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SUMMARY

This paper is concerned with a paradox associated with parameter estimation in the
presence of nuisance parameters. In a statistical model with unknown nuisance parameters,
the efficiency of an estimator of a parameter usually increases when the nuisance para-
meters are known. However the opposite phenomenon can sometimes occur. In this
paper, we elucidate the occurrence of this paradox by examining estimating functions. In
particular, we focus on the projected estimating function, which is defined by the projection
of the score function on to a given estimating function. A sufficient condition for the
paradox to occur is the orthogonality of the two components of the projected estimating
functions corresponding to parameters of interest and nuisance parameters. In addition,
a numerical assessment is conducted in the context of a simple model to investigate the
improvement of the asymptotic efficiency of estimators.

Some key words: Orthogonality of estimating functions; Propensity score; Semiparametric model.

1. INTRODUCTION

We consider a statistical model with a vector of parameters of interest § and a vector
of nuisance parameters a. It is well known that in regular models the asymptotic variance
matrix of the maximum likelihood estimator of a vector of smooth parameters § with
unknown o is larger than or at least equal to that with known o in the sense of matrix
inequality. However, it has been noted that the reversal of this relationship can occur
when we use an estimation method other than maximum likelihood, as is typically
necessary for examples with semiparametric models.

We present one illustrative example of such a paradoxical phenomenon. When esti-
mating the causal effect of an exposure or treatment on an outcome of interest, we must
consider a number of confounding factors which may vary with the exposure or treatment
and are themselves independent predictors of the outcome. Let y, x = (1, x4,...,x,) and s
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be, respectively, a continuous outcome variable of interest, a vector of variables of con-
founding factors, and an indicator of exposure which takes the value 1 when the subject
is exposed and is otherwise 0. We assume that all of the confounding factors are observed.
Robins et al. (1992) discussed the following model for estimating the causal effect:

=ps+h(x)+e E(els, x)=0, (1)
exp (o'x)
PT(S=1|X)=1+TP(O€,X), (2)

where h is an unknown function and « is an unknown vector of nuisance parameters. The
parameter f represents the average causal effect of the exposure or treatment on the
outcome. Under this semiparametric model, Robins et al. (1992) proposed the following
estimating equation for f3, based on a random sample {y,, s;, x;}:

{s; —e(x;; @)} (y; — Ps;) =0, (3)

o8

i=1

where e(x; o) = exp (a'x)/{1 + exp(«'x)} and & is the maximum likelihood estimator of «
from the logistic regression model (2). The conditional probability pr(s=1|x) in (2) is
called a propensity score and was introduced by Rosenbaum & Rubin (1983).

In this setting, a remarkable relationship with the vector of nuisance parameters o was
discussed by Robins et al. (1992). Let ﬂ be an estimator of f§ defined by (3) and let j be
an estimator defined by (3) with the true value of o in place of & Under some regularity
conditions, the estimators [3 and f are both consistent and asymptotically normal, but the
asymptotic variances satisfy

avar (f) = avar(ﬁ). (4)

The inequality (4) implies that a more precise estimator of  can be obtained by estimating
the nuisance parameter o than by using the true value of « even if the latter is known.
This unusual phenomenon has been pointed out for various practical situations (Robins
et al., 1994; Lawless et al., 1999; Zou & Fine, 2002). A

The paradoxical relationship (4) is caused by the asymptotic independence of f and &,
since we observe that

Jn(B—B)=Jn(p—B)+ /nD@— )+ 0,(1)

for some matrix D; see Pierce (1982) for more formal discussion from this viewpoint.
However, this is far from representing a clear understanding of the structure of the paradox.
In this paper, we clarify the structure of this paradoxical phenomenon by focusing on
the estimating functions rather than the estimators. The key is to consider a projected
estimating function, which is defined by the orthogonal projection of the score function
on to the estimating function. Since the projected and original estimating functions differ
by a nonsingular multiplicative constant matrix, the solutions to the projected estimating
equations and the original estimating equations are identical. The asymptotic variance
matrix of the estimator obtained from an estimating function is equal to the inverse of
the variance matrix of the projected estimating function. Therefore, by using this concept,
we can compare geometrically the asymptotic variance matrices associated with estimating
functions. This will help to clarify the phenomenon by which the paradox occurs.
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2. PROJECTED ESTIMATING FUNCTIONS

In this section we introduce the projected estimating function, which is central to our
discussion. Let .# = {p(x; 0, k)} be a family of probability distributions, the elements of
which are specified by a d-dimensional parameter 0 and a nuisance parameter x. The
distribution p(x; 0, k) is continuously differentiable with respect to 0 for almost every x
and all k. We further assume that the parameter 0 is composed of two parts, a parameter
of interest f and a nuisance parameter o. Let s(x, 0, k) = (s4(x, 0, k), s,(x, 0, x)") be the
score function for 0 = (B, «’), which is assumed to satisfy E{|s(x, 0, k)||*} < oo for all 0
and x, where the expectation is taken with respect to the distribution p(x; 0, k). If the
nuisance parameter x is of infinite dimension, then .# is a semiparametric model. However,
note that the following argument is still valid even if the nuisance parameter x is assumed
to be either of finite dimension or known. The latter case is referred to herein as the
parametric case. Let u(x, 0) be an estimating function of d dimensions which is assumed
to satisfy the conditions

E{u(x,0)} =0, E{|u(x,0)|*} < co. (5)
Furthermore, we assume that
0
det{ (017 923 K)} :‘: 0 (6)
20, 0,=0,0,=0

for all 0 and «, where m(0,, 0,, ) = [u(x, 0,)p(x; 0,, k)dx. We do not necessarily assume
the differentiability of u(x, 0) with respect to 0. For example, the estimating function
u(x, 0) = sgn (x — 0) is not differentiable with respect to 0 but satisfies condition (6), where
sgn (A4) denotes the sign of a real number A. We have an estimator 0 of 0 as the solution
of the estimating equation

Z (x;, 0) =

based on a given dataset xi,...,x,. Under some additional regularity conditions
(van der Vaart, 1998, Ch. 5), 0 is consistent and asymptotically normally distributed with
the asymptotic variance matrix

avar (0) = W(0, )~ V(0, ) {W(0, )1}, (7)

where V(0, k) = var {u(x, 0)} = E{u(x, O)u(x, 0)'} and W(0, k) = E{u(x, 0)s(x, 0, k)'}, both of
which are evaluated using the true values of 0 and x. Based on the above setting, we
define the projected estimating function u,(x, 0) for an estimating function u(x, 0) by the
equation

u, (x, 0) = W(0, k) V(0, k)~ u(x, 0), (8)

which depends on the unknown true value of x in the semiparametric case. This is
sometimes called the standardised estimating function (Heyde, 1997, Ch. 1). This term
is, however, also used with a different meaning (Godambe, 1991) and we call u,(x, 0)
the projected estimating function according to its geometrical meaning. Note that the
estimator obtained from u,(x, 0) coincides with that obtained from u(x, 0) since V(0, k)
and W(0, k) are constant matrices. The definition (8) implies that the projected estimating
function u,(x, 0) is characterised by the equation
u, (x, 0) = arg min E{||s(x, 0, k) — v(x, 0)[|*},

v=Au
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where A ranges over all d x d matrices, or, equivalently,
Elu(x, 0){s(x, 0, ) —u,(x, 0)}'1=0.

This means that each component of u,(x,0) is the orthogonal projection of each
component of the score function s(x, 0, x) on to the linear subspace spanned by all
components of the estimating function u(x, 6) in the Hilbert space

Hy,o={f(x): E[{f(x)}*] < o}

with the inner product { f, g> = E{ f(x)g(x)} for scalar functions f(x) and g(x). Note that
S.(x, 0) = s(x, 0) in the parametric case, where s(x, 0, k) = s(x, 0) with known x. Considering
the projection of the score function is also natural from a geometrical point of view. Let ¢
be a transformation of the parameter 0 to w. Then we observe that

a0
U*(x, w) = %u* (xa 0),

where v(x, w) = u{x, t~'(w)}. This implies that the projected estimating function u,(x, 0)
is well defined as a covariant vector field (Kobayashi & Nomizu, 1996, Ch. 1). We will
discuss an elegant relationship between the projected estimating function and the influence
function.

In terms of a projected estimating function, the asymptotic variance matrix of the
estimator 6 given by (7) is represented as in the following lemma.

LeMMA 1. The projected estimating function u,(x, 0) satisfies

avar () = [var {u,(x, 0)}] . (9)

The proof directly follows from the expression (7) for the asymptotic variance matrix
and the definition (8) of the projected estimating function. This formula implies that the
variance matrix of the projected estimating function plays a role that is similar to the Fisher
information matrix. The projection procedure extends the formula for score functions to
that for general estimating functions.

3. STRUCTURE OF THE PARADOX

In this section, we examine the structure of the paradoxical phenomena mentioned in § 1
using the concept of projected estimating functions. In accordance with the partition of
the parameter 0 =(f5’, '), we assume that an estimating function u(x, ) has been given
in the form

U(X, 6) = (”ﬂ(xa 0),, urx(x’ 0),),a

where u;(x, 0) and u,(x, 0) are vector-valued functions of the same dimension as f and «
respectively, and that u,(x, 0) also satisfies condition (6), namely

0
dety —m (Q,Q,K)} +0,
{am e 00,0

where myg(0;, 0,, k) = [uy(x, 0,)p(x; 0,, K)dx and 0, = (1, «;). The projected estimating
function of u(x, 0) can also be divided into two components,

u*(x, 9) = (u*ﬁ(xs 0),7 u*zx(xa 0),),7
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where u, z(x, 0) and u,,(x, 0) are the orthogonal projections of the components of the score
functions sg(x, 0, k) for f and s,(x, 0, k) for «, respectively, on to the linear space spanned
by all components of the estimating function u(x, ). Let 0= ( /3/ @)’ be an estimator of
=(f, «')" obtained from the estimating function u(x, 6). As mentioned in § 2, this is also
an estimator obtained from the projected estimating function u,(x, 0). We let B be an
estimator obtained from the estimating function u,(x, $, «) with known o. Thus,

A

i &) O’ Zn‘, uﬂ(xis E? OC) = 0 (10)

Note that /5 is a function of the known o and is a nonfeasible estimator when o is unknown.

We now give geometrical expressions for the asymptotic variance matrices of /3 and f,
which are key to the understanding of the structure that gives rise to the paradox. In the
following discussion, IT{u(x)|v(x)} denotes the vector comprising the orthogonal pro-
jection of the components of the vector-valued function u(x) on to the subspace generated
by the components of the vector-valued function v(x) in the Hilbert space H, , defined
in § 2. For symmetric matrices 4 and B, the notation 4 > B means that 4 — B is positive
semidefinite.

LEMMA 2. The asymptotic variance matrix ofﬁ is
avar(ﬁ) = (var [uyg(x, 0) — TT{uyp(x, 0) |ty (x, 0)}1) 77, (11)
and therefore
avar () = [var {u,,(x, 0)}] . (12)
Equality holds if and only if
Efuyg(x, O)uy,(x, 0)} =0, (13)
which is equivalent to the conditions

Efu,y(x, 0)s,(x, 0, )} =0,  E{s,(x, 0, 0, (x, 0)'} = 0.

This is a direct consequence of Lemma 1. The proof is given in the Appendix. If the
estimating function u(x, 0) coincides with the projected estimating function u,(x, 0), then
the asymptotic variance matrix of § is equal to [var {uyp(x, 0)}]7" from Lemma 1.
Therefore, from (12) we obtain the inequality

avar(ﬁ) > avar (f), (14)

which implies that the paradox never occurs in this case. For example, the case in which
u(x, 0) is the score function for 0 in the parametric model is typical. In general, we have
the following lemma for the asymptotic variance matrix of f5.

LEMMA 3. The asymptotic variance matrix OfB is
avar () = (var [TH{u,(x, 0)lus(x, 0)}1) ", (15)
and therefore

avar (f) = [var {u,4(x, 0)}] % (16)
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Equality holds if and only if
Upy (X, 0) = uyp(x, 0), (17)
where uy;(x, 0) is the projected estimating function for ugz(x, 0), or equivalently
Uy p(x, 0) = Aug(x, 0)
for some nonsingular matrix A.

The proof is obtained immediately through the geometrical argument. By the definition
of projected estimating functions and Lemma 1, we find that the asymptotic variance
matrix of f is

avar (B) = [var {u,(x, 0)}1" %, (18)

where ug, (x, 0) is the projected estimating function of ug(x, 0), that is the orthogonal
projection of the components of the score function for  on to the linear space spanned
by the components of u,(x, 0). On the other hand, u,,(x, 0) is the orthogonal projection
on to a larger space which includes that linear space. Hence, by elementary Euclidean
geometry, we have

Upy (X, 0) = {15 (x, O)uy(x, 0)}; (19)

see Fig. 1. Equations (18) and (19) yield equation (15). Equation (15) and the Pythagorean
relationship lead to equations (16) and (17).

In general, there is no relationship between the asymptotic variance matrices of ﬂ and f.
The asymptotic efficiency of j relative to /)’ depends on the location of u,,(x, 0), u,(x, 0)
and ug,(x, 0); see Fig. 1. However, the next theorem follows from the fact that the
asymptotic variance matrices have the common lower bound implied by inequalities (12)
and (16).

Fig. 1. The relationships between u,,, ug, and u,.
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THEOREM 1. Assume that the two components of the projected estimating function u.(x, 0)
are orthogonal; that is,

Efuyg(x, O)uy,(x, 0)} =0. (20)
Then the asymptotic variance matrix ofl[;’ does not exceed that of b
avar (f) > avar(ﬁ). (21)
Equality holds if and only if
E{ug(x, 0)s,(x, 0, x)'} = 0. (22)

More precisely, the difference between these asymptotic variance matrices is given by
avar () — avar(ﬁ) =D avar (&) D/, (23)
where D = E{uy(x, 0)s5(x, 0, )’} ~ ' E{ug(x, 0)s,(x, 0, x)'}.

Equation (20) is condition (13) for equality of (12). Hence, by Lemmas 2 and 3, we
obtain (21). Condition (22) is equivalent to condition (17) for equality of (16) under the
orthogonality of u,,(x, ) and u,,(x, 0). The proof of (23) is given in the Appendix. The
estimator 5 is more efficient than f asymptotically if condition (22) is not satisfied. This
is the paradox mentioned in § 1. Note that, if the estimating function u(x, ) is the score
function for 0 in the parametric case, then equality (20) is equivalent to the orthogonality
of the score functions for f# and «, and equality holds in (21) (Cox & Reid, 1987).

We can give a typical situation satisfying (20). Assume that the score function for o
does not depend on x and that the following conditions hold:

E{sg(x, 0, k)s,(x, 0)'} =0, (24)
u,(x, 0) =s,(x, 0), (25)

where s,(x, 0) is the score function for o. Then we see that u,,(x, 0) = s,(x, 0) by condition
(25). This fact and condition (24) lead to the orthogonality of u,,(x, 0) and u,,(x, 0), and
this implies (20).

We return to the example of § 1. Note that in this case conditions (24) and (25) are
satisfied. In fact, we observe (25) because « is estimated by the maximum likelihood
method based on (2). Condition (24) follows from the fact that s, is independent of f and

E{sy(x, 0, 1)s,(x, 0)'} :E[ { o “(x, 9)} } 0.

Hence, the paradoxical relationship (4) can be understood from the results of this section.
The difference between the asymptotic variances avar(f5) and avar (/) is given by

1
33 EAh()r(x o)x "} [E{r(x; o)xx'}]1 ™ E{h(x)r(x; @)x},
[E{r(x; o)1
where r(x; o) = e(x; o) {1 — e(x; ) }. This implies that the estimator ﬂ with estimated o has
the same asymptotic efﬁmency as f with known o if the unknown regression function h
is identically zero. Otherwise, [3 is asymptotically more efficient than f. As in this example,
a statistical model with a likelihood which can be written as

L(0, k) = Ly(p, 1)Ly ()
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is called a factorised likelihood model. It was first implied by Pierce (1982) that the
paradoxical phenomenon (21) occurs in factorised likelihood models; see also Barndorft-
Nielsen & Cox (1994, Ch. 3). The other examples mentioned in § 1 are also based on
factorised likelihood models.

The orthogonality of u,(x, 0) and u,,(x, 0), which is the condition for equality of (12),
implies the occurrence of the paradox as discussed in Theorem 1. On the other hand, if
the condition for equality of (16),

uﬁ*(x> H)ZU*[R(X: 0)’ (26)

is satisfied, then from Lemmas 2 and 3 we have the reverse statement of Theorem 1,
namely

avar () < avar(ﬁ). (27)

In other words, we obtain paradoxical and nonparadoxical results in accordance with
conditions (20) and (26), respectively. Note that, if the estimating function ug(x, 0)
coincides with the score function for f in the parametric case, then condition (26) is
satisfied. Conditions (20) and (26) can be restated in terms of estimators as in the following
proposition.

PRrOPOSITION 1. (i) Condition (20) is equivalent to the asymptotic independence ofﬁ and 4.
(ii) Condition (26) is equivalent to the asymptotic independence of § and 4.

The proof is given in the Appendix. In § 1, we mentioned the following relationship
among the estimators:

Jn(B— )= Jn(B— B) + /nD@E— @) + 0,(1),

where the matrix D is the same as that defined in Theorem 1. This is obtained from
the Taylor expansion of the estimating equations of (10). If § and & are asymptotically
independent, we observe (21), whereas, if § and & are asymptotically independent, we
observe (27). Thus, the two conditions of asymptotic independence have been clarified by
the geometrical conditions (20) and (26) for estimating functions, which are more easily
verified than asymptotic independence.

4. EXAMPLE

In this section, we consider a simple example and confirm the paradox numerically.
Let y,,...,y, be a random sample, with associated density f(y; ). However, the sample
is assumed not to have been completely observed. Let r; be a missing-data indicator, so
that r;=1 if y; is missing and r; =0 otherwise. We consider the situation in which y;
and r; are conditionally independent given a variable x; = (1, x,;, ..., x,;)’, which is com-
pletely observable. Such a missing-data problem has been summarised in Little & Rubin
(2002, Ch. 1). The variable x; may be associated with both the outcome and the missing
indicator. In this situation it is natural to consider the estimating equation
Y o (i =0 (28)

oo apg gty p)=
i=1 pr(r;=0Ix;) op
for f3; see Rotnitzky & Robins (1995) for detailed discussion of this type of estimating
equation. Here, the conditional probability for y; to be observed given x;, pr(r; =0|x;),
is also called a propensity score, as described in Little & Rubin (2002, Ch. 3), although
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this situation is not necessarily related to causal inference. Such a model is called a missing-
at-random model. If the joint distribution of y; and x; is specified parametrically, the
parameter 5 can be estimated by maximising the joint likelihood function. Thus, the
missing-at-random condition usually ensures ignorability of the missing-data mechanism
in maximum likelihood estimation. In the current case, however, we need to modify the
estimating equation for the maximum marginal likelihood estimation of f because only
the marginal density of Y; is specified parametrically, as f(y; f). Under certain regularity
conditions, we can obtain a consistent estimator of f# as the solution of the estimating
equation (28) if the propensity score is known. However, the propensity score is usually
unknown, and a logistic regression model is often used in estimating the propensity score:

exp (o'x;)

pr(R; =0lx;) = e(x;; o) = T+expax)’

where o is an unknown vector of nuisance parameters. Let & be the maximum likelihood
estimator of o, and let /3 and f be estimators defined as the respectlve solutions of (28)
based on an estimated propensity score with « substituted by & and based on a known
propensity score with « known. Then we observe the paradoxical relationship

avar (f) > avar ().

The proof is the same as that for the example of § 1. The difference between these
asymptotic variance matrices given by Theorem 1 is

I(B) I (B, ) [Er(xis o)xixi 3]~ T (B, o) I(B) (29)

where
I(B) = E{ss(yi; B)sg(yis B)'}, J(B, o) = E[{1 —e(x;; 0) }s4(yi5 B)xi ],
r(x; o) = e(x; o) {1 —e(x; o) }.

In statistical inference with missing data, we often encounter weighted estimating
equations such as (28). For example, Robins et al. (1994) and Lawless et al. (1999)
discussed parameter estimation for a regression model when both response variables and
covariates may be missing, but the missing-at-random condition is satisfied. Both papers
proposed an estimating equation weighted by the inverse of the propensity score and
noted the paradox we have discussed herein.

We now provide a simple numerical confirmation of the main result discussed in § 3.
Assume that Y; has a normal distribution with mean p and variance ¢ and that the
propensity score is modelled by a logistic regression with

1
e @) = 1 +exp (o + opx)° (30)

so that the parameters of interest are ff=(u, ¢?) and the nuisance parameters are
o= (0, 0). Estimators [3 and f are expressed in weighted forms as follows:

ﬁ:(ﬁ&,&&)’, ,8=(:aoz> OA-“),’

where

>

PSS _(Z? W@, L7 1W( )(Y; — a)2>
)= @

(‘Ltzx’ O-[Z
i=1 Wi(®)
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with w;(«) = (1 — R;)e(X;, )~ '. We specify that the true distribution of (Y;, X;, R;) has a
density decomposed into (30) together with, for the marginal distribution of (Y;, X;), a
bivariate normal with mean vector (u, 0) and variance matrix

(o )
op 1)
Note that the case of p =0, which is equivalent to the independence of Y, and X;,

corresponds to ‘missing completely at random’. We investigate the asymptotic efficiency
of f relative to f5, namely

_ det {avar ()}
"~ det {avar(p)}’

Here we take f=(0, 1) and = (1, 1). As a function of p, aeff attains a maximum of 1 at
p =0; see Fig. 2. This is because J(f, «) in (29) vanishes when p = 0. Thus, the situation
of ‘missing completely at random’ leads to asymptotic equivalence between ﬁ and f. For
a variety of cases of f§ and « the graphs of aeff against p are unimodal plots similar to
that in Fig. 2.

aeff

1-00
0-95
0-90

aeff
0-85

0-80

06 —04 —0-2 02 04 06
P

Fig. 2. The plot of asymptotic efficiency of f relative
to f against p in (—0-75, 0-75).

5. CONCLUDING REMARKS

All the examples of the paradox we have discussed are based on the factorised likelihood
model. The result in this case is relatively well known. The message of this paper is that
use of the projected estimating functions makes it possible to understand the structure of
the paradox clearly from a geometrical point of view. In addition, we can obtain a more
general result than that for factorised likelihood models as a natural consequence of the
geometrical argument.

When we discuss the asymptotic efficiency of estimators, it is common to consider the
influence functions. For the estimator obtained from an estimating function u(x, 6),
the influence function is given by the standardised estimating function of u(x, 0); that is,

*(x, 0)= E% 0 N 0
w(, )——[ aa(x’)} u(x, 0)
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Then the asymptotic variance matrix of the estimator is represented by the variance
matrix of u*(x, 6), which is just the inverse of the representation provided by the projected
estimating function u,(x, 0). This can be interpreted as a consequence of the duality of
u*(x, 0) and u,(x, 0) in the sense that

E{u*(x, O)uy(x, 0)'} =1,

where I denotes the identity matrix. The standardised estimating function u*(x, 0),
however, does not give such clear understanding of the structure of the paradox.

The paradoxical phenomenon does not occur if the estimating function for a parameter
of interest is optimal in the sense that the corresponding estimator has the minimum
asymptotic variance matrix. In the parametric case, the optimal estimating function is
given by the score function; in the semiparametric case, the optimal estimating function
is given by projecting the score function on to the linear space consisting of all the
estimating functions (Amari & Kawanabe, 1997; Heyde, 1997, Ch. 2). However, this
optimal estimating function may not be available because it usually depends on unknown
infinite-dimensional nuisance parameters. Consequently, the phenomenon is more often
observed in the semiparametric case than in the parametric case.
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APPENDIX
Proofs

In this appendix, we omit the arguments of the estimating functions and the score functions,
writing u, g = u,z(x, 0) and s; = s;(x, 0, k).

Proof of Lemma 2. By Lemma 1, the asymptotic variance matrix of 0= ( ﬁ’, a'y is

avar (0) = [JM T :| B = [ Tui GG J;,.lq ) (A1)
Jup s —J o upd J o
where
Jpp = var (“*/3), Jpy = E{“*p(“*a)/}, Jop = (Jﬂa)/’ Jou = var (uy,),
Jppa=Jpp— JMJOQIJ“B, Joap = Jaw — JaﬁJ,}ﬁlJﬁa.
Therefore, the asymptotic variance matrix of /Af is
avar (B) = J 5ty = (pp — Jpad i Jup) ™" (A2)

The matrix J;,J,,"J,; is the variance matrix of the orthogonal projection of u,, on to the linear
space spanned by the components of u,,. Hence, by Pythagoras, we have

Jpp— Jpad aa' Jup = var {u,; — M(uyplug,) (A3)
Equations (A2) and (A3) yield equations (11), (12) and (13). O
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Proof of Theorem 1. The difference between the asymptotic variance matrices of B and B is
calculated in the following way. First, the asymptotic variance matrix of f§ is represented as

avar () = {var (ug,)} " = [E{uy(s;)} 1" var (up) [E{sy(ug)}] " (A4)
Next, the asymptotic variance matrix of B is represented as
avar () = {var (u,,)} ~". (A5)

Since the two parts u,, and u,, of the projected estimating function u, are orthogonal and form
a basis of the linear space spanned by u = (uy, u,)’, we have

tp = E{uty (1)} VAT (1)} " ity + Edutglitye) VAT (1,0) )ty
This leads to the equation
{var ()}~ = [E{up(uy) }1 7" var () [E{u,(up) 17" = [E{uy(sp)}] ™" var (N [E{sp(ug)}17 "
(A6)
where r =uy — E{ug(uy,)’} {var (u,,)} ~'u,,. From (A4), (A5) and (A6), we obtain
avar () — avar (f) = D{var (u,)} "D/,

where D = [E{uy(sp)'}]1~ ' E{uy(s,)’}. This yields (23) because avar(d) = {var(u,,)} ' when u,,
and u,, are orthogonal. O

Proof of Proposition 1. (i) By equation (Al), we find immediately that the asymptotic
independence of ff and & is equivalent to the condition Jy, =0, which means the orthogonality
of u,, and u,,. ) 3

(i1) The estimators f5, & and 5 are defined to be the solutions of the estimating equations

M(Xi,ﬁ, &):07 i uﬂ(-xi,B, OC)ZO

1 i=1

o8

13

Hence, the usual Taylor expansion leads to

Jn(B— )= n(B— ) — JnD@— )+ 0,(1),

where the matrix D is the same as that defined in Theorem 1. This equation can be also written

in the form
\/n<lj_ﬁ>=\/n<l D><€_B>+op(1), (A7)
o —o 0 I o — o

where I denotes an identity matrix. By (A7), we obtain the asymptotic variance matrix of (§/, &') as

(=6 70 )G )
avar =
a 0 I A ANV |
JPE 4 DJ* + JP*D' + DJ* D’ JB* 4 DJ*
= ; (A8)
J“B—{—J“aD/ Jo

where J#, J#% J* and J** are the components of the asymptotic variance matrix of (f, &')’ in the
block matrix form, which is given by (A1). Equation (A8) gives a necessary and sufficient condition
for the asymptotic independence of  and & as follows:

Jf* + DJ** = 0.
Based on equation (A1), this condition is equivalent to the condition

var (uyp)} ~ E{uyp ()} = [E{upy () 117 Edugy (uy,)'}. (A9)
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Therefore, it is easy to determine that the asymptotic independence of f and & follows from
Ug, = Uy 5. On the other hand, when [ and & are asymptotically independent, we define the matrix A
such that

Efug, (uyg)y = A{var (u,z) )~ (A10)
Equation (A9) can then be used to obtain
E{uﬂ*(”*a),} = AE{”*[I(“*&),}~ (All)

Equations (A10) and (A11) can be rewritten as
E{(uﬂ* - Au*ﬁ)(u*ﬂ)/} =0, E{(u/}* - Au*ﬁ)(u*a)l} =0.
We obtain
Upye — Auyy =0,

since u,,; and u,, are linearly independent and ug, — Au,, belongs to the linear space spanned by
uyy and u,,. Hence, we have u,, = u,, because u, is the orthogonal projection of the score function
for B on to the linear space spanned by u; and u,, and u;, is the orthogonal projection on to its
linear subspace.
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