, by a similar argument for 65, we deduce

O(z) = (n1/n,na/n)".

and hence the estimator is N
9(X) = (N1/n, Nao/n)".

Note that the case covered here presumes n1,n2,n3 > 0. If this does not hold, the maximum
likelihood estimator does not lie in the parameter space and is not defined.
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3 (a) We have for the likelihood

n 1 1 n 1
Lo =117 15 —ap = = Ui —op

so that

yielding the score equation

81_ 2(15—9) .
(9(9_;1+<1’¢—(9)2_0

which cannot be solved analytically.

(b) The code below evaluates the log-likelihood in R on a fine grid on the range (-20,20):

x.dat<-c(7.36,5.14,3.71,3.15,6.00,6.38,1.34,6.73)

thvec<-seq(-20,20,length=20001)
log.pdf.func<-function(x,th){return(-log(pi)-log(1+(x-th)"2))}

log.pdf .mat<-outer(thvec,x.dat,log.pdf.func)
log.like.vec<-apply(log.pdf.mat,1,sum)
plot(thvec,log.like.vec,type=’"1’",xlab=expression(theta),ylab=’’Log-likelihood’’)
th.max<-thvec[which.max(log.like.vec)]

In this code, the variable th. max contains the numerical value of the estimate of 6; to two
decimal places, we find that 6(z) = 5.94. The code also produces the following plot. The

Log-likelihood
0

T T T T T
-20 -10 0 10 20

6

following code uses the optimize function to produce the same result: the commands

log.like.fx<-function(x,xd){return(sum(log.pdf.func(xd,x[1])))}
optimize (f=log.like.fx,xd=x.dat,interval=c(-20,20) ,maximum=TRUE)

yield

$maximum [1] 5.93949
$objective [1] -18.48059
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4 The following R code computes the NV = 5000 estimates.

N<-5000

n<-8

ml.est<-med.est<-rep(0,N)

theta0<-5

for(i in 1:N){
x<-rcauchy(n)+thetal
ml<-optimize(f=log.like.fx,xd=x,interval=c(-20,20) ,maximum=TRUE)
ml.est[i] <-ml$maximum
med.est[i]<-median(x)

}

The histograms below depict the 5000 maximum likelihood and median estimates: It can be
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discerned from these figures that the variance of the median estimator is slightly larger than for
the maximum likelihood estimator; in one simulation, I got that the variance for the sample of
median estimates was 0.468, and the variance for the sample of maximum likelihood estimates
was 0.387.

4 The likelihood in the original parameterization is

n
L(01, 05|21, 20) = (m1>afl(1 — g (
If qf) = 02/(1 — 02), then

n2

)952(1 — )2

x2

__9 g, = Y

1+¢ 1+ ¢y
Either by writing out the likelihood in full in the new parameterization, and maximizing in the
usual way, or by using invariance properties of maximum likelihood estimates, we conclude that

'Q/Z\J(ZL'l :UQ) _ 51/(1 —51) _ (xl/nl)/(l — xl/nl) _ xl/(nl _ xl)
TG0y (@a/na)[/(1—xa/na) | xa/(ny — 1)

B2
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