A SHORT GUIDE TO
SEMIPARAMETRIC INFERENCE
TSIATIS CHAPTERS 3 AND 4



Preliminaries

Consider the Hilbert space H of g-dimensional functions of
random variable Z, with

ER(Z)] = 0gx1  E[{h(Z)} Th(Z)] < o0
for h € H, with inner product
(h1,hy) = E[{h1(Z)} "hy(2)] hy,hy € H.
Let ||h||?> = (h,h). We say that h; and h, are orthogonal if

(h1,hy) = 0.



Preliminaries (cont.)

For linearly independent functions hy, . .., h € H consider the
linear subspace, U of H defined by

k
U= {u:uZajhj,(m,...,uk) IS Rk}.
=1

For each I € H, there is a unique value 1y € U such that

=gl < =l Vu € luu.

* Uy is the projection of h onto U (denoted II(h|U));
* h — uy is orthogonal to U;
o |71 = Nluoll* + [l — uol|*.



Preliminaries (cont.)

Suppose that v = v(Z) is a r-dimensional function of Z with
E[p(Z)] =01 E[{v(2)} "0(2)] < oo

Let
Uy, = {Bv : B an arbitrary g x r matrix}

For h € H, the projection of i onto U, is given by Byv satisfying
(h—Byv,Bv) =0 VB e RT

that is,
-1 -1

By =Ehv'] {’U’UT} Bov = E[hv'] {’UZ)T} v.



Parametric Inference: Set up

Suppose Z1, ..., Z, are i.i.d. with density pz(z; 0) with § € RP,

and
x 1
n rx1

with true value 6y comprised of 5y and 7.

e B- parameter of interest;

* 71— nuisance parameter.



Asymptotically Linear Estimator: An estimator By of
parameter [ is asymptotically linear if there exists a
g-dimensional function, ¢(Z), with

Eslo(2)] = 0p1 Egle(Z){9(2)}7] < oo, nonsingular

such that
Vi(By — Bo) = f Z p(Z

Then as
7 Z ¢(Z:) ~ Normal (01, Esy [(2){#(2)} 1)

Vn( B — Bo) also has this asymptotic distribution. If such a ¢(.)
exists, it is unique; it is termed the influence function.



Regular Estimator: Consider the local data generating process
(LDGP)
Zl?l) ce. 7Znn ~ pZ(Z; 9;1) lld

with /n(6,, — 6*) — constant as n — oo. Estimator Bn of B, is
regular if its limiting distribution does not depend on 6,,. That
is, in the Normal case, 3, is regular if

Vi(By — B*) —% Normal(0, %)
under pz(z; %) implies that
Vi(By — Br) -5 Normal(0,5%)

under pz(z; 0,).



Score Function: The score function Sy(z, 6y) is defined by

Ss(z,0 1
59(2,90) = % {logpz(z’ 9)}9:90 _ [ ,B(Z 0)] q X

Sn(z,60) rx1

with the subscript denoting the variable with respect to which
the derivative is being taken.



Theorem: If 5(6) is a g-dimensional parameter of interest, let

ro) - 20

qxp

Suppose that By is regular and asymptotically linear (RAL) with
influence function ¢(.) such that Eg,[{(Z)} " ¢(Z)] < co. Then

Eo,[0(Z) {S(z,00)} '] = T'(6p).



Step 4 (cont.)

Ifo=(B",n")T, then

T'(6p) = [IW Oq”]

0r><q Orxr

and so
(i) Egole(Z) {Sp(z.00)} '] = Lpnys
(

(ii) Egy[(Z) {Sy(z. 60)} '] = Ogcr.
That is, ¢(Z) is orthogonal to S,(z, 6p).



m-estimation: Recall that in likelihood estimation, we have the
log-likelihood

£a(0) = " logpz(z;;0).
i=1

Under regularity conditions, by the mean-value theorem, we
have
0n(0) = €,(00) + £4(0")(0 — 6p)

where ||0/ — 6y|| < ||0 — 6p||, and where

_00(0) 04, (6)

al0) = =55 0 = Fga07 -
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Step 5 (cont.)

Evaluating at 6 = 5,1, and noting that én(gn) = Opx1, we have on
rearrangement and multiplying through by 1//n that

{_111@'”(9)} V(B — 60) = jﬁén(eo)'

Asn — oo, we have that

1. p 9% logpz(z;0)
{né”(g)} — e [ 06007

] = Ey, [é’(eo)}

6:00

say.
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Step 5 (cont.)

Therefore

Vi = 00) = {=Ea, [f00)]} —=(00) + 0,1)

— {—[Eeo [2(90)] }71 \}ﬁ lznlj So(Zi,00) + 0p(1)

which yields the influence function

o(2) = {~Ea, [60)]} " S0(Z.00).

12



Step 5 (cont.)

In m-estimation, we replace the score equation
n
Z SG(Zb 9) = 0p><1
i=1
by the more general form
n
Z m(Z;,0) = 0p><l
i=1
for function m(., .) with the properties Eg[m(Z, )] = 0,x1 and
Eg[{m(Z,0)} 'm(Z,0)] < o Eo[m(Z,0){m(Z,0)} "] nonsingular

for all 6.
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Step 5 (cont.)

Then using exactly the same logic as in the likelihood case, we
have

for influence function

¢(2) = {~Eq, [11(Z,60)]} " m(Z, 60).
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Step 5 (cont.)

We have by the CLT and elementary results for the Normal
distribution that

V(0 — 0) — Normal (0px1, B~'AB™)

where
A= A(QQ) = [EOO [m(Z, 00){m(za 00)}T]

and
B = B(6y) = Eg,[m(Z, 6p)).

These p x p matrices are typically estimated by

1 ~ 1<
A, = - Z;m(zi,00){114(21‘,90)}T B, = - Z;m(zi,eo).
1= 1=
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The Geometry of Influence Functions: Consider

* H: usual Hilbert space of zero-mean, finite variance
g-dimensional functions with the usual inner product.

* 7T: linear subspace 7 of H — the tangent space for the
probability model pz(z; #), defined by

T = {BSy(z,0) : Bagq x p matrix}

* A: linear subspace A of H — the nuisance tangent space for
the probability model pz(z; #), defined by

A = {BS,(z,0) : Bag x r matrix}
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Step 6 (cont.)

By the previous theorem, if By is an RAL estimator with
influence function ¢ 3 (Z), then we must have

Eoy |95, (2) {S0(Z,0)} "] = Ops
that is, ¢z (Z2) is orthogonal to the nuisance tangent space. We

write
@En (Z) S AJ‘.
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Step 6 (cont.)

We have that
H=ADA

thatis, h € H can be decomposed
h=a+ap aleA,azeAl

with a; orthogonal to a,.

For h € H, write ag for the projection of 1 onto A
H(]’Z’A) =4y
then as hh = ap + (h — ap), by the projection theorem we have that

TI(h|ALY) = h — aq.

18



Step 6 (cont.)

By the result in the Preliminaries
-1
TI(hA) = E[hS] ] {[E[sns;]} S,
so therefore all elements of A+ take the form

h-ThIA) = h— Efs]) {ElS,S]1} S,
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Step 6 (cont.)

Finally we have

T=T3dA

where
T3 = {BSg(Z,0) : B agq x qmatrix} .
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Constructing an Estimating Function: Suppose influence
function ¢ (Z) satisfies the earlier Theorem. Set

m(Z, 8,m) = o(Z) — Epylp(Z)]

which has mean zero, finite variance. Then j3, satisfying
n -~ ~
Z m(Ziv B, ﬁn(ﬁn)) = Opxl
i=1

is RAL with influence function ¢(Z).
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Efficient Influence Function: The efficient influence function,
©eff(Z), is the influence function with the smallest variance. For
an arbitrary influence function ¢*(Z), we have that

ett(Z) = ¢*(Z) — (" (2)|T) = (" (2)|T).
In fact, if we denote
1(60) = Eg, So(Z,60) {So(Z, 60)}
we have explicitly that

weft(Z) = T(00) {1(0)} " So(Z. 00)
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Step 8 (cont.)

The efficient score function for /3 is obtained by projecting
S3(Z,6p) onto the nuisance tangent space A, and taking the
residual. Recall by the Preliminary result (p. 3)

~1
T(S5(Z, 00)|A) = EIS5S1] {EIS,S]1}  $4(Z.60)
so therefore the efficient score function for j is

Sen(Z.00) = S5(2.00) — E[S55]1 {E[S,5]1} " $,(2.0)
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Step 8 (cont.)

The efficient influence function for 3 is

—1
veff(Z) = {[E[Seffsg—ff]} Sett(Z, 0o)

which has variance

{ E[SeftSese] }

This result is the generalization of the results on p. 12 and p. 14.
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Semiparametric case: Consider the class of semiparametric
models

P ={pz(z,B,n(.)) : Bisq x 1,n(.)is infinite dimensional }

with true model po(z) = pz(z, Bo, m0(.))-

Consider the parametric submodel
"@6,’7 = {PZ(27/377) : 5156] X 1,’}/i51’ X 1}

where
(1) @ﬁﬁ C Z;
(i) po(z) € Y3, (the parametric submodel contains the
truth). That is
po(z) = pz(z, Bos0)-
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Step 9 (cont.)

For example, for the restricted moment model
Yi = p(X;, B) + e

where 7)(.) specifies the density of ¢; admits the parametric
submodel where

¢; ~ Normal(0, 52)

that is, v = o°.
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Step 9 (cont.)

In the proportional hazards model with hazard function
At X) = A(t) exp{BT X} with \(t) nonparametrically
specified, with true values of the parameters 5y and ().

A parametric submodel takes the form
A X) = No(t) exp{yh(t) + - + vhe(t)} exp{ﬂTX}

for specified functions hy(t), ..., h.(t).

This parametric model is specified in terms of \o(#) which
is not known.

However, if we specify f = ffp,and 7 = --- =, =0, we
recover the true model.
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Semiparametric inference: Using the same Hilbert space  of
zero-mean g-dimensional functions with the covariance inner
product. Define

(i) parametric submodel nuisance tangent space
A, ={BS,(Z, Bo,0) : Bagq x r matrix}

with S (Z, 8o, 70) being the score function component
corresponding to 7 from the parametric submodel.
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Step 10 (cont.)

(ii) efficient influence function for the parametric submodel

1y -1
ot @ = {E [, @ 0.0 {55, 2w} | |, 2 w)
where the parametric submodel efficient score function is

Seﬁf,fw(zaﬁoﬁo) = 53(Z, Bo,m0) — (S(Z, Bo,m0)|Av).

Note that the RHS is defined in terms of (5y, np)-
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Step 10 (cont.)

(iii) The smallest asymptotic variance amongst RAL
estimators for 3 is

1y -1
{[E [S%{g(zvﬁovly()) {S%f,ffy(zvﬁ()a’y(])} :| }
All expectations above are taken with respect to the true model

pZ(Za ﬂOa 7’0)
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Step 10 (cont.)

* An estimator for 3 is RAL for the semiparametric model if
it is RAL for every parametric submodel;

* Any influence function of an RAL estimator in the
semiparametric model must be an influence function of an
RAL estimator within a parametric submodel;

* Any influence function of an RAL estimator in the
semiparametric submodel must be orthogonal to all
parametric submodel nuisance tangent spaces;

* The variance of any RAL semiparametric influence
function must be no smaller than the variance in (iii)
above.
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In the restricted mean model with Y a d x 1 vector
Y =u(X,B)+e

we have

c I = {PZ(ZaﬁaUO())yz = (y?x)} with

py.z(y,x) = pex(y — p(x, B),x)

with the restriction E[e|X] = 0.
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Step 11 (cont.)

e Write
pe,X(Eax) =M (E,X)??z(X)

where 71 (¢, x) = pejx(€[x) is non-negative and satisfies, for
all x

/nl(e,x) de =1 /em(e,x) de =0
and n,(x) = px(x) is non-negative and satisfies
/nz(e,x) dx = 1.

This defines the semiparametric model. Suppose the true
functions are

mo(e,x)  mo(x).
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Step 11 (cont.)

e Parametric submodel is

Py =A{pz(z,8,7) = pax(y — w(x, B)[x, 71)px(x,72)}

where v isr1 x 1 and vy, isrp x 1, with v = r{ + 1.

Denote the true model

po(z) = pex(y — m(x, B)]x, v10)px (X, 720)-
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We have in the semiparametric submodel
logpz(z, 8,7) = logpex(y — u(x, B)|x, 1) + log px(x, 72)

So therefore

0
S’Y1 (2,50,70) = 67’}/1 {1nge|X(y - M(xa B)|x7’71)}7

1=710

0
S'YZ (27 507 ’YO) = 87’}/1 {log pX(x7 72)}72:720
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Step 12 (cont.)

Suppressing the dependence of the score functions on the true
values of the parameters, we have that a typical element in the
parametric submodel nuisance tangent space is given by

BS-Y(G,X) = B1S,, (e,X) + BQS,YZ (X)

with By, By g x 1 and g x rp respectively. That is, in terms of the
corresponding spaces

Ay =0y @Ay,
with A, and A, orthogonal as
E[S’Yl (€, X){S+, (X)}T] = Orixry

by properties of score functions and using iterated expectation.
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Step 12 (cont.)

Let

* A be the mean-square closure of all parametric submodel
nuisance tangent spaces

A = {mean-square closure of A, ® A, };

* Aj; = {mean-square closure of all A, };

* Ay = {mean-square closure of all A, };
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Step 12 (cont.)

Then

* Ay, is the space of all g-dimensional, mean-zero functions
with finite variance.

* Ay, is the space of all g-dimensional random functions
a(e, X) such that

(i) Efa(e, X)|X] = 0gx1;
(ii) Efa(e,X)e"|X] = 0yxa
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Step 12 (cont.)

In the restricted mean model, the space orthogonal to the
nuisance tangent space is

{A(X)e : where Ais g x d}

and the projection of an arbitrary & onto this space is

h— E[he |X] {[E[eeT|X]}71 e.
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Step 12 (cont.)

The efficient score is then

Sei(€.X) = S5, X) — I(S5(e, X)|)
= E[Ss(e. X)eX] {Elec|X]} e = DT V(X)) e

say, where
D(X) = 8u8(;<+5) ‘Bﬁo

Hence we must (in principle) solve the estimating equation

> D) T{V(X)} (Y — (X, B)) = Ogcr.
i=1
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Step 12 (cont.)

This optimal version depends on knowledge of the true model
po(.)-

In practice we cannot implement this, but inspired by this
construction we can implement estimation based on

ZA )(Yi = u(Xi, B)) = Ogc1.

where A(X;)isq x 1.
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