Geometric Aspects of Ordinary
Least Squares



The Linear Model

We have
Y=X0+¢

where ¢ is an (n x 1) vector of random variables with
E[c|X] =0, Var[e[X] = E[ee' [X] = ¢°I,.

We will treat X as random, and assume that this model is cor-
rectly specified.



The Linear Model (cont.)

Suppose we have two sets of predictors that yield matrices

Xy :nxq
Xg :nxr

Let X = [X,, X3 be the combined n x p matrix, and suppose
Y=X0+ec=Xy)+Xgh + ¢

with 6, ¢ and [ are p, g and r-dimensional parameter vector
and sub-vectors respectively.



Estimating equations

The OLS estimating equations are

X,
B

These are also the score functions if we use the parametric
model where

¢ ~ Normal, (0,, o*I,)

up to a factor of 1/02, which is not relevant for estimating 6.



Estimating equations (cont.)

That is, if Y and x (1 x p) comprise a single datum Z,

Sy(Z,0)
Ss(Z,0)

T

59(2,0): =X €

where
J— I
Sy(Z,0) = x, (Y —xy9) —xp3) = x¢
Ss(Z,0) = xg(Y—xww —x303) = xge

say.



The geometry of score functions

e The space spanned by Sy is formed by taking linear com-
binations of the elements of x;

e The space spanned by S, is formed by taking linear com-
binations of the elements of x;

e Sy is a g x 1 vector, with zero mean and finite vari-
ance, so is an element in the Hilbert space Hg.

e The space spanned by Sg is formed by taking linear com-
binations of the elements of x;

e This is the nuisance tangent space, A.



The geometry of score functions (cont.)

We consider projecting Sy, onto the nuisance tangent space.

The projection matrix is computed from the general formula
By = E[hv' [{E[ww ']} !

with h and v set equal to Sy, = xle and Sg = xge respectively,
that is

Bo = E[S; S5 {E[S; Sp]} ! = Ele’x x5 {E[e*x3%5]} "



The geometry of score functions (cont.)

Under the assumption that E[ee " [X] = 021, we can simplify
this by iterated expectation to

Bo = Ex)xg]{E[xjx5]} "
and hence
_ _ T T -1
I(Sy|A) = Bov = Efx xs){E[x]x5]} 'S5

= [E[xlx[;]{[E[xEXB]}’lxge.



The geometry of score functions (cont.)

The ‘residual’ resulting from the projection is therefore
Sy —H(Sy|A) = x;pre — [E[X;Xg]{[E[XgXM}_lXEE
= (x} — Elx]xs{Elx]xa]) ' )e

The vector
Sy — II(Sy[A)

lies in the space orthogonal to A, that is, for example

E[(Sy —TI(Sy|A))S5 ] = Ogxr-



The geometry of score functions (cont.)

To see this,

E[(Sy — T1(S4[A))S] ] = El(x], — Elx}xs[{Elxixs]} %] )ec x5
= o (Elxyxs] - Elx) x5 {Elx}xs]} ' Elx}x5))
— o2 ([E[xgxﬁ] - [E[xgxd)
= 0gur

Thus
Sy = H(Sy[A) + (Sy — H(Sy[A))

with the two terms in the sum orthogonal.



The geometry of score functions (cont.)

It is also claimed that
Sy — T(Sy|A) = TI(Sy|AT)

that is, the ‘residual’ is also the projection of S;, onto At the
space orthogonal to A. By the previous result

(Sy —TI(Sy|A)) LA
so therefore
A+ = {B(S, —TI(Sy|A)), B a g x g matrix}
= {Bvy, B a q x g matrix}

say.
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The geometry of score functions (cont.)

That is, vy, = (X;Z - [E[xlxﬁ]{[E[xgxﬁ]}_lxg)e and
At = {B(x;pr - [E[xlxﬁ]{[E[xgxﬁ]}_lxg)e, B a g x g matrix}.

We now try to compute II(Sy|A+). Using the projection defi-
nition, the projection matrix is

By = E[S, v} {E[vv) ]}~
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The geometry of score functions (cont.)

Now

Syvy, =xpee’ (x5 — x{E[x;xs]} E[xjxy))

so taking expectations we have

E[Suv)] = o*Ex)x; — x)xs{ExSxs]}  Ex]x,]
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The geometry of score functions (cont.)

Similarly
E[vyv, ]

= o?E[(x), — E[x)xs]{Ex}x5]} x5)(xy — x5{E[x5x5]} " E[x}xy])]
= UZ[E[xjp—xd, — xixﬁ{[E[xgxﬁ]}‘l[E[xgxlp]]

after cancelling terms, so therefore

Hence
II(Sy|AT) = Bovy = (x), —E[xx3{E[x3x5]} "'k} )e = Sy—11(Sy|A)
as required.
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Deriving the influence function

Recall the Key Theorem: for a g-dimensional parameter of
interest ¥(6), let

(V1 O Oun]

90, 00, 00,

Re Oz O

ow(o) | 961 90, 29

r(9) = ae(T): ?
g O . O

|06, 96, 90y |
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Deriving the influence function (cont.)

For example, g =2,p = 3, if

U = (1,12)" = (6102,02 + 62T,

0, 6, 0
() =
0 1 265

then
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Deriving the influence function (cont.)

Suppose \Tln is a regular and asymptotically linear (RAL) esti-
mator of ¥ with influence function ¢(.), such that

E[{(2)} ¢(Z)] = ) El}(2)] < oo

J=1

then
E[p(Z) {So(Z,00)} '] = T'(6o).
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Deriving the influence function (cont.)

If
V(o) =v
then
O
Orxg Orxr
and so
M) E[p(2) {Sp(Z,00)} '] = Igxq
(i) E[p(Z){Ss(Z,00)} ] = Ogxr-

That is, ¢(Z) is orthogonal to Sg(Z,fp).
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Deriving the influence function (cont.)

It is claimed, therefore, that the influence function for esti-
mating 1 takes the form

By (x] — Elxxs{Efx]xs]} x])e

for some matrix B,.
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Deriving the influence function (cont.)

To deduce the influence function from first principles, we re-
fer back to the OLS solution:

0, = (X'X)" XY
hence
V0, — 60) = v ((XTX)*XTY . 90>
—Vn ((XTX)—le(Y - xeo))

= vn(X'X)~ Zx —x;00)

= E[x'x]” \FZX —Xx6p) +0p(1)
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Deriving the influence function (cont.)

This suggests that the influence function for estimating 6 is
©(Z) =Ex'x]"x" (Y — x6y)
which is equal to

0(Z)=E[x'x] x"e.
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Deriving the influence function (cont.)

Note that in this case
Elp(Z)S, | = E[x'x] 'E[x " eex] = oI,

and so the Key Theorem for RAL estimators holds apart from

the scaling term o?.

This suggests that actually the scores should be scaled by a
factor of 1/02; this factor would be present in the case of a
Normal distribution assumption for e.
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The influence function for

Let
Vi1 Vi .
Va1 Va2
say, where
[EXTX ] |E[X X@] A11 A12
A—[E[XTX]—[ iw ipr =
[EXBXTZ)] [E[X6X5] Ay Ay

say.
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The influence function for v (cont.)

By block matrix inversion results, we have that

Vi1 Vi (A11 — A12AS} Agy) 7t 0
Vo1 Vo 0 (A22 — A21A[ A1) !
I, ~AppA
x 1
—An A I,
~1
D Iq 1 —A12A5;
—An A7 I,
say.
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The influence function for v (cont.)

Therefore
p(Z)=A"x"
b [ Ig ~ApA,;) x;;e]
|—AsAL I Xje
b x¢e A12A22xﬁ ]
Xﬁe A21A11 Xwe

of which the first ¢ components are

(A11 — A12A2_21A21)71 (Xd)é A12A22 X3 6)
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The influence function for v (cont.)

As
A12 = [E[X;Zx/g] A22 = [E[XgXﬁ]

this yields
p(Z) = (A11 — A12A%, Agy) ! (xle — E[xlxd{[E[x}xd}”x&)
which matches the earlier claim, with the matrix factor

Bw = (A11 — A12A2_21A21)71.
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The asymptotic variance

Given the influence function, we conclude that
V(i — o) < Normal (04, El(2){0(2)} 1)
with
P(Z) = (An — AzAZ Ag1) ™" (x]e — AnAZx]e)
Thus the asymptotic variance is
ByE[(x) — A12Az X} )ee (xy — X5A;, A21)|B

where, in fact, Bl = By.
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The asymptotic variance (cont.)

Expanding the brackets, we have
xgxd, —Alez_zlxgxd, —A12A2_21XEX5A2_21A21+A12A2_21xgx5A2_21A21
and, as
[E[xlxd,] =A [E[ngw] =Ap [E[X—ﬁrxﬂ] =Ayp
we can rewrite the overall expectation as
Ajl —ARAL Ay = B;l.
Hence

E[0(Z){¢(2)}'] = 0*By = o*(A11 — A12Az) Ag1) .
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The asymptotic variance (cont.)

Note that this is precisely the same asymptotic variance as
we would have deduced by carrying out joint estimation of
parameter vector 6 = (¢, ), and then taking the block matrix
from the asymptotic variance of 67,1, which is

o’V = *A" L.
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The score and the influence function

Note that for estimating # we have the score function
Sp=x'(Y—x0) =x'e¢

and the influence function
p(Z) = {Ex"x]} 'x"e

so the two functions satisfy

p(Z) = {Ex"x]}"Sp.
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The score and the influence function (cont.)

For estimating v we have the projected score
Sy — II(Sy|A) = <xg - E[x;xﬁ]{ﬁ[xgxﬁ]}*lxg) :
and the influence function
P(Z) = (A1 — A12A%, Agy) ™ (xg - [E[x;xﬁ]{[E[xgxﬁ]}—lxg) ¢
so the two functions satisfy

©(Z) = (A11 — A12As; A1) 1 (Sy — TI(Sy|A)).
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Linear models: a recap

We may write the linear model
(Y -Xy1p) =Xgf +¢
so for any ¢, we solve for
B = (X5X3) "X (y — Xyh).
We then have that
X508 = X5(XjX5) "X} (v — Xy0) = Hi(y — Xy)

say, with
H; = X5(X;X3) 'X}

so that HiH; = H| H; = H;.
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Linear models: a recap (cont.)

For any values of 5 and ¢
{(Tn —Hi)(y = Xy9)} {Xs8} = (v = X)) T (In —Hi1) X5 = 0

so that
(In - Hl)(y - wa)

is orthogonal to the space spanned by X3/3.
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Linear models: a recap (cont.)

For estimating ), we have the reduced form model
(Y —Xy0) =XgB +¢
or equivalently
(Y = Xytp) = Hy (Y — Xytp) + ¢

that is
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Linear models: a recap (cont.)

Note that the estimating equation is
X[ (Lo — Hi)(y — Xy¢) = 0
implying orthogonality between
X, and (I, — Hy)(y - X0).
and for any 3
(In — Hy)(y — Xyv) = (In — Hy)(y — X8 — Xy0))

as
(I, — H;)Xg = (I, — H;) ' X5 = 04.
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Linear models: a recap (cont.)

Thus we have for any £
X, (In — Hy)(y — XpB — Xy¢)) = X, (I, — Hy)e = 04
say, where e = (y — Xg/3 — Xy7), so that
X, (I, — Hy)e = (X, — X/ Hj)e
= (X, — X, X3(X3X5) ' Xj)e
which is the sample-based version of the projected score

Sy — TI(SylA) = (x;; - E[xgxﬂ]{ﬁ[xgxﬂ]}—lx@ e.
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