MATH 598: TOPICS IN STATISTICS
BAYESIAN MODELLING WITH THE NORMAL MODEL

Suppose that a model is to be constructed under an assumption of exchangeability with the following components:

¢ Finite realization ¥, . . ., y, recorded;
e V=R,
* 0= (p,0);

* fv(y;0) = Normal(p, 0?)
e mo(p,0) a prior density on R x R.

In the book Bayesian Theory, Chapter 4, pp 183 — 186, the authors point out that this model can be justified by a
requirement for centered spherical symmetry amongst the Y variables, that is, for all n > 1 the quantities

Yi-Y,, ..., Y,-Y,
exhibit spherical symmetry, thatis, if Z; =Y; — Y, fori = 1,...,n, then the vectors
Zn=(Z1,....2,)" and AZ,

have the same distribution, for any n x n matrix A such that ATA =1,. The de Finetti representation then takes

the form
iy s um) =/ / {HfY(yi§N>U)}7TO(dM7dO')
—o /0 =1

For illustration, we consider a data-generating scenario where the true values of the parameters are pp = 2,09 = 1
and consider a sample of size n = 20.

set.seed(234)

n<-20
theta0<-2;sigmal0<-1
y<-rnorm(n,thetal,sigmal)
round(y,4)

+ [1] 2.6608 -0.0530 0.5008 3.4712 3.4591 2.1401 2.2092 -1.0361
+ [9] 1.5131 0.9121 2.0579 3.1040 1.9744 2.5148 2.9901 2.3035
+ [17] 1.0699 2.0840 2.5268 2.0159

(ybar<-mean(y))

+ [1] 1.920928

Bayesian inference for § with ¢ known.

First consider the case where ¢ is treated as known and correctly specified as o(; we can consider this specification
by imagining that

mo(p, o) = mo (N|0—)5Uo (o)
that is, the prior for ¢ is a degenerate function with mass 1 at y. Then the Bayesian calculation becomes

P (Y1, ym) = /OO {H fY(yi;%UO)}ﬂ'o(dlLO'O) 1)
> li=1
We have
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where
n

7 :%Zy Z(yz‘—u)2=71@n—ﬂ)2+z(%—f

i=1

by the usual sums-of-squares decomposition. Thus, ignoring constants that do not involve ., we see that

n n _
H Ty (yi; 1, 00) o< exp {—22(Z/n - M)Q} :
i=1 90
The prior distribution 7 (dp|op) can be chosen however deemed suitable. Suppose that we specify that

mo(p|oo) = Normal(n, o2 /\)

for some fixed n € Rand A > 0; that is

A\ 1/2 A\ ,
mo(ploo) = <27702> eXP{—M(N—W) }
0 0

Then, up to proportionality, we have that

2

(o) o exp {57~ 0 fexp { ~go =} = exp { =50 @ =0+ A =] .

To simplify this expression, we may use the complete-the-square formula

Aa+ Bb\?  AB
_ 2 _H2 — _ EAY
A(x —a)® + B(x — b) (A+ B) (x i+ B ) A+B(a b)
to deduce that
_ 2 2 ny,, + An 2 nA 2
= 0 4 A= = (43) (= TEM)

Thus

1
mn(|og) o< exp ~ 552

0

+ A n+ A

and from this we may deduce that 7, (1|o¢) = Normal(n,, o3 /\,), where

Y, +An

Ap = A
n+ A n

n

e o= ) o oo {0 (o )

We can investigate the behaviour of the posterior for different settings of the prior parameters (or hyperparameters):

'(n,k)=(01)

e (n,)\) =(2,0.1);
’( ) = (<1,2);
o (1.2) = (-1,0.01).

par (oma=c(2,2,1,4) ,mar=c(3,3,2,0) ,mfrow=c(2,2))
xv<-seq(-2,3,by=0.01)

eta<-0;lambda<-1

eta.n<-(n*ybar+lambda*eta)/(n+lambda)

lambda.n<-n+lambda

yvi<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.n))
mtxt<-substitute(paste('(',eta,',',lambda,')',' = (',ev,',',lam,"')"'), list(ev=eta,lam =
plot(xv,yvl,type='1l"',main=mtxt,ylim=range(0,2))
lines(xv,dnorm(xv,eta,sqrt(sigma0~2/lambda)),col="'red',1ty=2)

lambda))



##Prior 2
eta<-2;lambda<-0.1

eta.n<-(n*ybar+lambda*eta)/(n+lambda)

lambda.n<-n+lambda

yv2<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.n))

mtxt<-substitute(paste ,eta,',',lambda, ' o= ,ev,',',lam, , list(ev=eta,lam
BB bstitut (p te('(',eta,',',lambda,')"',"’ . 1 '), list( ta,l

plot(xv,yv2,type='1l"',main=mtxt,ylim=range(0,2))

lines(xv,dnorm(xv,eta,sqrt(sigma0~2/lambda)),col="'red',lty=2)

##Prior 3
eta<--1;lambda<-2

eta.n<-(n*ybar+lambdax*eta)/(n+lambda)

lambda.n<-n+lambda

yv3<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.n))
mtxt<-substitute(paste('(',eta,',',lambda,')"',"
plot(xv,yv3,type='1l"',main=mtxt,ylim=range(0,2))

(",ev,',",lam,"')"'), list(ev=eta,lam

lines(xv,dnorm(xv,eta,sqrt(sigma0~2/lambda)),col="red',1ty=2)

##Prior 4
eta<--1;lambda<-0.01

eta.n<-(n*ybar+lambda*eta)/(n+lambda)

lambda.n<-n+lambda

yv4<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.n))

mtxt<-substitute(paste('(',eta,',',lambda,')',' = (',ev,',',lam,"')"'), list(ev=eta,lam

plot(xv,yv4,type='1l"',main=mtxt,ylim=range(0,2))

lines(xv,dnorm(xv,eta,sqrt(sigma0~2/lambda)),col="'red',lty=2)
mtext (text="Posterior distributions (black) under different priors (red dashed)",
side=3,1line=0,outer=TRUE)

Posterior distributions (black) under different priors (red dashed)
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and the influence of the prior diminishes. We can see the effect of changing A if the sample size is increased to 500;

set.seed(234) ;n<-500
y<-rnorm(n,thetal,sigma0) ; ybar<-mean(y)
par (mar=c(3,3,1,0)) ;xv<-seq(1.5,2.5,by=0.001)

eta<-0;lambda<-1 ##Prior 1
eta.n<-(n*ybar+lambda*eta)/(n+lambda)

lambda.n<-n+lambda

yvi<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.n))
mtxti<-expression(paste('(',eta,',',lambda,"')',' = (0,1)'))
plot(xv,yvl,type='1l"',ylim=range(0,9) ,xlab=expression (mu))
title("Posterior distributions under different priors with n=500")

eta<-2;lambda<-0.1 ##Prior 2
eta.n<-(n*ybar+lambdax*eta)/(n+lambda)
lambda.n<-n+lambda
yv2<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.n))

mtxt2<-expression(paste('(',eta,',',lambda,')',' = (2,0.1)"'))
lines(xv,yv2,col="'red')

eta<--1;lambda<-2 ##Prior 3

eta.n<- (n*ybar+lambda*eta)/(n+lambda)

lambda.n<-n+lambda
yv3<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.n))
mtxt3<-expression(paste('(',eta,',',lambda,')',' = (-1,2)'))
lines(xv,yv3,col='blue')

eta<--1;lambda<-0.01 ##Prior 4
eta.n<-(n*ybar+lambda*eta)/(n+lambda)

lambda.n<-n+lambda
yv4<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.n))
mtxt4<-expression(paste('(',eta,',',lambda,')',' = (-1,0.01)"'))

lines(xv,yv4,col='green')
legend(1.5,9.0,c(mtxtl,mtxt2,mtxt3,mtxt4) ,1ty=1,col=c('black', 'red', 'blue', 'green'))

Posterior distributions under different priors with n=500
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In this plot, the green and red lines are exactly overlapping.



From (1), we have for the exchangeable (marginal) specification

v (YY) = / {H fy(yﬁlhoo)} mo(dp|oo) ©)]
i1

— 00

N : " 1 2 - 2 A Yz A 2
:Lm (27703) exp *ﬁ n(Y, — n) +;(yz’*yn) <27To§) exp{%‘g(‘un) }d,u

1 (n+1)/2 s 1 n ) n\ ) o A )
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Prediction: The predictive distribution for Y, given Y1 = y1,...,Y,, = y, is given by

o0
Fo Vst s [91, o y) = / Py Wos 1 1 50) e (1loro) dp
—o0

o /o \1/2 1 O A 2 An )
— —_— n — — 3 o — IIn d
/_OO (2mg> eXP{ 207 (Ynt1 — 1) }(2mg> exp{ 207 (1= 1n) } v

= ( ! )(An)”2 /_O;eXP{—;z [(Yn+1 —u)2+kn(u—nn)2}} dp

2
2o 0

We may write the term in the square brackets as

2
Yn+1 + Annn )\n 2
( )(u . ) 1+)\n(y +1= 1)

so therefore the predictive distribution fy, |v,.....v, (Ynt1ly1, ..., yn) takes the form

1 >\n o (1 + An) Yn+1 + )\nnn >
A )12 M )2 / _ _ d
(27T08>( n) exp 2(1+ \,)od (Wt = 71n) oo e 203 H 1+ A, H

1/2
(M ox _/\7n( )
= 271'(]_ —+ )\n)o'% p 2(1 + )\n)o_g Yn+1 —Tn .

We conclude that

2
g
yniaviye Yo Uns1lyts - -, Yn) = Normal <Mn,1a S °1> 5)
n,
where
_ A _ )\"
Hn,1 = Tn n,l — 1+>\n

Choice of \: Note that as A\,, = n + A, setting A — 0 may be regarded as an attempt to express prior ignorance
about y; recall that the prior on p is Normal(n,o3/)), so as A gets smaller the prior variance increases. If A = 0,
the posterior distribution is well-defined as m,,(1|oo) = Normal (¥,,, o3 /n). For the predictive distribution

An
An1 =g T\,

Ai=1+A"

Asn — 00, Ap,1 — 1. However, this also reveals that as A — 0, whatever the value of n, the prior predictive
distribution (4) is not a proper distribution. The effect of changing A on the posterior predictive is illustrated in
the following plots with n = 500.



set.seed(234) ;n<-500
y<-rnorm(n,thetal,sigmal) ; ybar<-mean (y)
par (mar=c(4,3,2,0)); xv<-seq(-2,4,by=0.001)

eta<-0;lambda<-1 ##Prior 1

eta.n<-(n*ybar+lambdax*eta)/(n+lambda)

lambda.n<-n+lambda

lambda.npred<-(lambda.n)/(lambda.n+1)
yvi<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.npred))
mtxtl<-expression(paste('(',eta,',',lambda,')',' = (0,1)'))
plot(xv,yvl,type='1l"',ylim=range(0,0.8) ,xlab=expression(mu))
title("Predictive distributions under different priors with n=500")

eta<-2;lambda<-0.1 ##Prior 2
eta.n<-(n*ybar+lambda*eta)/(n+lambda)
lambda.n<-n+lambda
lambda.npred<-(lambda.n)/(lambda.n+1)
yv2<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.npred) )

mtxt2<-expression(paste('(',eta,',',lambda,')',' = (2,0.1)"'))
lines(xv,yv2,col="'red')

eta<--1;lambda<-2 ##Prior 3
eta.n<-(n*ybar+lambdax*eta)/(n+lambda)

lambda.n<-n+lambda

lambda.npred<-(lambda.n)/(lambda.n+1)
yv3<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.npred))
mtxt3<-expression(paste('(',eta,',',lambda,')',' = (-1,2)'))
lines(xv,yv3,col="'blue')

eta<--1;lambda<-0.01 ##Prior 4
eta.n<-(n*ybar+lambda*eta)/(n+lambda)

lambda.n<-n+lambda

lambda.npred<-(lambda.n)/(lambda.n+1)
yv4<-dnorm(xv,eta.n,sqrt(sigma0~2/lambda.npred))
mtxt4<-expression(paste('(',eta,',',lambda,')',' = (-1,0.01)"'))

lines(xv,yv4,col='green')
legend(-2,0.8,c(mtxtl,mtxt2,mtxt3,mtxt4),1ty=1,col=c('black','red', 'blue', 'green'))

Predictive distributions under different priors with n=500
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Bayesian inference with both 1 and o unknown.

If both 1 and ¢ are unknown we can still consider a factorization of the prior

o (1, 0) = mo(plo)mo(o)
and then note that if we retain the same conditional prior for i as above
mo(p|o) = Normal(n, o? /)
then as

(1 0) o< [ | f (wis s 0)mo(ulo)mo (o)
=1
it must be that .
mn(plo) o [T fv (i s o)mo(ulo)
1=1

as all other terms are constant in ;. Noting this, we have precisely the same calculation as if ¢ were known, and it
follows that
Ta(pilo) = Normal(n, 0 /Ar)

Therefore it is required only to compute the posterior for o, 7, (c). To do this, we first write an equivalent model
in terms of ¢, and consider the joint posterior

(s, 0%) o< [ fv Wis 1 0)mo (1|0 mo (o)
i=1

which, now retaining all terms in o, can be written

(n+1)/2 _ 2
1 1 ny, + A nx
maluo) o () exp{—w () (1= ") <yn—n>2Hwo<a2>

n+ A n+ A
where the leading term is comprised of a product of n factors of (1/0) from the likelihood term, and then one
factor (1/0) from mo(p|o?) — see equation (2). For convenience we try to choose a prior mo(o) that combines with
the other terms in a tractable fashion. If

a/2+1
mo(0?) o (012) exp{—%f?}

then a simple calculation will follow; this specification is possible as it corresponds to assuming that

% ~ Gamma(a/2,3/2).

This distribution for o2 is referred to as the Inverse Gamma distribution: if X ~ InvGamma(«, 8) then the pdf for

X takes the form atl
o () a2} oo

for a, 8 > 0 — the distribution arises by transformation as the distribution of the quantity X = 1/Z where Z ~
Gamma(a, B).

Using this prior specification, we conclude that

1\ (rhat1)/2+1 1
T, 0?) =c| = expq ——5
e o2 202

T, + )" nA
() (1= By P Y- 7+




where c is a constant that does not depend on  or . To compute the marginal posterior density for o, we must
integrate out u from m, (i, 0); this can be achieved in a straightforward fashion as most of the terms are constant
in . We have that

m(?) = [ (o) da

1 (n+a+1)/2+1 1
= X = < a
“\ o2 b 202

1 (n+a+1)/2+1 1
= X = < o
“\ o2 P 202

/“ex N (g, )]

oo P 202 H n+ A\ H
2mwo? 1/2
<n+)\)

as the integrand is a Normal density with the normalizing constant removed. Hence

1 (n+a)/2+1 1
T (0?) o | = expl ——
" o2 202

and we can deduce that the posterior distribution of ¢ is defined by the fact that 1/0? has a Gamma(a, /2, 3,,/2)
distribution with parameters

A n
@) Y (s~ 7,) 8

i=1

n _ 2 - — \2
m(yn n) +;(yz Un) + 8

nA ”
i=1

The following code computes the posterior distribution for o2 for a specific choice of prior, namely

n=2 A=0.1 a=2 8 =4

set.seed(234)
dinvgamma<-function(x,a,b,log=FALSE){
dx<-(b~a/gamma(a))*(1/x) " (a+1) *exp (-b/x)
if (log){
dx<-log(dx)

return(dx)
}
n<-20
theta0<-2; sigmalO<-1
y<-rnorm(n,thetal,sigma0)
ybar<-mean (y)
yssq<-sum( (y-ybar) ~2)
eta<-2
lambda<-0.1
al<-2
be<-4
al.n<-n+al
be.n<-((n*lambda)/(n+lambda) ) * (ybar-eta) “2+yssq+be
xv<-seq(0,5,by=0.001)
yv<-dinvgamma(xv,al.n,be.n)
plot(xv,yv,type='1l"',xlab=expression(sigma~2),ylab=expression(pi[n] (sigma~2)),ylim=range(0,1.5))
yvO<-dinvgamma(xv,al,be)
lines(xv,yv0,col='red',1ty=2)
title(expression(paste("Posterior (black) and prior (red dashed) distribution (n=20) for ",sigma”2)))
legend(3,1.5,c(expression(eta==2) ,expression(lambda==0.1) ,expression(alpha==2),expression(beta==4)))



Posterior (black) and prior (red dashed) distribution (n=20) for o?
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For this prior, we can also compute the joint posterior distribution m,, (11, 0?) on a suitable grid of points

library(fields,quietly=TRUE)
colfunc <- colorRampPalette(c("blue","lightblue","white","yellow","orange","red"))
sigsq.v<-seq(0.5,2.5,by=0.01)
mu.v<-seq(1,3,by=0.01)
pi.n.jt<-matrix(0,nrow=length(sigsq.v),ncol=length(mu.v))
eta.n<-(n*ybar+lambdax*eta)/(n+lambda)
lambda.n<-n+lambda
for(i in 1:length(sigsq.v)){
for(j in 1:length(mu.v)){
pi.n.jtli,jl<-dinvgamma(sigsq.v[i],al.n,be.n)*dnorm(mu.v[j],eta.n,sqrt(sigsq.v[i]/lambda.n))

par(pty='s")

#image (sigsq.v,mu.v,pi.n.jt,zlab=ezpression(sigma 2),ylab=ezpression(mu))
image.plot(sigsq.v,mu.v,pi.n.jt,col=colfunc(100),xlab=expression(sigma~2) ,ylab=expression(mu))
contour(sigsq.v,mu.v,pi.n.jt,add=T)

title(expression(paste('Joint posterior distribution ',pil[n] (mu,sigma~2))))



Joint posterior distribution ,(y, )
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z<-pi.n.jt

z.facet.center <- (z[-1, -1] + z[-1, -ncol(z)] + z[-nrow(z), -1] + z[-nrow(z), -ncol(z)])/4
z.facet.range<-cut(z.facet.center, 100)
colvec<-colfunc(100) [z.facet.range]
par (mar=c(2,2,4,0))
persp(sigsq.v,mu.v,pi.n.jt,col=colvec,phi=20,theta=-60,
ticktype="detailed",expand=0.6,
xlab=' ',ylab=' ',zlab=' ',
cex.axis=0.6,main=expression(paste('Joint posterior distribution
text (-0.35,0,expression(pi[n] (mu,sigma~2)))
text(-0.2,-0.35,expression(mu))
text(0.3,-0.25,expression(sigma”2))

,pi[n] (mu,sigma~2))))
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Joint posterior distribution ,(y, 0°)

0N
XN

Note: As before, we may consider limiting cases of the prior specification where A — 0, which induces a prior
for p that becomes more and more diffuse as ) increases, and «, 3 — 0 which induces a diffuse prior for o2.
Under these limiting specifications 7,, = 7,, and A,, = n, and

n

Ap =T Bn = Z(yz - ?n)z
i=1
so that the resulting posterior is still a well-defined distribution. However, also as before the prior predictive

distribution becomes an improper distribution in these limiting cases; for the posterior predictive distribution we
have as in (5)

oo o0
Py s nsa |91, ) = / / Py (s 1, 0V (1l0?) 0 (02) dpt do
0 —00

/ )\”71 . € )\"’1 ( )2 ( 2) d
Xp 4 — n+1 — bn mn(0?) do
o \2mo? P g2 Wit T Hin '

A, 1/2 /2 an/2 oo s q (an+1)/24+1 1
= ( 71) M/ < ) exp{—%‘2 [)‘n,l(yn+1 _Mn,1)2 +ﬁn]} do
0

2 T(an/2) el
T <an + 1)
1/2 c —
_ )\n,l / (ﬁn/2) in/2 2@”/2 2 y cR
T T(an/2) el

(an+1)/2
{)\n,l(ynJrl - Mn,l)2 + ﬁn}

which is a form of Student-t distribution.
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