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Part 1

Introduction




Objective

The objective of causal inference is to quantify the effect of
an intervention:

¢ in a multi-variable system, suppose we are able to manip-
ulate (i.e. alter the value of) one of the variables sepa-
rately from all other variables;

e we wish to report the impact of that manipulation on one
or more of the other variables.

In many scientific enterprises, this is a primary objective.



Some basic probability calculus

Consider three random variables: X, Y and Z. Ultimately we
will collect data

{(thivzi)aj = 17 v 7n}
which are observed values of the variables.
A probabilistic model for the data comprises a joint density
fX,Y,Z(Xv Yy, Z)

or for discrete variables a joint mass function, which repre-
sents how the data are generated.



Some basic probability calculus

This joint model automatically specifies
e the marginal distributions, fx(x), fy(y) and fz(z);

e the conditional distributions

fX|Y(X’Y) fX|Z(X‘Z) fY\X(Y|X)

and
fY|X,Z(Y\X,Z) fY,Z|X(YaZ|X)

etc.



Some basic probability calculus

We have the chain rule factorization

fxvz(X,y,2) = fx(x)fz)x(z|x)fy)x 2 (¥]x, 2)
but also

fxv,z(X,y,2) = fz(2)fy 2 (y]2) v,z (X]y, 2)

and so on, for any ordering of the variables.



Some basic probability calculus

Marginalization:

fy(y) = fj fxyz(x,y,z) dx dz
= jj fyix,z (V1% 2)fzx(z|x)fx (x) dz dx

= ff fyix z(V|x, 2)fxz(x|2)fz(z) dx dz



Some basic probability calculus

Conditioning: provided fx z(x,z) > 0,

fxyvz(x,y,2)

fY|X,Z(Y|sz) = fXZ(X Z)

fxyvz(x,y,z)

ffxyz(X, t, Z) dt



Some basic probability calculus

e for discrete variables, integrals replaced by sums,

fxz(x,z) Pr[X=x,Z =Zz]

(2% = = T = T Px =]

_ PriX=x,Z = 7]
Y Pr[X=x,Z=t]
t

e Can have mixed cases: Z discrete, X continuous.



Some basic probability calculus

Expectations: we can compute the summary

Ey[Y] = f y fr(y) dy

_ fy{ﬂfx,y,z(x,y,z) dx dz} dy

= [ [ fux vz 21 tontelottn) oz ay

- {fy Frxz(y1%,2) dy} £y x(2]3)fx (x) dx dz
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Some basic probability calculus

We may denote
| ¥ fux2tv1x.2) dy = By 2 YIX = x.2 = 2]
that is, as a conditional expectation. Thus
Ey[Y] = fj Evix,z[YIX = x, Z = z]fz)x(z|x)fx(x) dx dz
which we may also re-write

Ey[Y] = Ex,z [Eyjx,z[YIX, Z]]

which is known as iterated expectation.
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Some basic probability calculus

The quantity
Eyixz[YIX =x,Z = 7]

is a function of the two values (x,z) and therefore is non-
random, whereas
Eyx z[YIX,Z]

is a function of (X, Z) and is therefore a random variable.

12



Some basic probability calculus

Consider the conditional expectation Ey|z[Y|Z = z] for some
fixed value z. We have

Evz[Y1Z = 2] = | 7 fzlyl2) dy
= JJY fY|X,Z(Y’Xa Z)fX|Z(X|Z> dy dx

~ [|] 1)y ozt itz (xlv) ay ax av

1 v=z2
1{2}(V) = .
0 v#1z

where

is the indicator function.
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Some basic probability calculus

That is,
Eyp[Y|Z = 7] = f f f ¥ Frix.2 (1%, V) Exjz (x| V)fy (v) dy dx dv

= [EX,V[[EY‘X7V[Y|X7 V]]
where V is a degenerate random variable with

1 v=z2

fv(V)—PI'[V—V]—l{Z}(V)—{ 0 vz .
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Some basic probability calculus

Independence: Two random variables X, Z are independent
X1z
if and only if
fxz(x,2z) = fx(x)fz(z)  V(x,z)eR?
that is, for all (x,z) € R?, or equivalently
fxiz(x|z) = fx(x)  V(x,z)s.t. fz(z) >0

or
fzix(z]x) = fz(z)  V(x,z) s.t. fx(x) > 0.

15



Some basic probability calculus

e For three variables, we require for independence

fxyz(x,y,2) = &x(x)fr(v)fz(z) V(x,y,z) e R
e We can consider conditional independence: say
YIZ|X
if and only if
fY,Z\X(Y>Z|X) = fz|X(Z|X)fY|X(Y|X)

for all (x,z,y) € R3 where the conditional densities are
well-defined.

16



Some basic probability calculus

Suppose that X and V are two random variables, but suppose
that V is degenerate at some fixed value vy € R, that is,

Consider the joint distribution of X and V: we have that for
arbitrary x

g(X7V0) XeRaV:VO

fX7v(X, V) = {

0 xeR,v+# vy

for some function g(x, v).

17



Some basic probability calculus

Therefore, marginally
fx(x) = g(x, vo)
which must be a density in x. Hence for all (x,v) € R?
fxv(x,v) = fx(x)fy(v)
and hence X and V are independent

X1V.
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Some basic probability calculus

In the previous calculation, suppose X and Z are independent:
[EY\Z[Y’Z =z| = JJY fY\X,Z(Y‘Xa Z)fx\z(xm dy dx

= JJY fyix,z(¥]x,2)fx(x) dy dx asX 1 Z

= [EX[[Ey|X,Z[Y|X> d]

19



Some basic probability calculus

That is, we can compute Ey|z[Y|Z = z] by
e fixing Z = z independently of X,

e computing for each fixed x
Eyix,z[YIX =x,Z = 2] = p(x,2)

say,

e averaging the result over the distribution fx(x)

Ex [M(X7 Z)]
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Some basic probability calculus

Regression: we might propose
Evix,z[YIX = x,Z = z] = Bo + P1X + 1oz

or
Byix,z[Y|IX = x,Z = 2] = Bo + B1X + 10z + Y1x2

etc. for some parameters 3, 1 to specify the mean model

w(x,z;8,1).

21



Some basic probability calculus

Binary variables: suppose X, Y, Z are binary and consider
Pr[szvY:.Y7Z:Z] (X7Y7Z)e{071}3‘
Suppose Pr[Z = 0]Pr[Z = 1] # 0, that is

Pr[Z=0]>0 and Pr[Z=1]>0.

22



Some basic probability calculus

We have for (y, z) € {0,1}?
1
PriY = y|Z = z] = ) | Pr[Y = y|X = x,Z = z]Pr[X = x|Z = Z]
x=0
=Pr[Y =y|X =0,Z = z|Pr[X = 0|Z = 7]
+Pr[Y =y|X =1,Z = z]Pr[X = 1|Z = £]
# Pr[Y = y|X = 0,Z = z]Pr[X = 0]
+Pr[Y=y|X=1,Z = z|Pr[X = 1]

in general.
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Some basic probability calculus

Simpson’s Paradox:

Consider
0 GroupO
X =
1 Groupl
0 Treatment A
7 =
1 Treatment B
0 Not cured
Y =
1 Cured

24



Some basic probability calculus

Data:
X=0 X=1
Y Y
0 1 0 1
036|234 25| 55
Z 1] 6| 81 Z 1]711192
Collapsing over X:
Y
0 1
61 | 289
z 1177|273
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Some basic probability calculus

Estimated cure rates for the two treatment groups:
e In Group 0 (X = 0):

Z—O-234A087 z—1-81A093
- 270 0 87

e In Group 1 (X =1):

55 192
In the pooled data:
289 273
Z=0: — = 0. Z=1: — =0.7
0 350 0.83 350 0.78
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Some basic probability calculus

Therefore in each of the two Groups separately,
Treatment B beats Treatment A
but in the pooled data, it seems

Treatment A beats Treatment B.

27



Some basic probability calculus

Not surprising:
PrlY=1|Z=1]=Pr[Y =1|X=0,Z = 1|Pr[X = 0|Z = 1]
+Pr[lY=1|X=1,Z=1]Pr[X =1|Z = 1]

and we have from the data

—~

Pr

—~

[Y=1|X=0,Z=1] =0.93
Pr[Y = 1|X = 0,Z = 0] = 0.87
PrlY =1|X=1,Z=1]=0.73

[Y |

Pr[Y=1|X =1,Z = 0] = 0.69

® © 6



Some basic probability calculus

where
wy = Pr[X = 1|Z = 1]

and

wo =Pr[X =1|Z =0] =

ie. (1 - Wl)@ + w1 (©
ie. (1 —wy)® + wo@

_ 263 475
263 + 87
80 g
80 + 270
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Some basic probability calculus

The weights
Pr[X =1|Z =1] Pr[X = 1|Z = 0]

are substantially different, representing (in the joint distribu-
tion rather than the data) dependence between X and Z.

e There is an imbalance between the two treatments when
considering the representation of the two Groups of indi-
viduals;

¢ as the probability of cure is different for the two groups,
this imbalance affects the conclusions from the pooled
data.
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Some basic probability calculus

It is important to consider whether we wish to report

e a conditional on x comparison
PrlY=1X=x,Z=1] vs Pr[Y=1|X=x,Z = 0]
e a marginal comparison

Pr[lY=1|Z=1] vs Pr[Y=1|Z =0].
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Some basic probability calculus

This kind of result is not limited to discrete variables: suppose

X
Y | ~ Normals(u, )
Z

constructed as follows:
e Marginal for X: X ~ Normal (ux,o%)
e Conditional for (Y, Z) given X = x:

(Y,Z)|X = x ~ Normal, <<§) , (f(‘fg _19(‘)9>)

32



Some basic probability calculus

0 10 20
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Some basic probability calculus

.
X X X
i
B o
@ o

0 10 20
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Some basic probability calculus

30
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Some basic probability calculus

In this model

e Marginally, Y and Z are positively correlated;

e Conditionally on any X = x, Y and Z have negative cor-
relation (by construction the correlation is -0.9).

We can examine the distribution of X for each Z: the following
boxplot splits the data by deciles of Z.

36



Some basic probability calculus
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Some basic probability calculus

By standard theory for the multivariate Normal distribution
Y|X = x,Z = z ~ Normal (x + p(z — x), (1 — p?))
that is

E[YIX=x,Z=2z]=x+p(z—x)=pz+ (1 -p)x

38



Some basic probability calculus

Also
Z|X = x ~ Normal(x,1)

and so
fx|z(x|z) o fz1x(z]x)fx (x)

z + px/o% 1
1+1/0% "1+ 1/0%

= Normal <

39



Some basic probability calculus

Therefore

Eyiz[Y|Z = z] = Ex| [[EYX,Z[vaz = 7|

z-2|

= Exz [pz + (1 — p)X|Z = 2]

= pz+ (1 - p)Exz [X|Z = 2]

Z+MX/U)2<

= pz+ (1 —p) 2 XX
(1 —plux 0%

==t (p+(1—
0% +1 Pl p)a§(+1

)

40



Some basic probability calculus

In this system, X and Z are not independent, and so the
marginal effect on Y of changing Z is measured by the co-
efficient of z in Ey|z[Y|Z = z], that is,
0%

+(1—
p+( p)a§+1

whereas if we imagine manipulating Z independently of X,
the effect is measured by the coefficient in

E[Y|X =x,Z = 7]

that is, p.

41



Some basic probability calculus

Note that in this system, the conditional model for Y, given
X = x and Z = z, in particular the mean model

Eyixz[YIX=x,Z=2z] =pz+ (1 —p)x

is unchanged irrespective of any assumption about the (X, Z)
distribution.

Thus the critical distinction concerns whether we imagine Z
being manipulated independently of X.

42



Some basic probability calculus

Here we have

2
X X ox OXxy O0xz
Y|~ Norma13 My | » | OXY O'% 0vyz

2
Z uz 0xz Oyz Oz

where by iterated expectation we can conclude

Ky = Kz = px.

43



Some basic probability calculus

By the general result for the multivariate normal distribution

- (] 4 e e

Hx Ox |9xz
where
o2 o 1
Y Ovyz OxXy
Yyzx = 2| — = loxy oxz]
Oyz Oz ox Loxz

44



Some basic probability calculus

We must have by construction

1
Yyzx = [ p]
p 1

so that oxy = oxz = 0% and

2 0% 2
Ox

a%zl—l—a)z(

OXYOXxz 2
Oyz =p+ 5 =p+ox.
Ox

45



Some basic probability calculus

Here
p = Corr|Y,Z|X = x| = pyzx

is the partial correlation between Y and Z given X = x, which
is different from

2
oyz p+ox
o252 1+ 0%

y9z

which is the ordinary correlation.

46



Some basic probability calculus

See knitr 01

47



Regression models

e Y scalar
e xislxp

e fisp x1

Often we model using a linear combination
E[Yix] = g(x8)

for some mapping function g(.), and assume
Var[Y|x| = V(x)

for some non-negative function V/(.).

48



Regression models

Most commonly for continuous-valued Y
E[Y|x] = x5

and
Var[Y[x] = o2

49



Regression models

For a data set of size n comprising
e outcome datay = (y1,...,ya)"
e predictor data X - an n x p matrix
X1
X =

Xn

we assume

E[YX]=X3  Var[Y|X] = ¢°I,

50



Regression models

This is equivalent to the model
Y=X3+¢
where ¢ is an (n x 1) vector of random variables with

E[eX] =0, Var[eX]=E[ec' [X] = 0?1,

51



Regression models

We may choose to treat X as fixed or random quantities.

e with X fixed, estimate parameters 3 and o2 using ordi-
nary least squares (OLS)

B = argmin(y — X8)(y - X5)
that is, B solves
X' (y—Xg) =0,

so that
b= XXXy

and

o 1 YA (v — XA
0= VXA y—XP)

52



Regression models

Note that
n
y X/B Z - X1

showing the form of the estimating function.
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Regression models

e with X random, using the model equation
X'Y=X"X8+X'e

and taking expectations with respect to the joint distri-
bution
EX'Y] = E[X'X]8 + E[X¢].

By assumption

E[X'e] = Ex[X'E.x[¢[X]] = 0,.

54



Regression models

Thus
EX'Y] = E[X'X]3

and provided E[X"X] is non-singular, we have
B ={EX"X]}EXTY].

Note also that
E[XT(Y - X5)] = 0,

55



Regression models

Using the method of moments, we have that

-1
1 n
{E[X"X]} ! is estimated by {n > ijxl}
iz1

and

1 n
E[X'Y] is estimated by — Z x; yi
na

yielding an identical result to OLS.
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Regression models

By standard theory, we have for
gn _ (XTX)—ley

that as the sample size grows the corresponding estimator
Bn=(X"X)" XY

has good behaviour
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Regression models

e consistency: as n — o0,
2 P
Bn —

TRUE

with (.. the true (data generating) value.

e asymptotic normality

\/E(B\n — Brroe) 4, Normal, (0p, o2V)

where

1 n
v! = plim { = X! X;
pim | S

provided the limit exists and is non-singular.
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Regression models

This theory holds assuming correct specification of Eyx[Y|X].

e Y — X[ is uncorrelated with the columns of X.

A parallel theory holds under mis-specification; however,
most critically we do not obtain consistent estimators if the
mean model is mis-specified.

59



Regression models

Example:

Suppose we specify

Evix[Y[x] = Bo + B1x1 + Baxz + (o + 1X1).

so that
;=1 xi1 X2 z zXa).

Using the above formulae, this leads us to estimates

Bo=[Bo B B2 B0 ] -

60



Regression models

Example:

Then we may estimate the expected response for Z set to take
the value z as

(Bo + 31X1'1 + BZX1'2 aF z(zZo + Jlxﬂ)).

D=

1
R

Then, if we compare z = 1 with z = 0 we get the estimated
difference

E[Y’XLXL 1] - [E[Y\Xl,Xm 0] =

S

Z(@o +1%11)
iz1

61



Moment-based estimation & sample averages

The idea of moment-based estimation is to estimate expecta-
tions using sample averages.

e Sample mean:
1 n
Ta L
is an estimator of

w=Ex[X] = fxfx(x) dx
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Moment-based estimation & sample averages

e Generalized version:

Zg(Xi)

i=1

S| -

is an estimator of

Ex[g(X)] = j g (x)f(x) dx

63



Moment-based estimation & sample averages

We are approximating the integral
fg(x)fx(x) dx
by the empirical version
J g(x)fa(x) dx

where
) = £ 1 ()
n - n 1:1 {Xj} X

We can think of this as a type of Monte Carlo calculation.
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Moment-based estimation & sample averages

Monte Carlo estimation is reliant on the fact that as n — oo,
we have certain types of convergence:

e Laws of large numbers: Suppose Xi,...,Xp,... are iid
random variables. Then, usually,

> g(X) = Ex[g(X)]

i=1

b\»—\
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Moment-based estimation & sample averages

e Central Limit Theorems: Under mild conditions on the
joint distribution of random variables Xi,..., Xy, ...,

49

for suitable choices of the sequences {a,} and {b,}.

:\H

n
Z ) 9, Normal(u, 0?)
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Moment-based estimation & sample averages

Essentially, standardized sums of random variables have sta-
ble long-run behaviour. For example,

_ 1 &
X, -2 Ex[X] — X2 2 Ex[x?
i=1

as n — o0, and so on.
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Moment-based estimation & sample averages

Importance sampling: The identity

fo(x) . [ g(x)f(x)
fo(x) dx = Jfg(x) fo(x) dx

f g (x)f(x) dx = fg(x)f(x)

where fj is a probability density with support including the
support of f: that is we must choose f such that

fo(x) > 0 whenever f(x)>0

68



Moment-based estimation & sample averages

That is,
g(X)f(X) }

Elg(x)) - Eq | 0

so that an estimator of the LHS is
16)(g) = 1 i g(Xi)f(Xi)
N TN LT (X))
i=1

where Xl, NN 7XN ~ f()()
. ?](\}CO) is termed the importance sampling estimator.

e fy is termed the importance sampling density.
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Moment-based estimation & sample averages

The importance sampling method tells us that even if we have
an expectation that we need to estimate for distribution f, we
can instead use variates (or ‘data’) sampled from a different
distribution fj.
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Moment-based estimation & sample averages

By careful choice of fy, the estimator can have better perfor-
mance than the Monte Carlo estimator in finite samples.

Note that
1 i f(XI) 1 i
= — X)) = —
N = fo X1 N =
say, where
f(Xi)
wo(Xi) =

is the importance sampling weight.
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Moment-based estimation & sample averages

Note that

Eq[wo(X)] = Ex, [

S0
1
[Efo [N Z WO(Xj)] =1
i=1
although for any realization
1 N
N Z WO(Xj) #* 1
i=1
in general.
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Moment-based estimation & sample averages

Example:

Consider the two distributions for variables X,Y, Z:
f:fxyz(X,y,2) = fx(x)fz)x(z|x)fyx,z(¥]x, 2)
*: fxy z(x,y,2) = fx(x)f7(2) fyjx z(v]x, 2) le. X 1L z

so that .
fx,yz(X)y’ z) f;(z)

fxyz(x,y,2)  fzx(z|x)
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Moment-based estimation & sample averages

Example:

Thus, for any function g(x,y, z), using the importance sam-
pling idea

17(2)

Er[9(X,Y,Z)] = Ef [m

g(X,v, Z)]

provided, for all z such that f7(z) > 0, we have f7x(z|x) > 0
for all x.
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Moment-based estimation & sample averages

Example:
We are reweighting contributions to the expectation to ac-
count for the fact that
e under f*, each contribution g(x,y, z) gets weight deter-
mined by £ (z);

e under f, each contribution g(x,y,z) gets weight deter-
mined by fz7x(z|x)

75



Part 2

Causal Graphs




Causal Graphs

The structure of a joint distribution is essentially specified the
set of conditional distributions that appear in the chain rule
factorization. In general we have

fxyz(x,y,2) = fx(x)fyx(yx)fz)x,vy(2|x,¥)
but perhaps we might assume that
Z 1YX
so that fz|x y(z|x,y) = fz|x(z|x) and

fx v z(x,y,2) = Ix(X)fyx (y]x)fzx (2|x)
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Causal Graphs

We can depict the conditional independence using a graph:

(¥)
O—0—®

This type of graph is sometimes called a fork.
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Causal Graphs

e Nodes @ @ @ denote the variables;

e Edges with arrows indicate the nature of dependence in
the chain rule factorization;

e Directed arrows specify the conditional independence as-
sumptions;
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Causal Graphs

e Nodes without incoming edges are founders;

O—®

fx (x)fyx (v|x)

corresponds to

80



Causal Graphs

e Nodes with only outgoing edges act to block dependence:

in
fx vy z(x,y,2) = fx(x)fyx (¥]x)fzx (2|x)
it is evident that Y 1L Z|X.
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Causal Graphs

However, note that
YUZ

By standard probability calculus
fr2(7:2) = | Frx(y13)tx (2l () dx
() = [ fx(ylx)f() dx

fz(z) = ffZ|X(Z’X)fx(X) dx

so in general
fyz(y,z) # fy(y)fz(2).
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Causal Graphs

A (causal) graph G is described using the following elements:

e A set of nodes or vertices, Vi, V,, ..., representing vari-
ables.
e A set of edges, E1, Ey, ..., representing dependencies.

e Two nodes are adjacent if there is an edge between them.

e Edges can be directed, denoted using arrows, or undi-
rected; if all edges are directed, the graph is directed.

e The graph with the arrow directions removed is termed
the skeleton.
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Causal Graphs

e A path between to nodes V; and V; is a sequence of edges
connecting those nodes;

e a directed path is a path where the directions of ar-
rows on edges are obeyed.

e two nodes are connected if a path exists between
them, and disconnected otherwise.
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Causal Graphs

e In general, a graph may contain cycles, that is, directed
paths that start and end at the same node.

e
) )
v

A directed graph that has no cycles is termed a directed
acyclic graph (DAG).
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Causal Graphs

The language of ‘kinship’ may be used to describe graphical
connections:

PARENTS

CHILD

fxyz(x,y,z) = fx(x)fy(y)fzx,v(2]X,y)
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Causal Graphs

In this DAG, we have X 1 Y:
fr(x.y) = [ 60y (zlx.y) dz

=&®ﬁmf&mumww

= fx(x)fy(y)

as
JfZX,Y(Z|XaY) dz =1
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Causal Graphs

However, conditioning on Z = z

fxyz(x,y,2)

fX,Y\Z(X7Y|Z) = W definition
fX(X)fY(Y)fZ|X,Y(Z|XaY) .
= by assumption
fz(z)
fz1x y(z|x,y)
= fx(x)F _
X( ) Y(Y) fZ(Z)
# Ix|z(x|2)fy|z(y]2) also # fx(x)fy(y)

in general, as the function in line 3 does not factorize into
a function of (x,z) and a function of (y,z), which would be
necessary for conditional independence.



Causal Graphs

That is,
X1y

but
XLY|Z

Conditioning on Z induces dependence; the node Z is some-
times termed a collider.
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Causal Graphs

X,Y and W are ancestors of Z.
X is a child of W.
Z is a child of X and Y.

X and Y are spouses, and parents of Z.

90



Causal Graphs

A tree is a graph where each node has at most one parent.

OO
ORORO
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Causal Graphs

A chain is a graph where each node has at most one child.
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Causal Graphs

For variables X3, X5, ...,Xq, define for j = 1,...,d the set of
parents of X;, denoted

Paj = {Xf),...,Xg)}, say
such that for Xj ¢ Paj,
X L x | X9, x)

and that no proper subset of Pa; yields the conditional inde-
pendence. That is, Pa; is the smallest set of variables for
which the conditional independence statement holds.
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Causal Graphs

We have for the chain rule factorization

d

fx,.. xg(X1,...,%q) = fx, (x1) 1_[ 1%, %1 (X5 ]x15 - XG1)
j=2

d
= fx, (x1) HfX}|PAj(Xj|X§J)a o xdy
j=2

To construct the factorization, we start with the founders for
which the parent set is empty.
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Causal Graphs

® ®

fx, x, (X1, X2) = fx; (x1)fx, (X2)

()—()

fx, x, (X1, %2) = fx, (x1 )fX2|X1 (x2]x1)

or
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Causal Graphs

Add in X3: independence case

X3 1 (X1,X2) X3 1L X5 | X

X3 1L X5 | Xy X3 X1, X3 L X,

(&) : @@@
@@@ Q@@
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Causal Graphs

Add in X3: dependence case

@ X3 1 (X1,X2)

X3i|.X2|X1

@ X3 UL X; | Xo

X3 X1, X3 L X,
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Causal Graphs

Compatibility: The probability distribution P is compatible
with graph G if P admits the factorization implied by G.

e note the G does not define P, merely the chain rule fac-
torization that P admits;

e termed ‘Markov compatibility’; P is Markov with respect
to G, that is, we may deduce from G that

fxyz(x,y,z)= fX(X)fY(Y)fZ|X,Y(Z|X,Y)

say, but we do not know the forms or values of the indi-
vidual terms.
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Causal Graphs

Example:

@é@ (%)

Fx, (1) £y, )%, (%2]31) By x, (X3]%1) B, %, x5 (Xa | X2, X3) f; x, (X5%4)
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Causal Graphs

We need so ensure that all conditional densities are well-
defined, that is, we must condition on values that carry are
in the support of the marginal density for the conditioning
variables. For example, we can only compute

fX3 ‘Xl ,Xz (XS ’X]- Y X2)
for (x1, x2) such that

fX17X2 (Xl,Xz) > 0.
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Structural models

When we write

@

what precisely (mechanistically) does the symbol ———
mean ?
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Structural models

One interpretation is via a structural interpretation:
e generate X independently,

e generate Y and Z independently as functions of the real-
ized X, for example

Y =3X
Z=4X+9
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Structural models

X) UZy UY
independent

@\@
()

Y=X+ Uy

For example

Z =X+ Uy

Y = g1(X, Uy)

Z=g2(X,Uz)
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Structural models

@,
S0

Y=g(X,2Z)

If we fixed X = x and Z = z, we would know Y = ¢g(x, z)
precisely.
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Structural models

M@
O=on

so that X = g1(Ux), Z = g2(Uz), and

Y = g(X, 2).
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Structural models

If we know X = x and Z = z, then we do not need to know the
values of Ux and Uz to determine Y. That is

Y UL (UXa UZ) | (X’ Z)

We can interpret causation in terms of these functions.
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Structural models

e X causes Y if it appears in the function, g, that assigns
Ys value;

e X causes Y if, in the graph representing the joint distri-
bution, there is a directed path from X to Y;

e X is a direct cause of Y if there is an arrow from X to Y

Variables that have no ‘causes’ (ancestors) are termed exoge-
nous; variables that have at least one cause are termed en-
dogenous.
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d-separation

Consider three disjoint sets of nodes
X,V Z
of DAG G. To assess whether
X1Y|Z VXeX Ye) ZeZ

for any distribution compatible with the DAG, we must assess
whether Z ‘blocks’ paths from X to Y.
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d-separation

Consider the collider (‘inverted fork’) graph

O—2—®

Z is a collider on this path, and the path from X to Y is blocked
at Z.

A directed path from one node to another cannot contain a
collider.
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d-separation

The notion of being a collider is path-specific: for example

(D—(®)

e Z is a collider on XZU

e Z is not a collider on XZY.
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Unconditional d-separation

A path is unconditionally open! if there is no collider on the
path; if there is a collider, the path is closed.

Variables X and Y are d-separated if there is no open path
between them; if there is an open path, the two variables are
d-connected.

Lor unblocked, or active

111



Unconditional d-separation

Example: Diabetes example (Rothman et al. p 188)

e 7Z; family income

Z genetic risk

W parental diabetes

X low educational attainment

Y diabetes of subject
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Unconditional d-separation

Example: Diabetes example (Rothman et al. p 188)

X and Y are d-separated; there is one path between X and Y,
but it is blocked at W by the collider.

f7,(21)fz, (ZZ)fW|Zl,Zz (w|zi, Zz)fx|21 (X|Zl)fY|Zz (vlz2)

and X and Y are independent:

e integrate out w, then z;, then z,.
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Conditional d-separation

We can consider similar statements obtained after condition-
ing on a variable.

For a non-collider Z: consider conditioning on Z

@—@—»@ X1Y|Z
@—»@—»@ X1Y|Z

Conditioning blocks the path, and yields X 1 Y.
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Conditional d-separation

For a collider Z: consider conditioning on Z

B @@ xivie

Conditioning unblocks the path, and this yields X LY condi-
tionally.
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Conditional d-separation

However, consider

—()
W)

fx (x)fy (¥) fz1x,v (2|%, ¥) fw)|z (W] 2)

Here X and Y are unconditionally independent as Z is a col-
lider.
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Conditional d-separation

However
fxyw(x,y, w) = fx(x)fy(y) JfZ|X,Y(Z\X,Y)fWZ(W|Z) dz

= fx(X)fy (¥) fwix,y (W]X,y)

Therefore we have that

@—»@<—@ XLY | W

and W is a collider in the marginalized model.
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Conditional d-separation

Therefore
(i) conditioning on a non-collider Z blocks the path at Z;

(ii) conditioning on a collider Z or a descendant W of Z
opens the path at Z;
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Conditional d-separation

Suppose S is a set of variables.

e S blocks a path from X to Y if, after conditioning on S,
the path is closed; S unblocks a path if after conditioning
the path is open.

e If S blocks every path from X to Y, then X and Y are d-
separated.
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Conditional d-separation

e If S d-separates Xand Y, X L Y| S,

fX|Y,S(X|Y7 S) = fX|5(X|S) V(X7Y7 S)'

e If S does not d-separate X and Y, then X and Y may be
dependent, and

fX\Y,S(X|Y> s)

cannot be made independent of y in general.
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Conditional d-separation

@é@ ()

{X2} and {X3} are d-separated by {X;}, and X Il X3 | X;.

e there are two paths between X, and Xj;

Example:

e X, X;X3: blocked by conditioning on Xj.

e X,;X4Xj3: blocked by the collider at Xy, and Xy ¢ {X;}.
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Conditional d-separation

eée ()

{X2} and {X3} are not d-separated by {X;, Xs}:
e Xo X5 | (X1,Xs).

Example:

e X5 is a descendant of collider Xy;
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Conditional d-separation

Selection bias: Conditioning on the common effect of two
causes renders the two causes dependent; this is known as
selection bias or Berkson bias.
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Conditional d-separation

Example: Hospital cohort

Consider the DAG for binary variables
e S - smoking status
e G - glioma
e H - hospitalization
e B - broken bone

e R - tendency for reckless behaviour

We wish to study the association between S and G in a hospi-
talized cohort.
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Conditional d-separation

Example: Hospital cohort

The joint model fr B s G,u(r, b, s, g, h) factorizes as

fr(r)fc(g)fp|r (b|r)fs|r(s|T)fuiB,c(h|b, g)
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Conditional d-separation

Example: Hospital cohort

In this graph, we have one path from S to G
e this is an undirected path,
e the path is blocked at collider H.
Therefore G 1L S,
However, conditioning on H renders G and S dependent.
That is, if we carry out a study in the general population, no

association between will be detected, however, if we only look
in hospitalized subjects, an association will be detected.
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Conditional d-separation

Example: HIV study
Consider the DAG for variables
e C - CD4 count (continuous)
e D - assignment of new HIV drug (binary)
e H - underlying HIV severity (binary)
e S - symptoms (binary)

e U - follow up indicator (binary, U = 1 implies that partic-
ipant stays in trial)
We wish to examine the impact of D on C by studying patients
who stay in the trial.
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Conditional d-separation

Example: HIV study

O—a)—G)
©

The joint model fy p.c,s,u(h,d,c,s,u) factorizes as

fy(h)fp(d)feiu(c|h)fsiy,p(s|h, d)fys(uls)
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Conditional d-separation

Example: HIV study

In this graph, we have one path from D to C

e this is an undirected path,

e the path is blocked at collider S.
Therefore D 1l C, but conditioning on U, which is a descen-
dant of S, renders D and C dependent.

Therefore, regressing C on D in the subgroup where U = 1
(that is, individuals who are followed in the trial) will indicate
an association.
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Conditional d-separation

(20—

Here X 1L Y: there are two paths between X and Y
e X271 >27Z,>Y
o X > 27, —>Y

both blocked by collider Z,. Therefore X 'Y | {Z,}.
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Conditional d-separation

If X and Y are d-separated by S then X Il Y | S for all dis-
tributions compatible with G; conversely, if they are not d-
separated, then X and Y are dependent given S for at least
on distribution compatible with G.
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Interventions

Consider the DAG

()
)

Fx, (1) £y, x, (X2 [x1) Fxy x, (X3 1%1) B, %, (Xa | X2, X3) 5 x, (X5]X4)
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Interventions

Suppose we intervene to set X3 = x3. The relevant DAG is

now

X3

fx, (x1)fx, %, (X2]x1) fig, (%3) x|, x5 (Xa X2, X3) g | x, (X5 |X4)

where f;’g3 (.) is a degenerate distribution at x3. Xj is no longer
a cause of Xj3.
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Interventions

We note the distinction between the distributions

X, %,,X3,X,, X5 (X1, X2, X3, X4, X5
fX17X27X4,X5|X3(X1’XZ’X4’X5’X3>: E— ;)(( ();3)’ A
3

which arises from the original DAG, and

f}? X5.X3. X4, X (X17X25X37X47X5)
f§17X27X4,X5|X3(X1’XZ’X4’X5|X3) = ;’* (X3)
X3

which arises from the intervention DAG.
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Interventions

In the causal literature, the distinction is sometimes acknowl-
edged using the ‘do’ operator

fx, %%, X5 (X1, X2, Xa, X5 | do(X3) = X3)
is the same as

f;l,Xz,}Q,X5|X3 (X17X27 X4, X5 ‘ XS)

This notation was introduced by J. Pearl.
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Interventions

Intervening on variable X to set the level to x has the effect
of

e removing all incoming arrows to X

e switching the marginal for X to the degenerate distribu-
tion £3(.)
fx(x) = 13(x) xeR.
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Interventions

Note

In the earlier example

v

’

fX(X)fZ\X(Z‘X>fY\X,Z(Y‘Xa z) fX(X)fg(Z)an,z(Y’Xy z)
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Graphical representation of bias

We aim to understand the causal effect of
e treatment Z

e outcome Y,

We study the paths from Z to Y in the DAG describing the
joint distribution of all variables. The paths maybe

e directed or undirected

e open or closed.
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Graphical representation of bias

An open undirected path between Z and Y allows for the as-
sociation between Z and Y to be modified by the presence of
other variables.

e This type of path is known as a biasing path.

e by association, we typically mean some form of correla-
tion (or partial correlation).
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Graphical representation of bias

The association between Z and Y is unconditionally unbiased
(or marginally unbiased) for the effect of Z on Y if the only
open paths between them are directed paths.
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Graphical representation of bias

Variables S are sufficient to control bias in the association
between Z and Y if, conditional on S, the open paths between
Z and Y are precisely the directed paths between Z and Y.

e S is minimally sufficient if no proper subset of S is suffi-
cient.

The set of parents of nodes in S is always sufficient, but may
not be minimally sufficient.
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Conditioning on descendants of Z

Conditioning on descendants of Z

(i) blocks directed paths

@O——

ZILY|X but ZJLY
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Conditioning on descendants of Z

(ii) can unblock or create paths that lead to biasing of the
effectof Zon Y.

e collider case, selection bias case.

(iii) may be unnecessary in statistical terms: for example

¥

Conditioning on X will not affect bias.
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The backdoor criterion

Undirected paths from Z to Y are termed ‘backdoor’ paths
(relative to Z) if they start with an arrow pointing into Z.

@

The only path from Z to Y is a backdoor path.
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The backdoor criterion

Before conditioning
e all biasing paths in a DAG are backdoor paths, and
e all open backdoor paths are biasing paths.

To obtain an unbiased estimate of the effect of Z on Y, all
backdoor paths between Z and Y must be blocked.
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The backdoor criterion

A set S satisfies the backdoor criterion with respect to Z and
Y if
(i) S contains no descendant of Z, and

(ii) there is no open backdoor path from Z to Y after condi-
tioning on S.

Conditioning on S allows identification of the causal effect of
ZonY.
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Confounding

A confounding path between Z and Y is a biasing path (that
is, an undirected open path) that ends with an arrow into Y.

Variables on a confounding path are termed confounders.

X is a confounder in both cases.
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Confounding

W is a collider on the path from Z to Y
Pathl: Z-X3 > W-o>X, > Y

and hence this path is blocked.
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Confounding

However unconditional on W, the effect of Z on Y is con-
founded by the backdoor path,

Path2: Z->X; - WY,

Conditioning on W alone opens Path 1, therefore to block both

paths need to condition on

S ={W,X,}.
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Confounding

@

Conditioning on W opens the confounding path. Therefore
Z 1 Y (as there is no open path between them), but

ZIy|w
Further conditioning on either {Xj} or {X;} blocks the path.
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Confounding

(2) )

Conditioning on W blocks the confounding path. Therefore
conditioning on any one of

{Xl}a {W}7 {X2}
will block the path.
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Direct and indirect effects

e Direct effect: A direct effect of Z on Y (relative to X) is
the effect captured by a directed path from Z to Y that
does not pass through X.

e Indirect effect: An indirect effect of X on Y that is cap-
tured by directed paths that pass through X.
In this formulation, X is termed an intermediate or mediator

variable.

Note that X may be ignored as a mediator, and merely treated
as a third variable.
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Direct and indirect effects

C C @ (D)

Indirect effect Direct (D) & Indirect effect

Direct effect is confounded
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Direct and indirect effects

e (D)
H W
)

No indirect effect

Direct effect is not confounded

X is a collider, so there is no other open path from Z to Y.
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Direct and indirect effects

&~

If we ignore X as a mediator:

e controlled direct effect: consider X = x held constant.

e natural direct effect: consider Z = z held constant, with
X taking multiple values.
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Unmeasured confounding

Suppose that in reality there is a further variable U that is a
confounder, but is unmeasured in the observed data.

(Z——

There is a hidden confounding path Z — U — Y. Conditioning
on U is not possible, as we are unaware of its existence.
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Unmeasured confounding

With two unmeasured confounders:

X
@

We have that X, Y and Z are independent; the (true but hid-
den) path between Z and Y is blocked at collider X.
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Unmeasured confounding

However with the same unmeasured confounders:

In the modelled DAG, Y Il Z | X; however, conditioning on X
opens the hidden path.
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Part 3

Causal Effects




Causal Effects

The causal effect of variable Z on variable Y is the amount to
which an intervention to change Z modifies some aspect

e expected value
e quantile

e distribution
of Y.

The intervention changes Z from z; to z;, say; in the earlier
notation, we consider the intervention model

X*,Y,Z(XaY7Z) = fX(X)fE(Z)fwxz(Y’Xa z)

evaluated for different values of z.
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Causal Effects

fx(x)fz|x(z|x)fY|X,z(Y|X7Z) fX(X)fg(Z)fY|X,Z(Y|sz)
The effect of intervening on Z is to remove all inbound arrows
to node Z, and to fix the value of Z to z. We then consider

features pertaining to

fY|X,Z(Y’X’ z).
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Causal Effects

Usually we reserve the term ‘causal effect’ for cases where
the treatment

e is a single specific quantity;
e is genuinely manipulable by intervention;

e precedes the outcome temporally.
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Potential outcome notation

The counterfactual or potential outcome notation is widely
used to formulate causal inference questions.

Let Y(z) denote the random variable recording the (potential
or counterfactual) outcome Y that would be observed if there
is an intervention to set Z = z.
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Potential outcome notation

For any individual, there is therefore a family of potential out-
comes
{Y(z):zeZzc Z}.

For example, if Z € {0,1} = Z, then

Y(0) : outcome if intervention sets z = 0

Y(1) : outcome if intervention sets z = 1

In practice, it is sufficient to consider a countable set Z.
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Potential outcome notation

In most cases, the intervention is a hypothetical one, and we
utilize data arising from a study where Z is observed as part
of some stochastic mechanism.

It is reasonable (in fact, necessary) to assume that for ob-
served outcome Y and observed treatment Z, we have

Y= ) Y(2)13(2)

zeZ

(with probability 1). That is, the observed outcome is identi-
cal to the potential outcome arising from the counterfactual
treatment that matches the observed treatment.
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Potential outcome notation

In the binary case, we may write
Y=(1-2)Y(0)+ ZY(1)

and assume strong ignorability

{Y(0),Y(1)} L Z | X
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Potential outcome notation

e Y and Y(z) are different random variables.

e We will typically only observe a single treatment for each
individual, so only one of the potential outcomes will be
observed.

e Modelling the joint distribution of Y(z) for multiple values
of z for a single individual will be challenging.

e Cannot have unmeasured confounding, that is, X must be
an exhaustive list of confounders.
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Potential outcome notation

We consider the data being generated as follows:

¢ an individual is selected at random, and brings their char-
acteristics X ~ fx;

e the effect of treatment on this individual is to be mod-
elled; the distribution of each potential outcome Y(z),
conditional on X, is considered;

e as soon as treatment is assigned/observed, the relevant
counterfactual distribution is selected.
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Potential outcome notation

Consider the distribution
fy ) x (¥]%)-
According to earlier assumptions, we should have that
fY(z)|X(Y|X) = fY|X,Z(.V|X7 z)

that is, conditional on X, the effect on Y of the intervention to
set Z = z is the same as if Z were stochastically assigned.
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Potential outcome notation

Then marginally, for each z

Fon () = f oy (712) B (x) dx = f Fyix 2 (1%, 2) i (x) dx

to yield

say.
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Potential outcome notation

To describe the causal effect, we may consider causal con-
trasts

e Y(1)—Y(0)

e Y(z1) — Y(20)

e logY(1) —log Y(0)
and so on.

These quantities are random variables, so it is more common
to express the causal effect through summaries of fy(,) (y)

e Moments: E[Y(Z)]

e Quantiles
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Experimental studies

In an experimental study precisely the right kind of ‘interven-
tion’ to study causal contrast is made.

A simple form of experimental study proceeds as follows: 2n
individuals are sampled from a homogeneous population.

e n are assigned treatment Z = 0;

e n are assigned treatment Z = 1
irrespective of the individual characteristics of the subjects;
the assignment of Z is independent of X.

Finally, the outcome Y is measured for each of the 2n sub-
jects.
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Experimental studies

Here, for each half of the study, the data generating mecha-
nism is as follows.

fx(x)fz(z)fyx,z (1%, Z)

Here we do not need to distinguish the data generating mech-
anism from the hypothetical intervention, by independence.
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Experimental studies

We may also consider a randomized version of this study; for
each of the individuals in the study, we assign Z = z, indepen-
dently of X, according to the distribution

fz(z) = p*(1—p)'™* ze{0,1}.
that is, an individual receives
e Z = 0 with probability 1 — p

e Z =1 with probability p

for some 0 < p < 1.
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Experimental studies

Let N; denote the total number of individuals for whom Z =1

2n
N; = 2 10y(Z:)
i=1

so that
N; ~ Binomial (2n, p).

In the study, we observe N1 = nj.
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Experimental studies

In both non-randomized and randomized studies, the same
distributional factorization pertains.

We will denote this distribution

B @)y, (v]x.2)

with superscript £ indicating the experimental assumption.
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Experimental studies

Suppose we wish to estimate the difference in outcome (on
average) between those individuals assigned Z = 1 and those
assigned Z = 0.

The causal contrast of interest is then

which is known as the average treatment effect (ATE). The
quantity
E[Y(1)]

is termed the average potential outcome (APO).
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Experimental studies

In terms of the above distributions, we may write
E[Y(2)] = B}, [¥1Z = 2) = [ ¥ §,(vi2) d

~ [ o tvix 20 dy ax

by independence of X and Z. Multiplying top and bottom by
f£(z), we have

] fabix 25 EG) ay as
£

Y|Z [Y|Z = z]
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Experimental studies

We may write the double integral as a triple integral: with a
slight abuse of notation,

[[] 1@y 251, 255 )y e dz

f H 10y (2) 5 x 2 V1%, 2) £ (2) £ (%) dy dx dz

Thus
EXyz[1(2)Y]

ES L [Y|Z = 7] =
nzlYlZ =2l =g @)
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Experimental studies

Now using the sample data, we may use moment-based esti-
mation to estimate numerator and denominator:

[EX Y z[l{z} Z {Z}

[EX Y z[l{z} Z {Z}

and hence estimate the ratio by

2 1 (2

By lY|Z=2=50——. (1)

Z 1z (Z
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Experimental studies

This follows as we actually have a sample from
f§|X,Z(.V|X7 z)f7(2)fx(x)

In this estimator:
e numerator is merely the sum of the Y;s for all those indi-
viduals who received treatment Z = z;
e denominator is merely the number of individuals who re-
ceived treatment Z = z.

Thus, we are merely estimating the quantity E[Y(z)] by taking
the sample mean in the group for which Z = z.
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Experimental studies

For the binary case, the formulae simplify

ZZY 2n

ES,[Y|Z =1] = —ZZY
ZZ i=1
2n
Z(l_zj)yj 1 2n
1
ES[YZ=0= 55— = No (1 =z

Y- z) =t

i=1
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Experimental studies

Note that we know that

£(z)=p°(1-p)'~*

so we can consider the alternative estimator

Y|Z[Y|Z z] = 2np?( )=z Z 1(Z

(2)
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Experimental studies

That is
2np Z 1{1}

2n
~ 1
E[Y(0)] = ——— 10 (Z)Y;
and the estimator of the ATE is

E[Y(1)] — E[Y(0)].
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Experimental studies

In a randomized study of size n, the estimator from (1) may
be written

Z 1p(Z n
By Y|Z=2=H0—— =W,
Z 1gy(zi) !

where
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Experimental studies

Note that

and
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Experimental studies

Note also that for this estimator we can define

1 & 1 &
p=nZ;1{z}(Zf)=nzzi

so that

n
ES2[Y]Z = 1] = b Z Z;Y;

Y|Z[Y’Z =0] =
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Experimental studies

Both estimators (1) and (2) are unbiased for the APO.

M) in(1) = == Y ZY;  fin(0) = Z

—
I
-
—
—_

]__

T
Mz

N 1 N
@)mm=52&n in(0)
i= i=1

~.
—_
—.

Y;
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Experimental studies

This results in estimators that are unbiased for the ATE:

~ 1 - 1 < <Z1_ﬁ)
on = —= D Zi¥i = = ==Y Ty,
! npl._zil ; nl_zip(l—p)l
N 1 < S 1 & (Zi—p)
b= — D ZYi— = Y (1-Z)Y, = — Y,
" np AT ; nj_le(l—p)l

The only difference between the estimators is whether we use
D or p to represent the treatment probability.
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Experimental studies

It transpires that

lim nVar[gn] < lim nVar[gn]
n—ao n—ao

that is, estimator gn is (asymptotically) more efficient.

That is, it is better to estimate p rather than use its known
value.
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Observational studies

In an observational study we do not intervene to assign treat-
ment to subjects, we observe it as part of the data collection
process.

We denote the data generating mechanism

f}?,Y,Z(X7Y7 Z)

In the observational setting, there may be several possible
proposed data generating mechanisms, but critically we may
consider ‘causes’ of treatment Z.

191



Observational studies

A DAG of interest involves a backdoor path from Z to Y

G

() (210)Ex  (vx. 2)
There is an open backdoor (confounding) path Z - X —» Y
and therefore there is a possibility of bias.

To get at the causal effect of Z on Y, we must block the back-
door path by conditioning on X.
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Observational studies

Note that we might have the following DAG:

£2(2)69,, (x12)£2 5 (v1%. 2)

There are two paths from Z to Y: the direct path, and the path
Z — X — Y, which is again blocked by conditioning on X.

Here X is a mediator on the indirect path; we might be inter-
ested in both the direct and indirect effects of Z on Y.
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Observational studies

Suppose we try to estimate the causal effect of Z on Y in the
confounding case. First, consider

Y|Z[Y’Z = 7]

which would be the equivalent of the earlier causal quantity
(the APO at treatment z); however, here note that, in the ob-
served data, Z = z is not achieved by intervention as in the
experimental case.
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Observational studies

We have, as in the earlier calculation
B9, 1¥1Z = 7] = [ ¥ 2 (01x, 25 (x12) dy ax

[0 Siatrin 5 5 21 ez
Jff 1y (z |XZ (vlx, Z)fO|Z(X!z)f§(z)dy dx dz

where again the indicator function 1,,(z) reduces the contri-
bution to the dz integrals to the point evaluation at z = z.

Hence, as before, we have

[E)(?,Y,Z [l{z} (Z) Y]
ESyz[1(2)]

Y\Z[Y|Z z] =
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Observational studies

Note that by the chain rule factorization, we must have
Rz(x2)f7 (z) = £ 7(x, 2) = )5 (z[x) ¥ (x).

This result re-iterates that a DAG does not define a unique
joint distribution:

@&—® O—@

17(2)fx)7(x|2) 5 (x)f7)x (2]x)
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Observational studies

Thus [E%Z[Y|Z = z| can be rewritten
|[] 1@y B 251, 21855 0 0y dx az

[[] 102 B 2, 25 0 0y dx 2
This can be contrasted with the earlier formula for the APO
[[[ 1@y i 2ix. 25 )y i iz

Jﬂ 10y(2) £ x £ (v]x. 2)£5 (2) 5 (x) dy dx dz

EYiz[Y|Z =2] =
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Observational studies

Now we can legitimately assume

as this distribution describes the population characteristics.

Also, with the proposed data generating distribution given by
the confounding DAG, we have

f}(’?\X,Z(Y|X’ z) = }gf\x,z(ﬂxa z).
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Observational studies

However, in general
7 x(zlx) # fz(z) V(x,z)

and so evidently

ES,[Y|Z = 2] # Ej,[Y|Z = 2].
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Observational studies

Thus, if we consider using moment-based estimation

[EX Y z[l{z} Z 1{2}

[EX Y,Z 1{2} Z 1{2}

and then estimate the ratio by

2 1 (2

EY (Y|Z=2]=F——. (3)

Z 1z (Z

the estimator will in general be biased for the APO. 500



Observational studies

The bias arises as Z /L X;

e this implies that, in the sample data, we cannot treat Z
as if it were assigned independently of X;

o different observed values of Z will (in general) have dif-
ferent associated distributions of X, as fx|z(x|z) changes
as z changes;
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Observational studies

e subpopulations identified by different values of z are not
comparable; the characteristics of individuals in different
subpopulations are different;

e if X also affects Y, we cannot simply compare the out-
comes for different observed Z values, as individuals with
different Z values have different X characteristics.
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Model-based estimation

If we know that
Y|X zlYIX, Z] = [EY|X zlYIX, Z] = (X, Z)

say, then as fy(x) = f{(x) it follows by iterated expectation
that
Y\Z[Y|Z =z]= [EY|Z[Y|Z = 7] = ER[u(X, 2)]

where

Y\Z [Y|Z = 2] = Jf yix,z(V[x, 7)Y (x) dy dx

- [ B alvIX. 2 = AR ) ax
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Model-based estimation

Then a moment-based estimator of the APO is
n
Z (Xi,2)

and in the binary case, the corresponding estimator of the

ATE is

A 1 &
50R:N0R(1)_M0R HZ X171 (Xlao)}

:\H

fion(2) = [EY|Z[Y‘Z = 7]

The subscript OR indicates outcome regression.
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Model-based estimation

This approach is termed a model-based analysis; note that
it requires correct specification of the p(x, z) function; if we
mistakenly assume

EYix z[YIX, Z] = By jx £[YIX, Z] = m(X, Z)

then the resulting estimators, for example
~ 1 &
o = — Z}l {m(Xi,1) - m(X;,0)}.

are, in general, biased.
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Model-based estimation

Note that we can afford some mis-specification: for example,
if Z is binary, we can always write

w(x,z) = po(x) + zpg (x) TRUE

m(x,z) = mo(x) + zmy (x) MODEL

in which case the estimator

1 n
— Z mq (XI)
n -
i=1
is unbiased for the ATE provided

Ex[mi (X)] = Ex[p(X)] = Ex[m (X)].

That is, we can mis-specify my(x).
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Model-based estimation

In the binary case, if

.’:s\»—\

N

then we may consider an alternate estimator

5k = (1 —=Z)u(Xi, Z;)

Mz

- 1
E (Xi, Z; _—
P IM i ) n(l—p), 1

1

1
np :

which estimates the mean separately in the two subgroups
defined by Z = 1 and Z = 0 separately. That is,
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Model-based estimation

In the model-based approach, we must have

p(x, z)

specified precisely. In practice, however, we will propose
parametric models, for example

1(x, z; B,9) = po(x; B) + zpa (x5 9)
and then hope to estimate (3, ) from the observed data.

In general, this parametric model must be completely cor-
rectly specified for consistent estimation of the ATE.
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Model-based estimation

For example, in the linear model case with

(%, 2; 8,¢) = X35 + 2 Xy¢)

we may only consistently estimate S and i, and hence the
ATE, if this mean model is correctly specified.
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Model-based estimation

It is no longer sufficient to specify

p1(x; B) = Xyt

correctly as the ‘treatment contributed’ expected response,
correct specification of

po(x; B) = x5

as the ‘treatment free’ expected response is also necessary.
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Part 4

Causal Adjustment Methods




Causal Adjustment Methods

We have seen that regression methods can recover causal
quantities of interest in observational studies, provided there
is correct specification of the regression model, even if there
is a confounding of the direct effect.

O

Model-based estimation will be successful if
[E(13|X,Z[Y|X7 Z]

is correctly specified.
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Causal Adjustment Methods

Recall that, under the previous assumptions

i(z) = ES ,[Y1Z = 7] = ﬂ&&mwmzm<www

= (|7 S atrix. D0 dy
= [ 1¥IX = x.Z = 2)f(x) dx

that is, the treatment data are ignored.

This is known as a G-computation formula; it yields estimates
of APO p(z) under correct specification of

Sy 2[YIX = x,Z = 7]
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Causal Adjustment Methods

If correct specification cannot be guaranteed, we must seek
other adjustment approaches.

The key complication that prevents use of the observational
data is that
ZUX

so that the treatment-indexed subgroups are incomparable
due to their different X characteristics.

How can we break the dependence ?

214



Matching

Suppose first that the confounder X is degenerate at x = xg,
that is

Then (trivially)
f7x(z|x) = 7 (z) Vz, x = xo

and

yiz[Y1Z =z] = Jy xz(vIx0,2) dy = B} 5[Y]|Z = z].
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Matching

Now suppose X takes values on the finite set
X ={x1,...,x7}

with
X (x) = fx(x)

determining the distribution of X.
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Matching

Define the ‘local” APO at x = xj, forj = 0,1,2,..., by

ESLYIZ = 2] = [ 7 i, (0132 dy = (2

say. We may estimate this quantity using sample-based esti-
mation using the estimator

21{:9 i)123(Z1)Y;

Zl{xj 1)1zy(Zi)

11i(2)

This is the sample mean in the treatment group with Z = z in
the population stratum A&} for which X = x;.
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Matching

Within stratum A&j, for the binary treatment case, the local
ATE is estimated by

~

5MATCHJ = ﬂj(l) - ﬁ_](o)

This is an unbiased estimator of the local ATE, that is, the ATE
in the stratum A&;.

218



Matching

Finally, we can estimate the (global) ATE using a weighted
combination of the local estimators.

~ J ~
5MATCH = Z VV_] 5MATCHJ
Jj=1

where
1 n

wj = D Ly (%)

i=1

estimates the probability of observing X in stratum A;.
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Matching

This is a matching estimator:

e the local estimators are constructed by matching sepa-
rately on the x;;

e in the matched stratum, the only difference between in-
dividuals is their treatment status;

e in a matched subsample, we can directly compare the
outcomes for the treatment-indexed subgroups.

e we combine the local estimators into a global estimator.
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Matching

The local estimators rely on having a large enough subsample
size in the stratum A}, for all the targeted treatment values,
to allow the estimators to exhibit good behaviour.

The matching approach can also be applied if X is vector-
valued; however, again the subsample size can deplete as the
dimension of X increases.
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Matching

If X is continuous, then exact matching cannot be used. How-
ever, we can define similar strata

X, X, A
that form a partition of X', and then assume that
f7x(z]x) = fi(2)

forj =1,2,...,], where fj(z) does not depend on x.

Then, the matching estimator ngH can still be used.
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Matching

e If X is scalar, we can define the strata by using quantiles
of the observed data.

e Defining the strata may not be straightforward when X is
vector-valued.

e The assumption that, within a stratum, f§| x(z]x) does not
depend on x is quite a strong one.
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Matching

Model-based matching estimators may also be constructed:

for example, could write
Y‘Z[Y|X—X Z = z| = p(x, z; Bj, ;) X € &]

which then leads to an estimator

Zl{xj )1y (Z (Z)u(Xi, 23 By, )

1j(z) =
Zl{xj i)12y(Zi)

after estimating 3; and ¢; using data within stratum Aj.
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Constructing Balance

Consider the basic confounding set up:

We know that conditioning on X blocks the confounding path.
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Constructing Balance

Now suppose we could find a new variable B so that

Conditioning on B also blocks the confounding path.

226



Constructing Balance

We can define B as a deterministic function of X: B = B(X)

For example, X is vector-valued, B is a scalar summary of X.
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Constructing Balance

Note that

e if we can find such a B, then
Z1X|B
e there is no arrow from B to Y, and
YIB|ZX

as conditioning on (X, Z) blocks the paths from B to Y.
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Constructing Balance

If we can find such a B, then we can consider performing
‘local’ analyses for the causal effect within strata of B;

e within a given stratum B; of B, Z and X are independent;

e we can directly compare the Ys for different Z values
for the subjects falling within B;, and be sure that the X
values for those subjects are suitably matched.

e ideally, B can be a low-dimensional summary (a bit like a
sufficient statistic) even if X is high-dimensional.
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Constructing Balance

We need to find B such that Z Il X | B, that is, for all (x, z, b),

f7x,8(2|x,b) = fz)p(z|b)
fx|z,B (x|z,b) = fX|B(X|b)

provided the conditional densities are well-defined.

Note that if B = B(X) deterministically, then

f7x,8(2|x, b) = fz)x(2|x)
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Constructing Balance

Suppose that Z € {0, 1}. Then we must have that

f7)x(z|x) = Bernoulli(p(x))

where 0 < p(x) < 1 a probability that may depend on x.

That is,

Pr(Z = z|X = x] = {p(x)}*{1 - p(x)}'* 2z=0,1
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Constructing Balance

Similarly, for any proposed B, we must also have
f7)x,8(2|x, b) = Bernoulli(q(x, b))

where 0 < g(x,b) < 1 a probability that may depend on
(x,b). That is,

Pr(Z = z|X = x,B = b] = q(x,b)*(1 — q(x,b))}™* z=0,1
We must now ensure that

Pr[Z=zX=x,B=Db|=Pr[Z=2zB=b>b] V(x,z,b).
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Constructing Balance

We can do this by requiring

q(x,b) = q(b)
for all (x,b). That is, we must ensure

Pr[Z = z|X = x,B =b] = q(b)*(1 — q(b))}"% z=0,1.
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Constructing Balance

Define the function
B(x) =Pr[Z =1|X = x]
with random variable version B(X) = Pr[Z = 1|X], and set
q(b) =b
so that

Pr[Z = z|X = x,B = b] = b*(1 — b)' 7% = Pr[Z = z|B = b].
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Constructing Balance

Hence by construction
fZ|X,B(Z‘X7b) = fz\B(z‘b) =b*(1 - b)l_z
that is, if we consider the ‘contour’
Xp = {x:B(x) =b}

then
PrlZ=1X=x]=b VxedXp.

Thus
Z 1 X|B.
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Constructing Balance

The function B(x) contains all the relevant information ex-
tracted from X to determine the conditional distribution of Z
given X.

Note that B(X) is a scalar random variable, whatever the di-
mension of X; if X = (X1, X2, X3) say, we might have that

2 2
fox(1]x) = Pr[Z = 1|X = x] = expix1 + 20X} _ gy

1+ exp{x1 + 2X2X§

Many triples (x1, x2, x3) yield the same probability.
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Constructing Balance

In the binary case, the random variable B = B(X) is known as
the propensity score; this is denoted

e(x) =Pr[Z =1|X = x|

by Rosenbaum and Rubin (1983).
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Constructing Balance

We have for the joint pdf
fx z B(X,2z,b) = fx(x)fgx(b|x)fz)x B(2|X, b)

fx(x)b?(1 —b)'"? b = B(x)
B 0 otherwise
as

1 b =B(x
fpix(b|x) = { )

0 otherwise

and
f71x,8(2|x, b) = fzx(z|x) = b*(1 — b)' .
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Constructing Balance

Thus if
Xp = {x:B(x) = b}

then for all (z, b)

fz.5(z,b) fx 7z B(x,2,b) dx

-,
f N2 fx(x) dx
= b%(1 — b)lzf fx(x) dx

Xp
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Constructing Balance

Therefore

£ b
fxjz,8(x|z,b) = fyz,(x,z,b)

fZ,B (Z, b)
£
ﬂ b= Xb
_ f fe(t) dt
Xp
0 otherwise

as the b terms cancel. Thus

fX|Z,B(X|va) = fx\B(X|b)-
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Constructing Balance

Note that for the binary case

e(X) = Pr[Z = 1|X] = Ezx[Z|X].
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Constructing Balance

We also have that B* is another balancing score if and only if
B is a function of B*

e that is, if and only if B is ‘coarser’ than B*,

B*=b* =— B =0b.
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Constructing Balance

To see this, suppose first that B* = b* implies B = b. Then,
by iterated expectation

Pr(Z = 1|B* = b*] = Ezp«[Z|B* = b*]

= Ep|p= [[EZB,B*[Z|B7B* =b"]

B~ ']

= Ez[Z|B = b]
— Pr[Z = 1|B = b]

so therefore B* is a balancing score, as B is a balancing score.
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Constructing Balance

Conversely, suppose B* is a balancing score, that is
Pr[Z = 1|X = x,B*(x) = b*] = Pr[Z = 1|B*(x) = b¥]
Consider two values x; and x,. We have that
Pr[Z = 1|B*(x1) = b*] = Pr[Z = 1|B*(x3) = b¥]

that is, if both x; and x, map to b* under B*(.), then the two
probabilities must be equal by the balancing assumption.

244



Constructing Balance

As B* is a balancing score, we have also that
Pr[Z = 1|B*(x;) = b*] = Pr[Z = 1|X = x1, B*(x1) = b*]
Pr[Z = 1|B*(x2) = b*] = Pr[Z = 1|X = x3, B*(x2) = b*]
But as for all x
Pr(Z = 1|X = x,B*(x) = b*] =Pr[Z = 1|X = x]
this implies that
Pr[Z =1|X = x3] = Pr[Z = 1|X = x|

and hence that B(x;) = B(xy), as required.
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Constructing Balance

The balancing construction extends beyond the case of binary
treatments: suppose Z is continuous, and that

f7x(z]x)

is some conditional density for Z given X in the same (obser-
vational) model.

Suppose that we have for some function B = B(X)
fz)x(z|x) = fzjp(z|B(x))  V(x,2)
Then directly

fZ\X,B(Z|Xab) EfZ|B(Z|b) V(sz)vb :B(X)'
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Constructing Balance

Example:

Suppose
Z | X1 = x1,Xp = x2 ~ Normal (x; +X2,02)-

Then define
B(x) = B(x1,xX2) = X1 + X

so that
Z | X; = x1,X = X2, B = b ~ Normal (b, c?).

which does not depend on (x1, x2).
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Constructing Balance

For the binary case
e(X) =Pr[Z =1|X] = [EZ‘X[Z]X]

which suggests another possible balancing score construction
involves inspection of

B(X) = E[Z|X].

This will not necessarily yield independence, but it may yield
(partial) uncorrelatedness, that is

Cov[X,Z|B] = 0.
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Constructing Balance

For the moment, we will assume that e(X) or B(X) is known
precisely.

In practice, we will typically have to

e assume a parametric model and rely on correct specifi-
cation to ensure consistent estimation of the propensity
score parameters and values, or

e use advanced approaches (machine learning, flexible,
adaptive approaches) to obtain the propensity score func-
tion.
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Constructing Balance

Recall the assumption of strong ignorability:

{Y(0),y()p L z| X
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Constructing Balance

This can be considered in the balancing score case:
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Adjustment via the Propensity Score

Adjustment methods based on balancing scores can be de-
veloped; the balancing score is used to block backdoor (con-
founding) paths.

We will focus mainly on the binary case, and the propensity
score

e(X) =Pr[Z = 1|X].
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Adjustment via the Propensity Score

The basic set up we consider is the following:
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Adjustment via the Propensity Score

There are three types of covariate:

X1 confounders
X, instruments (pure predictors of treatment)

X3 pure predictors of outcome

There are no paths connecting X;, X2 and X3, and there is no
unmeasured confounding.
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Adjustment via the Propensity Score

Including the propensity score retains the previous feature:
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Adjustment via the Propensity Score

The propensity score does not need to be a function X; or Xj;
making it depend only on Xj is sufficient to block the back-
door path.

This is the case even though X, is a cause of Z; that is, even
though

fz\Xl,Xz(Z’XhXZ) = f7)e(x1),%, (zle(x1), x2)
and
Z Xy | e(Xy)

we can still base the propensity score only on X; (the con-
founders).
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Stratification and Matching

The propensity score e(X) is a scalar random variable irre-
spective of the dimension of X. We may construct an estima-
tor of the APO by noting

w(z) = Y|Z[Y‘Z =z]=E [[E§/|X,z[Y|X)Z = 2]]

and, after conditioning on e(X), X and Z are independent,
and so sample-based estimation can be utilized.
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Stratification and Matching

For fixed values of e(X), we may directly compare
[E‘{’,|X’Z[Y]X, e(X)=-e,Z =7|

for different values of z.

For fixed value e, let
Xe, ={x:e(x)=-e1}

and define a ‘local’ APO estimator as

leel 1)1z (Z1)Y;

ZlXe1 1)1(z3(Z1)

He, (2) =
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Stratification and Matching

We can construct a stratification estimator by considering
strata of the propensity score.

Consider a partition constructed using
Xyj={x:e(x)e&} j=1,...,]

where &1, ..., &5 exhaustively cover the interval (0, 1).
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Stratification and Matching

We can define local estimator
Z 1y (Xi)1y(Zi)Yi

le i)1(Zi)

fix; (z) =

and global estimator

J
fi(z) = ) fix (2)Pr[X € &]
j=1
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Stratification and Matching

To construct such estimators of the ATE, say
u(1) — 1(0)

we require that sufficient data for the different values of z
are available with the strata. That is, in any propensity score
stratum, we require that there are a large enough number of
subjects with both Z = 0 and with Z = 1.

This is termed an overlap condition.
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Stratification and Matching

We can also consider matching on the propensity score;

e recall that we argued previously that two individuals that
had precisely the same X value but different Z values
could be directly compared as they were ‘matched’;

e we can extend this argument to the propensity score -
two individuals with the same e(X) value are also consid-
ered matched.
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Stratification and Matching

There are many ways to carry out matching in practice (where
matching on exact values) is not feasible:
e caliper matching: two individuals i (with Z; = 1) and j
(with Z; = 0) are considered matched if

\(e(x) — e(x))? < o
for some constant c.

e 1:1 nearest case matching: for individual i with Z; = 1
we find the individual j with Z; = 0 such that

V(e(x) - e(x)?

is minimized.
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Stratification and Matching

e 1:M matching: for individual i with Z; = 1 we find the M
individuals in the data set with Z = 0 such that the dis-
tances between their propensity score values and e(x;)
are the M smallest.

The statistical properties of matching estimators are not al-
ways straightforward to establish.
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Propensity Score Regression

Conditioning on e(X) can be achieved using regression meth-
ods; we consider the model inspired by the DAG
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Propensity Score Regression

We may consider the regression model
E?|X,Z[Y|X7 e(X)v Z]

which, as
XU Z|e(X)

has the advantage that it will be more robust to possible mis-
specification when a parametric model is proposed.
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Propensity Score Regression

Example:

Suppose that we have the following data generating model:
e Confounders: (X;,X;)" ~ Normal,((1,1)",¥) with

s _ [01 00][t0 08][0.1 0.0
~ 0.0 0.5]|[0.8 1.0/|0.0 0.5
e Treatment: Z|X;, X, ~ Bernoulli(e(X1,Xz)), where

e(x1,%2) = exp{l + x1 — 2xp}
DT exp{l + x1 — 2x0}

e Outcome: Y|X,Z ~ Normal(u(X,Z),1), where

wx,z) =(2+3x1 + X +x1%2) + 2

267



Propensity Score Regression

Example:

We consider fitting the parametric model

m(x, z; 8,) = (Bo + f1x1) + z3bo

which is mis-specified due to the ‘treatment-free’ model spec-
ification. The true values is ¢y = 1.
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Propensity Score Regression

#n=1000
#Correct specification

> round(coef (summary (Im(Y~X1+X2+X1:X2+Z))) ,4)
t value Pr(>|t])

Estimate Std

(Intercept) 2.7134
X1 2.2156
X2 0.2882
z 1.0150
X1:X2 1.7421

. Error

0.6222
0.6869
0.4807
0.0674
0.4721

4.3608
3.2254
0.5996
15.0572
3.6905

0.0000
0.0013
0.5489
0.0000
0.0002

#Incorrect specification

> round(coef(summary(lm(Y~X1+Z))),4)
t value Pr(>|t])

Estimate Std.

(Intercept) -4.2613
X1 11.4990
VA 0.6366

Error
0.4034
0.3888
0.0762

-10.5631
29.5760
8.3523

0
0
0
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Propensity Score Regression

Example:

In the correctly specified model, we have
o : 1.0150 (0.0674)

however in the incorrectly specified model we have
%o : 0.6366 (0.0762)

This effect persists at even larger sample sizes.
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Propensity Score Regression

Example:

Now consider fitting the parametric model

m(x,z;5,%,¢) = (Bo + B1x1) + zbo + e(x1,X2)Po

which considers the additional final term that depends on the
propensity score.

Initially, we will set

e(x1,%2) = exp{l + x; — 2x2}
DT exp{l + x1 — 2x3}

that is, using the true value.
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Propensity Score Regression

#Propensity score regression
> round(coef (summary (lm(Y~X1+Z+eX))),4)

Estimate Std. Error t value Pr(>|t])

(Intercept) 4.1718 0.5609 7.4377
X1 5.1662 0.4701 10.9907
z 1.0172 0.0682 14.9069
eX -4.6374 0.2430 -19.0815

0

0
0
0
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Propensity Score Regression

Example:

We now have
1o : 1.0172 (0.0682)

and so correct estimation of )9 has been recovered.
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Propensity Score Regression

Example:

Now suppose
p(x,z) = (2+3x1 +x2 + x1%2) + z(1 + x1 + X2)

and we try the same strategy, using the propensity score re-
gression model

m(x, z; 8,9, ¢) = (Bo+ B1x1) + (o +1X1 +1P2X2) + €(x1, X2) o
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Propensity Score Regression

#n=1000

#Correct specification

> round(coef (summary (lm(Y~X1+X2+X1:X2+Z+Z:X1+Z:X2))) ,4)
Estimate Std. Error t value Pr(>|t])

(Intercept) 3.5674 0.9486 3.7609 0.0002
X1 1.2812 1.0169 1.2675 0.2053
X2 0.1155 0.6004 0.1923 0.8475
z -0.2023 0.9313 -0.2173 0.8281
X1:X2 1.9903 0.5672 3.5090 0.0005
X1:Z 2.3744 1.0558 2.2488 0.0247
X2:Z 0.8420 0.2091 4.0272 0.0001
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Propensity Score Regression

#Incorrect specification
> round(coef(summary (lm(Y~X1+Z+Z:X1+Z:X2))),4)

Estimate Std. Error t value Pr(>|t])

(Intercept) -4.4874

X1 11.7187
VA 6.4906
X1:Z -6.5766
Z:X2 2.8785

0.5541
0.5363
0.8778
0.9644
0.1642

-8.0981
21.8503

7.3941
-6.8196
17.5344

ool oo Nol
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Propensity Score Regression

#Propensity score regression

> round(coef (summary (lm(Y~X1+Z+Z:X1+Z:X2+eX))) ,4)

Estimate Std. Error

(Intercept) 3.9848 0.7752
X1 5.4002 0.6565
z 1.4774 0.8716
eX -4.7679 0.3313
X1:Z 0.6533 1.0113
Z:X2 0.8889 0.2036

t value Pr(>|t])
5.1403 0.0000

8.2252 0.0000
1.6951 0.0904
-14.3913 0.0000
0.6460 0.5184
4.3664 0.0000
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Propensity Score Regression

Example:

Hard to conclude anything due to the inherent variability, but
it seems that including the propensity score does improve the
estimation of (g, 11, 12).

Need to do a larger simulation study: we perform 5000 repli-
cations, and inspect the boxplots of the estimates for the three
parameters.
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Propensity Score Regression

Wo

Correct

Incorrect

PS Regression
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Propensity Score Regression
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Propensity Score Regression
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Propensity Score Regression

Example:

This confirms that including the propensity score does im-
prove the estimation of (o, 11,17), even if the treatment-free
model component is incorrectly specified.

However, it seems that there is still a small amount of bias.
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Propensity Score Regression

Example:

Here is a version of the DAG for the data generating model
S
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Propensity Score Regression

However, a more accurate DAG includes the interactions.
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Propensity Score Regression

Example:

We need to block the open paths via the interactions. This can
be achieved by using the model

m(x,z;8,¢,¢) = (Bo+ B1x1) + z(Yo + Y1x1 + Y2x2)
+ e(x1,%2)(go + P1%1 + P2X2)

Conditioning on e(X), e(X)X; and e(X)X; blocks the paths.
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Propensity Score Regression
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Propensity Score Regression
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Propensity Score Regression
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Propensity Score Regression
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Propensity Score Regression

Example:

The augmented propensity score regression model (PS 2) im-
proves the performance.

Note, however, that the variances of the estimators from
propensity score regression model are slightly larger than
those arising from the correctly specified model.

e 10% to 20% larger in this simulation.
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Propensity Score Regression

Example

In this analysis, we may estimate the ATE by taking the av-
erage difference of the two fitted values under the proposed
model, that is

1 = ~ ~
= Z o + Y1xi1 + Vaxiz).

‘:‘a
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Propensity Score Regression

Example:

Note, however that we need to take care in estimating the
APO. In the data generating model, with

pu(x,z) = (24 3x1 + x2 + x1%2) + (1 + x1 + X2)
we have that
wu(z) =2 + 3E[X;] + E[X2] + E[X1 X2] + z(1 + E[X1] + E[X2]).

This cannot in general be estimated correctly using
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Propensity Score Regression

This type of adjustment works for a linear outcome model;
however, for other types of model such as

e log-linear
e logistic

more care needs to be taken.
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Inverse Probability Weighting

We have from a previous result that

Uf 1 (2)y fyx 2 (vIx, 2)f7(2)fx (x)dy dx dz

ZYIZ = 2] =
Fhz [[[10@ 8 x x5 @8 ) dy dx az

and also that

N—
V1S

fyz(xy.2) fix) £z HxVx72)
f}?Y,Z(Xv.Y7 Z) f}?(x) fng(Z|X) fﬁXVZ(Y|sz)

_f7(2)

BEENED)
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Inverse Probability Weighting

Using the ‘importance sampling’ (or change of measure) re-
sult, we therefore have that

f5(z
Hj 1ipy(z i Z)X) v.z(%,y,z)dy dx dz

ij 1iy(z Zf (Z)X) Kyz(X,y,2) dy dx dz

x(z

EY2[Y|Z =
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Inverse Probability Weighting

That is
[E)(?,Y,Z 1{2}( )Y ofi
5 (ZIX)
1(z) =By Y|Z =2] = 2)
ER vz ll{z}( )zx(Z|X)]
or equivalently
o 1(2)
|:EX,Y,Z [ ZX(Z’X)]
wz) = ~ 1,(2)
X,Y.Z Z\X(Z’X>
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Inverse Probability Weighting

We therefore have the estimator

This is the Inverse Probability Weighting (IPW) estimator.
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Inverse Probability Weighting

We may also write

n
I’ZIPW(Z) = Z VVI(Z)YvI
i=1

where
11(Zi)
17 x (Zi|Xi)
< 1{z}( )
(Z;]X;)

Wi(z) =
j=1 ZIX
is a weight, where

1
o

N Wi =1 Eg,[Wi(2)] =

i=1
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Inverse Probability Weighting

In the binary case, we have

(1-2;) Z;

VVI(O) _ H(l_e(X )) VV1(1> _ e(Xl')

n Z
> asean 1 e 21 5%

J=1 Jj=1

5.2 | a0e3) = % |26 =

by iterated expectation.

where
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Inverse Probability Weighting

Note that an alternative estimator that utilizes the fact that

for all i
12(Zi)
ES 7 | | =1
X4 [ Z|X(Z |1X;)

is

/jIPW(Z) = li l{z}( ) |

n &1 (Zi]X)
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Inverse Probability Weighting

The two estimators solve two slightly different estimating
equations:

e For [i,,(1):

i (e(Z;Q)YI —M(l)) =0

i=1
i.e. reweights the datum Y;.

e For [i,,(1):

n Z

i.e. reweights the residual (Y; — u(1)).
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Inverse Probability Weighting

These equations illustrate how IPW operates; it creates a re-
weighted data set, say fori =1,...,n,

Z; 1—-7Z;
(X, Y, ZF) = (X4, i, Zi) w.p.< : : )

eX) 1-e(X)
which represent a sample from a pseudo-population in which
X* A zZ*.

The new data set does not suffer from confounding.

Corrected from original slides.
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Inverse Probability Weighting

e [i.(z) and [i,,(z) are unbiased estimators of x(z) by con-
struction.

e In these estimators
Z7x(Z|X)

plays a critical role; this is the function that determines
the propensity score.

e There is an important requirement that
fg\x(z‘x) >0

for any (x, z). This is termed a positivity requirement.
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Inverse Probability Weighting

e Positivity requires that for all z under consideration

f§|X(Z’X> >0
that is, in the binary case, we do not have that
PrlZ=zX=x|=1

for any x. This is sometimes termed the experimental
treatment assignment (ETA) assumption; that is, no in-
dividual receives treatment (or no treatment) with cer-
tainty.
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Augmentation

The IPW estimators rely on knowledge (and correct specifica-
tion) of f§|X(z|X), but are otherwise model-free.

Suppose that we have knowledge of the conditional model
§/|X,Z[Y|X =x,Z=2z|= (13|X,Z[Y|X =x,Z = z] = pu(x, z).

We could use this model for outcome regression.
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Augmentation

However, note that
#(z2) = EgplY | Z = 2] = B |E§x £[Y | X,Z = 2]
— B [ES 2 [(Y = (X, 2) + (X, 2) | X,Z = 7]
= B [E§x £[(Y - (X, 2)) | X,Z = 7]
+ By |ES 2[0(X. 2) | X, 2 = 7]

— B [ESp 2 [(Y — (X, 2)) | X, Z = 21| + Ex[n(X, 2)]

as the internal integrand of the second term does not depend
onY.
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Augmentation

Now under the standard assumption, we can write

Ex[n(X,2)] = Ex[u(X,2)]

as for outcome regression. Secondly, using the IPW idea, we
can re-write

ES |ESw2[(Y - (X, 2)) | X, Z = 7]
as

ES, |ES M(Y— (X,2)) | X,Z =z
X,Z Y|X,Z f§|X(Z\X) A, y L =
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Augmentation

This suggests the alternative moment-based estimator

Fam (2) 1 i 1 (Zi) (Y; — (X, Z1) 1 i (X1,72)
ILI’AIPW = - O > I~ 1 19 _ 19
n &1 (Z1X) rye

which is termed the augmented IPW (AIPW) estimator.
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Augmentation

Analogous to the earlier forms, we also have a second AIPW
estimator

ani(2) = DI W, (X, Zi)) li (Xi,2)
i=1 n1=1

where as before

14(Zi)

12 (Zi]X0)

< 1{2}( ) .
Z 71x (%1 X5)

Wi(z) =
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Augmentation

Note that

EQ, |ES 1{2}()Y X, ZN|X,Z=2||=0
X,z | Fy|x,z m( —u(X,2)) [ X,Z=z||=

as the internal conditional expectation is zero, so the first
term in both /i,,,(z) and fi,..(z) has expectation zero .

Note also that
ER[u(X,2)] = u(z)

identical to the outcome regression estimator.
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Augmentation

The advantage of the AIPW estimator is that it has variance
that is no greater than the IPW estimator, that is

Var[ﬁAIPW(Z)] < Var[ﬁlPW(Z)]

and
Var(fium(2)] < Var(fim(z)]
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Augmentation

However, note that
Var(fio(2)] < Var{fiym(2)] < Var[fi,(2)]

and
Var{fi(2)] < Var([fiu(2)] < Var[fi,,(2)]

that is, using augmentation we can improve on the IPW esti-
mator, but we cannot improve on the OR estimator.

Importantly, these results follow provided the proposed func-
tion u(x, z) is correctly specified.
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Augmentation

The real advantage of AIPW estimators is that can still give
consistent estimation even if y(x, z) is mis-specified.

With mean model m(x, z) we have the two estimators
: {Z}*m—mxf,zingm(Xi,z)

ﬁAIPW(Z) -
nia Z\X Zi|Xi) i=1

e :21 )Y — m(X;, Z;)) + igm(xj,z)

i=
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Augmentation

Write for the expectation of the second term
M(z) = Ex[m(X,2)]

and consider the first term of fi,,,(z). We have that

EQ., |EC 1{L()Y X.Z)|x, 7=
X,z Y|X,Z Z|X(Z‘X)( —IH( ) ))‘ L =12

—ES, ll{z(}(zp)c)(“(x’ Z) - m(X,Z)) ‘ X,Z = z]
f71x
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Augmentation

Provided the model f§|X(z|X) is correctly specified, if we per-
form iterated expectation by conditioning on X, we have that
this expectation is equal to

Ex[(u(X,2) — m(X,2))]
and hence we have
E[fiue(2)] = EX[(1(X,2) — m(X,2))] + ER[m(X,2)]
= Ex[u(X,2)] — M(2) + M(2)
= p(z).

The same result holds for ji,,,(z).
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Augmentation

Note also that if fg‘ X

(z|x) is mis-specified, we still have that
1{2} (Z)

[E(;X Z
x7 | 15 (Z]X)

(Y-m(X,2)|X,Z=2z|=0

provided m(x, z) = u(x, z).

316



Augmentation

Hence we have that both AIPW estimators are unbiased pro-
vided either

m(x,2z)

or

fg‘x(z|x)

is correctly specified. This phenomenon is known as double
robustness.

If both models are correctly specified, then we have the opti-
mal TPW estimator.
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Augmentation

In Monte Carlo, the ‘augmentation’ trick is known as the use
of antithetic variables. Writing

ESix z[Y | X,Z = 2]
= Eyix 2[(Y — p(X,2)) | X, Z = 2] + (X, 2)

allows us to introduce estimators of the first and second terms
that are negatively correlated, thereby potentially reducing
the variance of the combined estimator overall.
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Augmentation

Consider i(z) in the binary case. Write

 1(Z) Z; (1-2)
R @) o) T1oerxy Y
so that
Z{RYJr 1— Ri)u(X;,2)}
and that

Var[ji(2)] = % Var[RY + (1 — R)u(X, 2)]

where this calculation is carried out with respect to the ob-
servational distribution, O.
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Augmentation

Note that

Var[RY + (1 — R)u(X,2)]

= Var[RY] + Var[(1 — R)u(X,z)] + 2Cov[RY, (1 — R)u(X, 2)].

For the second term
Var[(1 — R)u(X,2)] = E[(1 — R)*{u(X, 2)}*]
as by iterated expectation

Erx[(1-R)X] =0 — Erz[(1-R)u(X,2)] = 0.
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Augmentation

Similarly by iterated expectation
Cov[RY, (1 — R)u(X,2)] = E[R(1 ~ R){u(X,2)}*]
Therefore
Var[RY + (1 — R)u(X, 2)]
= Var[RY] + E[(1 — R)*{(X,2)}?] + 2E[R(1 — R){(X,2)}’]

( _
= Var[RY] + E[(1 — R?){u(X,2)}?]
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Augmentation

However

Erjx[(1 — R*){u(X,2)}?IX]

= {n(X, Z)}2E2|X 1

= {n(X, Z)}Z[EZ|X

= {u(X,2)}? (1 -

<0 (w.p. 1.)

{u(X,2)}*Erx[(1 — R?) | X]

1@\

<f§X<Z|X>> X]

1— l{z}(z) Z‘X
(f5x(21%)

1

£, @)
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Augmentation

Therefore
Var[RY + (1 — R)u(X,z)] < Var[RY]

and hence
Var[ﬂAle] < Var[ﬂlf’w]‘

Similar result for ji(z).
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Augmentation

This variance result can hold if u(x, z) is mis-specified as the
same argument follows for any estimator

i(2) = © 3 {RYi + (1~ R)m (X, 2))
i=1

We have that

Var[RY + (1 — R)m(X,z)] = Var[RY] + E[(1 — R)*{m(X,2)}?]
+2E[R(1 — R)u(X,z)m(X,z)]
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Augmentation

Thus we get variance reduction over the IPW estimator if

E[(1 — R)*{m(X,2)}?] > —2E[R(1 — R)u(X,z)m(X, 2)]

which will hold if m(X, z) and (X, z) are sufficiently positively
correlated.
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Augmentation

If neither of the models

nx,z)  e(x) = x(1x)

is correctly specified, then the AIPW estimator is biased. If
we instead use

m(x,z)  g(x)

for these two models, the expectation of /i(1) is

Eg | S0 (X, 1)~ m(X, 1) | + E§ [m(x. 1)
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Augmentation

The bias is therefore

65| (250 - 1) (ux, 1) — m(x, 1)
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Augmentation

In the inverse weighting estimators, it has been assumed that
the model

fg‘x(z\x)

is known precisely. This can be replaced by a parametric
model
fg\x(z |x; )

with « then estimated using maximum likelihood or other
methods. The IPW estimators then proceed using the fitted

values
7 x(z|x; Q).
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AIPW via regression

Consider the binary treatment case, and the model

1—-2z
1—e(x)

B 2[Y | X = x,Z = 2] = u(x.2) + do o

for parameters ¢g and ¢;. We consider estimating these pa-
rameters using ordinary least squares. Let
1—2Z; Z;

R J— —
T e(x;) U7 e(xy)

with corresponding observed values ry; and ry;.
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AIPW via regression

The OLS score equations are

0

— =2 roi(yi — w(xi, zi roi — ¢11i) =0
300 Zo ) — ¢oloi — ¢1114)
K —221‘ w(xi, zi) — doroj — P111;)
5¢1 1i 1y 41 0L0i 141i

and we may solve these directly to obtain
2 i (yi — u(xi, 21)))
sz = o
2
Z Iy

i=1
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AIPW via regression

Predictions from this fit for the z = 0, 1 cases are

n(xi,0) + o p(xi, 1) + b1

1—e(x) e(xi)

respectively.

To obtain an estimates of 1(0) and u(1), we consider

[ *lzn] (xi,0) + & L
:uAOR n “ 17 Ol—e(XI)

and

.’:s\»—\

ﬁAOR Z( xj, 1 +¢1 (1}{1))

i=1
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AIPW via regression

Plugging in the estimates of the ¢s, we obtain

~ 1 -
,LI‘AOR(O) = H Z /"L(Xj7 0) + =1

and

[~

ﬁAOR(l) =
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AIPW via regression

Now
1—21 eXi) n 1_21 e(Xi) » Fx [e(X)] _1
n 1 n o B ZZ :
SR AN & ghop)
as )
. A o z | _ o[ 1
EX’Z[{ <X>}2} ‘EX’Z[{em}z EX[e(X)]
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AIPW via regression

Therefore
1 n
ﬁAOR HZ X171 ZlR].I Y M(Xlal))+0p(1)
= 1
= ID:AIPW(]-) + OP(].).
Similarly

[is0x(0) = Fans(0) + 0p (1)
This approach to IPW estimation is known as augmented out-

come regression (AOR).
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AIPW via regression

To estimate the ATE

6 = p(1) — u(0)

we can also use augmented outcome regression based on the

mean model
z (1-2)
w2+ (G~ e

and take the difference between the fitted values to obtain

~

the estimate, §,.,.
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AIPW via regression

The variance of the estimator ji(1) is given by

200

and under the correct specification of e(x), we have

1 O
—Vary
n Y,z

ZY]_ o {ZZYZ

Varf vz | 20| = Bz | romge | — (00)Y
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AIPW via regression

Now

where
v(x,2z) = Ey ,[Y2|X = x,Z = 2].
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AIPW via regression

Thus the magnitude of the variance depends on
e(X)

and if v(x, z) = v, a constant, then this equals

1
EQ | —|.
T [e(X)]
In general, although we have assumed positivity (e(x) > 0
for all x) we have no guarantee that the expectation in this

expression is finite; even if it is finite, it may be large due to
the reciprocation of e(X).
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AIPW via regression

This feature can affect all IPW estimators.

e it is sometimes assumed that e(x) must be bounded away
from zero;

e alternatively, it is common to truncate the propensity
score values such that either data for which, for some
e>0

e(xj) <e

are omitted, or to use

e.(x;) = max{e(x;), €}.
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AIPW via regression

Note that

~

N N 1oz 1 (1-2Z)Y
Oy = Mlpw(l) - :LLIPW(O) = H Z — = H Z Y
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AIPW via regression

Note also that

e(Xi)(1 — e(X;)) = Varg,x,[Zi|Xi]
so in fact

~ ~ 1 - < Zj = 3 (XI) )
PW 1) — PW 0 = - N e G Y;
w ( ) 2 ( ) n 1_21 Vaij\Xl- [Zj’Xj] 1

which resembles the earlier formulae for the randomized ex-
perimental case.
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AIPW via regression

Finally, note the variance of § = ji(1) — fi(0) is

parks K(Zm - 1(1—_e<zx)>> Y] |

Now, in this expression, the variance term can be written

o z (1-2)\?
Sz [<e<x> ~1ew) Yz] -

as ¢ is unbiased for 6.
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AIPW via regression

Using the previous notation, we have that the first term is

o Z (1_2) ?
Bz [(e(X) ~1-200) "(X’Z)]

and if v(X, Z) = v, a constant, this reduces to

o z (1-2)\?
VEX:Z[(e(X) ger) ]
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AIPW via regression

Finally, the expectation simplifies

ER 2 [(eé) - 1(1__6(ZX))>2] ~ Exz [(eé)>2]
+EXz [(1(1__6(2;())>2]

However, Z(1 — Z) = 0 w.p. 1, so the third term is zero.
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AIPW via regression

Henceas Z? =Zand (1 - Z)>=(1—-Z)w. p. 1,

Exz [(eé{) B 1(1—_e(ZX)))2] =P e(lX)] E [1 —i(X)}

- [ 1
=B @ —e<X>]

_Eo|— 1
Varz x[Z|X]
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AIPW via regression

Therefore, the variance of ¢, is

vV _o 1 52
“Ex | ol — o
n VarZ‘X[Z|X] n
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G-estimation

Earlier we saw the idea of propensity score regression, where
we construct a model of the form

EYix.z[YIX, e(X), Z]
which is potentially useful as

X1 Z|eX).
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G-estimation

In the binary treatment, linear model case, we saw that if the
data generating model is

[E$'|X7Z[Y|X = X? Z = Z] = XOBTRUE + ZX2¢ = /“L(Xv Z; TRUE,w)
then the propensity score regression model
m(x,z; 3,4, ¢) =x18 + zx21) + e(X)x2¢

will block the confounding paths and return a consistent es-
timator of ¢ even if the treatment-free mean model x13 is
mis-specified.
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G-estimation

Consider the OLS estimation of (53,1, ¢): we solve

-
N X1
Z zixl, |(vi —xi18 — zi xi2t) — e(xi)Xi20) = O
i=1
e(x)x},

analytically using the usual approaches.
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G-estimation

However, note that subtracting the third component from the
second, we obtain the equivalent system

-
n Xi1
Z (zi — e(x:))x}y | (vi — %018 — 2 Xi29) — e(xi)Xi2) = O
i-1

e(xi)x,

which has an identical solution.

The second component takes the form

(zi — e(x1))x5(yi — Xi18 — 2 Xi2¥) — e(x;)X20) = O
1

n
i=
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G-estimation

Notice first that if the mean model is correctly specified

m(X7Z;/Ba ¢7 d)) = Xl/B + ZXZ’ZZJ + e(X)Xz(Z)

with ¢ = 0, that is, the true model is nested inside the fitted
model, then g and ¢ will be consistently estimated, and we
will observe

¢ >0
as n — oo; indeed, for finite n, the expected value of g’b\ is
Zero.
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G-estimation

Now suppose the mean model is mis-specified, but that
(i) the propensity score model e(x) is correctly specified;

(ii) the random quantity
ei = (Y; — X B — Zi Xiztp — e(X;)Xi29)

is functionally independent of Z;, that is, the dependence
of the mean model on Z; is correctly specified, and the
effect of Z; is captured via

Z; Xiz.
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G-estimation

Then we have that
ESyvz[(Z — e(X)X; (Y — X18 — Z Xp1) — e(X)X29)] = 0
as, using iterated expectation, we have first that
ESx 2[(Y — X1 — Z Xo) — e(X)X20)[X, Z] = h(X; 5,4, ¢)
where

h(x;8,9,¢) = (X0Buu: + Z2X2¢) — (X158 + ZX27) + €(X)X20))
= X0Sme — (X158 + €(X)X20)).
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G-estimation

That is, h(X; 3,4, ¢) is functionally independent of Z. Then
ES[(Z — e(X)XT h(X; 8., §)|X]
=X h(X; 8.9, 0)EGx[(Z — e(X))|X]
=0

by the correct specification of e(X), so the overall expectation
is zero.

Thus, this is an unbiased estimating equation and therefore
the solutions to the resulting equation are consistent for the
true values.
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G-estimation

This is another form of double robustness; inference for ) is
correct if either

e the mean model, or

e the propensity score model

(or both) is correctly specified, provided the expectation
[E?\X,Z[g ’ X? Z]

does not depend on Z.
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G-estimation

Under correct specification of the propensity score, the G-
estimation procedure is robust to mis-specification of the
treatment-free mean model

x1 3

so in fact we may re-write the G-estimating equation by com-
bining the two terms that do not depend on Z, and omitting
the nuisance parameter ¢ from the procedure.
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G-estimation

That is, consider the reduced form

x|

< il
1‘:21 (Zi - e<X1))X1TZ (‘YI - Xil/B — Zj Xj2¢) = 0.

This form still leads to double robustness by identical argu-
ments.
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G-estimation

The most basic form of the G-estimating equation arises from
the model that omits the treatment-free component:

Z 12<y Zj X12¢)

and in the simplest case with ¢ one-dimensional

Dz — e(x:))(yi — zitho) = 0

i=1

say.
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G-estimation

The estimating equation invokes the moment requirement

EX v z[(Z — e(X))(Y = Zto)] =0
which is a form of orthogonality statement, that is

(Z — e(X)) is uncorrelated with (Y — Zy).
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G-estimation

In this case we can solve explicitly to obtain

~

3
wo—;
&7

with corresponding estimator
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G-estimation

Using standard arguments, we have that as n — ©

Zi —e(Xi))Y;
AT Bz - et

ESz[Z(Z —e(X))]

-

1

Zi(Zi — e(Xi))

-

Il
-

1

and note that in the denominator, by iterated expectation
ES £[Z(Z - e(X))] = ES | EZx1Z(Z — e(x))IX]| .
Then, as Z2 = Z w.p. 1, we have
EZ7x[Z(Z — e(X))IX] = EZx[Z® — Ze(X)|X] = e(X)(1 - e(X))
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G-estimation

Thus
EX z[Z(Z — e(X)] = Ex[e(X)(1 — e(X))]
= Ex[Vargz x[Z|X]]
where the second line follows as

Z|X ~ Bernoulli(e(X)).

362



G-estimation

In the numerator

EXyz[(Z —e(X))Y] = ER z[(Z — e(X))u(X, Z)]
= Ex[e(X)(1 — e(X))u(X,1) — (1 — e(X))e(X)u(X, 0)]
= Ex[e(X)(1 — e(X))(u(X,1) — u(X,0))]
= YoEx[e(X)(1 — e(X))]

as, here
M(X> 1) - M(Xa O) = 100

with probability 1.
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G-estimation

Therefore
(Zi — e(X))Yi
SEEN L sl e,
P — ESle()(1 —e(x))] "
i=1

and we have consistent estimation.
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G-estimation

For the variance, note first that by the previous result

e(X;
wO = Z [EO 1 — e)()X))]YI + OP<1)

so we may compute the large sample variance by computing
the variance of the statistic on the right hand side; this vari-
ance is

1
n{Eg[e(X)(1 — e(X))]}?

Varg y £[(Z - e(X))Y].
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G-estimation

We have that
Varyyz[(Z — e(X))Y]
= ERyz[(Z — e(X)?Y?] — {ER v,z [(Z — e(X))Y]}?
= ER v z[(Z — e(X))*Y?] — g {ER[e(X)(1 — e(X))]}?

= EX z[(Z — e(X))*v(X, Z)] - v3{ER[e(X)(1 — e(X))]}?
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G-estimation

If v(x, z) = v is a constant, then this becomes
VER 2[(Z — e(X))?] — ¢3{Eg[e(X)(1 — e(X))]}?
but by iterated expectation
Ex z[(Z - e(X))’] = Eg[e(X)(1 — e(X))].
Thus
Vary y z[(Z — e(X))Y]
= vEg[e(X)(1 — e(X))] — v3{E[e(X)(1 — e(X))]}*.

367



G-estimation

Therefore, combining all the elements, we conclude that the
variance of 1)y, obtained by G-estimation, satisfies

1 2

avaro] — Vermy ey~ Y

Recall that in this model

Yo = ER[u(X, 1) — u(X,0)] = pu(1) — pu(0)

so g is the ATE.
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G-estimation

We contrast this with the variance of the IPW estimator of the
ATE obtained earlier: we had that as § = vy,

ory o 1
) = VR ey ey | 8

369



G-estimation

Now by Jensen’s inequality

1 1
% >
X [e(X)(l —e(X))] Ex[e(X)(1 —e(X))]
and so it is evident that for n large enough
Var®[0,,] > Var®|[tq].

Recall, however, that the two methods make different assump-
tions: specifically, G-estimation requires the correct specifica-
tion of the treatment effect model.
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G-estimation

These results extend to more complicated settings: for exam-
ple, the doubly robust G-estimator takes the form

>z )(Yi — Xi13)
i=1

> Zi(Zi — e(X:))

i=1

and we can achieve similar comparisons with AIPW estima-
tors.
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G-estimation

Throughout, we have assumed e(X) is known precisely. More
typically, we will propose a parametric model e(x) = e(x; «),
and then estimate «a using a further estimation procedure.

For example, using logistic regression, we could solve
n
Z x| (z; — e(x;;0)) = 0
i=1

where x; is a row vector of the same dimension as «.

Having obtained @, we then proceed with e(x;; &) in place of
e(x;) in the earlier formulae, using a plug-in strategy.
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G-estimation

The plug-in approach will work provided the estimator of « is
consistent; but

e Should we ‘pay a penalty’ for estimating «, that is, will
the variance of the ATE estimators increase ?

e Do we need to account for the estimation of « ?
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Part 5

Semiparametric Inference




Semiparametric Inference

The semiparametric theory of estimation that can be used to
justify several of the previous causal inference methods.
We consider models that include

e parametric components (with a finite dimensional param-
eter of interest)

e nonparametric components (with an infinite dimensional
parameter that is usually a nuisance parameter)
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Semiparametric Inference

Example: Ordinary Least Squares

Ordinary least squares is a semiparametric approach:
= argmmZ w(xi;0))>
i=1

e parametric mean model u(x;0), 6 € R? say

e nonparametric distributional assumption for the condi-
tional distribution of Y given X = x.
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Semiparametric Inference

Example: Ordinary Least Squares
If

ei =Y — pu(Xi;0)
we assume only that

Jfg|x(t|x) dt — 1 Jt £x(t}x) dt = 0

and
ftz £x(t]x) dt < oo

but make no other assumptions.
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Linear models: a recap

Suppose we have a linear model
Yi = X108 + Xi2¢) + &

where

e Xj1isl1 xr

e fisrx1

e Xjpisl xq

e Yisgx1
Let 6 be the concatenation of 8 and v, so that 6 is p x 1 with
b=q+Tr.
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Linear models: a recap

In vector form, for a random sample of size n, we have
Y=X18+Xp¢+¢

We require linear independence of the columns of the com-
bined matrix
X1 X2].
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Linear models: a recap

Note that

e X, is an arbitrary point in the linear subspace of R”
spanned by the columns of X; - denote this linear sub-
space A.

e X519 is an arbitrary point in the linear subspace of R”
spanned by the columns of X,.
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Linear models: a recap

For OLS estimation we need to solve

X{
(XzT (y — X158 —X2¢) = 0p

We can write the left hand side

X|
9
X;

which is an element in a p-dimensional space.
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Linear models: a recap

Suppose that v is the parameter of interest. For any 1, we
may write the model

(Y-Xoy) =X18+e¢
and hence for nuisance parameter  deduce that
B = (X{X1) ' X] (y — Xo1)).
This follows from the usual OLS result; note that

B =B()

is a function of .
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Linear models: a recap

We then have that
X18 = X; (X{X1) " 'X] (v — Xov)) = Hy (y — Xo1)

say, with
H; = X;(X{X;)"'X] (nxn).

Note that H; is symmetric, and that

HH; — H H; = H;.
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Linear models: a recap

Note that
e the n x 1 vector xlﬁ is a specific point in the space A.
e for any v, xlé is the closest point in A to (y — Xz1);
e the matrix H; projects (y — X2%) onto A to compute X; 5 .

e the ‘residual’ vector after finding X; 5 is

(y —Xot)) — X153 = (y — Xo9) — Hi(y — Xo1))

= (Ip — Hy)(y — X2%)
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Linear models: a recap

e Note that for any values of g and
{(Tn — H1)(y — Xo9)} {Xa 8} = (y — Xo) (I, — Hy) X4 8
=0
where X; (5 is an arbitrary point in A, as
(I, —H) Xy = (I, - H] )Xy
=X; - H1 Xy as H] = H;
=X; — {X;(X{X1)7IX] 1x4

=X; —X; =0.

385



Linear models: a recap

Therefore the residual vector

(In — Hp)(y — X2v)

is orthogonal to A.
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Linear models: a recap

Returning to the estimation of i), we now have the reduced
form model
(Y-Xo¢)) =X18 +e

or equivalently
(Y = X2tp) = Hi (Y = Xo9)) + ¢

that is
(In —H1)Y = (I, — H)Xo¢) + €.

which is a linear form in ¥ that can be solved using OLS as
usual.
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Linear models: a recap

Note that the estimating equation is
X; (In — Hy)(y — Xz1) = 0

again implying a need for orthogonality between the columns
of X, and the residual quantity (I, — Hy)(y — X2v).

Note also that for any £

(In —Hy)(y — Xov) = (In — Hy ) (y — Xu 8 — Xp0)).

as
(I, —H)X; = (I, —H;) 'X; = 0.
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Hilbert spaces

Hilbert space: A (real) Hilbert space H is a vector space that

e has an associated inner product {.,.), such that for ele-
ments hy, hy,hz e H

<h1, h2> eR

can be computed and has certain properties.
o (hy,hy) =(hy, hy)
e (ahj + bhy, h3) = alhy, h3) + b{hy, h3)
e (h,h)>0

389



Hilbert spaces

e has a metric defined in terms of the inner product that
defines the concept of norm, distance and hence conver-
gence in the space.

| ] = v/ B

e distance:

d(hy, hy) = |hy — hy|| = \/<hy — hy, hy — hy)
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Hilbert spaces

We may deduce that for h;, hy, hs € H, for example
d(hy, h3) < d(hy, hy) + d(hy, h3)
lhy + ha|| < [[hy | + | bz
[Ch1, hop| < [ hy |||
e is complete: essentially, Cauchy sequences of ele-

ments of H converge to a limit point that is also in
H.
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Hilbert spaces

We are most used to dealing with Hilbert spaces when the
elements h are d-dimensional real vectors, with

d
(h1,h2) = hy hy = Z hyjhy;
j=1

for which the usual concepts of Euclidean distance etc apply.

392



Hilbert spaces

Consider the Hilbert space H; of g-dimensional functions of
random variable Z, with

E[h(2)] =04  E[{h(Z)} h(Z)] <o
for h € Hq, with the covariance inner product
(hi,hy) = E[{h1(Z)} "hy(Z)]  h1,hy € Hy.
so that |h|? = (h, h). We say that h; and h; are orthogonal if
(hy, hy) = E[h{ hy] = 0.

In this formulation, all expectations are taken with respect to
the distribution of random variable Z.
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Subspaces and Projections

Consider arbitrary Hilbert space H. For k linearly indepen-
dent functions hy, ..., hxy € H consider the linear subspace, U

of H defined by

k
L{:{u:u=Zajhj,(al,...,ak)eRk}.
j=1

U is the subspace spanned by hi,..., hx. Points in the sub-
space are identified uniquely by the coefficients

(81,...,ak).
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Subspaces and Projections

For each h € H, there is a unique value ug € U such that
|h —uo| < |h—u|| VYueld,u # up.

that is, ug is the nearest point in I/ to h.

e ug is the projection of h onto U, sometimes denoted
I(hU);

e the element h — up € H is orthogonal to U, that is for all
ueld
E[(h — 1) "u] = 0.

o [n]? = [uo|? + |h — uo|*.
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Subspaces and Projections

Suppose that v = v(Z) is an r-dimensional function of Z with
E[v(2)] =0,  E[{v(Z)}'v(Z)] < .

Let
Uy = {Bv : B an arbitrary g x r real matrix}

define a g-dimensional linear subspace of H, derived from v.

That is, all elements of U/, can be expressed

Bv

for some (non-stochastic) matrix B.
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Subspaces and Projections

For h € Hq4, the projection of h onto U/, must take the form
Bov, with B satisfying

(h —Bov,Bv)=0  VBeR™"

that is,
E[(h — Bov)'Bv] =0
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Subspaces and Projections

Now, this equation can be re-written elementwise as

q r
3N ByE[(h — Bov)ivi] = 0

i=1j=1
where subscripting identifies elements of the vector/matrix.

As this must hold for all B, it needs to hold for such matrices
that have 1 in position (i,j) and zero elsewhere, which implies

[E[(h — BoV)jVj] =0 V(l,_])

and hence that
E[(h —Bov)v'] = 0.
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Subspaces and Projections

Thus we may deduce that
By — E[hv" ] {E[w ]} (m)

so that

Bov = E[hv' | {E[w']} ' v. ¢

e E[hv'] = Covz[h(Z),v(Z)]is q x r;
o E[w']=Varz[v(Z)]isr x 1;

e it is assumed that E[vv '] is non-singular.
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Parametric Inference

Suppose Zi,...,Z, are i.i.d. with pdf fz(z;0) with 6 € RP, and

(4 gx1
9 =
I5} rxil
with true value 6y comprised of 1y and .
e 1) — parameter of interest;

e [ - nuisance parameter.

The data generating model is thus fz(z;6y).
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Step 1: Asymptotically Linear Estimators

An estimator zzn of parameter 1y is asymptotically linear if
there exists a g-dimensional function, ¢(Z), with

E[¢(Z2)] =0, E[p(Z){p(Z)}"] < oo, nonsingular

such that

p(Zi) + 0p(1).
1

\/H(lzn _1/}0) = /n A

1 n
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Step 1: Asymptotically Linear Estimators

Then as
1 & d
75 2, #(Zi) - Normal (04, E[¢(2){(2)} "))
i=1
V/n (QZH — 1)) also has this asymptotic distribution.

If such a ¢(.) exists, it is unique; it is termed the influence
function for the estimator.
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Step 1: Asymptotically Linear Estimators

Example: Sample mean

If Z1,...,Z, are arandom sample from a population with finite
mean f and variance o2, then the estimator

yields the representation
Vn (0 — o) = Z — o)

so we can deduce the influence function
QD(Z) = @(2,90) =/ — 00.
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Step 1: Asymptotically Linear Estimators

Example: Sample mean

By the Central Limit Theorem, we have that as n — o
Vv (0n — 00) % Normal(0, o)

where
0% = E[(Z - 60)?] = E[{p(2)}?].
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Step 1: Asymptotically Linear Estimators

Recall that in likelihood estimation, we have the log-likelihood

n n
a(0) = Y log fz(zi;0) = > £(z;,0).

i=1 i=1
say. Under regularity conditions, by the mean-value theorem,

0n(0) = 0n(00) + £n(0")(6 — 6g)

, and where

where [|60/ — 0| < [0 — b9

S ol (0) L 32,(0)
(n6) = 2 in(6) = S50

are (p x 1) and (p x p) respectively.
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Step 1: Asymptotically Linear Estimators

Evaluating at 6 = 5,1, and noting that én(én) = 0p, we have on
rearrangement and multiplying through by 1/4/n that

1

\/Hén (00)

{~ 37 @)} V(B — 00) -

where
[60" — 6ol < [0 — o
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Step 1: Asymptotically Linear Estimators

As n — o0, we have for the random variable version

{;Zn(e’)} NS [W HJ —E [E(z,eo)]

say, as

~

0, 2 0,.
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Step 1: Asymptotically Linear Estimators

Therefore
~ . -1 1 .
V(0 — 00) = {—[E [z(z,eo)]} Zlal00) +0p(1)
which yields the influence function
. 1.
#(2) = ¢(2,00) = {~E|i(z.00)|} (2, 00)

= 7 1(60)4(Z. 60)

say.
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Step 1: Asymptotically Linear Estimators

To obtain the asymptotic variance, we compute
Var[p(Z)] = J " (60)Var[£(Z, 60)]1T (o)

where, under standard likelihood theory,

T(00) = Var[i(Z,00)] = E|£(Z,00){(2.00)}" | = ~E|i{(Z,0)
that is (o) = J(6o) so that

var[p(2)] = {E [i(z.00)ti(z. 00|} =27 (00)
which is the asymptotic variance of 0,,.
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Step 2: Regular Estimators

Consider the local data generating process (LDGP)
Ziny ..y Znn ~ £7(z;0n) ii.d.

with
vn (6, — 6*) —> constant
asn — o0.

Estimator 1Zn of ¢, is regular if its limiting distribution does
not depend on 6,,.
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Step 2: Regular Estimators

That is, in the Normal case, 1211 is regular if
V(b — %) %> Normal (0, £%)
under fz(z;6*) implies that
V(b — ) %> Normal (0, £%)

under fz(z;60p).
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Step 3: Score Functions

The score function Sy(z, 6p) is defined by

51/,(2,90)] q X 1

0
59(2,00) — % {logfz(Z;e)}6=90 - 185(2790)

rxl1

with the subscript denoting the variable with respect to which
the derivative is being taken.
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Step 4: Key Theorem for RAL Estimators

Consider a g-dimensional parameter of interest ¥(6), and let

re) = Q;IIQ(TG) q xp.

Suppose that \Tln is regular and asymptotically linear (RAL)
with influence function ¢(.) such that E[{x(Z)}T¢(Z)] < co.

Then
E[¢(Z) {Se(Z.00)} '] = T'(6o).
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Step 4: Key Theorem for RAL Estimators

Special case: If
then
and so
M) E[@(Z){Sp(Z,00)} '] = Tgxq;
)

{
(if) E[¢(2) {S5(Z.00)} ] = Ogur.
That is, p(Z) is orthogonal to Sz(Z, o).
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Step 5: m-estimation

In m-estimation, we replace the score equation for 6

n n
Z ZU 0 = Z ZI ) 6
i=1 i=1
by the more general form
n
> m(z;,0)

i=1

for function m(.,.)
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Step 5: m-estimation

We must have
(i) E[m(Z,0)] = 0p
(i) E[{m(Z,0)} m(Z,0)] < x
(iii) E[m(Z,60){m(Z,)}"] nonsingular

for all possible data generating 6.
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Step 5: m-estimation

Using the same logic as in the likelihood case, we have
VI (6, — o) = Z‘Pm ) + 0p(1)

for the influence function associated with m

pm(Z) = {—E[1(Z,00)]} "' m(Z, o).
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Step 5: m-estimation

We have by the CLT and elementary results for the Normal
distribution that

V(0 — 60) — Normal (0,,7 'ZJ ")

where
T =7T(6o) = E[m(Z,00){m(Z,00)}"]

and

J

J(0o) = —E[m(Z,00)].
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Step 5: m-estimation

These p x p matrices are typically estimated by

Z Z1a00

i=1

~)

'.3\'—\

1 n
HZ m(Z;,00){m(Z;,00)} "

with g replaced by estimator én.
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Step 6: The Geometry of Influence Functions

Consider probability model fz(z; ), 67 = (7, 87).

e H,: Hilbert space of gq-dimensional zero-mean functions
with finite variance, with the covariance inner product.

e 7: linear subspace of H4 — the tangent space
T ={BSy(z,0) : B a q x p matrix}

that is, the space spanned by the score Sy.

e A: linear subspace of Hq - the nuisance tangent space
A = {BSp(z,0) : B a g x r matrix}
that is, the space spanned by the nuisance score Sg.
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Step 6: The Geometry of Influence Functions

By the previous theorem, if @ZH is an RAL estimator of ¢ with
influence function ¢(Z) € H4, then we must have

E|¢(2){S5(Z.00)}" | = Ogsr

that is, ¢(Z) is orthogonal to the nuisance tangent space.

We write
©(Z) e At

where
At = “space orthogonal to A.”
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Step 6: The Geometry of Influence Functions

We have that
He =A@ AT

that is, any h € H4 can be written
h=s+s)

for s; € A, s, € A+, with s; orthogonal to s,.

422



Step 6: The Geometry of Influence Functions

For any h € H, write sy for the projection of h onto A
II(h|A) = so

that is, sg is the unique point in A that is at the “foot” of the
perpendicular dropped from h onto A.

Then as h = sy + (h — sp), we can deduce that
II(h|AY) = h — sg

by the projection theorem.
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Step 6: The Geometry of Influence Functions

By the results on page 399, we know how to compute sy ex-
plicitly; we have that for any h € H,

-1
II(h|A) = E[hS4 ] {E[SsS;]} ~ Ss
so therefore all elements in the space A can be written

h —TI(h|A) = h — E[hS] ] {E[SsS] 1} Ss.
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Step 6: The Geometry of Influence Functions

Finally, as
BS,; =B [Sw]
Ss

we can further decompose
T=T,®A

where
Ty = {B1Sy(Z,0p) : By a g x q matrix}.
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Step 7: Constructing an Estimating Function

Let influence function ¢(Z) satisfy the Theorem on page 413.
Set
m(Z,v,53) = ¢(Z) — Elp(Z)]

where the expectation is taken with respect to fz(.; ¢, 3). The
function m(Z, ¢, §) has mean zero and finite variance

Then @ZD satisfying
Z m(Z;, Y, Bn(thn)) =

is RAL with influence function ¢(Z).
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Step 8: Efficient Influence Function

The efficient influence function, ¢°%(Z), is the influence func-
tion with the smallest variance.

For an arbitrary influence function ¢(Z), using the projection
theorem, it is evident that

¢N(Z) = ¢(2) —(p(2Z)|T) = W((Z)|T).
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Step 8: Efficient Influence Function

If we denote
T(60) = E[S0(Z. 00) {Su(Z,60)} |
we have explicitly that to estimate ¥ (6y)
¢*(Z) = T(00) {Z(00)} " Se(Z, b0)

where, recall,
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Step 8: Efficient Influence Function

The efficient score function for 1 is obtained by projecting the
score Sy (Z,0y) onto the nuisance tangent space A, and taking
the residual.

By the result on page 399
-1
I(Sy|A) = E[SySy1{E[SsS51}  Sa(Z.00)
so therefore the efficient score function for v is

SS7(Z.60) = Sy(Z,00) — E[S,ST1{E[SsSJ1} " Ss(Z. o)
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Step 8: Efficient Influence Function

The efficient influence function for ) is

(p?;f( ) = { [S&;}ff{ssz} ]}_ eff(Z )

which has variance

sy}

This result is the generalization of the earlier results.
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Step 9: Semiparametric modelling

Consider the class of semiparametric models
P ={fz(z;9,B(.)) : ¥ is g x 1, (.) is infinite dimensional }

with true model fy(z) = fz(z; 1o, Bo(.)).

B(.) represents an unknown density function, say
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Step 9: Semiparametric modelling

Consider the parametric submodel

Py = {fz(z;9,7) :Yisqx 1,yisr x 1}

where
(i) :PTZ’N (e fP,'
(11) fo(Z) € iP’l/%'Y’. that is

fo(z) = fz(z; %0, 70)-

The parametric submodel is identical to the true model
for one setting of the parameters (v, 7).
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Step 9: Semiparametric modelling

The parametric submodel is simply a way to allow us to com-
pute score functions explicitly.

Note that the parametric submodel is in general specified in
terms of the true model.
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Step 9: Semiparametric modelling

Example: Restricted Moment Model

The restricted moment model
Y = u(Xi; ) + i

where [(.) specifies the density of ¢; admits the parametric
submodel where
e; ~ Normal(0, o2)

that is, v = o

This parametric model is only a parametric submodel if we
believe the data are normally distributed.
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Step 9: Semiparametric modelling

Example: Proportional Hazards Model

In the proportional hazards model with hazard function

A(t|X; 4, B) = B(t) exp{xi}

with 5(.) nonparametrically specified, with true values of the
parameters ¢y and So(.).
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Step 9: Semiparametric modelling

Example: Proportional Hazards Model

A parametric submodel takes the form

A(t|X;8,7) = Bo(t) exp{mg1(t) + - + 7rgr(t)} exp{xe}

for specified functions g (t),. .., gr(t).

This parametric model is specified in terms of the true model
Bo(t) which is not known. However, if we specify ¢ = 19, and

N=- = =0

we recover the true model.
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Step 10: Semiparametric inference

Consider the Hilbert space H4, and the parametric submodel.

(i) nuisance tangent space
Ay, = {BS,(Z,%0,7) : B a g x r matrix}

where
S’Y(Z) 1/)05 ’YO)

is the score function component corresponding to v from
the parametric submodel.

437



Step 10: Semiparametric inference

(ii) efficient influence function

0o (Z) = {Z(¥0,70)} ' SIT(Z, 10, 70)

where

Z(v0,70) = E [Seff (Z,%0,7) {Si"%(Z 1/10770)}T]

438



Step 10: Semiparametric inference

(iii) efficient score function for 1 is

Si(Z,40,%) = Sy(Z,%0,7) — T(Sy(Z,10,70)|A)-

As ever, the RHS is defined in terms of (¢, 70), which is
identical to (o, Bo(.)) by assumption.
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Step 10: Semiparametric inference

(iv) smallest asymptotic variance amongst RAL estimators for
1 is
1) -1
{[E [ (Z,10,70) {S(Z, 10, 70) } ]}

All expectations are taken with respect to the true model

f2(z;v0,70) = fz(2; %0, Bo)-
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Step 10: Semiparametric inference

e An estimator for ¢ is RAL for the semiparametric model
if it is RAL for every parametric submodel;

¢ Any influence function of an RAL estimator in the semi-
parametric model must be an influence function of an
RAL estimator within a parametric submodel;

¢ Any influence function of an RAL estimator in the semi-
parametric model must be orthogonal to all parametric
submodel nuisance tangent spaces;

e The variance of any RAL semiparametric influence func-
tion must be no smaller than the variance on page 440
computed for any such submodel.
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Step 11: The Restricted Mean Model

Suppose scalar response Y follows the model
Y =pu(X;h) +e

with ¢ a g x 1 vector. Suppose P = {fz(z;¢,3()),z = (y,x)}
with
fyx(y,x) = £ x(y — p(x; ), x)

with the requirement E[e | X] = 0.
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Step 11: The Restricted Mean Model

Write
f: x (&, %) = Bi(e, x)B2(x)

where

e Conditional model:
b1 (57 X) = €|X(€|X)

e Marginal model;

B2(x) = fx(x).

Suppose the true (data generating) functions are

510(€,X) 520(X)-
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Step 11: The Restricted Mean Model

We require for all x
Jﬁl(s,x) de =1 fsﬁl(e,x) de =0

and that 5, (x) is non-negative and satisfies

fﬁz(x) dx = 1.

With no further restrictions, we have a semiparametric speci-
fication with these infinite dimensional nuisance parameters.
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Step 11: The Restricted Mean Model

A parametric submodel is

Py ={tz(z3,7) = Lix (¥ — u(x59)[x571) fx (x5 92) }

where v isrp x 1 and vy ismp x 1, with r = + .

Denote the true model

fo(z) = fx (¥ — p(x;9)x;710) fx (X5 720)-
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Step 12: Efficient Inference

We have in the parametric submodel
log fz(z;¢),7) = log £ x (e]x;71) + log fx (x5 72).
Therefore

0
Sy (g,%50,70) = 8771 {10g1"€|X(€|X;71)}71=710

0
Sy, (e, x;%0,7%) = o7 {log £x (x5 72) }., =y

We will suppress the dependence on (¢, Y0)-
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Step 12: Efficient Inference

A typical element in the parametric submodel nuisance tan-
gent space is given by

BS’Y(57X) =B1S, (e, X) + B:S,, (X)

where
e Biisqg xn,
e Byisg xm.
We define the spaces A,, A, and A, by

BS,(,X)e A, BiS,(s,X)eA, ByS,(X)eA,.
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Step 12: Efficient Inference

That is, in terms of the corresponding spaces
Ay =7y @A,
with A,, and A,, orthogonal as
[E[S% (EaX){SWZ(X)}T] =0 xr,

by iterated expectation.
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Step 12: Efficient Inference

Let

e A be the mean-square closure of all parametric submodel
nuisance tangent spaces

A = {mean-square closure of all A, ® A, };

e A5 = {mean-square closure of all A, };

¢ Ays = {mean-square closure of all A,}

For A, the mean-square closure is the set of functions that can
be represented as the limit of sequences of score functions
arising from the parametric submodels.
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Step 12: Efficient Inference

e Ay, is a subspace of H4 arising from the unknown fx(x)
(which is essentially unrestricted)

e comprising elements that are eligible score functions

e where every bounded element a(x) € Ay is the score
for some parametric submodel, say

fx(x;72) = fo(x)(1 + 73 a(x))

for ~, small enough (the submodel density must be
non-negative and integrate to one).

See Tsiatis, pp 78-79.

’
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Step 12: Efficient Inference

e Ais is a subspace of H4 comprising functions a(e, X)

e which satisfy
(i) Ela(e, X)|X] = 0g;
This says that a(e, x) must be a score function.
(ii) E[a(e,X)e|X] = 0g;
This says that a(e, x) must be a uncorrelated with
¢ for all x, and enforces the requirement

Ele|X]=0  w.p. 1.
e which arise from some parametric submodel, say

£ix(elxim) = fo(elx)(1 + ] ale, x))

See Tsiatis, 80-81.
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Step 12: Efficient Inference

Let
a(X)eAys and  a(e,X) € Ags.

Then
Exc[a(X) a(e,X)] = Ex [a(X)"E.x[a(e,X) | X]] = 0
by iterated expectation, as
E.xla(e, X) | X] = 0q4.

Therefore A5 and Ays are orthogonal, and we have precisely
characterized the nuisance tangent space as

A= Als @AZS-
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Step 12: Efficient Inference

The space Ai;s is a space of g-dimensional random functions,
a(e, X), say, defined by two conditions:

Ela(e, X)|X] = 0q (C1)
Ela(e,X)e|X] = 04 (C2)
To see this, consider the restrictions

er|x(t|x;fyl) dt — 1 ftf5|x(tyx;71) dt — 0

and then differentiate wrt v, under the integral.
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Step 12: Efficient Inference

Suppose a(X) € Ays. Then, for any a(e, X) satisfying (C1), we
have that
Ex.[a(X) (. X)] = 0

by iterated expectation. That is, a(X) is orthogonal to a(e, X).

Similarly, as
E.x[a(X)e[X] = 0q

a(X) also satisfies (C2).
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Step 12: Efficient Inference

It follows that the nuisance tangent space A comprises pre-
cisely those functions that satisfy (C2),

That is, A comprises functions h = h(e, X) € Hq such that

E[h(e,X)e|X] = 0g4.

See Tsiatis, pp 82-83.
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Step 12: Efficient Inference

For the efficient score for » we need to project the ordinary
score onto A, and take the ‘residual’

Si'(e,X) = Sy(e,X) — II(Sy(e, X)|A).
By this construction, we see that
Sfjff(s,X) e At
as
Su(e,X) = T(Sy(e. X)|A) + {Sy (e, X) — TI(Sy(e, X)|A)}

= TI(Sy(e, X)|A) + S5(e, X).
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Step 12: Efficient Inference

In the restricted mean model, the space orthogonal to the
nuisance tangent space is seen to be

At = {A(X)e : where A is q x 1}
To see this, note that for all a(e, X) satisfying condition (C2)
E[{a(e,X)}"A(X)e] = 0

using iterated expectation.
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Step 12: Efficient Inference

The projection of an arbitrary h onto A* is
E[he|X] {E[2|X]} 'e.
We can then characterize elements of A as taking the form
h(e,X) —II(h(e,X)|A) = g(X)e
for arbitrary h € ‘H and for g(X) the g-dimensional vector

g(X) = E[he|X] {E[*|X]}

Taking h(e,X) = Sy (e, X), we obtain the efficient score for 1.
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Step 12: Efficient Inference

The efficient score is then

Si'(e,X) = Sy (e, X) — TI(Sy(e, X)[A)

= E[Sy (e, X)e|X] {E[2X]} e

D(X) " {V(X)}'e
say, where

ou(X; 1)
oyt =10

D(X) = D(X; o) =
isa 1 x g vector.
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Step 12: Efficient Inference

Hence we must (in principle) solve the estimating equation
n
D DX ) T {VX )} (Vi — u(Xi; ) = 0g.
i=1

This requires knowledge of the true model fy(.), as the for-
mula depends on

V(X) = V(X;¢0, Bo) = E[e?|X]

In practice we cannot implement the estimation procedure
without further modelling.
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Step 12: Efficient Inference

However, we can implement estimation based on

Z )(Yi — p(Xi39)) = 0g.

where A(.) is some pre-specified g x 1 function of X.

If
A(X) = D(X;10) {V(X)}

we obtain optimal inference.
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G-estimation

Consider the simple structural (causal) specification given by
E[Y(z) — Y(0)|X] = E[Y(2) — Y(0)] = z¢o.

This states that

e compared to the ‘baseline’ case of z = 0, exposure at
level z = z leads to a change zi in the expected (poten-
tial) outcome, and

¢ that this quantity does not depend on confounders X.

We proceed assuming Z is binary.
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G-estimation

The model can be considered as one that specifies that
Y(z) = po(X) +z¢po + ¢

where po(X) = E[Y(0)|X] is a nuisance component.

Suppose a proposed parametric submodel is

po(X) = po(X; Bo)-

463



G-estimation

We consider the probability model based on the semiparamet-
ric regression formulation

fxyz(x,y,z) = s|X,Z(Y — po(x; B) — z|x, z)fx z(x, Z)

and for simplicity focus on the parametric submodel for the
first component

Q\X,Z(€|X7 Z) = fs(g; UO) = Normal(O,a%).
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G-estimation

Then the score function for this submodel is

Sy z

say.

<56> _ iz <ﬂ05(X;50)) (Y — p10(X; o) — Zho)
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G-estimation

The nuisance tangent space corresponds to the Sz compo-
nent, and can be seen to take the form

{A(X)e : A(X) arbitrary}

where A(X) has the same dimension as ¢: in the previous
notation we have that A(X) = Byjios(X; fo) with B arbitrary.

We then need to project S, onto this tangent space: the pro-
jection is the quantity Ay(X)e, where we must have

E[(Ze — Ao(X)e)A(X)e] =0 VA(X)
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G-estimation

By iterated expectation, if
e(X) =E[Z|X]
we therefore must have
E[(e(X)e —Ap(X)e)A(X)e] =0  VA(X)

implying that

467



G-estimation

Therefore the projection of the score S, onto the nuisance
tangent space yields the efficient score function

Sit = Sy —II(Sy|A) = (Z — e(X))e.
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G-estimation

Therefore efficient estimation is achieved by solving

Z <M05 XI(’X )> (vi — po(xi; 8) — ziyp) = 0

which corresponds to G-estimation.
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Inverse Probability Weighting

Weighting estimators can be justified using semiparametric
theory by adopting a missing (or coarsened) data strategy.

Recall that for the ATE in the binary case, using the potential
outcome notation
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Inverse Probability Weighting

If such data were available, we would use the estimator
1 n
“nne

based on the complete data estimating equation

N (Yi(2) - n(2)) = 0.
i=1

However, we do not observe the counterfactual outcomes.
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Inverse Probability Weighting

We need to utilize the observed data estimating equation:

i <fl{|x} Zmy @) =0

(1)) ~ 0.

With z = 1, this becomes
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Inverse Probability Weighting

To construct the efficient (observed data) score and influence
function, it can be shown first that all observed data influence
functions can be written

h(X,Y,Z) + L(X,Y,Z)
where h(X,Y, Z) satisfies
E[h(X,Y,Z)[Y(0), Y(1),X] = Y(1) — u(1)
and L(X, Y, Z) satisfies
E[L(X,Y,Z)|Y(0),Y(1),X] = 0.

The function L is termed the augmentation function.
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Inverse Probability Weighting

From above, one suitable h is

h(x.v.2) = 25— ul)
as
zy _[zv()
E [G(X)‘Y(O),Y(l),X} - [E[ o0 Y(O),Y(l),X]
_ Y(1)E [e(ZX)‘Y(O),Y(l),X]
_ y(1)
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Inverse Probability Weighting

For L(X,Y,Z) we can always write in the binary case
L(X,Y,Z)=(1—-Z)Lo(X,Y) + ZL1(X, Y)
Therefore, taking expectations
E[L(X,Y,Z)[Y(0),Y(1),X] = (1 — e(X))Lo(X, Y(0))

+e(X)L1(X, Y(1))
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Inverse Probability Weighting

Equating this to zero implies that

e(X)

Lo(X, Y(0)) = TA—eX)

Li(X,Y(1)).

provided 0 < e(X) < 1.

Further, as the left hand side is a function of Y(0) and the
right hand side is a function of Y(1), this equation can only
hold in general if Ly and L; do not depend on Y at all.
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Inverse Probability Weighting

Thus we can simplify

Lo(X) = e i(f()X))Ll(X)
so that
L(X,Y,Z) = L(X,Z) = <—(1 -2 i(f()x)) + z) L1 (X)
Z —e(X)
- (e e
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Inverse Probability Weighting

Combining terms in X, we see that the space of augmentation
functions takes the form

A={(Z—-e(X))g(X): g(X) arbitrary}.

We find the optimal influence function by projecting

A
e(X)

h(X,Y,Z) = _:U’(l)

onto A; this identifies a specific element of A
(Z — e(X))go(X)

say that obeys the usual orthogonality results.
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Inverse Probability Weighting

That is, for arbitrary g, we need to solve for gy the condition

E| (25 - ) - (2 - o)) ) (Z - e(x))g(x)| - 0.

The expectation can be rewritten

Exz | (25— 1) - (Z - e(X)a0(X) ) (2 - e(x)g(x)|
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Inverse Probability Weighting

Using iterated expectation, we have conditional on X that the
interior expectation of Z is

(1 —e(X))(—u(1) + e(X)go(X))(—e(X))g(X)

#o00) (M) 1) = (1 - o)) ) (1 - e(X))g(X).

To make this identically zero in expectation for any g(X), we
must have

(1 - ) ("S5 - o)) -
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Inverse Probability Weighting

We find that
a0(x) = M) = S EIIX Z = 1]
so that
h(X.Y.Z)+L(X,Z) = 22 _Z=eX)pryix 7 11— (1),
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Inverse Probability Weighting

Therefore, the efficient influence function for p(1) is

e, v.2) = o= E e - i)

or equivalently

Z(Y — p(X,1))
e(X)

@Eff(X7 sz> = +:U'(X71)_M(1>

which is the basis of AIPW estimation.
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Inverse Probability Weighting

The corresponding estimating equation is therefore

Z (1_6 (Zj;(;j()}{j))ﬂ(xj,l)—M(1)> o

Similarly for ;(0) we have

o (L=Z)Y (2 e(%) _
1§< e(Xi) * :“(Xivo)—u(o))_().

1-— G(Xj)

as
(1-2)— (1 —e(Xi) = —(Zi — e(Xi)).
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Part 6

Extensions




Extensions

The development above has mainly focussed on
e binary treatment,
¢ linear models,
e average treatment effects,

¢ single time-point studies,

but extensions can be developed to handle each case.
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Continuous treatments

For continuous treatments, if necessary we may carry out ad-
justment via the conditional expectation

b(X) = Egy[ZIX]

rather than (for example) the propensity score which is based
on the conditional probability model

7x(Z|X).

We may also need to adjust using further balancing models,
such as

by(X) = EQy[Z2|X]

depending on the treatment effect model.
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Continuous treatments

Example: G-estimation

The model
Y=2Z¢+po(X;8) +e
which forms the basis of the G-estimation procedure can be
utilized if Z is continuous.
This relies on the construction of a model for [E% <[Z|X]

¢ justified by a focus on orthogonality under the covariance
inner product;

e focus on conditional uncorrelatedness rather than condi-
tional independence.
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Continuous treatments

For IPW estimation, the construction

N 1 ¢ 15(Z)Yi
/’LIPW(Z):i {}
n LB (Z%)

also works in the continuous case as

1,
[E}(?,Y,Z [{}((Z|)X)] = u(z)

Z\X

but in practice this estimator can be variable in finite sample.

488



Continuous treatments

The focus on [E§|X[Z|X] emphasizes the role of regression ap-
proaches to constructing the treatment model: we denote

§(X) = £(X; ) = EZx[ZIX].

In most cases, some form of generalized linear model will
suffice, with estimating equation such as

N x] (2 - €(x)) = 0
i=1

for parameter « so that the fitted values
E(xzja) i=1,...,n

can be computed.
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Continuous treatments

In any subsequent procedure, these fitted values are used in
estimating the causal effects: for example, in G-estimation,
we consider the plug-in estimator

Yi(Z — {(X;@))

-

1

&
Il

1=

Z;i(Z;i — £(X;a))
1

_
Il

In IPW estimation

o 12
/jIPW .
Z; 7 x(Zi \X”a)
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Advanced modelling

The application of many of the causal adjustment methods
rely on regression modelling for

e the outcome mean model
:U(X7Z> = [EY\X,Z[Y‘X =Xx,Z= Z]
e the propensity or balancing score

e(x) =Pr[Z=1|X=x] b(x)=Ezx[Z|X = 7]
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Advanced modelling

In either case we can utilize
e linear/generalized linear models
¢ flexible models (eg splines)

e prediction-based approaches (eg machine learning meth-
ods, regression trees, neural networks)

e ensemble methods (eg model averaging, boosting)

to construct fitted versions of each model.
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Advanced modelling

The advanced methods can be effective, but there are poten-
tial pitfalls:

1. The quantification of uncertainty;

¢ no ready analytic answers, typically relies on boot-
strap;

e large computational burden
2. Positivity violations.

e prediction (of treatment mechanism) is not the fun-
damental goal;

e can be overcome using methods that target balance/over-
lap.
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Beyond linear models

If the outcome variable Y is discrete, or it is contended that
the outcome mean model

[E$|X,Z[Y|X =Xx,Z = Z] = pu(x,z; 8,9)

is not linear (in the treatment or parameters), it is necessary
to extend some of the previous concepts.

In the following,

e X is the random vector of confounders, and x its observed
values,

e x is the vector of functions of x that form the linear pre-
dictor,

e X is the random variable version of x.
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Beyond linear models

Suppose that a log-linear model is deemed appropriate:
log u(x,z; B,9) = X8 + zxy )
Regarding this as the structural model, we then have that
E[Y(2)] = EY£[Y|Z = 2] = Ex[exp{X;S + 2Xy)}]

which would then invoke the estimator

1y S
fi(z) = 3 1—211 exp{xgif + zXyi}.

where (3, 12) are estimated from a correctly specified model.
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Beyond linear models

Then in the binary treatment case

E[Y(1)] _ Ex[exp{Xpf + Xy¢}]

E[Y(0)] Ef[exp{Xsp}]
but notice that unlike in the linear case
E[Y(1)]

depend on both $ and v. Also

E[y(1)] | _[Y()
[E[Y(O)];’EE[ }

in general.
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Beyond linear models

The above model assumes that

p(x,1; 8,9) = pu(x,0; 5,v) exp{xy1}.

with the effect of Z represented conditional on X; marginally,
1 alone does not capture the effect of treatment.

We could formulate a model for the potential outcomes where
Y(1) = Y(0) exp{xyt)}

that is
log Y(1) —log Y(0) = xy1).
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Beyond linear models

If we can estimate 8 and v consistently, then we can recover
APO and ATE estimators from them. By standard regression
arguments, we know that correct specification of the outcome
model is needed.

For the log-linear model,

log ju(x, z; B,%) = x5 + zxy9

the standard estimating equation takes the form

I
e

n T
Z < - ) (vi — exp{x3i 3 + ziXyi})
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Beyond linear models

We might try to make inference robust to mis-specification
using a G-estimation-like strategy, and modify the estimating
equation to be

n ng
2 ( ) (vi — exp{xgif + zixyi)}) =

e(XI))xw

where e(x;) is the propensity score; if necessary, this can be
estimated using a further parametric model

i zi —e(x;;a)) = 0.
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Beyond linear models

In the linear case, this modification led to consistent estima-
tion of ¢ as the resulting estimating equation is unbiased,
that is

Ex,v,z[(Z — e(X))X},(Y — X8 — ZXy))] = 0

provided x,1 correctly captures the effect of treatment, and
either

e propensity score e(X), or
e treatment-free mean component xg.3

is correctly specified.
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Beyond linear models

In the log-linear case, the equivalent requirement would be

Ex,v,z[(Z — e(X))X](Y — exp{Xs5 + Zxy¢))}] = 0.

However, this requirement is not met if the treatment-free
mean component is mis-specified, even if the propensity score
model is correctly specified.
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Beyond linear models

Suppose in reality

Evixz[YIX = %.Z = 2] = (%, 2) = po(x) exp{zx,1}.

Then
Eyixz[Y—exp{xsf + Zxy¢)}|X = x,Z = 7]
= po(x) exp{zxyh} — exp{xpf + zxy1))}
= exp{zxy ¥} (po(x) — exp{xsf})

which cannot be made independent of z unless

fro(x) = exp{xs/3}.
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Beyond linear models

We must modify the estimating function to be
P(X,Y,Z) = (Z—e(X))X exp{—ZX ) }(Y —exp{XB+ ZXy1)})
so that
[EY|X,Z[<P(X7 Y,Z)|X =x,Z = 7]
=(z—- e(x))x; exp{—zxy 1} exp{zxy1)}(po(x) — exp{xs0})

= (z — e(x))x;) (110(x) — exp{xs})
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Beyond linear models

It then follows that
Ezix[Eyixz[¢(X,Y,Z)|X =x,Z = z] | X = X]
= x,,(10(x) — exp{xsB})Ezx[(Z — e(X))| X =x] =0

if the propensity model is correctly specified. Thus for consis-
tent estimation, we need to solve

T

1'—2; ((Zi — e(xi))x), exp{—ziXy;}

) (yi—exp{xgif+zixyiv}) = 0
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Beyond linear models

If outcome Y is binary, we might attempt to use a logistic
model and estimate using

b/ x]
Z ( 5T) (yi — expit{xsiB + zixyi}) = 0.

where
X

expit(x) = T

This method is not robust to mis-specification of the mean
model, and it cannot be rescued using the previous trick.
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Beyond linear models

A solution is found by noting that

PrlY =1|Z=1,X=x]|/Pr[Y =0|Z = 1,X = x]
XXV} = Y =112 = 0.X = x]/Pr[Y = 0]Z = 0.X = x]
PriZ=1Y=1,X=x|/Pr[Z=0]Y =1,X = x]

1/pr(Z ]

Pr[Z=1Y=0,X =x|/Pr[Z=0]Y =0,X =x

that is, ¢ parameterizes the conditional log-odds ratio.
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Beyond linear models

Therefore we can construct a doubly robust estimator assum-
ing that either

e the model for Y given X and Z, or
e the model for Z given X and Y

is correctly specified, given that the log-odds model is cor-
rectly specified.
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Beyond linear models

The R package drgee uses the estimating procedure based on
first estimating parameters in the two systems

and

T.
2 ( #”#) (i — expit(x,iy + yixy¥")) = 0

n XT~ .
2 < ) (vi — expit(xsi8 + zixyiv¥)) = 0
: ZiX);

utilizing two additional nuisance parameters ¢’ and ¢*. This
yields estimates of £ and ~.
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Beyond linear models

Then ) is estimated using
n ~ ~
Dz — e*(xi;, B,9))x), <Yi — expit(xp; 8 + Zin1¢)) =0
i=1

where

~ -1
1 —expit(x,d)  expit(xg) ]

e*(x¥.8,9) = [1 " expit(x,7) expit(x53+xw¢)

It can be shown that this is an unbiased estimating equation.
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Average Treatment Effect on the Treated

In the binary case, we have mainly focussed on the estimation
of the average treatment effect (ATE)

E[Y(1) - Y(0)] = Eyz[Y | Z = 1] = Ejz[Y | Z = 0]
The average treatment effect on the treated (ATT) is
E[Y(1) - Y(0) | Z =1]

using the potential outcome notation.
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Average Treatment Effect on the Treated

That is, the ATT aims to identify the causal effect on interven-
ing to change Z = 0 to Z = 1 but only in the subpopulation of
individuals who are observed to receive treatment

Note that
E[Y(1) —Y(0)] = E[Y(1) — Y(0) | Z = 0]Pr[Z = O]

+E[Y(1) — Y(0) | Z = 1]Pr[Z = 1]
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Average Treatment Effect on the Treated

In this calculation, we imagine

o the observational distribution fYy , generating the ob-
served data {(xj,yi,z),i =1,...,n}

e in the subgroup observed to have Z = 1, we then con-
sider a second (hypothetical) experimental intervention
to change Z to z which over-rides the original Z if z = 0,

e we then consider comparison of hypothetical outcomes
between the two hypothetical subgroups indexed by z.
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Average Treatment Effect on the Treated

fx(x) fz|X(Z|X) fY(o) (1)|X(Y0,Y1\X) fy\z Y(0),Y (Y|Z ¥0,¥1)

defines the observational distribution, where

1 y=1-2)y +2zyn1

fyiz,v(0),y(1)(¥12: y0, 31) = { 0 otherwise
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Average Treatment Effect on the Treated

Then
fY\X,Z(Y‘Xa z)

JfY|XZY( (Y|X z YO7Y1)fY( 0),Y (1)|X,Z(.VO7.V1|X72) dyo dy;

= JfY|Z,Y(O),Y(l)(Y|Z>YOaYI)fY(O)X(l)X(YO7Y1|X) dyo dy1

= fy(z)x (¥]x)

as the integral reduces to a evaluation at a single point where
(.VOv Yl) SatiSfy
y=(1-2)yo+zy1.
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Average Treatment Effect on the Treated

For the ATT, we can represent the quantity of interest using
a modified DAG that proposes a second hypothetical binary
treatment, A.

We allow Z to cause A, and then allow Z to act as a selection
mechanism, but ensure that

X1A|Z
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Average Treatment Effect on the Treated

where the implied joint model is

fX(X)fZ|X(Z|X)fY(O),Y(1)|X(Y07 y1 |X)fA|z(a \Z)fY|A,Y(0),Y(1) (vla,y0,¥1)

This is the new ‘experimental’ distribution €.
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Average Treatment Effect on the Treated

Again

1 y=(01-a)yo+an
fria v,y (712, y0,31) = { 0 otherwise

As A is binary, the model fy|7(a|z) must take the form
£ ,(al) = p2(1—p,)'""  a,ze{0,1}

for0<p,<1forz=0,1.

We can then express the ATT via the new DAG as

EYiazlYIA=1,Z =1] - By, ,[YIA =0,Z = 1]
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Average Treatment Effect on the Treated

We have that from the DAG that

fé’\A,X,Z(Y|a7 X,2z) = é\A,X(Y|a) X)

and hence as before
f1£’|A,X(Y‘a7X)
= Jflgf|A,Y(0),Y(1)(y|a7y07y1>f§'(0),Y(1)A,X(.VOa.V1|a7X) dyo dy1
= fy(a)x (V%)

Also from the DAG, X 1L A | Z, so forall a,x,z

f§\A,z(X’avZ) = )?\Z(X‘Z)-
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Average Treatment Effect on the Treated

For a = 0, 1, we therefore have

EyazlY A =2aZ=2]
= jjyfiilA»X(y | a,x)fyz(x | ) dy dx.

Note that there is a potential incompatibility in the condition-
ing between

fé’\A,X(y | a,x) and f}ng(x | )

when we try to write the integral in terms of the data gener-
ating mechanism.
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Average Treatment Effect on the Treated

As before, choosing the form of

f1§|A,X(y | a,x)
is to be avoided if possible.

We seek to resolve the incompatibility using the importance
sampling trick, and write the expectation with respect to the
observational model

fﬁx,z(ﬂxu z)fg‘x(z|x)f§(x).
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Average Treatment Effect on the Treated

First note that

£ (2 | )£ ()

fz(2)

f§|Z(X | z) =

so the integral can be rewritten

1
i || 7 Eax 120082 | )85 (x) dy ax
z(z)
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Average Treatment Effect on the Treated

For z = 0,1, we can re-write the integrand using the impor-
tance sampling trick as
fg\x(z |

z X)
Y fax(v| a’X)m fx(@ | x)fx(x)

Z|X

which can be rearranged to

fE (Z | X) i . i
{Y fg:i(‘ﬂx)} frax(y | a x) fzx(a | x)&(x),
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Average Treatment Effect on the Treated

Comparing the observational and experimental DAGs, we see
that for all x and z

x(z|x)=fx(z]x)  KE)=KE)  f(2)

Also, we have for any t and y that

17 (2).

f§|A,X(y | t,x) = fl(fglx,z(y | x,t).

Therefore we have

figf|A,X(Y | a,x) f§|x<a | x)fx(x) = fﬁx,z( | x,a) 7] x(@ | X)) (%)
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Average Treatment Effect on the Treated

Thus

EfazlY|A=2,Z =2

{ ZlX } f}?,Y,Z(Xa)Iva) dy dx

z\x
fff{ (@t ZIX d )} Ky z(x,y,t)dy dx dt
Z|X t|x) Y
1 o 7x(z | X)
— %[Ex,Y,Z ll{a}(Z)YW] _
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Average Treatment Effect on the Treated

For the ATT, we are interested only in z = 1. The moment-
based estimator is therefore

n
A 2 L) (Z)wi (X, Z0) Y,
EyalY|A=2,Z=1]= =1

where
£z | X))

Zi | Xi)

Wz(Xia Zi)
Z\X(
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Average Treatment Effect on the Treated

Whena =1,

1{a}(Zj)W1(X1',Zj) = 1{1}(21') =Z; W.D. 1

as the weight is identically 1, so therefore
n

Z;Y;
=1

~ .

[E§|A’Z[Y|A =1,Z=1]="

2 Zi

i=1

that is, the mean in the treated group.
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Average Treatment Effect on the Treated

When a = 0,
f7x(1 ] Xi)
Ly (Zi) Wi (X, Zi) = L0y (Z; )ZZ||XX(Z|X)
(1]Xi)
_ 1zt 1%
_(1 Z)Z|X(O‘X)
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Average Treatment Effect on the Treated

Therefore

ek

R (1 —Zj>W(X1‘)Y1‘
EyazlY|A=0,Z=1]="=

where
Z|X( ‘X) B e(Xl-)

W) = o GTR) T 1= e(x)

Z|X(

That is, this estimator is a weighted sum of contributions from
the untreated individuals.
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Average Treatment Effect on the Treated

Thus the estimator for the ATT is

(Zi — (1 = Z)w(X;))Yi

n
i=1

Z;

-

1

Under the standard assumptions, this estimator is consistent
for the ATT and asymptotically normally distributed if e(x) is
correctly specified; that is, it is singly robust.
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Average Treatment Effect on the Treated

To achieve double robustness, we proceed in the usual fash-
ion and augment the estimand for a = 0 as follows:

E[Y(0) | Z = 1] = E[Y(0) - u(X,0)|Z = 1] + E[u(X, 0)|Z = 1]

where
wx,z) =E[Y| X =x,Z = z]

is the modelled conditional mean for Y.
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Average Treatment Effect on the Treated

To estimate the first term, we use

n
2 (1= Z)w(X;)(Y; — u(X;,0))
A )
E[Y(0) - u(X,0) | Z=1] =" 7
2. Zi
i=1
as in the singly robust case. For the second term, we have
n
Z ZI',U(XI'a O)
A )
E[u(X,0)[Z=1] = ——
Z;
i=1

531



Average Treatment Effect on the Treated

Therefore
E[Y(0) | Z = 1]

(1 - Z)w(X;)(Y; — u(X;,0)) + Ziju(X;,0)

L4

1

n
2. Zi
i=1
which yields the augmented ATT estimator

(Zi — (1 = Z)w(X;))(Y; — u(X;,0))

n
i=1

Z;

Tps
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Instrumental variables

Suppose we have the following system:

Unmeasured

where U IL W,and Y Il W | Z.
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Instrumental variables

We aim to find out the causal effect of Z on Y (both scalars).
e There is an open biasing path ZUY

e We cannot condition on U to block this path as it is un-
measured.
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Instrumental variables

Suppose the structural model underlying this system is linear
Yi = Bo + Zivho + wiC +¢;

where
[E[61-|u1~] =0
and for all i, Z; 1 ;.

Clearly, regressing Y on Z alone will lead to inconsistent esti-
mation of .
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Instrumental variables

Suppose now that W (also scalar) is observed and we in fact
have the two-equation structural system

Y; = Bo + Zivo + u;C + €;
Zi =0 + Wit + €

with ¢; uncorrelated with W; and ¢;. Then, by the usual trick,
we have

W;Y; = WiBo + WiZjg + Wia;¢ + Wig;

WiZ; = Wino + Wi + Wie
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Instrumental variables

Taking expectations and standardizing, using the usual argu-
ments from linear regression, we have

Cov[W, Y] = ¢oCov[W, Z]
Cov[W, Z] = vy, Var[W]
as W; and U; are independent by assumption.
Hence on rearrangement we have that

_ Cov[W,Y] Cov[W,Y]/Var[W]  Cov[W, Y]/Var[W]
~ Cov[W,Z] Cov[W,Z]/Var[W] " ’

Yo
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Instrumental variables

This suggests a procedure to estimate ¥y:

(i) regress Z on W to obtain estimate 7,
(ii) regress Y on W to obtain estimate Xl

(iii) form the estimate of 1y as

~ A1
o = =
71

This is a an instrumental variable ratio estimator using the

instrument W.
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Instrumental variables

Unmeasured

539



Instrumental variables

e For this method to work, we cannot have an interaction
between Z and U in the structural model

e If there is only weak association between W and Z, so
that v; is close to zero, this estimator can have undesir-
able properties.

e Statistical properties of @Zo not trivial to derive.

540



Instrumental variables

A common situation in which the linear model is not quite
appropriate is when W and Z are both binary. For example,
we might have in a randomized study

e W is the randomized allocated treatment indicator; eg
W=1 = “allocated to treatment arm”
e 7 is the actual treatment received indicator; eg
Z=1 = “took treatment”
e Could have W = 1, Z = 0 (non-compliance);

e In some situations, could have W =0, Z = 1.
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Instrumental variables

Then we have by iterated expectation, for w = 0,1
E[Y|W = w] =E[Y|W = w,Z = 0]Pr[Z = O|W = w]
+ E[Y|W =w,Z =1|Pr[Z = 1|W = w]
= E[Y|Z = 0]Pr[Z = O|W = w]
+ E[Y|Z = 1]|Pr[Z = 1|W = w]

asY 1l wW|Zz.
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Instrumental variables

Therefore
E[Y|W = 1] = E[Y|Z = 0]Pr[Z = O|W = 1]
+ E[Y|Z = 1]Pr[Z = 1|W = 1]
E[Y|W = 0] = E[Y|Z = 0]Pr[Z = O|W = 0]

+ E[Y|Z = 1]Pr[Z = 1|W = 0]
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Instrumental variables

Hence subtracting the second equation from the first
E[Y|W = 1] — E[Y|W = 0]
= E[Y|Z = 0](Pr[Z = O|W = 1] — Pr[Z = O|W = 0])

+E[Y|Z = 1](Pr[Z = 1|W = 1] — Pr[Z = 1|W = 0])
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Instrumental variables

But
Pr[Z = O|W = 1]-Pr[Z = 0|W = 0]
=Pr[Z=1W=0] —Pr[Z =1|W = 1]
Therefore
E[Y|W = 1] - E[Y|W = 0]
= (Pr[Z =1|W =1] -Pr[Z =1|W =0])

x (E[Y|Z = 1] — E[Y|Z = 0])
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Instrumental variables

That is, provided Pr[Z = 1|W = 1] # Pr[Z = 1|W = 0]

E[Y|Z = 1]-E[Y|Z = 0]

B E[Y|W = 1] — E[Y|W = 0]
- Pr[Zz=1|W =1] - Pr[Z = 1|W = 0]

or equivalently

E[Y|W = 1] — E[Y|W = 0]
E[Z|W = 1] — E[Z|W = 0]’

E[Y|Z = 1] — E[Y|Z = 0] =
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Instrumental variables

As W is observed, we can deploy the moment-based estimator

=1 =1
Z W Z(l — W)

This is the binary analogue of the earlier regression-based
ratio estimator.
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Instrumental variables

In terms of potential outcomes, we can consider potential out-
comes for treatment received

{Z(0),Z(1)}

corresponding to two settings {0, 1} of W, and potential out-
comes for outcome

{Y(w,z),w=0,1,z=0,1}

corresponding to the four possible combinations of W and Z.
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Instrumental variables

We have the “consistency” requirement relating the potential
outcomes to the observed data:

Z = (1-W)Z(0)+ W Z(1)

and
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Instrumental variables

We must have that forz =0, 1
Y(1,z) = Y(0,2)
as Y 1L W|Z by assumption. We have ignorability
{Y(w,2),Z(w) :Vw,z} Il Z.

Consequently

Y(0,0) = Y(1,0) = Y(0)

Y(0,1)=Y(1,1)=Y(1)
which simplifies the causal quantity of interest.
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Instrumental variables

We are interested in the contrast
E[Y(1) — Y(0)] = E[Y(W,1) — Y(W,0)].

We have that

which suggests the linear model for the observed data

Y; = Bo + YoZ; + ¢;
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Instrumental variables

We also need that WL Z, that is
E[Z(1)] # E[Z(0)] or Pr[Z(1) = 1] # Pr[Z(0) = 1]

e Manipulation of W does change Z;

e From the assumptions and the DAG, we can state

E[Z(1) — Z(0)] = E[Z|W = 1] — E[Z|W = 0].
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Instrumental variables

Recall the earlier formula

E[Y|W = 1] — E[Y|W = 0]
E[Z|W = 1] - E[Z|W = 0]’

E[Y|Z = 1] — E[Y|Z = 0] =

We now have that the denominator on the right hand side is
non-zero.

For the numerator, we have
E[Y|W = 1] =E[Y(0) + (Y(1) — Y(0))Z|W = 1]

= E[Y(0) + (Y(1) = ¥(0))Z(1)]

E[Y|W = 0] = E[Y(0) + (Y(1) — Y(0))Z(0)]
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Instrumental variables

Thus, taking the difference we have
E[Y|W = 1] - E[Y|W = 0] = E[(Y(1) — Y(0))(Z(1) — Z(0))]

so therefore

E[Y|Z = 1] — E[Y|Z = 0] =

We now try to understand the causal implications of this iden-
tity.
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Instrumental variables

Stratum Z(1) Z(0) Description

Compliers 1 0 Follows treatment protocol,
takes assigned treatment w.

Defiers 0 1 Defies treatment protocol,
takes other treatment 1 — w.

Always Takers 1 1 Ignores treatment protocol,
takes treatment 1.

Never Takers 0 0 Ignores treatment protocol,
takes treatment 0.
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Instrumental variables

In the observed data:

W Z Possible strata

1 0 Defier, Never Taker

0 1 Defier, Always Taker

1 1 Complier, Always Taker
0 0 Complier, Never Taker

We can never conclude with certainty to which stratum an
individual belongs from the observed data.
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Instrumental variables

It is common (and reasonable in most cases) to assume that
Pr[Z(1) = Z(0)] = Pr[Z(1) — Z(0) > 0] =1

that is, being assigned W = 1 cannot decrease the value of
Z(w) compared with being assigned W = 0.

i.e. being allocated treatment increases or leaves unchanged

the received treatment status variable.

This monotonicity assumption rules out the possibility of the
Defier stratum.
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Instrumental variables

Assuming Pr[Z(1) — Z(0) = 0] =1

Possible strata

w Z
1 0
0 1
1 1
0 O

Defier, Never Taker
Defier, Always Taker
Complier, Always Taker

Complier, Never Taker
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Instrumental variables

To get a further simplification in the expression

E[(Y(1) = Y(0))(Z(1) — Z(0))]
E[Z(1) - Z(0)] '

we use iterated expectation using the partitioning event
Z(1) > Z(0)
which is an event occurs if and only if

Z(1)=1 and  Z(0)=0.
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Instrumental variables

We have in the numerator
E[(Y(1) - Y(0))(Z(1) — Z(0))]
= E[(Y(1) = Y(0))(Z(1) — 2(0))|Z(1) > Z(0)]Pr[Z(1) > Z(0)]
+E[(Y(1) = Y(0))(Z(1) — Z(0))[2(1) < Z(0)]Pr[Z(1) < Z(0)]
and similarly in the denominator
E[(z(1) — Z(0))]
= E[(Z(1) = 2(0))|Z2(1) > Z(0)]Pr[Z(1) > Z(0)]

+E[(Z(1) — 2(0))[Z(1) < Z(0)]Pr[Z(1) < Z(0)]
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Instrumental variables

Stratum Z(1) Z(0) Z(1)-Z2Z(0)
Compliers 1 0 1
Defiers 0 1 -1
Always Takers 1 1 0
Never Takers 0 0 0
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Instrumental variables

We therefore have in the numerator:

E[(Y(1) - ¥(0))(Z(1) - Z(0))]
= E[(Y(1) — Y(0))|Z(1) > Z(0)]Pr{Z(1) > Z(0)]

as only the contribution Z(1) = 1 and Z(0) = 0 remains.

Similarly in the denominator:

562



Instrumental variables

Therefore

E[(Y(1) - ¥(0))(Z(1) — Z(0))]

E[Y|Z = 1] - E[Y|Z = 0] = E[Z(1) — Z(0)]

= E[(Y(1) - Y(0))|Z(1) > Z(0)].

It is therefore evident that the IV estimation procedure esti-
mates the causal contrast

E[(Y(1) = Y(0))[Z(1) > Z(0)]
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Instrumental variables

As
Z(1)>Z(0) < Z(1)=1,Z(0)=0

the quantity
E[(Y(1) = Y(0))|Z(1) > Z(0)]
is termed the
e complier average treatment effect (CATE), or
e complier average causal effect (CACE), or

e local average treatment effect (LATE),

as Z(1) > Z(0) identifies the Complier stratum.
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Instrumental variables

e If we observe Z = 1, the subject could be a Complier or
Always Taker; we do not know who the Compliers are.

e The Compliers may be different depending on the instru-
ment W chosen.

e In general the three quantities
ATE : E[(Y(1) - Y(0))]
ATT : E[(Y(1) — Y(0))|Z = 1]
CATE : E[(Y(1) — Y(0))|Z(1) > Z(0)]
are not equal.
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Instrumental variables

e It is often in practice realistic to make the assumption

Pr[Z=1W=0]=0
which asserts that the Always Takers stratum is empty,
and that all subjects for whom Z = 1 are Compliers.
It follows that

E[Y|Z = 1] — E[Y|Z = 0]
Pr[Z = 1|W = 1]

= E[(Y(1) = Y(0))|Z = 1]

which equates to the ATT.
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Instrumental variables

Extension: with measured confounders

Unmeasured

We have U 1L W,and Y IL W | Z X.
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Instrumental variables

We can extend the previous logic by appealing to conditional
ignorability
{Y(w,2),Z(w):Vw,z} Il Z|X

and develop similar methods.
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Instrumental variables

Suppose we have the following confounded system:

Unmeasured

No adjustment method is feasible.
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Instrumental variables

Including the propensity score, we have

Unmeasured

This does not directly help with unmeasured confounding.
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Instrumental variables

However, consider a variable W, with E[W] = 0, such that
Z=eX)+W

so that
W=2Z-e(X)=2Z-E[Z]|X]

We have
E[W e(X)] = E[(Z — e(X))e(X)] = E[(e(X) — e(X))e(X)] = 0
by iterated expectation. Therefore W and e(X) must be un-

correlated.
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Instrumental variables

We also have that
E[WZ] = E[(Z —e(X))Z] = E[Z - Ze(X)] = E[e(X)(1 — e(X))]
as Z? = Z (w.p. 1). Therefore as E[W] = 0,

Cov[W, Z] = E[e(X)(1 — e(X))] > 0

under the usual positivity assumption 0 < e(x) < 1.

Hence WL Z.
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Instrumental variables

If we consider W a manipulable variable, we could propose
the following DAG:

Unmeasured

It is evident that Y Il W | X, Z, and also that U 1L W.
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Instrumental variables

Thus
W=2Z2Z-e(X)=Z-E[Z|X].

is an instrumental variable. We can compute the ratio estima-
tor based on the earlier identity

Cov[W,Y]

Y0 = Cov[w, Z]

that is

which is identical to the singly robust G-estimator.
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Mediation

Statistical methods for causal mediation analysis can also be
formulated using potential outcomes:

D—(—)

where z and m will represent potential levels of treatment Z
and mediator M respectively, with potential outcome

Y(z,m)
and potential mediator value in light of Z = z

M(z).
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Mediation

In general, both Z and M can take arbitrary values, but we
most commonly consider the case when

e Z is binary {0,1}
e Mis

e binary,

e discrete, or

e continuous.
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Mediation

Then following Imai et al. (Statistical Science, 2010)

e the total causal effect (TCE) of treatment is based on
Y(z,M(z))

i.e. set Z = z and observe the consequence.

For example

7 = E[Y(1,M(1)) — Y(0, M(0))].
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Mediation

e the causal mediation effect (CME) is based on
Y(z,M(z"))

i.e. set Z = z and observe the consequence of changing
the mediator as if Z = z*

For example

5(z) = E[Y(z, M(1)) — Y(z,M(0))] z=0,1.
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Mediation

e the direct effect (DE) of treatment is based on
Y(z*, M(2))

i.e. set the mediator as if Z = z, and observe the conse-
quence of changing treatment according to z*.

For example

C(z) = E[Y(1,M(2)) — Y(0,M(z))] z=0,1.
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Mediation

Terminology:

Imai et al. Pearl Robins
Total effect T ATCE Total Total

Indirect effect §(2) ACME Natural Pure/Total
Direct effect  ((z) ADE Natural Pure/Total

with
Pure:z=0 Total: z=1.
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Mediation

That is,
E[Y(1,M(1)) —Y(0, M(0))]
= E[Y(1,M(1)) — Y(1,M(0))]
+ E[Y(1,M(0)) — Y(0, M(0))]

so that
7 =06(1) 4 ¢(0) = 6(0) + ¢(1).
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Mediation

We have in the observed data that
M=(1-2)M(0)+ ZM(1)
and, if M is binary say,
Y=(1-2)(1-M)Y(0,0)
+(1-2Z)M Y(0,1)
+Z(1-M)Y(1,0)
+ZMY(1,1)

etc.
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Mediation

({Y(z,m):z:o,l,m:O,lD
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Mediation

The DAG encompasses two ignorability assumptions
1) {Y(z*,m),M(z)} L Z | X = x;
(i) Y(z*,m) L M(z) | Z=2,X =x;
for all z,z*, m and x, and relies upon two positivity assump-

tions
0<PrZ=zX=x]<1

and
0<Pr[M(z)=m|X=x,Z=2z]<1.
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Mediation

Imai et al (2010) gives the following identities:

d(z) = fffyfﬂM,X,ZOI’maX7Z)fM|X,Z<mX7 1)fx(x) dy dm dx
][ ¥t 251, x, 2,2 m]x. 08 (x) dy i ax

@) = [[[ stvmexztimox, )t 2 mix,2)6c(x) dy dm ax

- m Vyinx.2 (71m, X, 0) i 2 (m]x, 2)fic(x) dy dm dx
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Mediation

As for the ATT case, the challenge in estimating these quan-
tities using moment-based methods is the mis-match in the
terms

fY|M,X,Z(Y|m7 X, Z)fM|X,z(m x,2%)

whenever z # z*.
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Mediation

Model-based estimation via the mean-model
/J/(mv X, Z) = Jy fY|M,X,Z(Y|m7 X, Z) dy
and the mediator model

fM\X,z(m x, z).

is possible.
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Longitudinal Data

It is quite common to encounter longitudinal data with
e treatment
e confounders
e outcome

recorded over several time points for each individual.
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Longitudinal Data

For example

X
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Longitudinal Data

In such cases, and for the analysis of direct effects (within
an interval) the methods already established can be utilized
sequentially.

For cumulative (across interval) effects of treatment on a sin-
gle terminal outcome, adjustment methods need careful ap-
plication.
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Longitudinal Data

For a two time point setting:

In this formulation, the time ordering
X1 —2Z1— Xy — 2y —Y

delimits the possible causal pathways.
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Longitudinal Data

We can consider the expected counterfactual outcomes asso-
ciated with treatment patterns

[E[Y(Zl, 22)]
or equivalently
EYiz,.2,[Y|Z1 = 21, 22 = 23]

where the experimental distribution £ assumes randomized
treatments.
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Longitudinal Data

To learn about the APOs for different treatment patterns from
observational data is not straightforward.

e Zi has a direct effect on Y, but also has a mediated effect
via Xp and Zy;

e 7, has a direct effect on Y, but it is confounded by X;; to
remove this confounding we need to condition on Xj;

e However, conditioning on X, blocks the directed path
from Z; to Y and hence affects the causal effect.

Therefore, we cannot break the confounding by blocking paths
by conditioning to get at the aggregate effect.
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Marginal structural models

We may use inverse weighting to break the confounding as in
the single interval case. For example, for APO

,U,(Zl,Zz) = [E§/|Z17ZZ [Y|21 = 21,22 = 22]
we may use the estimator

1< 121(Z11) 1,y (Z21)

fi(z1,22) = —
’ n =7 5% x (21 Zail X, Xai)

i

Each outcome data point is re-weighted by the IPW weight
across the whole treatment sequence.
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Marginal structural models

In the re-weighted data, model-based analysis can also be
used: for example, we could propose a marginal model

Yz, Y121 = 21,25 = 23] = Bo + Y121 + 222
or, using the total treatment
Yz, Y121 = 21,25 = 2] = Bo + ¢o(z1 + 22)

and then perform a weighted least squares analysis (WLS) to
estimate (1)1,17) or 1.

Such a model is termed a marginal structural model (MSM).
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Marginal structural models

That is for example

n

Bo,t1,12) = arg min wi(vi — Bo — V1211 — Y2zai)?
( T ) (50,1#1#12)1._21 1( ' ! 1)
where
w 1
=
1 21x1.x, (210> Z2i| X1, X2i)
where

fZ,ZﬂXl,Xz(Zl’ZZ’XhXZ) = f2|x1(Zl|X1)fZ|X1,X2,zl(Zz|X1,Xz,21).
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Marginal structural models

An alternative weight

17 7,(21i, 22i)

17 zlx %, (Z1is Z2i|X1i, X2i)

wW; =

where
17, 2,(211, 221) = £7(21)17) 7, (22| 21)

is modelled could be used. This generalizes the earlier form
of IPW estimator.

If a non-parametric model for f%zz (211, z2;) is adopted, then
the new weight essentially reduces to the original weight.
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Marginal structural models

Using a parametric model,

fz,zz (211, 2215 Q)

o) - o 2
f217Zz|X1,X2 (2117221 |X11,X217’)/)

Wi =
where
e a = (a1,a7) is estimated from the model
17,2, (21, 22; @) = 7, (215, 0117 7, (22] 215 2)
e v = (71,72) is estimated from the model

fZ,Zzlxl,Xz (21, 22(x1, %2;7) = fZ|X1 (z1x1571)

X fgﬂXl,Xz,Zl (2z2|x1,%2,21;72)
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Marginal structural models

It is also possible to carry out a conditional analysis given
baseline predictors X; which are not subject to the influence
of any treatment: for example

EYiz,.2, % [Y1Z1 = 21,23 = 20, X1 = x1] = Bo+x1 81 +¥121+¢222
for which the so-called stabilized weights

17 7% (210, Z2i] X11)
Wi =

1 Z1x1,x, (210> Z2i| X1, X2i)

should be used.

599



Marginal structural models

Separate models are needed for numerator and denominator

e Denominator:

fZZzlxl Xz (21, 22|x1, %2) = f§1|X1(zl|X1) Za|X1, %2, 21(22’X17X2721)

e Numerator:

7, 723 % (21, 22|%1) = £7 x, (z1]x1)£7) x, 7, (22|%1, 21)

parameterized by « and v respectively, say.
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Marginal structural models

That is, after cancelling terms,

w2, (221, 21:8)

fZ\Xl,Xz,Zl (z2]x1, X2, 21;7)

Wj =

This weight may be less extreme than the unstabilized coun-
terpart.

Note that conditioning on X; in the outcome model is neces-
sary to account for possible confounding.
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Marginal structural models

The term ‘stabilized’ is slightly misleading; the introduction of
the numerator term changes the estimand, so the original and
stabilized versions of the MSM estimate different quantities.

In many cases the stabilized weights will be more uniform,
and this has the effect of reducing estimator variance, but the
estimation target is changed.
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Optimal Dynamic Treatment Regimes

For treatment sequence (z1,z;), we seek the optimal treat-

ment sequence (z;™, z3™") to maximize expected response.

e The objective is to establish a sequence of decision rules
to be applied at each treatment interval;

e Forinterval k = 1,2, the decision rule for interval k must
utilize the information available only up to and including
(the start of) that interval;

e The decision rule should be hyperopic, that is, prioritize
long-term outcomes over short-term (myopic) outcomes;

e The rules will be learned from observational data, where
optimal treatment is not necessarily guaranteed.
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Optimal Dynamic Treatment Regimes

To solve this problem, a recursive approach is adopted

e optimal treatment sequence will be personalized, that is,
dependent on an individual’s characteristics;

e the computation will use reverse (or Bellman) optimiza-
tion;

e first optimize Stage 2 treatment, and then optimize Stage
1 treatment assuming optimal treatment at Stage 2.
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Optimal Dynamic Treatment Regimes

Decompose the expected (counterfactual) response as
E[Y(z1,22)] = E[Y(2]", z37)]
—{E[Y(2", z3*) — Y(z1,23™)]}
—{[E 21,22 Y(Zl,Zz)]}

This is the basis of the Structural Nested Mean Model (SNMM).
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Optimal Dynamic Treatment Regimes

Further

E[Y(z™,2y") — Y(z1,2,")] = E[Y(Z", z") — Y(0, z3™)]
— E[Y(z1,25") — Y(0, z™)]

[E[Y(Zl,Z;pt) — Y(Zl,Zz)] = [E[Y(Zl,zgpt) — Y(Zl, 0)]
— [E[Y(Zl, Zz) — Y(217 O)]
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Optimal Dynamic Treatment Regimes

We specify models
E[Y(z1,22) — Y(21,0)] = (X2tp2)22 Stage 2
E[Y(z1,2") — Y(0,2")] = (X1¢1)z1 Stage 1

where

e X, can depend on all data - including observed treat-
ments — observed up to Stage 2.

¢ X; can depend on all data observed up to Stage 1.
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Optimal Dynamic Treatment Regimes

1. Use G-estimation on Y conditioning on (x1,2z1,X2,22) at
second stage to estimate v, using a proposed mean model

Y =X01062 + 22Xo2¢2 + €
2. For each individual infer the optimal Stage 2 treatment
z3" = 1{Xg1py > 0}
3. Form pseudo-outcome Y;

Y = Y — (Xooth) (2 — 2)
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Optimal Dynamic Treatment Regimes

4. Use G-estimation on Y; conditioning on (x3,z;) at first
stage to estimate v; using a proposed mean model

Y1 =X1181 + z1X291 + €
5. For each individual infer the optimal Stage 1 treatment
ZTpt = 1{X11121 > O}

The method is robust to mis-specification of the nuisance mean
model, provided the treatment model is correctly specified.
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Optimal Dynamic Treatment Regimes

Can infer optimized potential outcome

Y + (Xlz%)(zfpt —2z1) + (Xzzlzz)(zspt — 72)

which takes the observed outcome Y and adds

¢ the additional benefit of optimal treatment at stage 1

(Xlzizl)(z(fpt — 1)

e the additional benefit of optimal treatment at stage 2

(Xzzlzz)(zgpt —22).
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Causal discovery

Many of the adjustment methods rely upon the construction
of estimators assuming knowledge of

e confounder structure
e time-ordering
e propensity score construction

all of which depend on knowledge of the data generating DAG.

In many applications, the DAG is unknown.
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Causal discovery

There are several approaches to causal discovery, that is,
learning the DAG from the observed data

e PC algorithm: pcalg in R
e SGS algorithm

Both rely on recursive identification of conditional indepen-
dencies, identification of colliders and edge orientation pro-
cedures based on statistical tests.

Can be effective, but typically need large sample sizes.
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