MATH 598: TOPICS IN STATISTICS
AUXILIARY VARIABLE METHODS AND MISSING DATA

Auxiliary variable methods can also be used to handle missing data problems. Missing data can arise in problems
due to drop-out, data handling issues or censoring/truncation. The missingness can occur

o completely at random (independently of the observed and unobserved data)
* at random (dependent on the observed data, but independent of the unobserved data)

¢ not at random (dependent on the observed data and unobserved data)
Missingness can occur in a response variable Y or covariate X. We denote the missing values by X* and Y*.

We consider a Bayesian formulation of the missing data inference problem; maximum likelihood estimation can
be handled using the EM algorithm. We consider the joint likelihood of the observed and unobserved data, and
treat the unobserved values as quantities to be updated during the MCMC.

The parameter vector ¢ can now also include parameters in the stochastic missingness mechanism. In the case of
iid. data, where the missing data are considered independent of the observed data, the complete data (Y,Y*)

have likelihood .
L3(0) = {H Fr(is e)} {H Fr (i 9)}
i=1 i=1

In this case, a Gibbs sampler can be used to update the quantities (6, Y*) from their full conditionals. For 6,
T (0ly, y*) o< L7,(0)m0(0)

that is, we perform Bayesian inference using the complete data likelihood. For elements of Y*, the full conditional
distribution is merely the density fy (y;;0). Most typically, however, this kind of missing data occurs due to
censoring, that is, we have information that

Yi* > ¢

say. In this case, the full conditional distribution used in the Gibbs sampler must respect the censoring constraint,

that is, the full conditional is
T (i 0:€1) o Liepo0) () fr (330)

Conditional on (y,y*), the full conditional distribution of ¢ is not affected by the censoring, so is identical to
above.

Example: Censored data and the Exponential distribution.
The exponential distribution has pdf and cdf

fysA) = Aexp{-Ay} F(y;\) =1—exp{-Ay} y>0
for parameter A > 0. Suppose that n data are available, but n; of them are censored at ¢ > 0; without loss of
generality assume that the observations labelled ¢ = 1, ..., ng are uncensored, where ny = n — n;. In this case the

likelihood for X is

n

Lo =TI N I (= Fen)

i=no+1

= \"0 exp {—)\ Z yl} exp{—Anic}
i=1

= \"% exp {—)\ <Z Yi + nlc> } .
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Using a conjugate Gamma(a, ) prior, we see that the posterior distribution is Gamma(a,, 5,) where

no
an=no+a o= yi+mectp
i=1

which can be plotted as follows for an example data set with n = 50.



set.seed(1410)

lam<-0.1
n<-50
cval<-10

y<-rexp(n,lam)

z<-rep(0,n);z[ly > cvall<-1

y[y>cvall<-cval

ni<-sum(z)

n0<-n-nl

xv<-seq(0,0.5,by=0.001)

al<-1;be<-1

pi.n<-dgamma(xv,n0+al,sum(y[z==0])+nl*cval+be)

par (mar=c(4,4,1,0))
plot(xv,pi.n,type='1l"',xlab=expression(lambda),ylab=expression(pi[n] (lambda)))
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Here n; = 23. We can reproduce the same posterior by augmenting the missing data; we introduce

* *
yng—i-lz s Yns

as the unobserved “true” versions of the censored values. Conditional on the “complete” data, the posterior
distribution is straightforwardly obtained as

7 (A) = Gammal(al, 57)

where . .
0
al=n+a B,’;:Zyi—l- Z yr+B.
i—1 i=no+1

To sample the unobserved true values from their full conditional distribution, we have that
T W55 A0 ¢) o Leoo) (U7) (Y75 A)

with corresponding cdf
x ok Fly*sA) — F(eA) exp{—Ay*}
F : = =1- —<Z 2
("4, 0) 1—F(eN) exp{—Ac}’




We may therefore sample the unobserved true values using cdf-inversion or probability integral transform approach:
it is well-known that if X is a continuous random variable, with X ~ Fx (z), then U = Fx(X) ~ Uniform(0,1).
This allows simulation of X by generating U ~ Uniform(0,1), and setting X = Fy'(U). Here then we have that
if u is a sample from a Uni form(0, 1), we compute

and do this independently for all censored values. If we proceed in this way, using a Gibbs sampler strategy, then
the original posterior is recovered.

nits<-2000
old.lam<-1/mean(y[z==0])
yall<-y
lambda.samp<-rep(0,nits)
y.samp<-matrix(0,nrow=nits,ncol=n)
for(iter in 1:nits){
0ld.lam<-rgamma(1l,n+al,sum(yall)+be)
yall[z==1]<--log((1-runif (sum(z==1)))*exp(-old.lam*cval))/old.lam
lambda.samp[iter]<-old.lam
y.samp[iter,]<-yall

par (mar=c(4,4,2,0))
hist(lambda.samp,br=seq(0,0.5,by=0.01),col="'gray',main="'"',xlab=expression(lambda)) ;box()
lines(xv,pi.n*nits*0.01,col="'red")
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The A samples are being collected with low autocorrelation.

par (mar=c(4,4,1,0))
plot(lambda.samp,type='1l"',xlab='Iteration',ylab=expression(lambda))
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Example: Censored data and the Burr distribution.
The Burr distribution is a three-parameter probability distribution on R* with cumulative distribution function

1

F(y; S P

y>0

for parameters a, A,y > 0. This distribution is useful for modelling right-skewed data.
Suppose that the following data are to be modelled using a Burr distribution where underlined observations are

283 200 514 383 452 125 357 243
245 598 232 305 10.00 10.00 274

right-censored (that is, we know that the actual value for that datum is greater than the underlined value). The
likelihood contribution of a right-censored value y drawn from distribution F(.) is

1

P(Y>y):1—F(y)=W~

Burr.pdf<-function(xvec,al,gl,11){
yvec<-alxglxllxxvec” (al-1)*exp(-(gl+l)*log(l+ll*xvec~al))
return(yvec)

}

#Data
y<-c(2.83,2.00,5.14,3.83,4.52,1.25,3.57,2.43,2.45,5.98,2.32,3.05,10,10,2.74)
n<-length(y)

z<-rep(0,n) ;z[y==10]<-1 #Censoring indicator

#Likelthood
Burr.like<-function(yv,zv,al,gl,11){
#Written to prevent numerical underflow
#uncensored
t1<-log(1l1)+alxlog(yv[zv==0])
term<-yv [zv==0]
term[tl < 300]<-log(l+exp(t1[t1<300]))
term[t1 > 300]<-t1[t1>300]
Bv<-sum(log(al*gl*11)+(al-1)*log(yv[zv==0])-(gl+1l)*term)

#censored
t1<-log(l1l)+al*log(yv[zv==1])
term<-yv[zv==1]
term[tl < 300]<-log(1+exp(t1[t1<300]))
term[t1 > 300]<-t1[t1>300]
Bv<-Bv+sum(-gl*term)
return(Bv)

Burr.optim.func<-function(x,yv,zv){
al<-exp(x[1]); gl<-exp(x[2]); 1li<-exp(x[3])
return(-Burr.like(yv,zv,al,gl,11))

}

xhat.ml<-optim(c(0,0,0) ,method="BFGS",fn=Burr.optim.func,yv=y,zv=z,hessian=T)

#The ML estimates

Burr.ml.est<-theta<-xhat.ml$par

Burr.hess<-xhat.ml$hess

xvec<-seq(0,10,by=0.01)

yvec<-Burr.pdf (xvec,exp(thetal[1]) ,exp(thetal[2]),exp(thetal3]))
par (mar=c(4,4,2,0))
plot(xvec,yvec,type="1",xlab="'x"',ylab="'£f(x)"') ;rug(y)
title('Maximum likelihood fit',line=1)
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For the Bayesian analysis, we need a prior distribution. First, we consider a reparameterization and define
0, =loga 0> = log~y 03 = log A

and then place independent Normal(0,c3) priors on the new parameters. We may then compute the posterior
mode using optimization methods.

#Bayestan Mode estimates
Burr.optim.post.func<-function(x,yv,zv,psd){
al<-exp(x[1])
gl<-exp(x[2])
1li<-exp(x[31)
pl<-sum(dnorm(x,0,psd,log=T))
return(-Burr.like(yv,zv,al,gl,11)-p1l)
}
#lognormal prior for parameters
prior.sd<-2

xhat .Bayes<-optim(c(0,0,0) ,method="BFGS",fn=Burr.optim.post.func,yv=y,zv=z,psd=prior.sd,hessian=T)
th.post<-xhat.Bayes$par

#Plot the posterior at the posterior mode for lambda
thi<-seq(-2,6,by=0.01)
th2<-seq(-6,2,by=0.01)
like.mat<-outer (thl,th2,"+")*0
post.mat<-outer (thl,th2,"+")*0
for(i in 1:length(th1)){
for(j in 1:length(th2)){
th<-c(th1[i],th2[j],th.post[3])
like.mat[i,jl<-Burr.like(y,z,exp(th1[i]),exp(th2[j]),exp(th.post[3]))
post.mat[i,jl<-max(like.mat[i,j]l+sum(dnorm(th,0,prior.sd,log=T)),-300)

}

plevs<-c(seq(-100, -40, by = 10),seq(-40,-30,by=2))



library(fields,quietly=TRUE)

par(pty='s',mar=c(4,4,2,2))

colfunc <- colorRampPalette(c("blue","lightblue","white","yellow","orange","red"))

image.plot (thl,th2,post.mat,col=colfunc(100),zlim=range(-300,-30),
xlab=expression(thetal[1]),ylab=expression(thetal2]),cex.axis=0.8)

contour (thl,th2,post.mat,add=T,levels=plevs)

title(expression(paste('Log-posterior ',pi[n](theta[1],thetal[2]~"|" thetal[3]))))

Log—posterior 1,(01, 8, | 03)
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#Metropolis-Hastings MCMC
old.al<-exp(th.post[1]);0ld.gl<-exp(th.post[2]);0ld.1l1<-exp(th.post[3])
0ld.th1<-(th.post[1]);0ld.th2<-(th.post[2]);0ld.th3<-(th.post[3])

old.like<-Burr.like(y,z,old.al,old.gl,0ld.11)
0ld.prior<-sum(dnorm((c(old.thl,0ld.th2,0ld.th3)),0,prior.sd,log=T))

nburn<-1000

nsamp<-5000

nthin<-20
nits<-nburn+nsamp*nthin
sig.1<-1.0;sig.2<-1.0;sig.3<-1.0

t0<-proc.time() [3]
Burr.sampl<-matrix(0,nrow=nsamp,ncol=3)
1c0<-11<-i2<-13<-0

for(iter in 1:nits){

#Metropolis step for each parameter separately

new.thl<-rnorm(1l,o0ld.thl,sig.1)
new.al<-exp(new.thl)



new.like<-Burr.like(y,z,new.al,old.gl,old.11)
new.prior<-sum(dnorm((c(new.thl,0ld.th2,0ld.th3)),0,prior.sd,log=T))
if (log(runif (1)) < new.like+new.prior-old.like-old.prior){
old.thi<-new.thl
old.al<-new.al
old.like<-new.like
old.prior<-new.prior
i1<-i1+1
}
new.th2<-rnorm(1,o0ld.th2,sig.2)
new.gl<-exp(new.th2)
new.like<-Burr.like(y,z,o0ld.al,new.gl,0ld.11)
new.prior<-sum(dnorm((c(old.thl,new.th2,0ld.th3)),0,prior.sd,log=T))
if (log(runif (1)) < new.like+new.prior-old.like-old.prior){
old.th2<-new.th2
old.gl<-new.gl
old.like<-new.like
old.prior<-new.prior
i2<-i2+1
}
new.th3<-rnorm(1,0ld.th3,sig.3)
new.l1l<-exp(new.th3)
new.like<-Burr.like(y,z,old.al,old.gl,new.11)
new.prior<-sum(dnorm((c(old.thl,0ld.th2,new.th3)),0,prior.sd,log=T))
if (log(runif (1)) < new.like+new.prior-old.like-old.prior){
0ld.th3<-new.th3
old.1l1<-new.1l1
old.like<-new.like
old.prior<-new.prior
i3<-i3+1

if (iter > nburn & iter %% nthin == 0){
ico<-ico+1
Burr.sampl[ico,]<-c(old.al,0ld.gl,0ld.11)
}
}

th.sampl<-log(Burr.sampl)
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nvec<-c(expression(thetal[1]) ,expression(theta[2]),expression(thetal3]))

par (
pairs(th.sampl,

=|S|)

=nvec, =19, =0.75)



0 1 2 3 4 5 -6 -4 -2 O 2
require(coda)
effectiveSize(th.sampl)
+ varl var?2 var3
+ 984.783 1027.846 3910.055
ivec<-abs(th.sampl[,3]-th.post[3])< 0.2
par(pty='s',mar=c(4,4,2,2))
image.plot(thl,th2,post.mat,col=colfunc(100), =range (-300,-30),
=expression(thetal[1]), =expression(thetal[2]), =0.8)
contour(thl,th2,post.mat, =T, =plevs)
title(expression(paste('Log-posterior ',pi[n] (theta[1],thetal[2]~"|"~thetal[3]))))
points(th.sampl[ivec,1:2],pch=19,cex=0.5)
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Log—posterior 1,(01, 6, | 03)
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The posterior is being sampled fairly effectively using the standard Gibbs sampler in the log parameterization.
From the posterior samples, we can compute sampled survivor functions.

Surv.x<-seq(0,15,by=0.1)
Surv.sampl<-matrix(0,nrow=nsamp,ncol=length(Surv.x))
al<-exp(th.post[1])
gl<-exp(th.post[2])
11<-exp(th.post[3])
Surv.y<-exp(-gl*log(1+l1*Surv.x"al))
Surv.y.ml<-Surv.y
par (mar=c(4,4,1,0))
plot(Surv.x,Surv.y,type="1",ylim=range(0,1) ,ylab="Survival Prob.",xlab="x")
for(isamp in 1:nsamp){
al<-Burr.sampl [isamp,1]
gl<-Burr.sampl [isamp, 2]
11<-Burr.sampl [isamp, 3]
Surv.y<-exp(-gl*log(1+1l1*Surv.x"al))
Surv.sampl [isamp,]<-Surv.y
if (isamp %% 20 == 0){lines(Surv.x,Surv.y)}

11



Survival Prob.

Surv.qg<-apply(Surv.sampl,2,quantile,
=c(4,4,1,0))
plot(Surv.x,Surv.y,

par (
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=c(0.025,0.975))

polygon(c(Surv.x,rev(Surv.x)),c(Surv.q[1,],rev(Surv.q[2,])),

lines(Surv.x,Surv.y.ml,
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Reparameterization: We may reparameterize the model and rewrite

1

PO =1 gaere

#Lvkelthood
Burr.like2<-function(yv,zv,xiv,etav,phiv){
#Written to prevent numerical underflow
al<-xiv
gl<-etav/xiv
11<-(1/phiv) “xiv
#uncensored
t1<-log(l1)+al*log(yv[zv==0])
term<-yv [zv==0]
term[tl < 300]<-log(l+exp(t1[t1<300]))
term[t1 > 300]<-t1[t1>300]
Bv<-sum(log(al*gl*11)+(al-1)*log(yv[zv==0])-(gl+1l)*term)
#censored
t1<-log(l1l)+al*log(yv[zv==1])
term<-yv[zv==1]
term[tl < 300]<-log(1+exp(t1[t1<300]))
term[t1 > 300]<-t1[t1>300]
Bv<-Bv+sum(-gl*term)
if (is.na(Bv)){Bv<--Inf}
return(Bv)

}

We then consider a further reparameterization and define

1
P =logé =loga Py = logn = logy + log wgzlogqb:—alog/\

and with the independent Normal(0, 03) priors on the § parameters, we note the reparameterization 61 = 1,62 =
o — 11, and 03 = —e~ %143, yielding the Jacobian e¥!, and the induces prior on the 1) parameters. We may again
compute the posterior mode using optimization methods.

#Bayestan Mode estimates
Burr.optim.post.func2<-function(x,yv,zv,psd){
xiv<-exp(x[1])
etav<-exp(x[2])
phiv<-exp(x[3])
th<-c(x[1],x[2]-x[1],-x[3]*xiv)
pl<-sum(dnorm(th,0,psd,log=T))+x[1]
return(-Burr.like2(yv,zv,xiv,etav,phiv)-p1l)
}
#lognormal prior for parameters
xhat .Bayes2<-optim(c(0,0,0) ,method="BFGS",,fn=Burr.optim.post.func2,yv=y,zv=z,psd=prior.sd,hessian=T)
psi.post<-xhat.Bayes2$par
#Plot the posterior at the posterior mode for phi
psil<-seq(-2,6,by=0.01)
psi2<-seq(-4,4,by=0.01)
like.mat2<-outer(psil,psi2,"+")*0
post.mat2<-outer(psil,psi2,"+")*0
for(i in 1:length(psil)){
for(j in 1:length(psi2)){
psi<-c(psill[i],psi2[j],psi.post[3])
th<-c(psil[1],psi[2]-psil1],-exp(psil1])*psil[3])
xiv<-exp(psil1])
etav<-exp(psi[2])
phiv<-exp(psi[3])
like.mat2[i, jl1<-Burr.like2(y,z,xiv,etav,phiv)

13



post.mat2[i,jl<-max(like.mat2[i,jl+sum(dnorm(th,0,prior.sd,log=T))+psi[1],-300)

}

plevs<-c(seq(-100, -40, by = 10),seq(-40,-30,by=2))

library(fields,quietly=TRUE)

par(pty='s',mar=c(4,4,2,2))

image.plot(psil,psi2,post.mat2,col=colfunc(100) ,zlim=range(-300,-30),
xlab=expression(psi[1]),ylab=expression(psi[2]),cex.axis=0.8)

contour(psil,psi2,post.mat2,add=T,levels=plevs)

title(expression(paste('Log-posterior ',piln](psi[1],psil2]~"|"~psil[3]1))))

Log—posterior T,(Wy, W | Ws)
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0ld.xi<-exp(psi.post[1]);o0ld.eta<-exp(psi.post[2]);0ld.phi<-exp(psi.post[3])
0ld.thl<-psi.post[1];o0ld.th2<-psi.post[2]-psi.post[1];0ld.th3<--exp(psi.post[1])*psi.post[3]
0ld.psil<-psi.post[1];o0ld.psi2<-psi.post[2];o0ld.psi3<-psi.post[3]
old.like<-Burr.like2(y,z,0ld.xi,old.eta,old.phi)
0ld.prior<-sum(dnorm((c(old.thl,0ld.th2,0ld.th3)),0,prior.sd,log=T))+old.psil

nburn<-1000

nsamp<-5000

nthin<-20

nits<-nburn+nsamp*nthin
sig.1<-1.0;sig.2<-1.0;sig.3<-1.0

t0<-proc.time() [3]
Burr.samp2<-Burr.samp2.psi<-matrix(0,nrow=nsamp,ncol=3)
ico<-i1<-12<-i3<-0

for(iter in 1:nits){

#Metropolis step for each parameter separately in psi parameterization

14



new.psil<-rnorm(1l,old.psil,sig.1)
new.xi<-exp(new.psil)
new.thl<-new.psil
new.th2<-old.psi2-new.psil
new.th3<--exp(new.psil)*o0ld.psi3
new.al<-exp(new.thl)
new.gl<-exp(new.th2)
new.l1l<-exp(new.th3)
new.like<-Burr.like2(y,z,new.xi,old.eta,old.phi)
new.prior<-sum(dnorm((c(new.thl,new.th2,new.th3)),0,prior.sd,log=T))+new.psil
if (Log(runif (1)) < new.like+new.prior-old.like-old.prior){
old.psil<-new.psil
old.xi<-new.xi
old.thl<-new.thl
old.th2<-new.th2
old.th3<-new.th3
old.al<-new.al
old.gl<-new.gl
0ld.1l1<-new.11
old.like<-new.like
old.prior<-new.prior
il<-i1+1
}
new.psi2<-rnorm(1l,o0ld.psi2,sig.2)
new.eta<-exp(new.psi2)
new.th2<-new.psi2-old.psil
new.gl<-exp(new.th2)
new.like<-Burr.like2(y,z,o0ld.xi,new.eta,old.phi)
new.prior<-sum(dnorm((c(old.thl,new.th2,0ld.th3)),0,prior.sd,log=T))+old.psil
if (Log(runif (1)) < new.like+new.prior-old.like-old.prior){
old.psi2<-new.psi2
old.eta<-new.eta
old.th2<-new.th2
old.gl<-new.gl
old.like<-new.like
old.prior<-new.prior
i2<-i2+1
}
new.psi3<-rnorm(1l,o0ld.psi3,sig.3)
new.phi<-exp(new.psi3)
new.th3<--exp(old.psil)*new.psi3
new.l1l<-exp(new.th3)
new.like<-Burr.like2(y,z,o0ld.xi,old.eta,new.phi)
new.prior<-sum(dnorm((c(old.thl,o0ld.th2,new.th3)),0,prior.sd,log=T))+old.psil
if (log(runif (1)) < new.like+new.prior-old.like-old.prior){
0ld.psi3<-new.psi3
old.phi<-new.phi
0ld.th3<-new.th3
0ld.1l1<-new.11
old.like<-new.like
old.prior<-new.prior
13<-i3+1

if (iter > nburn & iter %% nthin == 0){
ico<-ico+1
Burr.samp2[ico,]<-c(old.al,0ld.gl,0ld.11)
Burr.samp2.psilico,]<-c(old.psil,old.psi2,o0ld.psi3)
}
}
th.samp2<-log(Burr.samp2)
psi.samp2<-Burr.samp2.psi

15
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nvec<-c(expression(psi[1]),expression(psi[2]),expression(psil3]))
par(pty='s")
pairs(psi.samp2,

=nvec, =19, =0.75)
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ivec<-abs(psi.samp2[,3]-psi.post[3])< 0.1

par(pty='s', =c(4,4,2,2))

image.plot(psil,psi2,post.mat2, =colfunc(100), =range (-300,-30),
=expression(psil[1]), =expression(psi[2]), =0.8)

contour(psil,psi2,post.mat2,add=T, =plevs)

title(expression(paste('Log-posterior ',pi[n] (psi[1],psi[2]~"|"~psi[3]))))

points(psi.samp2[ivec,1:2],pch=19,cex=0.5)
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This new parameterization appears to work better than the original one, so we retain it. The final step is to attempt
the use of auxiliary variables to remove the need to use the censored density in the likelihood construction. We
‘impute’ the missing values for the two censored data points by sampling from the conditional density

flyiy)  _ fy:d)
(Y >10) 1= F(y;¢)

Flyd) =5

Here we have
Flyy) _ Flyy) 1 L
PY >c) 1-F(ay) 1-F(ay) 1+ (y/o))e

Thus to generate from F*(y; 1), we generate u from Uni form(0, 1), and set

F*(y;9) =

y>ec.

v =6 {0 - vy s -1}

#Likelihood
Burr.like3<-function(yv,zv,xiv,etav,phiv){
#Written to prevent numerical underflow
al<-xiv
gl<-etav/xiv
11<-(1/phiv) "xiv
#uncensored
t1<-11*(yv[zv==0]) "al
term<-log(1l+t1l)
Bv<-sum(log(al*gl*11)+(al-1)*log(yv[zv==0])-(gl+1l)*term)
if (is.na(Bv)){Bv<--Inf}
return(Bv)

}

Burr.surv2<-function(xvec,xiv,etav,phiv){
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al<-xiv

gl<-etav/xiv

11<-(1/phiv) “xiv

t1<-11*(xvec) "al
term<-log(1+t1)
yvec<-exp(-gl*term)
return(yvec)

#F1ll tn the missing data

yall<-y

zall<-z;zall[z==1]<-0
0ld.xi<-exp(psi.post[1]);o0ld.eta<-exp(psi.post[2]);0ld.phi<-exp(psi.post[3])
0ld.thil<-psi.post[1];o0ld.th2<-psi.post[2]-psi.post[1];0ld.th3<--exp(psi.post[1])*psi.post[3]
old.psil<-psi.post[1];0ld.psi2<-psi.post[2];o0ld.psi3<-psi.post[3]

0ld.like<-Burr.like3(yall,zall,old.xi,old.eta,old.phi)
old.prior<-sum(dnorm((c(old.thl,0ld.th2,01ld.th3)),0,prior.sd,log=T))+old.psil

nburn<-1000

nsamp<-5000

nthin<-20
nits<-nburn+nsamp*nthin
sig.1<-1.0;sig.2<-1.0;8ig.3<-1.0

t0<-proc.time() [3]
Burr.samp3<-Burr.samp3.psi<-matrix(0,nrow=nsamp,ncol=3)
y.samp3<-matrix(0,nrow=nsamp,ncol=n)
ico<-i1<-i2<-i3<-0
for(iter in 1:nits){
#Metropolis step for each parameter separately in pst parameterization

new.psil<-rnorm(1l,old.psil,sig.1)
new.xi<-exp(new.psil)
new.thl<-new.psil
new.th2<-old.psi2-new.psil
new.th3<--exp(new.psil)*o0ld.psi3
new.al<-exp(new.thl)
new.gl<-exp(new.th2)
new.l1<-exp(new.th3)
new.like<-Burr.like3(yall,zall,new.xi,old.eta,old.phi)
new.prior<-sum(dnorm((c(new.thl,new.th2,new.th3)),0,prior.sd,log=T))+new.psil
if (log(runif (1)) < new.like+new.prior-old.like-old.prior){
old.psil<-new.psil
old.xi<-new.xi
old.thl<-new.thl
old.th2<-new.th2
0ld.th3<-new.th3
old.al<-new.al
old.gl<-new.gl
0ld.l1<-new.1l1
old.like<-new.like
old.prior<-new.prior
i1<-i1+1
}
new.psi2<-rnorm(1,o0ld.psi2,sig.2)
new.eta<-exp(new.psi2)
new.th2<-new.psi2-old.psil
new.gl<-exp(new.th2)
new.like<-Burr.like3(yall,zall,old.xi,new.eta,old.phi)
new.prior<-sum(dnorm((c(old.thl,new.th2,0ld.th3)),0,prior.sd,log=T))+old.psil
if (Log(runif (1)) < new.like+new.prior-old.like-old.prior){
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old.psi2<-new.psi2
old.eta<-new.eta
0ld.th2<-new.th2
old.gl<-new.gl
old.like<-new.like
old.prior<-new.prior
12<-i2+1
}
new.psi3<-rnorm(1,0ld.psi3,sig.3)
new.phi<-exp(new.psi3)
new.th3<--exp(old.psil) *new.psi3
new.l1l<-exp(new.th3)
new.like<-Burr.like3(yall,zall,old.xi,old.eta,new.phi)
new.prior<-sum(dnorm((c(old.thl,o0ld.th2,new.th3)),0,prior.sd,log=T))+old.psil
if (Log(runif (1)) < new.like+new.prior-old.like-old.prior){
old.psi3<-new.psi3
old.phi<-new.phi
old.th3<-new.th3
old.1l1<-new.11
old.like<-new.like
old.prior<-new.prior
i3<-i3+1

uvec<-runif (sum(z==1))
svec<-Burr.surv2(y[z==1],0ld.xi,old.eta,o0ld.phi)
yall[z==1]<-0ld.phi*((svec*(1-uvec)) (-1/0ld.g1)-1)"(1/0ld.al)

old.like<-Burr.like3(yall,zall,old.xi,old.eta,old.phi)

if (iter > nburn & iter %’ nthin == 0){
ico<-ico+1
Burr.samp3[ico,]<-c(old.al,0ld.gl,0ld.11)
Burr.samp3.psilico,]<-c(old.psil,old.psi2,o0ld.psi3)
y.samp3[ico,]<-yall

}

th.samp3<-log(Burr.samp3)
psi.samp3<-Burr.samp3.psi
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nvec<-c(expression(psi[1]),expression(psi[2]),expression(psil3]))

par(pty='s")

pairs(psi.samp3, =nvec, =19, =0.75)
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0 1 2 3 4 0.0 1.0 2.0 3.0

effectiveSize (psi.samp2)

+ varil var?2 var3
+ 2368.486 1833.532 1303.197

effectiveSize(psi.samp3)

+ varl var2 var3
+ 2476.452 1960.938 1637.245

par(pty='m',mar=c(4,4,2,0) ,mfrow=c(2,2))
boxplot(cbind(psi.samp2[,1],psi.samp3[,1]) ,names=c('No imputation','Imputation'))
title(expression(paste('Posterior for ',psil[1])),line=1)

boxplot (cbind(psi.samp2[,2],psi.samp3[,2]) ,names=c('No imputation','Imputation'))
title(expression(paste('Posterior for ',psi[2])),line=1)

boxplot (cbind(psi.samp2[,3],psi.samp3[,3]) ,names=c('No imputation','Imputation'))
title(expression(paste('Posterior for ',psil[3])),line=1)
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Missing data in Regression: For missing covariate data in a regression setting, sampling the missing covariates
involves an extra component. Consider the full conditional distribution for missing covariates X*

WX*\X,Y,Y*,G(X*‘Xa y,y";0)
By Bayes theorem, this is proportional to
Sy v x x (¥, Yy 71% x5 0) fxorx (X7]x; 0)
The first term is the complete data likelihood for a regression problem. The second term most typically simplifies

to
Jx(x*;0)

under the assumption of random sampling of the response/covariate pairs.
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