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Monte Carlo: basic principles

The basic principles of Monte Carlo are based on simple ideas
from frequentist statistics:

» Laws of large numbers: Suppose Xi,...,Xp,... are iid
random variables. Then, usually,

1 n
=, 9(Xi) = E[g(X)]
n P
i=1
as n — oo.

» Ergodic Theorems: For sequence Xi,...,Xy,..., and un-
der mild conditions on the joint distribution of random
variables,

L g(x) 22 Efg(x)
n < g4 o g

i=1

as n — 0.



Monte Carlo: basic principles

» Central Limit Theorems: Under mild conditions on the
joint distribution of random variables Xj,...,X,,..., as
n— oo,

an <111 > 9(Xi) - bn) 5 N (p,0?)
i=1

for suitable choices of the sequences {a,} and {b,}.



Monte Carlo: basic principles

Essentially, standardized sums of random variables have sta-
ble long-run behaviour. For example, for a distribution with
finite second moment

11’1
X 25 E[x Z\N'x2 P, Ex2
[X] ngl [X“]

as n — o0, and so on.



Monte Carlo: basic principles

More explicitly, in the i.i.d. case,
1 n
0 21X1' £, JX dF(x) = fo(x) dx
im

where f(x) is the density of the X variables. Recall that

izzlxi = Jx dF,(x)

S -

where ﬁn is the empirical cdf.



Monte Carlo: basic principles

In essence, Monte Carlo methods replace integrals with re-
spect to F by integrals with respect to F,, and then rely on
the convergence of the latter to the former.



Monte Carlo: basic principles

We consider approximating the integral

| a0t ax
for probability density f(x) by the sum
1N
N 1_231 Q(Xi)
where x1,...,xy are an i.i.d sample from f.

We need to establish

» whether this approximation works
» the accuracy of the approximation
» how the samples from f(x) are obtained.



Monte Carlo: Validity

The strong law of large numbers ensures that

N 2 9(%) =5 Elg(x)] = [ g(0f(x) dx

provided the expectation E[g(X)] exists. Does this ever go
wrong ?
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Monte Carlo: Validity

Consider computing

f L gin(2r/x) dx

0 X
by sampling X; ~ Uniform(0,1), and then computing

1

N 1n(27r/X)

M=
X\»—\

i=1
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Monte Carlo: Validity

The integral can be computed as

fllsin(ZW/X) dx - stm(%t)df;

0o X 1 t
w0 2 27
_ J sin(t) dt—f sin(t) d
0 t 0 t

= Si(o0) — Si(27)

where Si(.) is a special function (the sine integral).

We have that Si(o0) = 7/2; the numerical value of the integral
is 0.1526.
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Monte Carlo: Validity

Run 1:
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Monte Carlo: Validity

Run 2:
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Monte Carlo: Validity

Occasional large values of

1
Y; = X sin(27/X;)

cause the Monte Carlo average to not converge as N gets
large.

A sufficient condition for strong convergence is

f g(x)|£(x) dx < o

which does not hold here.
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Monte Carlo Estimation: Statistical Properties

In situations where the Monte Carlo estimator

i=1

of u(g) = E[g(X)] does converge satisfactorily, and a central
limit theorem applies, we have that

VN(In(g) — 1(g)) ~% N(0, V(g))

where
V(g) = Var[g(X)] = f (9(x) — u(g))* £(x) dx

The Monte Carlo estimator exhibits op(1/N) convergence.
16



Monte Carlo Estimation: Example

Example: Normal Interval Probabilities

Consider f(x) = ¢(x) (standard Normal pdf), the function

0 X<X0
g(x) =
1 X > Xo

for some fixed x¢ > 0, and the integral

joo g(x)f(x)dx =1 — ®(xp).

—00

The integral is the tail probability from ordinate xg.
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Monte Carlo Estimation: Example

Example: Normal Interval Probabilities

The Monte Carlo estimator is this case is

N

- 1 1
In(g) = = ), 9(%) = = D Lixg0)(X0)
Ni:1 Ni:1

~

where Xi,..., Xy ~ N(0,1), which has E[Ix(g)] = 1 — ®(xp),

and variance
P(x0)(1 — ®(x0))

N
which decreases with increasing xp. The variance estimate is

~

In(g)(1 - In(g))
N
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Monte Carlo Estimation: Example

Example: Normal Interval Probabilities

A problem that occurs when xq is large is finite sample bias;
the probability of obtaining no X; > xg, and thus an estimate

In(g) =0, is
po = {®(x0)}"

which can remain large even for large N if xq is large enough.

In the following table, Ny is N such that py = 107°:

X0 ‘ 2 4 6 8 10 12

NO.G.OO x 10% 4.36 x 10° 1.40 x 10'0 2.21 x 10! 1.81 x 10%* 7.77 x 1033
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Monte Carlo Estimation: Example

Example: Mixture Integrand

Consider

565) = {—;(x + 2.5)2} + 3exp {_;(x - 2)2}
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Monte Carlo Estimation: Example

Example: Mixture Integrand

Plot of integrand g(x) (solid) and f(x) (dashed):

30
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05

0.0
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Monte Carlo Estimation: Example

Example: Mixture Integrand

Plot of integrand g(x)f(x) (solid) and f(x) (dashed):

0.4

9(x)"P(x)

0.1

0.0
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Monte Carlo Estimation: Example

Example: Mixture Integrand

Convergence of estimator for N = up to 10000.

W@
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T T T T T
[ 2000 4000 6000 8000 10000
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Monte Carlo Estimation

Motivated by the deterministic approximation

k
f g(0)f(x) dx = " wig(x)

Jj=0

where weights are determined by f(x), to minimize the error
in the approximation, it should be advantageous to choose
design points xg, . .., Xx where g is largest.

In a Monte Carlo setting, it seems clear that the estimator will
converge more quickly and have lower variance for finite N
when f(x) generates points in regions where g(x) is large in
magnitude.
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Monte Carlo Estimation

See knitr 4
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Importance sampling

The identity

f g(x)f(x) dx = J g(x)£(x) 1{28 dx = J g(;;zi()x)fo(x) dx

where fj is a probability density with support including the
support of f, demonstrates that

g(X)f(X)}

[Ef[g(X)] = [Efo [ fO(X)

so that an estimator of the LHS is
’I\(fo)( ) — 1 i g(Xi)f(Xi)
NIEN LT R
i=1

where Xj,..., Xy ~ fo(.).

26



Importance sampling

TZEIfO) is termed the importance sampling estimator.

fo is termed the importance sampling density. By careful
choice of fy, the estimator can have better performance than
the Monte Carlo estimator in finite samples.

Note that

N
wo(X;)g(Xi)

o 1 Y fx; 1
10(0) = X 19 -
i=1 1 i=1

fo(X

say, where
_ f(X)
fo(X;)

is the importance sampling weight.

Wo (XI' )
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Importance sampling

Note that

o]
1 N
[Efo [lezl W()(Xl')] =1
although for any realization

1 N
_ . 1
N P WO(X1) 7

in general.
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Importance sampling: Example

Example: Normal tail probability

Consider the Monte Carlo estimation of
Q0
J o(x)dx =1— D(x0)
X0

For xq large, the Monte Carlo estimator is prone to finite sam-
ple bias.

For xo = 4, 1 — ®(xp) = 3.167 x 107>, and the probability of
getting Iy = 0 for N = 100000 is

{®(x0)}199000 — 0.0421
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Importance sampling: Example

Example: Normal tail probability

Monte Carlo estimate Iy (g) of 1 — ®(xo), with xo = 4:

That
000000 000002  0.00004 000006  0.00008  0.00010  0.00012
I

30



Importance sampling: Example

Example: Normal tail probability

Consider using the importance sampling density
fo(x) = dexp{—A(x —x0)} x> Xo

This density has support identical to the tail region of interest,
so in the importance sampling estimator, we have

M=z

N . .
B = & 3 TR 25 60 explA(K: - 20}
i=1 !

N :
1

1

as g(Xj) = 1 for all variates sampled from f;.
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Importance sampling: Example

Example: Normal tail probability

IS estimate Tgo)(g) (dotted) for A = 10

In(9)
0.00000 0.00002 0.00004 0.00006 0.00008 0.00010 0.00012
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Importance sampling: Example

Example: Normal tail probability

IS estimate Tgo)(g) (dotted) for A = 100

In(9)
0.00000 0.00002 0.00004 0.00006 0.00008 0.00010 0.00012

33



Importance sampling: Example

Example: Normal tail probability

Consider using the importance sampling density fp(x) = t(5),
the Student-t density with five degrees of freedom.

A similar importance sampling estimator can be defined for
this density; in this case, the tail-region indicator function

0 x < Xg
g(x) =
1 X > Xg

must be included in the computation of Tgo)(g).
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Importance sampling: Example

Example: Normal tail probability

IS estimate Tgo)(g) (dotted) for fy = t(5)

In(9)
0.00000 0.00002 0.00004 0.00006 0.00008 0.00010 0.00012
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Optimal Importance Sampling

There are many possible choices for the importance sampling
density fy. We now seek guidelines for choosing fy optimally.

Note first that the variance of TI(\}CO) (g) is finite if and only if

g(X)f(X)
fo(X)

has finite variance, that is, if and only if

(15| g o

is finite.

36



Optimal Importance Sampling

This equates to
F CICIEI
—0 fo (X)
being finite. Note also that

g(X)f(X))* 2 £(X)
E = SutAn w2 =E X)L
fy [{ fO(X) f {g( )} fO(X)
Now, if f(x)/fy(x) is unbounded on the support of f, then these
expectations, and the variance of TI(\}CO) (g), are not finite.

Therefore, for f with unbounded support, we must ensure that
f(x)/fo(x) stays bounded on R, particularly in the tails.
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Optimal Importance Sampling

To optimize the importance sampling procedure, we inspect
the variance of the IS estimator.

o 155 - 1| ()

But

£, | 2R | - Erlo0)]

does not depend on fy, so we must minimize the first term.
Note that

€, [{g(lf‘g;(;‘)}] > (e [ OMON_ g x|

by Jensen’s inequality.

38



Optimal Importance Sampling

This is a lower bound on the variance of the estimator which
is independent of fy. By the logic of Jensen’s inequality, the
inequality becomes an equality when

lg(x)|f(x)
fo(X)

is a constant, that is, when

fo(x)lg|F(x) - L )
Jlg u)|f(u

However, this is an infeasible choice, as we do not know the
denominator.

39



Optimal Importance Sampling

Note that, in general, if X;,...,Xn,... ~ fy, then
1% f(X) gfoo ) ¢ yax =1
N & fo(X;) oo fo(x)

so therefore

3 g()(x)
() - L =5 Elg(x)
5 i)
iz1 fo(Xi)

also, if the expectation exists. For finite N, this estimator

Tgo) (g) is biased, but asymptotically unbiased. It may have

smaller variance than TI(\}CO) (9)



Optimal Importance Sampling

It seems appealing to combine this with the optimality result.

The estimator

NogX)f(Xi)) Y g(X)
A :
~(fo) =1 fo(Xi) =1 lg(X)|
IN"(g9) = N =N
3 f(X;) 3 1
i1 fo(Xi) i1 lg(Xi)|
is feasible. When g{(.) is positive
~ N
W)= w1
1';1 g(Xi)

that is, the harmonic mean estimator. Unfortunately, this es-

timator often has poor properties.



Optimal Importance Sampling

However, to get as close to the variance bound as possible, a
sensible objective is to choose fy so that

[g(x)|f(x)
fo(X)

is almost constant, such that the variance is finite.

This suggests designing fp to have high density whenever the
original integrand |g(x)|f(x) is large, subject to the constraint

f(x) f(X)
fo(x)<M or |Ef|:fO<X):|<M

for some finite bound M.
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Importance Sampling in Higher Dimensions

All of the previous results carry across to the case where the
target integral is an integral in dimension higher than one.

» g(x) is a scalar function of vector argument x,
» f(x) and fy(x) are multivariate densities.
In higher dimensions, in general, many more random samples

are needed to obtain sufficient accuracy than in the univariate
case.
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Random number generation

Monte Carlo and Importance sampling both require ready ac-
cess to random samples from univariate or multivariate dis-
tributions.

There are many straightforward techniques available to ob-
tain random samples from standard distributions once a ran-
dom sample of Uniform random variables is available:
» CDF inversion: If U ~ Uniform(0,1), and Fx is a cdf with
inverse Fy ', then

X = Fy'(U) ~ Fx

(the probability integral transform). If Fx is discrete, de-
fine
Fy'(u) = max{x : Fx(x) < u}

44



Random number generation

» Transformation:

» Exponential, Gamma, Beta
» Normal

> Box-Miiller
> Polar Marsaglia

» Student, Fisher, Multivariate Normal
» Summation: It is possible to generate using sums of in-
dependent identically distributed random variables.

R has many random number generation tools for standard dis-
tributions.

45



Uniform random number generation

Generation of truly random uniform variates mechanically is
challenging; statistical packages rely on pseudo-random uni-
form generation:

» sequences {u,} that are generated by some deterministic
mechanism, but that appear to be random even under
severe statistical testing.

Pseudo-random number generators are typically built on de-
terministic equations of the form

Up+1 = h(u].)"'aun)

constructed to that u,y; is apparently not predictable from
previous elements.

46



Congruential Generators

A (linear) congruential generator takes the form
Upy1 = aup + b mod ¢

for integers a, b, c, where 0 < a < cand 0 < b < c¢. The ini-
tialization of the sequence is achieved by setting the seed ug,
0 < up < c. The recursion generates integers on {0,1,...,¢c—
1}, which can be transformed into uniform random variates
by rescaling.

Care is needed in the choice of the constants, but provided

» a and b are coprime,
» a — 1 is divisible by all prime factors of ¢
» a — 1 is a multiple of 4 if ¢ is a multiple of 4.

the generator has full cycle length c¢. Typically ¢ = 232 is
chosen.

47



Congruential Generators: defects

Congruential generators can perform adequately, but have
known defects. They are principally favoured because of sim-
plicity of computation.

Most obviously, the generated points can be shown to exhibit
specific forms of serial dependence. For examples, certain
subsequences of points can be demonstrated to lie on a hy-
perplanes (and hence be predictable).

Predictability is an undesirable property for randomness, but
may not be too problematic in Monte Carlo for certain inte-
grals.

48



Recursion/shift Generators

More recently, vector recursion generators have superseded
congruential generators. These algorithms take linear (ma-
trix) combinations of current vectors to produce new vectors
in the sequence.

A favoured shift generator is the Mersenne Twister, which is
the default in R, which has a cycle length of

919937 _ 1

This generator produces very reliable uniform variates that
are virtually indistinguishable from truly random numbers.

49



Rejection sampling

Suppose that we wish to sample from an arbitrary density
f(x), but this is not straightforward directly. Suppose instead
we have easy access to variates from the density fy(x), where

f(x)

<M for all x
fo(x)

50



Rejection sampling

Then the following algorithm produces variates from f:

1.
2.
3.

generate x from f
generate u from Uniform(0, 1)
if
f(x)
Mfo (X )

u <

accept x as a variate from f; if this inequality is not met,
return to 1.

51



Rejection sampling

This is the rejection sampling (or accept-reject) algorithm.
The density fy is the proposal density.

It works for any bound M, but is most efficient (has fewest
rejections) when M is as small as possible, for example, if

f(x)
M = sgp (%)

If f(x) is bounded, and has support which is a bounded subset
X of R, then fy can be chosen to be the Uniform density on X,
although this is not necessarily the optimal choice.

52



Rejection sampling: Efficiency

Note that

Pr[X is accepted] = Pr [U <

0 £(x)/(Mfo(x)) aul s g
| { | u} a(x) dx
“ f(x)
B Joo Mty (x) )

0
1[ F(x) dx — —
M) M

so ideally M should be as small as possible.
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Rejection sampling: Efficiency

Note also neither f nor fy need to be normalized for this algo-
rithm to be valid:

» If f(x) = mg(x) and fo(x) = mogo(x), then

flx) m g(x)

fo(x)  mp go(x)

or
gx) _,\p_mM
go(x) mo
is the rejection sampling bound.
» We proceed by bounding g(x)/go(x).
» The acceptance probability is now indeterminate, how-
ever, by monitoring the empirical acceptance rate, an es-
timate of m/mg can be obtained.
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Rejection sampling

Example: Normal mixture

Consider sampling from the normal mixture
1 3
f(x) = Z¢<X +2)+ Zfﬁ(x -1)

where ¢(.) is the standard normal pdf. Consider rejection
sampling from this density using

fo(x) = ~0 (Xgl)

for some variance o2.
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Rejection sampling

Example: Normal mixture

Target f(x) (solid) and fy(x) (dashed) with o = 2.5.
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Rejection sampling

Example: Normal mixture

f(x)/fo(x) maximized at x = 0.9863, yielding M = 1.8821:

10

P(/po)

0.0
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Rejection sampling

Example: Normal mixture

f(x) bounded by Mfy(x):

3
8
S

0
g
S

o
& |
S

0.15

0.10

0.05

0.00
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Rejection sampling

If x is a variate from fj, then fy(x) is the value of the density
at that variate, and Mfy(x) is the scaled version. Consider a
vertical slice at x which is the line segment

(x,0) — (x, Mfy(x))

By assumption f(x) < Mfy(x). Them, if u is simulated from
Uniform(0,1), then uMfy(x) is the random portion of the ver-
tical slice, and if

f(x) < uMfy(x)

then f(x) is below the random point on the line segment, and
hence is rejected.
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Rejection sampling

Example: Normal mixture
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Rejection sampling

Example: Normal mixture
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Rejection sampling

Example: Normal mixture
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Rejection sampling

Example: Normal mixture
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Rejection sampling

Example: Normal mixture
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Rejection sampling

Example: Normal mixture

53078 out of 100000 points accepted (1/M = 0.5313).

Accepted Points

4000

3000

2000

1000
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Rejection sampling

» The acceptance rate is 1 if fp(x) = f(x).

If fy(x) resembles f(x), then the acceptance rate will be
high.

» The maximization of f(x)/fy(x) can be done numerically.
The extension to the multivariate case is straightforward
» The proposal density can be constructed adaptively;

» whenever a point is rejected, it is used to update the
proposal function.

v

v
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Adaptive Rejection sampling

If f(x) is log-concave (that is log f(x) is concave), then adap-
tive rejection sampling constructs an adaptive proposal den-
sity using rejected points.

Even when a point x is rejected, f(x) is computed, and this
information is useful improving f;.

For example, consider sampling from Gamma(«, 1) for nonin-
teger a > 1. We have

log f(x) = const. + (o — 1) logx — x

which is concave, as the second derivative is negative.
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Adaptive Rejection sampling

The proposal function fy(x) can be taken as Exponential (1/2);

in this case
f(X) _ 2 Xa—le—X/Z

fr(x)  T(a)
which achieves its unique maximum at

Xmax = 2(a — 1)

Thus rejection sampling can be carried out using this fj.
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Adaptive Rejection sampling

However, the Exponential(1/2) distribution is potentially in-
efficient

pX)
06 08
| I

0.4

0.2

0.0
I
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Adaptive Rejection sampling

However, the Exponential(1/2) distribution is potentially in-

efficient

pX)

08

06

0.4

0.2

0.0

Accepted
Rejected
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Adaptive Rejection sampling

In this problem
—_ ixaflefxmax/Z
F(O[) max
so acceptance rate is the reciprocal of this

a‘l 2 3 4 5 6 7 8

1/M.0,5000 0.6796 0.4618 0.2790 0.1600 0.0890 0.0486 0.0262

For large «, the acceptance rate becomes very small.
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Adaptive Rejection sampling

Adaptive rejection sampling proceeds by adapting the squeez-
ing method. Suppose that there exists a function I(x) such
that

1(x) < f(x) < Mfy(x).

Then the following algorithm generates a variate from f(x):

1. Generate x from f, and u from Uniform(0, 1)
2. Accept x if u < 1(x)/(Mfy(x)) and stop.

3. Accept x if u < f(x)/(Mfy(x)) and stop.

4. Return to 1.

The function I(.) provides a screening mechanism.
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Adaptive Rejection sampling

For an adaptive version for log-concave densities, suppose
that (xo,...,Xp+1) is an ordered set of points at which y; =
log f(x;) has been evaluated for each i. For a log-concave den-
sity, the line segment

Lijr1(x): (X1, yi) — (Xit1,Vit1)

for x; < x < x;41 is below log f(x) on (xj,x;4+1), and above
log f(x) on the rest of the range.
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Adaptive Rejection sampling

log(p(x))

-10
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Adaptive Rejection sampling

Therefore, consider the squeezing envelope defined piece-
wise on the support of f(x). For x; < x < Xj41

Lower IH(X) = Lj’j+1(X)
Upper : UH(X) = min{Lj_Lj(X),L1'+171‘+2(X)}

where, for each i

L(x)=—x Un(x) = min{Lo 1(x), Ln,nt+1(x)}

for x outside of (xo, Xp+1).
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Adaptive Rejection sampling

The scheme needs initialization; usually two function evalua-
tions at x values either side of the mode are sufficient.

The lower bound I,(x) and upper bound u,(x) yield the fol-
lowing bounds on exponentiation

exp{ln(x)} < f(x) < exp{un(x)} = Mnpfon(x)

say, where M), is a scaling constant such that fy,(x) is a den-
sity function

n
> exp{mix + ¢i}lyy, | x(x)
i=1
fOn(X) = 0
f exp{m;t + Ci}l[xj_l,xj](t) dt
—©

14

1
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Adaptive Rejection sampling

Log-density:

1og(p(x))

-10
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Adaptive Rejection sampling

Lower Envelope

log(p(x))
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Adaptive Rejection sampling

Upper envelope (part 1):

log(p(x))
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Adaptive Rejection sampling

Upper envelope (part 2):

log(p(x))
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Adaptive Rejection sampling

Lower and Upper envelopes:

log(p(x))
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Adaptive Rejection sampling

Lower and Upper envelopes: original scale:

0.6

p(x)
0.4
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Adaptive Rejection sampling

This fy(x) can be sampled directly by cdf inversion. The al-
gorithm is therefore

1.
2. Accept x if u < exp{l,(x)}/(M,fon(x)), and go to 4.

3.

4. Update f,o by updating the lower and upper envelopes

Generate x from f;0, and u from Uniform(0,1)
Accept x if u < f(x)/(Mpfon(x)) and go to 4.

taking into account the x and the function value f(x), and
return to 1.

Every time a point is accepted or rejected, the envelopes are
potentially updated; the updating only changes the envelopes
locally, the intervals surrounding the location of the rejected
points.
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Rejection sampling and Importance sampling

There is obviously a clear connection between rejection sam-
pling and importance sampling
» both rely on choosing a suitable fy(x)
» the boundedness of the ratio f(x)/fy(x) is crucial in the
construction of the procedure

The difference is that rejection sampling produces i.i.d. sam-
ples from f(x), whereas importance sampling approximates
numerical integration with respect to f(x).
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Sampling Importance Resampling

Sampling Importance Resampling (SIR) can be used to sam-
ple (approximately) from density f(x) by re-weighting and
then resampling samples from fj(x):

1. Generate variates x1,...,xy from fj.
2. Compute renormalized weights wy, ..., wy given by
f(x;i)/fo(xi
- N(X’)/O(Xl) i=1,...,N.
Zl(f(xj)/fo(xj))
j=
3. Resample y; from the discrete distribution on {x, ..., xn}
with masses {wy, ..., wx}.
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Sampling Importance Resampling

Example: Normal mixture

f(x) - iqﬁ(x +2.5) + %ﬁ(x _1)

1
f(x) = —¢(x/o)
for some o > 0.

Choosing o poorly can disrupt the performance of the SIR
algorithm.

* need to ensure there are samples in the tails of f(x).
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Sampling Importance Resampling

Example: Normal mixture

SIR with 0 = 2 (N = 100000, 2000 resampled points):

3
8 _
g

150

100

50
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Sampling Importance Resampling

Example: Normal mixture

SIR with 0 =1 (N = 100000, 2000 resampled points):

3
8 _
g

150

100
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Sampling Importance Resampling

Example: Normal mixture

SIR with ¢ = 0.5 (N = 100000, 2000 resampled points):

3
8 _
g

150

100
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Variance Reduction: Antithetic Variables

Suppose that the integral

I= fg(x)f(x) dx

is to be estimated via Monte Carlo. The usual estimator
~ 1 X
In(g) = N 1; g(Xi),

with Xi,..., Xy i.i.d. from f, has variance

Var[g(X)]
N

We aim to reduce this variance.
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Variance Reduction: Antithetic Variables

Consider the estimator

. 1 Ma
Na(9) A [g(Xi) + g(Yi)],
i=1
where pairs (Xi,Y1),...,(Xn,,Yn,) are i.i.d. from some bi-

variate distribution with identical marginal distribution f, and
2Nj = N.
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Variance Reduction: Antithetic Variables

The variance of this estimator is

Var[g(X)]  Cov[g(X),g(Y)]
2NA 2Z\IA

Therefore if Cov[g(X), g(Y)] is negative, then this variance is
smaller than the usual Monte Carlo variance. This is termed
the method of antithetic variables.
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Variance Reduction: Antithetic Variables

Example: Bivariate Normal

Suppose (X,Y)" ~ My (u17, ), with variances 1 and
Cov[X,Y]=p

In the estimation of i by Monte Carlo, the relative variances
of the Monte Carlo and Antithetic Variable estimators is
Var[X] 1
Var[X] + Cov[X,Y] 1-—p

Thus there is automatic variance reduction for the same total
simulation size.

There is a slight computation overhead in computing TNA (9).
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Variance Reduction: Control Variates

Suppose
I9) - [ gtx)t(x) dx

with Monte Carlo estimator Iy (g).

Consider an adjusted Monte Carlo estimator of I(g)

In(g3 go. ) = In(g) + AMIn(go) — I(go))

for some function gy, where TN(go) is an unbiased estimator
of I(go), and ) is some real constant.
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Variance Reduction: Control Variates

This estimator is unbiased for I(g), and has variance

Var[In(g)] + AVar[Ix(go)] + 2ACov[In(9), In(g0)]

Therefore, choosing

_ Covl[in(g),In(go)]

~

Var[In(go)]

yields the variance of TN(g; go, ) as

(1 — Corr{In(g), In(go)]*)Var[In(g)] < Var[In(g)]
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Variance Reduction: Control Variates

This optimal choice of A yields the maximum possible reduc-
tion for a given gy, but requires knowledge of the sign of the
covariance value.

In practice, the sign of A can be assessed by regressing g(x;)
on go(x;).
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Variance Reduction: Control Variates

Example: Normal tail probability

Consider

I(g) = JOO g(x)f(x) dx = JOO ¢(x) dx = Pr[X > xo]

—00
Consider
go(x) = L(0,00)(x)
so that I(gp) = 1/2. We examine the variance of the estimator
N

N 1 1
; o)l +)\<N21(0,oo)(xj)2)

i=1
relative to the Monte Carlo estimator Iy(g).
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Variance Reduction: Control Variates

Example: Normal tail probability

Relative variance for varying A: xo = 2.5, N = 20000.

Relative Variance
1.02 1.03 1.04

1.01
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Variance Reduction: Control Variates

Example: Normal tail probability

The best choice seems to be A ~ —0.008.

In this case, finite sample bias might be exhibited. Therefore
we also examine mean-square error (MSE)

MSE()\) = E[(I(g) — In(g; g0, \))?]

We see that the MSE is also lowest when A ~ —0.008, indicat-
ing that if there is finite sample bias, it is relatively insignifi-
cant.
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Variance Reduction: Control Variates

Example: Normal tail probability

MSE for varying A: xo = 2.5, N = 20000.

MSE
3.06e-07 3.10e-07

3.02e-07

2.98e-07
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Variance Reduction: Control Variates

See knitr 5
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Markov chain Monte Carlo

Generating variates from a probability distribution f(x) is not
straightforward when

» x is high-dimensional (but not Gaussian),
» f(x) is of non-standard form.

These difficulties occur often (but not exclusively) in Bayesian
inference.

We seek a way of simulating from f(x) in this situation.
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A brief introduction to Markov chains

A Markov chain is a countable sequence of random variables,
{Xt}, for which

PI‘[Xt € B|X1 =X1,... ,Xt,1 = thl] = PI‘[Xt € B|Xt,1 = thl]
that is, X; is conditionally independent of Xy, ..., X;_» given
Xi1.

In the simplest case, the {X;} takes values on the finite (dis-
crete) state space

SX:{Sl,...,Sd}

and the chain is homogeneous, that is, the stochastic proper-
ties of {X;} do not change with time.
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A brief introduction to Markov chains

A homogeneous, discrete state-space Markov chain is charac-
terized by its initial state Xy or its initial distribution p©, and
its transition matrix P, a d x d stochastic matrix whose rows
sum to one, such that

Pj = Pr[X; = sj|X;—1 = si]

describes the entire set of one-step ahead conditional proba-
bilities. Denote by

pij(k) = Pr[X+k = 5j| X, = si]

the k-step ahead probabilities.
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A brief introduction to Markov chains

Note that if P(k) is the matrix of k-step ahead transition prob-
abilities, then

P(k) = Pk

and then the k-step distribution is
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A brief introduction to Markov chains

The properties of the chain depend on P. The chain is

» irreducible if p;j(k) > 0, for all i,j, and at least one k.
» aperiodic if all states have period 1: that is, for each i,
returns to state i can occur after any number of steps.

The period of state i is defined as the greatest common
divisor of the set of possible return times, R,

R = {r: Pr[X; = si|Xo = si|] > 0}
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A brief introduction to Markov chains

» recurrent if all states are recurrent, that is, the probabil-
ity of returning to each state in a finite number of steps
is positive. Let T; = inf{k : Xix = i|Xo = i}. State i is
recurrent if and only if

Pr[T; = 0] =0

and transient otherwise. If E[T;] < oo, state i is termed
positive recurrent, otherwise it is termed null recurrent.
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A brief introduction to Markov chains

A stationary or invariant distribution, 7*, of a homogeneous
Markov chain is the 1 x d vector of probabilities such that

* =n*P

that is, for each i,
7 = Z i Pji
J
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A brief introduction to Markov chains

The equilibrium distribution of the chain, 7, is defined by

T = lim p(k) = p(o) lim Pk
k— 0 k— 0
when this limit exists and is independent of p(?). That is, we
may compute 7 as
17 = lim PX

—00

if the limit exists. The equilibrium distribution is a stationary
distribution.
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A brief introduction to Markov chains

An irreducible chain has a stationary distribution if and only
if all of its states are positive recurrent, in which case = is
unique. Given P, w can be computed as
lim P¥ = 1.
k—>0
where 1 is the d x 1 vector of 1s. A matrix P with the station-

ary distribution 7 can be computed by solving the system of
equations m = wP.
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A brief introduction to Markov chains

Key aspects of the stationary distribution are that

(a) As the k-step ahead probability matrix PX converges to a
matrix with d identical rows, the Markov chain can even-
tually “forget" its initial value Xp.

(b) Realized values of {X;} have statistical properties that
demonstrate (strong) convergence to the stationary dis-

tribution, thatis, fori =1,...,d,
n
> sy (Xk)
lim =t i
n—-ao0 n
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A brief introduction to Markov chains

A Markov chain is reversible if, for every n > 1,
X07X17 cee ’XH*17X1‘1

and
XnaXH—17"'7X17XO

have the same joint distribution.
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A brief introduction to Markov chains

It follows that the reverse chain is also Markov and that the
individual X have the same marginal distribution: for arbi-
trary state sequence (Ixi2,...,1In),

Pr(Xx = i[Xk+1 =J, Xkv2 = Ikg2, .-, Xn = In]
Pr(Xy =i, Xks1 =J, Xi42 = Iz, ..., Xn = In]
Pr[Xk+l :j7Xk+2 = 1k+27' . 'aXIl = 111]
i Py P 1y - P

TPy Pl

let2 h—1,ln

. 71'1'P1'j

7j
which only depends on i and j.
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A brief introduction to Markov chains

A homogeneous Markov chain with stationary distribution «
is reversible if

miPyj = m; Py
for all states i and j. This is also termed the detailed balance

condition.

Note that if this equation holds for a specified w, then this
implies that the P has been specified so as to have stationary
distribution .
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Discrete Markov chains

Note that the {X;} are dependent random variables, so the
standard frequentist asymptotic laws do not directly apply.

However, the ergodic theorem applies for irreducible, aperi-
odic and positive recurrent Markov chains, in particular

Z Xt—>[E[()]

for all bounded functions g, provided

Ex[lg(X)[] < o0
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Discrete Markov chains

A Central Limit Theorem result also holds under mild regular-
ity conditions, specifically,

N
VN (;{ N g(x) - [E,T[g(x)]) -4 N(0,0%(g))
t=1
where

0%(g) = Varg[g(Xo)] + 2 )| Cova[g(Xo), g(X¢)]-
t=1
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Discrete Markov chain: example

Example: d = 2

Consider d = 2, with

0.3 0.7
F= [ 0.9 0.1 ]

Then 7 = (9/16,7/16). Here

po.2 7 _63 p- 9 _ 63
T2 =96 10 ~ 160 2521796 710 ~ 160

so this chain is reversible.
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Discrete Markov chain: example

Example: d = 2

Relative frequency of being in state 2 over 10000 steps.

S

0.50

0.40

0.35
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Constructing reversible chains

In the 2 x 2, for a reversible chain, we require
m P12 = (1 —m )Py
or

_m _Pa
(1—71'1) P12
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Constructing reversible chains

Suppose
Pi; = min {1,
Then

m1 P12

1

1—71'1}

Py = min{l, m }
1 — T

mymin< 1,
1

min {m,1 —m1}

min {1 — 71,71}

(1 —m)min{l,

1
1-m

(1 — 7T1)P21
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Constructing reversible chains

The above Markov chain we can think of as acting as follows:

» If X; = 1: propose setting X;,1 = 2, but only accept this
move with probability

1 —
min{l, Wl}
m

otherwise set X;11 = 1.
» If X; = 2: propose setting X;,1 = 1, but only accept this
move with probability

min{l, m }
1 — 1

otherwise set Xy = 2.

121



Constructing reversible chains

A generalization of this approach is as follows:
» If X; = 1: simulate Z; on the set {1,2} with probabilities
(q11, q12)-

» If X; = 2: simulate Z; on the set {1,2} with probabilities
(@21, G22)-
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Constructing reversible chains

» If Xy = 1:if Z; = 2, set X;11 = Z; = 2 with probability

. ™2 421
a1 = mins 1, ———
™ q12

otherwise set X311 = X; = 1.

» If Xy =2:if Zy =1, set X;+1 = Z; = 1 with probability

. ™1 q12
ap1 = mins 1, ——=
™2 q21

otherwise set X; 11 = X; = 2.
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Constructing reversible chains

The transition probabilities are then
Py = Pr[Xis1 =2|Xt = 1] = quzaa2
Py1 = Pr[Xei1 = 11X = 2] = qu1a01

so therefore

. T2 (21 .
m P12 = miquzai = Mm@z min{ 1, —= ===} = min {m1q12, T2q21}
™ d12
. T q12 .
T Py1 = MaQa1an1 = maQ mm{l, } = IHIH{W2q21,7T1CI12}
T2 421
and

m1 P12 = mPyy.
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Constructing reversible chains

This allows the generalization to the more general discrete
state space {1,2,...,d,...}. Suppose that 7 is an arbitrary
discrete distribution. Let matrix Q define the proposal prob-
abilities
[Q]y = Pr[Z; = j|Xi = i]
Define the acceptance probabilities
ajj = min{l7 7quﬂ}
i qijj

If X; = i, set X;41 = Z; = j with probability «;;. Otherwise set
Xii1 =X = 1.
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Constructing reversible chains

This Markov chain satisfies detailed balance

7T1'P1j =7TJ'PJ'1' for alli,j

provided it is irreducible, aperiodic and positive recurrent.

Note that the rows of Q must sum to 1 as
o0

D Pr(Z = j|X; = i] =1
j=1

so Q defines a stochastic proposal (or transition) matrix.
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Constructing reversible chains: example

Example: Poisson distribution

Suppose, for A > 0,

f)\)\i
M= i=0,1,2,....
il
Suppose
1 i=0,j=1
gij = izl,j=i—-1,i+1

1
2
0 otherwise

That is, Z; is proposed uniformly on the finite set {x; — 1, x; +
1}, unless X; = 0, in which case Z; = 1 is proposed.
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Constructing reversible chains: example

Example: Poisson distribution

First 200 steps of the chain starting at Xy = 0 with A = 2.5.
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Constructing reversible chains: example

Example: Poisson distribution

Histogram of states visited over N = 10000 steps (with true

values (+))
.
II|IIII_*++ o
g : : g :

2500

Fre
1500 2000
I

1000
I

500
I

o J

T 1
10 12

t
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Constructing reversible chains: example

Example: Poisson distribution

Relative frequencies (7;) of states visited over N = 10000
steps, with true Poisson probabilities (7;).

0

1

2

3

0.0830
0.0821

0.2005
0.2052

0.2491
0.2565

0.2140
0.2138

0.1351
0.1336

0.0703
0.0668

6

7

8

9

10

11

0.0319
0.0278

0.0119
0.0099

0.0027
0.0031

0.0008
0.0009

0.0005
0.0002

0.0002
0.0000
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Constructing reversible chains: example

Example: Poisson distribution

To measure convergence, we can use the Total Variation dis-
tance. For two mass functions f; (x) and f,(x), we compute

drv(fi, &) = %2 |fi(x) — £2(x)]

X

Here we take fi to be the true Poisson mass function 7, and £,
to be the estimated mass function 7.

We monitor this distance as N increases.
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Constructing reversible chains: example

Example: Poisson distribution

drv(m, 7) as N increases.

0.4

03

T T T T T
0 2000 4000 6000 8000 10000
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Measuring convergence

Note: For continuous densities the total variation distance is
given by

d fl,fz J|f1 | dX

In general, the total variation distance drv(fi, f;) can be hard
to compute.
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Measuring convergence

Recall the relationship between drv(fi, f;) and the Hellinger
distance dy(fi, f2)

H(f,£) = \/Z <\/f1(X)—\/M)2

that is,
1
S da(f.B) < drv(fi. £) < du(fi, £2)

These inequalities also hold in the continuous case. Note that

dTv(f1,f2) — 0 — dH(fl,fZ) — 0

The Hellinger distance is sometimes easier to compute.
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Discrete Markov chains: Recap

For an arbitrary discrete distribution, m, we can now con-
struct a Markov chain that has 7 as its stationary distribution,
and can produce dependent samples from the 7 by running
the Markov chain and collecting the generated states.

» specify the stochastic matrix Q

» initialize the chain by setting Xy

» for each t, if X; = i, use the ith row of Q as a discrete
distribution for proposing Z;

If Zy = j, accept X; 1 = j with probability o;;

. T gji
o =min{1, L~
i qij

v

otherwise set X; 11 = X; = i.
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Discrete Markov chains: Recap

See knitr 6
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Continuous State Space Markov Chains

The theory above extends (reasonably straightforwardly) to
continuous state spaces, that is, the countable state set

{s1,...,8q}

is replaced by a continuum of possible values, X.
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Continuous State Space Markov Chains

In this case, instead of having a transition matrix, we have a
transition kernel

P(x,B) = L P(x,z) dz

P(x,B) determines the probability of making the transition
from current value x into the set B < X in any given step.
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Continuous State Space Markov Chains

We retain the discrete time nature of the Markov chain, and
again consider outcome sequences {xi,x2, ..., Xp,...}).

Transitions are implemented using a transition density
P(x,z)=P(x — z)

which specifies a conditional probability density in z, given
the current value x, for x,z € X.
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Continuous State Space Markov Chains

By analogy with the discrete case, the stationary distribution
7 for the continuous state space chain must satisfy

A reversible chain must satisfy detailed balance
m(x)P(x,z) = n(z)P(z,x)
for all x and z. Given P, we can in theory solve for .

In the context of sampling from probability distributions, we
wish to specify 7, and then find a P such that its equilibrium
distribution is .
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Harris recurrence

Suppose {X,} is a homogeneous Markov chain on a general
state space X with transition kernel P(x,.) which represents
the one-step transition probability

Pr[X,+1 € B| Xy =x]=P(x,B) VxeX BeX.
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Harris recurrence

Then {X,} is a Harris chain if there exists A € X, ¢ > 0, and
probability measure v(.) with v(X) = 1 such that

(i) If 7o = inf{n > 0: X, € A}, then
PI‘[TA<OO|X0=X]=1 VXEX;
(ii) If xe X and B < X, then

P(x,B) > ev(B).
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Harris recurrence

(i) ensures that the chain returns to the A with probability 1,
regardless of where it starts, so that it visits A infinitely
often (with probability 1).

(ii) implies that once the chain is in A, its next state can be
generated with the help of a Bernoulli draw:

> (ii) ensures that 0 < € < 1: simply set B = X;

» suppose x € A and set X, = x;

> to generate X, 1, draw Z ~ Bernoulli(e): if Z = 1, gen-
erate X, 1 according to v on X, otherwise generate X; 1
according to the distribution

(P(x,B) — ev(B))
1—¢

Pr[Xp+1 € Bl Xy =x] =
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Harris recurrence

Suppose that Xy ~ p(® and define for arbitary A
Ta =inf{n >1:X, €A}

that is, 74 is the first ‘entry time’ for A.

The chain is Harris recurrent if, for all p(O),
Prlta < o0|Xpe Al =1
and aperiodic if there exists ny such that for all n > nx

Pr[X, € A|Xp € A] > 0.
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Harris recurrence

If {Xn} is an aperiodic, Harris recurrent chain with stationary
distribution 7, then provided

Prita < w|Xp=x] =1
for x € X we have that
drv(p™, 1) — 0
as n — oo, where for B C X,

p™(B) = Pr[X, € B|X, = x].
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The Metropolis-Hastings Algorithm

We attempt to mimic the construction of a Markov chain with
stationary distribution 7 used in the discrete case.

Let Q be any proposal (transition) kernel suitable for moving
(exhaustively) around X, with associated transition density q
such that

q(z,x)=q(z—x)>0

for all x, z.

In fact, this can be relaxed to the condition that requires
Q" (x,z) > 0 for all x,z € X, separated by n steps in the
chain).
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The Metropolis-Hastings Algorithm

Then, for z # x, define
P(x,2) = q(x,2) a(x,2)

where

a(x,z) =min{1, m(2) q(Z’X)}

™ (x) q (x, z)
defines an acceptance probability for the move from x to z.
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The Metropolis-Hastings Algorithm

Under this transition kernel or density P with transition den-
sity if the current state of the chain at step n is X;; = x, then
the next value of the chain is either

» a new value X,4+1 = z, generated from the conditional
density q (x, z),
» or the current value X, 1 = X.

The value z the proposed or candidate state.

Thus, starting from the n*? step when x, = x, we have the fol-
lowing algorithm for implementing the continuous state space
Markov chain:
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The Metropolis-Hastings Algorithm

1. Generate candidate z from the conditional density q (.,.)
given x

2. Compute « (x,z)

3. Generate u from Uniform (0,1)

» if u < a(x,z), accept the move to z and set Xp 11 = 2
» ifu > o (x,z), reject the move to z and set X1 = x

4. Return to 1 to generate X, ;-

and so on.

This is the Metropolis-Hastings algorithm

149



The Metropolis Algorithm

The general algorithm above has some special cases of inter-
est. If g is chosen such that

so that g is symmetric in its arguments, then
z
a(x,z) = min {1, W()}
™ (x)

and the move to z is accepted with certainty if the target prob-
ability density at z is higher than at x.

150



The Metropolis Algorithm

A simple symmetric transition density has

Z| Xy =x~ N (x,0%)

Choosing 0(21 small encourages many small moves.
This is the original Markov chain simulation algorithm, known

as the Metropolis Algorithm.

Many such “local"” moves can be proposed. Note that it is im-
portant to respect any parameter constraints in the proposal.
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Independence Metropolis-Hastings

The independence Metropolis-Hastings algorithm uses

q(x,z) = q(z)

that is, independent of the current value of the chain. This
still defines a Markov chain as

p(x,2) = q(2)a(x,z)
still depends on x through « (x, z).

A good independence Markov chain (that traverses X quickly)
is more difficult to construct without knowledge of =.

However, if 7w can be well-approximated by a density q (as in
rejection sampling), then this method can work well.
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Metropolis-Hastings algorithm

Example: Gamma density

Suppose, for v > 0

1
m(x) = x7le™*  x>0.

['(v)

Suppose, first that g(x, z) is specified as a reflected normal
density, that is, we propose z by simulating

Y|X, = x ~ N(x,0),

and setting Z = |Y/|.
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Metropolis-Hastings algorithm

Example: Gamma density

Note that
PriZ <zl X =x]=Pr[|Y|<z|X=x]=Pr[-z< Y < z|X =x]
so therefore

Pr(Z < z|X = x] = ®((z — x)/og) — ®((~2 — X))

and, on differentiation wrt z,

q(x.2) = —(6((z — x)/og) + 6((—z — x)/0q)) = q(z.%)

Oq
as ¢ is an even function.
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Metropolis-Hastings algorithm

Example: Gamma density

First 200 steps of the chain starting at Xy = 0 with v = 2.5,
oq = 1.
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Metropolis-Hastings algorithm

Example: Gamma density

Histogram of states visited over N = 10000 steps (with
Gamma density (solid))
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Metropolis-Hastings algorithm

Example: Gamma density

First 200 steps of the chain starting at Xy = 0 with v = 2.5,
oq = 0.1.
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Metropolis-Hastings algorithm

Example: Gamma density

Histogram of states visited over N = 10000 steps (with
Gamma density (solid))
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Metropolis-Hastings algorithm

Example: Gamma density

First 200 steps of the chain starting at Xy = 0 with v = 2.5,
Uq = 3.
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Metropolis-Hastings algorithm

Example: Gamma density

Histogram of states visited over N = 10000 steps (with
Gamma density (solid))
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Metropolis-Hastings algorithm

The states generated by the Markov chain are correlated; we
can assess the performance of the Markov chain by examining
the sample autocorrelation function

N

> (X —X)(Xt-k —X)
r(k) = (Nligi 1> t=k+1

fork=0,1,2....

N
2 (%t —x)?

t=1

A chain with high autocorrelation for large k is typically slow
to converge.
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Metropolis-Hastings algorithm

Example: Gamma density

Autocorrelation function for o4 = 1.

S

08

04
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Metropolis-Hastings algorithm

Example: Gamma density

Autocorrelation function for o4 = 0.1: inferior performance.

o
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Metropolis-Hastings algorithm

Example: Gamma density

Autocorrelation function for o4 = 3: superior performance.

o
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Metropolis-Hastings algorithm

If the chain is started away from the high-probability region
of m, then the it can take many steps to return there.

In the following trace plots, the red dashed lines give the
0.025 and 0.975 quantiles of the Gamma(2.5,1) distribution
from the example. The chain is initialized at Xo = 20, and
then run for 20000 steps.
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Metropolis-Hastings algorithm

Example: Gamma density

Starting value Xy = 20, 04 = 0.1: first 1000 steps.

o
&

|
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Metropolis-Hastings algorithm

Example: Gamma density

Starting value Xy = 20, 04 = 0.1: first 10000 steps.

o
&

20
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Metropolis-Hastings algorithm

Example: Gamma density

Starting value Xy = 20, 04 = 0.1: first 20000 steps.

o
&

20

T T T T
0 5000 10000 15000 20000
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Metropolis-Hastings algorithm

Example: Gamma density

Starting value Xy = 20, 04 = 0.1: steps 15000 to 20000.

s

T T T T T T
15000 16000 17000 18000 19000 20000
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Metropolis-Hastings algorithm

In this final section of the chain, the generated values appear
to oscillate, despite the fact that the chain has apparently
reached the stationary phase. This oscillation is a result of
the high autocorrelation present in the chain.

It is often difficult to distinguish such high autocorrelation
from the case where a chain has not converged.

The high autocorrelation results here from the choice o4 =
0.1; this value is smaller than is optimal.
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Metropolis-Hastings algorithm

See knitr 7
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Gibbs Sampler

The Metropolis-Hastings algorithm above is valid for both uni-
variate and multivariate probability distributions, but is more
complicated in high dimensions.

The objective is to choose a transition density g that moves
around the space X quickly, which means that we wish to have
the acceptance probability reasonably large.

In high dimensions, this is often difficult to achieve. The Gibbs
Sampler algorithm attempts to solve this problem by break-
ing down a high-dimensional problem into several lower di-
mensional problems that are solved iteratively and simultane-
ously.

172



Gibbs Sampler

Suppose that 7 is a probability density in K dimensions, and
let the variables be denoted (Xj,...,Xk). Define the condi-
tional density 7k(.|.) for

Xi| X1y ooy Xie—1, Xic 41, - Xk

by

T (X1, .y XK)
Xk X = o6 X1,y X
Trk( ko (k)) 7T(X1,...,Xk_l,Xk_H,...XK) 7'('( Lo K)

where the denominator is the marginal distribution of Xy,
the K — 1 variables excluding Xj.

The Gibbs Sampler utilizes this set of K full conditional dis-
tributions to construct a Markov chain on the support of the
joint distribution.
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Gibbs Sampler

It is implemented using the following algorithm:
1. Set a vector of starting values for the K variables
(X104 -y XKO) -
2. Sample in turn from the conditional distributions as
follows:
(a) sample x;; from 7 (x1; X20, X30, ---, XK0)

(b) sample xp1 from 7, (Xz; X11,X305 -5 XK())
(c) sample x3; from 73 (X3; X11, X21, ..., XK0)

(K) sample xx; from g (xk;X11,X21, ., XKk—11)
This completes one step of the Gibbs sampler.

3. Return to 2 (a), and repeat to obtain, at step t, the
sampled variates (x1t, X2t, ..., Xkt )
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Gibbs Sampler

This Markov chain defines, in steps 2(a)-2(K), a means of up-
dating the vector x; to vector x;.1. Each of the steps can
be achieved using direct sampling from the conditional dis-
tribution if that is possible, but can also involve individual
Metropolis-Hastings steps, with acceptance probabilities

Tk (z; X(k)) qx (z,x) }

T (X5 X(k)) Gk (X, 2)

akg (x,z) = min{l,

for k = 1,...,K. In 2., the steps can also be completed in
random order

Finally, these steps can be achieved with the scalar variables
Xi,...,Xg or with these components as vector variables; decid-
ing on which blocks of variables to update simultaneously is
often a key issue.
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Gibbs Sampler as Metropolis-Hastings

The Gibbs sampler is in fact a special case of the Metropolis-
Hastings algorithm: we can regard the individual updates in
2. as implementing K separate transition kernels Pi,..., Px
that act on the components of the vector X; note that these
kernels in isolation yield reducible Markov chains.

A more general form of MH algorithm is based on a mixture
transition kernel

P(x,B) = Y wPi(x, B)
J

where 0 < wj < 1 and > w; = 1, and the P; are themselves

J
transition kernels. This allows for the possibility of choosing
several proposal densities gj.
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Gibbs Sampler: example

Example: Bivariate Normal

Suppose X = (X1, X3)" ~ N2(0,%) where

==, 7]

The general result for multivariate normal distribution condi-
tional distributions is that if X = (X1,X2)" ~ Ng(u, X), where
X1 is (dl X 1), and

Y11 Y12 ]
Y
[ Y1 Y22

then

XXy = xoNg, ~ (pg + Y1255 (X2 — py), 211 — E1222_21221)
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Gibbs Sampler: example

Example: Bivariate Normal

Therefore, here d = 2, and
Xi|Xo =x2 ~ N(pxz,(1 —/72))
XlXi =x1 ~ N(pxi,(1—p?)

These distributions are sampled repeatedly with updating of
the conditioning value after each sampling.

Suppose we start at (x10,X20) = (0,0).
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Gibbs Sampler: example

Example: Bivariate Normal

Initial point: (x10, X20)
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Gibbs Sampler: example

Example: Bivariate Normal

After one update: (x11,X21)

il

= o
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Gibbs Sampler: example

Example: Bivariate Normal

After two updates: (x12, X22)

il

= o
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Gibbs Sampler: example

Example: Bivariate Normal

After three updates: (x13, X23)

@

& o

= o

-
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Gibbs Sampler: example

Example: Bivariate Normal

After four updates: (x4, X24)

il
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Gibbs Sampler: example

Example: Bivariate Normal

After 2000 updates: entire collected sample
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Gibbs Sampler: example

Example: Bivariate Normal

Histogram for X; with true marginal density (solid):

3
8

150

100
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Gibbs Sampler: example

Example: Bivariate Normal

Trace for X;:

@ 4|

6 4|

o |

T T T T
0 500 1000 1500 2000

Linreps

186



Gibbs Sampler: example

Example: Bivariate Normal

ACF for Xj:

o

ACF
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Gibbs Sampler: example

Example: Bivariate Normal

We note that

® the Gibbs sampler makes one-step moves along the coor-
dinate axes

® the moves can traverse the support of the joint density
fairly well

® there is no “tuning" of a proposal parameter (like o)

® the samples of x; that are collected across steps are (de-
pendent) samples from the correct marginal distribution
for X;; the same result holds for X,

We can re-run the Gibbs sampler from the same starting
value, but now with p = 0.95.
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Gibbs Sampler: example

Example: Bivariate Normal

Initial point: (x10, X20)
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Gibbs Sampler: example

Example: Bivariate Normal

After one update: (x11,X21)

il

= o
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Gibbs Sampler: example

Example: Bivariate Normal

After two updates: (x12, X22)

il

= o

++
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Gibbs Sampler: example

Example: Bivariate Normal

After three updates: (x13, X23)

N A
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Gibbs Sampler: example

Example: Bivariate Normal

After four updates: (x4, X24)

il
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Gibbs Sampler: example

Example: Bivariate Normal

After 2000 updates: entire collected sample

@ o
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Gibbs Sampler: example

Example: Bivariate Normal

Histogram for X; with true marginal density (solid):
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Gibbs Sampler: example

Example: Bivariate Normal

Trace for X;:

@ 4|

T T T T
0 500 1000 1500 2000
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Gibbs Sampler: example

Example: Bivariate Normal

ACF for Xj:

o

@ |
S

0.6

ACF

0.4
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Gibbs Sampler: example

Example: Bivariate Normal

With p = 0.95, the Gibbs sampler still performs adequately,
but the moves made are smaller, and exploring the distribu-
tion is much more difficult.

This illustrates a potential general problem with the Gibbs
sampler: although it is straightforward to implement as it in-
volves only sampling variates from univariate densities, the
restriction to moves along the coordinate axes can cause
problems if the variables are highly correlated.
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Gibbs Sampler: example

Example: Weibull posterior distribution

Suppose that Y, ..., Y, are conditionally iid from the Weibull
distribution with density

(77, A) =y texp{-Ay"} ¥y >0

and zero otherwise, for parameters v, A > 0. We seek to per-
form Bayesian inference for the two unknown parameters.

The likelihood function for observed data yi, ..., y, takes the
form

n 7-1 n
Ln(7,A) = 77N (H%) eXp{—AZY?}
i=1 i=1
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Gibbs Sampler: example

Example: Weibull posterior distribution

We assume independent Exponential (0.1) priors for v and A
mo(7,A) = 0.01e7 %10+ 4 A > 0.
This yields the posterior distribution up to proportionality as

(7, A) o Lo (v, A)mo(7,A) 7, A>0

which is a non-standard distribution.
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Gibbs Sampler: example

Example: Weibull posterior distribution

We seek to produce a sample from this joint posterior distri-
bution for data (n = 15).

10.3959 6.2281 6.5331 10.7086 7.6138
8.9423 8.8254 6.1461 7.2988 8.8081
7.5316 8.2238 8.9831 6.4174 9.7648
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Gibbs Sampler: example

Example: Weibull example

Joint posterior (up to proportionality)
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Gibbs Sampler: example

Example: Weibull example

In this case, neither full conditional posterior

Tn(7|A) Tn (A7)
is a standard distribution, and cannot be sampled from easily.

We adopt a Metropolis-within-Gibbs strategy; this uses MH
accept-reject steps for each parameter and its full conditional.

Specifically, as both parameters are positive, we use the re-
flected normal proposal distribution from the previous exam-
ple with o4 = 1 for v and o4 = 103 for \ proposals.
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Gibbs Sampler: example

Example: Weibull example

First 2000 Gibbs sampler steps.
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Gibbs Sampler: example

Example: Weibull example

Trace plots:

T T T T T T T T T T
0 500 1000 1500 2000 0 500 1000 1500 2000

Iteration Iteration
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Gibbs Sampler: example

Example: Weibull example

Acf:
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Gibbs Sampler: example

Example: Weibull example

The posterior correlation here is approximately 0.86; this
severely affects the performance of the Gibbs sampler.

A reparameterization partially solves this problem. Define ¢

b
Y 1 1/~ ) 1 Y
o=(z) - »=(3)

For this new parameterization, we must remember to include
the Jacobian in the prior for the new parameters

o (77 ¢> = To (77 )‘(’77 ¢)) U(77 ¢)‘

We again must use Metropolis-within-Gibbs.
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Gibbs Sampler: example

Example: Weibull example

Joint posterior for new parameterization
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Gibbs Sampler: example

Example: Weibull example

Sample from joint posterior for new parameterization
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Gibbs Sampler: example

Example: Weibull example

Trace plots: new parameterization
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Iteration Iteration
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Gibbs Sampler: example

Example: Weibull example

Acf: new parameterization
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Gibbs Sampler: example

Example: Weibull example

The posterior correlation here is approximately 0.25, and the
Gibbs sampler can effectively traverse the parameter space.

Parameter estimates for the new parameters can be obtained
from the posterior samples: the mean and 95% credible inter-
val for each parameter is

v : 4.079 (2.455,6.038)
¢ : 8.446(7.310,9.593)

It is also possible to obtain posterior summaries for other
functions of the posterior parameters.
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Gibbs Sampler: example

Example: Weibull example
For example, the survivor function, S(y), is defined by
S(y) = Pr[Y > y] = exp{—(y/¢)"}.

For each y € R", we can compute this function for each pair
of generated points (v, ¢) obtained from the Gibbs sampler.
We can then compute the pointwise credible intervals.
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Gibbs Sampler: example

Example: Weibull example

Posterior survivor function: Bayes estimate and 95 % credible
interval (shaded). Solid line is empirical survivor function.

° [ | I I
T T T
o 5 10 15

y
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Effective sample size

We seek to measure the adequacy of the collected samples
for estimating parameters, in particular, we wish to assess
the variance of the estimators.

For an iid sample of size N, the variance of the Monte Carlo
estimator Iy(g) is
Var[g(X)]
N
However, for a dependent sample, the variance is

Var[g(X)]
Nesr

where Ng¢r is the effective sample size.
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Effective sample size

We have that, for a series of N observations from a dependent
stochastic process, the effective sample size is given by

Nett = ]:]o
1+2 > plk)
k=1
where p(k) is the true lag-k autocorrelation for the Markov
chain. The denominator is termed the integrated autocorre-
lation time.

The true autocorrelations are typically not known, so must be
estimated from the data. Most typically this is achieved using
spectral methods. The calculation is available in R from the
library coda, in the function

effectiveSize.
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Effective sample size

For the Weibull example, with N = 2000 in runs shown above

Nefr
v A
(7, A) parameterization 8.46 4.14
(v, ¢) parameterization 217.20 393.69

From this we can tell that the second MCMC run, in the (v, ¢)
parameterization, has produced much larger effective sample
sizes.
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Rejection sampling for the Weibull example

Note that we could attempt to address the problem of sam-
pling from the posterior distribution in the Weibull problem
above by rejection sampling. In the (v, ¢) parameterization,
we have

T (Y, @) o Ln(y, @)mo(v, Ay, &) (7, 6)|

where (., .) is the product of independent Exponential (0.01)
priors.
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Rejection sampling for the Weibull example

We use proposal function f which is the product of Gamma
densities; we choose

Gamma(2,1/2)  Gamma(4,?2)

for proposing (v, ¢), and then use numerical maximization to
find the bound M.
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Rejection sampling for the Weibull example

Example: Weibull example

Rejection sampling: acceptance rate is approximately 0.116.
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Examples

Example: Weibull

See knitr 8

Example: Non-linear regression

See knitr 9
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Metropolis-Hastings in higher dimensions

The Metropolis-Hastings algorithm can be used for probabil-
ity distributions in arbitrary dimension. Note that it is always
the case that, for the full conditional distributions, if

» x; is a sub-vector of the entire vector x of variables, and
> x(1) isx with the components x; removed,
then
(X1 |x(1)) o 7(x)
as the normalizing constant is 7(x(1)), which does not depend
on xj.

For Metropolis-within-Gibbs, knowing 7(x; |x(1)) up to propor-
tionality is sufficient, as the normalizing constant cancels out
in the calculation of the acceptance probability.
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Gibbs sampler: example

Example: Ising model

Recall the Ising model: this is a joint distribution for the col-
lection of binary random variables {X;} placed on a rectangu-
lar (N x M) lattice, with joint mass function

NM
exp{ﬁ PN 1{x1-}(Xj)}

i=1j#i
Z(p)

where Z(f3) is the normalizing constant. The support of this
mass function has

mx(x; 8) =

2NM

elements.
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Gibbs sampler: example

Example: Ising model

The full conditional distribution for the X; is a discrete distri-
bution on {0, 1}, with

mi(Xi|X()) oc exp { B Z 1y (i)
Jjeoi

where 0i is the neighbourhood of i. This distribution reduces
to
ePBnio
PI‘[XI' = 0|X(1) = X(l)] = m
where n;o and n;; are the numbers of neighbours of i that
take the values 0 and 1 respectively. This distribution can be

sampled easily as part of a Gibbs sampler.
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Examples

Example: Auxiliary variable methods

See knitr 10

Example: Missing data problems

See knitr 11
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Examples

Example: Multi-level models

See knitr 12

Example: Hierarchical linear regression

See knitr 13

Example: Hierarchical non-linear regression

See knitr 14
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Multiple chain MCMC

The principal problems the MH algorithm encounters in ap-
plications relate to

» Choice of starting values: Poorly chosen starting val-
ues can result in slow convergence;

» Posterior correlation: High posterior correlation leads
to inefficiency of Gibbs sampler moves, and slow conver-
gence; this can sometimes be overcome by reparameter-
ization.

» Failure to explore the state space: Algorithm can get
trapped in localized regions of high probability density;
this can sometimes be overcome by using multiple chain
MCMC.
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Multi-Mode Distributions

Example: Mixture of Bivariate Normals

Suppose
(%) = wNa (1, 51) + (1 — w)N2(ps, 52)

where p; and p, are relatively well separated.

MCMC algorithms to sample from this bivariate density often
encounter problems because they get stuck in the modes at
p, and p,, and cannot jump between them.
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Multi-Mode Distributions

Example: Mixture of Bivariate Normals

Mixture of Bivariate Normal densities.
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Dominant-Mode Distribution

Example: The Witch’s Hat

|

In d dimensions, suppose

o (2) (55 0o i

This density has a single mode at 8, but also a diffuse prob-
ability on the d-dimensional hypercube given by the second
term.

MCMC algorithms can find it difficult to explore the “diffuse"
region, because they get stuck in the mode, or vice versa.
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Multiple chain MCMC

It is possible to use multiple Markov chain algorithms to pro-
duce variates from a target distribution 7.

» Replicate chains: we run m chains with the same tran-
sition kernel P from different starting values, and then
combine the chain as independent samples.

» Parallel chains: we run M chains each with its own
transition kernel P,..., Py, such that the chain is re-
versible with respecttom: form =1,..., M

(%) P (%,y) = 7(y) Pm (v, X)

and then the variates from the different chains are com-
bined as independent samples.
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Multiple chain MCMC

» Different chains: we run M chains each with its own
transition kernel Pq,..., Py, such that each chain is re-
versible with respect to its own target m, where, say
w1 = w. We then allow exchange of information between
chains to facilitate sampling from .

In this case it is not so straightforward to guarantee that
the exchange of information does produce samples from 7.
This does need verification, once the exchange mechanism
has been defined.

Such methods are called multiple chain or population MCMC.
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Multiple chain MCMC

The simplest way to think about multiple chain methods in
the case of different chains is via auxiliary variables, and an
augmentation of the state space. Form = 1,..., M, consider

» variable X,

» (posterior) distribution mp, (x)

» irreducible transition kernel P,,, defined so that P, and
7mm exhibit detailed balance, and P,, defines a recurrent
Markov chain

where, without loss of generality, m; is the distribution of in-
terest, so that Xp, ..., Xy are auxiliary variables.

233



Multiple chain MCMC

For X = (Xi,...,Xym), define

M
&) o [ mm(xm).
m=1

By construction, the marginal distributions are 71, ..., mM.

Consider constructing a Markov chain on the extended state
space, with 7™ as the target distribution. The usual rules
of Metropolis-Hastings apply - we propose a candidate new
value, and accept it with some acceptance probability, other-
wise we remain at the current value.

The values of x; that we collect across iterations are (depen-
dent) samples from the marginal distribution, 7.
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Parallel Tempering

Parallel Tempering is a multiple chain method that gives a
specific construction of the distributions m1,...,my. Write
density 7w as

7(x) o¢ exp{—H(x)}

and define
H(x
() oz exp { L = gy
Tm
where
1=T1<T2<---<TM
represent a series of “temperatures”. The densities my, ..., ™M

are tempered versions of 7.
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Parallel Tempering

Note that

where

Z(Tw) = fexp {—HT(? } dx

may not be available analytically.

This integral needs to be finite for 7, to be a proper distribu-
tion.
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Parallel Tempering

Example: Two component Normal mixture

For the two component mixture
1 3
m(x) = JH(x +4) + 7o(x —2)

the tempered distributions have modes that become increas-
ingly flat.
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Parallel Tempering

Example: Two component Normal mixture

T, =1:

0.30

0.25

0.20

0.10

0.05

0.00
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Parallel Tempering

Example: Two component Normal mixture

T, =2:

fn(X)
0.10 0.15 0.20 0.25 0.30
I I I I |

0.05
I

0.00
I
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Parallel Tempering

Example: Two component Normal mixture

T3 = 5:

fnlx)
0.10 0.15 0.20 0.25 030

0.05

0.00
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Parallel Tempering

Example: Two component Normal mixture

T, =10:

fn(X)
0.10 0.15 0.20 0.25 0.30

0.05

0.00
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Parallel Tempering

Example: Two component Normal mixture

Ts = 20:

fnlx)
0.10 0.15 0.20 0.25 030

0.05

0.00
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Parallel Tempering

Example: Two component Normal mixture

Te = 50:

fnlx)
0.15 0.20 0.25 030

0.10
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Parallel Tempering

When Ty, is large

H(X)}

Tm(X) o€ exp {— T
m

is relatively “flat", that is, changes in x do not lead to large
changes in mp (x).

Parallel tempering utilizes within chain and between chain
updates. In the classical version, each iteration consists of

1. Within: an update for each chain using the MH kernels
Pq,..., Py, then

2. Between: an update that attempts to swap x, (from the
chain for 7, at temperature Ty,) with one of its tempera-
ture neighbours.
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Parallel Tempering

Define the between-chain exchange probabilities

gs(l,m) = Pr[Swap chain I with chain m]

(1
5 2<I<sMm=1-11+1

= 1 I=1andm=2,orl=1andm =2

0 otherwise

Then the between-chain exchange that proposes to swap x;
with xp, is accepted with probability

WI(Xm)Wm(XI)qB(m’I)}

a = min {17 71 (x1)Tm (Xm ) g5 (I, m)
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Parallel Tempering

For the tempered distributions

T (Xm)Tm (X1) ox _H(xm) H(x)  H(x) | H(xm)
ﬂ](X])Trm(Xm) N p{ * - }

T T T T

or equivalently

exp {(H(Xz) — H(xm)) <”_11"1 B T11n>}

Temperatures T»,..., Ty should be chosen such that moves
are accepted at neither too high nor too low a rate.

The samples collected for x; across iterations represent a
sample from the marginal 77 = «, the target distribution.

246



Parallel Tempering

Tempered moves can be proposed in an “up-down” fashion.
An update for x; (in the target chain for m; = m) can be pro-
posed as follows.

For the “up phase":
Propose y; from kernel q;(x1,y) in chain 1
Propose y; from kernel g(y1,y) in chain 2
Propose y3 from kernel g3(y2,y) in chain 3

Propose yy—1 from kernel qy—1(ym—2,y) in chain M — 1
Propose yy from kernel gy (yv—1,y) in chain M

247



Parallel Tempering

For the “down phase":
Propose zp from kernel gy (ynm, z) in chain M
Propose zpy—1 from kernel gp—1(zm, z) in chain M — 1
Propose zp—» from kernel gy—2(zp—1,2) in chain M — 2

Propose z; from kernel g;(z3, z) in chain 2
Propose z; from kernel q;(z;, z) in chain 1

This up and down sequence has proposed a move in the m
chain x; — z; via the intermediate steps through the other
tempered chains.

248



Parallel Tempering

The acceptance probability for the move is the minimum of 1

and
7T1(Zl) qﬁ(zlv"')ZMayM)qﬁ(va"' 7Y1,X1)

T (x1) qu(X1,¥1,---,¥M)qp (VM5 ZM, - - -, Z1)

where
qU(Z1,---7ZM7YM) =q1(21,22)q2(22,23) - - - qm(Zp1, Y1)
Q§(YM, cen 7Y1,X1) = qM(YMaYMfl)qul(YMfl7YM72) : "Q1(Y1,X1)
qu(x1,y1,---,ym) = @1 (X1, y1) @ (y1,¥2) - - - qu(Ym—1, M)
ap(Ym, 2m, - -, 21) = Qm(Ym; Z2m)Gm—1(ZM5 Zm—1) -~ Q1 (22, 21)

If all of the proposals are symmetric g, (x,y) = gm(y, x), then

the ratio simplifies to
T (21 )

7T1(X1)

249



Evolutionary Monte Carlo

Evolutionary Monte Carlo combines multi-chain moves with
tempered distributions in order to make exploration of the
state space more effective.

For a “crossover” move, two chains exchange their values.
For two “parent" chains that participate in the crossover se-
lect the first parent to be chain I with probability p; propor-
tional to

exp{~BH(x1)}

where § > 0, and the second parent uniformly from the re-
maining chains.
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Evolutionary Monte Carlo

The acceptance probability is computed by considering the
various probabilities and densities in the proposal steps. For
the crossover move

» Pick parent 1, x;, with probability p;
» Pick parent 2, x;,, uniformly, with probability 1/(M — 1)
» Pick the location of the crossover j, uniformly, with prob-
ability 1/(d — 1)
new

» Perform the crossover to obtain x; e

and x°%.

This yields the numerator in the Hastings ratio

1 1
1 g -1% 71 (X7%Y) X T (XoY)

Pm X

Considering the reverse move yields the denominator.

251



Simulated Tempering

In simulated tempering, the temperatures are also treated as
quantities that are updated during the MCMC updates. Sup-
pose
exp{—H (X)/Tm}

Z(Tm)
where Z(mp) is the normalizing constant for the mth tem-
pered (conditional) distribution. A Metropolis-Hastings algo-
rithm is constructed on the augmented state space

Tm (X, Tm) €

(x1,71), (X2, 72),..., (XM, T™)

and the sampled collected from chain 1 are samples from the
target m = 7.
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Simulated Tempering

For a mutation move, chain m is selected uniformly from col-
lection of chains, and then the pair (xy,,7m) is updated using
a transition proposal

qm ((Xm ) Tm)7 (eryllew7 TII;IEW))

with the usual acceptance probability.

For the exchange move between | and m, the proposed ex-
change is accepted with probability

o = min{Lm}

where the probabilities of choosing pairs of chains I and m to
attempt the exchange are equal.
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Simulated Tempering

A Gibbs sampler update, involving proposals for x, and then
for 75, can also be carried out. Specifically, we may propose
an exchange for 7; whilst holding x; constant.

If 1 is selected uniformly from {1,..., M}, then another index
m is selected with probability qi;,, and a temperature swap
T] < Ty is proposed. In this case, the acceptance probability

is
a = min{l, Wm(Xl)qml}
7T1(X1) dim

rals)_ Z0m) o () (1 1))

7r1(X1) Z(T])

Here
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Simulated Tempering

In this formula, the normalizing constant ratio

must be computed. Here

Z(1) = fexp{—H(X)/T} dx
which, in the multivariate case is a d-dimensional integral
that needs to be finite for each possible 7.

In some cases, analytical expressions can be obtained, but
more generally an estimate Z(7) must be used.
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Simulated Annealing

Simulated annealing is a related optimization technique that
utilizes MCMC and a temperature ladder. Suppose that the
function H(x) is to be minimized, let

mr(x) o exp{—H(x)/T}
and consider the sequence of decreasing temperatures
T >T) > ---

Simulated annealing proceeds by running MCMC at the high-
est temperature T; for a fixed number N;j of iterations, then
changing temperatures to T> and running MCMC for N, iter-
ations, and so on.
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Simulated Annealing

As i — oo with T; — 0, the MCMC samples become fo-
cussed at the mode(s) of w(x), that is, the minima of H(x).
Theoretically, the logarithmic rate, where

T,- X
e log(Ml)

i
with M; = Z N;
=1

ensures convergence to the global maximum of .

This rate is extremely slow, and typically geometric or linear
cooling schedules are used; they generally have reasonable
performance.

Simulated annealing is an option in the optim function in R.
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Examples

Example: Tempering methods

See knitr 15
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Sequential Monte Carlo

Consider a sequence of probability distributions
T, T2y 0y

defined on a sequence of state spaces X,Xj,... where, for
each n, we may, for some X, either have

Xp=XxX...xX=X"

that is, dimension increasing, or X, = X (i.e. dimension
fixed). Let
In(X1:n)
7 (X1.p) = T2
n( l.n) Zn
where x1., = (X1,...,Xn), gn iS an integrable non-negative

function, and Z, is a normalizing constant.
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Sequential Monte Carlo: Two cases

1. Dynamic problems: where data are collected sequen-
tially though time, as in state-space models

Vi = H(x4;0) + ¢

Xt = P+ (X1 —p)tee
where the observed data {y1,...,yn} are related to the
unobserved states {x1,...,Xn}.

2

Here the parameters 6, u, ¢, a ,0% are also of interest.

Here 7, is the posterior distribution derived from the data
{Yl, o 7yt}-
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Sequential Monte Carlo: Two cases

2. Static problems: where data are collected together, but
used sequentially.

For example, in a Bayesian inference problem, we may
have

» 7, being the posterior computed from y;

> 7, being the posterior computed from yy, y»

and so on.

In both cases, we may wish to perform a Monte Carlo calcu-
lation with respect to 7,, such as an expectation of the form

[Eﬂ—l1 [h(Xl;n)] = fh(X1;H>7Tn(X1;n) Xm:n
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Sequential Monte Carlo

Recall: importance sampling uses the identity

f h(x)f(x) dx = f h(x)f(x)gg; dx = f {W} fo(x) dx

which demonstrates that

h(X)f(X)]

Elh ()] - E | 20

so that an estimator of the LHS is

N . .
) = 3 2O

i=1

where Xi,..., XN ~ fo(.).
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Sequential Monte Carlo

Let

Tn(X1:n) = gn(X1:n) _ On(X1:n)
Jg(xlzn) Xm:n

Zn

Wn (Xlzn )pn (Xlzn)

f Wn (Xlsn )pn (Xlzn) dx1:n

where p; is a chosen importance distribution, and

9n(X1:n)

W (Xlzn) - Dn (X1:n>

is the importance weight.
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Sequential Monte Carlo

If an i.i.d. sample of size N Xflg, - ,X{ﬁ) can be obtained from

Pn, then the empirical pmf

can be used to construct an estimate of 7:

Z\"

N
ZW1)6X(1
i=1 1:n
where
) _ Walxin) 5 1 i (x)
= = = — Wy (X
n NZH n szl n\41.p
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Sequential Monte Carlo

In a static Bayesian calculation, the full posterior is
Ln(0)mo(0)

T (0) =
j La(t)mol(t) dt

so we could consider setting
pa(0) = mo(0)

for all n. The problem with this is that £,(0) is likely to be
very peaked compared to 7o (f) once n gets moderately large.
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Sequential Importance Sampling

Using the chain-rule factorization
n
Tn(X1:n) = T1(x1 H (%j[x1.(-1))
j=2

where
j(X1;5)

7 (Xj]X1.(—1)) = 7TJ—1(X—1(1—1)>

is the conditional distribution of element x;, given

X1:(j—1) = (X1, -, X-1)-
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Sequential Importance Sampling

We then can construct a Sequential Importance Sampling (SIS)
density

n
Pn(X1:n) = p1(x1 H (Xj[x1.(-1))
Jj=2

where p;(xj[x;.j_1)) is again a conditional distribution.
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Sequential Importance Sampling

The importance sampling weight then takes the form

Wa (K1) = Tn(X1:n) _ m1(x1) ﬁ 7 (Xj]X1:(j—1))
D ) P P (xj]x1:¢j-1))

so therefore

7on (Xn| X1 (n— 1))

Wy (%1 = w X D (Xn X100 11)
n(X1:n) n—1(¥1:(n— 1))pn(Xn|X1 n-1))

Tn—1(Xn— 1’X1 (n— 2))

Wn_1(X1.(n— = W, X
n 1( 1:(n 1)) n— 2( 1:(n— 2))pn 1(X11 1|X1 (n— 2))

and so on, so there is a recursive weight calculation,

75 (%]%1:-1))

Wi(X1. W;j X
J( 1-]) J— 1( 1:(j— 1))pJ(XJ’X1(] 1))
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Sequential Importance Sampling

However: in the numerator of the weights, we have

mj(X1,)

%J(X]|X1(]—l)) = 7rj71(X1-(j_1))

but to compute this we need the marginal distributions 7; and
mj—1, which may not be available analytically.
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Sequential Importance Sampling

A strategy for the static Monte Carlo case involves, for each
Jj, defining the auxiliary distributions

pOj(Xlzj) j:]-’"'an

such that pon(x1.n) = 7n(X1:n), and where po; resembles T,
but is directly available.
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Combining Importance Sampling and MCMC

Recall that

m(x)

fo (X)

Jh(x)ﬂ(x) dx = Jh(x) fo(x) dx = Jh(x)w(x)fo(x) dx

If P is a Markov transition kernel with stationary (invariant)
distribution =, that is, for all x

JTF(Z)P(Z,X) dz = 7(x).
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Combining Importance Sampling and MCMC

Then

f ™2) by ¥)6(2) dz = n(x)
or

jw(z)P(z,x)fo(z) dz = w(x).

and so substituting in for 7(x)

Jh(x)w(x) dx = Jh(x) {JW(Z)P(Z,X)fo(Z) dz} dx
ff (z,x)fy(z) dz dx.
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Combining Importance Sampling and MCMC

Hence, from the importance sampling identity

Er[h(X)] = Ep,[w(X)h(X)] = ffh(x)w(z)P(z,x)fo(z) dzdx
and the estimator
N
1
N > h(X;)w(Zi)
i=1
can be constructed, where
Zl,...,ZN~f0 XijX|Z(X‘Zj),1'=1,...,N

where fy|z(x|z) is the conditional density for X given Z.
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Annealed Importance Sampling

Annealed Importance Sampling (AIS) uses a SIS approach,
but with auxiliary densities of the same dimension defined by

Poj (%) = ¢igo;(x) = ¢i{go(x)}' ¥ {gn(x)}¥
where pg is a “diffuse" distribution, and

0=% <& < -<&H=1
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Annealed Importance Sampling

We have a “path" from poo(x) = po(x) to the target distribu-
tion

Pon(X) = mn(X) = cngn(X).

Forj =1,...,n -1, let P; be a Markov kernel with invariant
distribution py;.
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Annealed Importance Sampling

The AIS algorithm proceeds as follows:

1.
2.

Sample x; from pgo, set wp = 1/go(x1).

Forj=1,2,...,n—1,
(i) Sample xj;1 from Pj(x;,-);
(ii) Set
Poj (%)) 9oi (%)

wi=w_— 2w :
L poi(x5401) T go(xi41)

Return to 1., repeat to produce N samples and weights

o x Y wi, o wiY

1 " go1(x1) " go2(x2) ‘o x gon—1(Xn—1)

T go(x1) gn(x2)  goz(x3)  Gon_1(xn) X gn(Xn).
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Annealed Importance Sampling

Consider the reverse kernel PjR defined using Bayes Theorem
as

J 9

Poj (Xj+1) go; (Xj+1)
and let

n—1

g"(x1m) = Gnlxa) [ [ PR(%41,%)
j=1
n—1

9o (x1:n) = gO(Xl)HPJ'(XJ'7Xj+1)
j=1

where g} (x) is proportional to the AIS proposal joint density
pg(x).
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Annealed Importance Sampling

Define
g* (Xlsn)
g(; (Xlzn)

as the importance sampling weight for the augmented sample

w*(x1.) =

X1:n = (Xla" 'axll)

generated from pg.
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Annealed Importance Sampling

We have that

J\&4, 2j+1)50j (4
gn (X
a n>11;[1 goj (Xj+1)
n—1

go(x1) l_ll Pj(Xj, Xj+1)
J:
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Annealed Importance Sampling

That is, all the terms in P;(-, ) cancel, and

L gox) goalxa) o Gon-1(Xn-1) ooy

W*(X):go(x) go1(x2)  goz(x3) 9o n-1(%n)

This is the identical weight to the one computed recursively
above.
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Annealed Importance Sampling

Note that foreachj=1,...,n—1,

J%R(Xm,xj) dxj = 1
so the marginal distribution of x; from
7 (X1:n) = €¢*g"(X1:n)
obtained by integrating g*(x1.,) with respect to
X1,X2,...,Xn_1

is precisely the true target m,(xp).
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SMC for State-Space Models

Recall the state-space model: fort =1,...,T
ye = g(x;0) + e
Xep1 = h(xe;0) + e
where only the series yi,...,yr, is observed. Sequences {¢;}

and {¢;} are independent zero mean random variables.

fyr.e =, ), X1t = (X1,...,Xt). we must carry out

» Filtering: Compute p(x¢|y1.¢)
» Prediction: Compute p(x¢11|y1.¢)
» Smoothing: Compute p(x¢|y1.7)

282



SMC for State-Space Models

Filtering: By Bayes theorem

p(Yt\Xt)p(Xt\Yh(t—l))
p(ytly1:(:-1))

p(xt|y1:t) = e p(Yt|Xt)p(Xt|YI:(tfl))
where the function p(y:|x;) is usually a straightforward con-
ditional density, but the function p(xt|y;.(;—1)) is the density
computed at the previous time point prediction step.

Prediction:
p(Xt41|y1e) = Jp(Xt+1|Xt)p(Xt|Y1:t) dx;

where p(x;;1|xt) is again a conditional density derived from
the state equation, and p(x¢|yi.+) is the posterior density com-

puted at the time point filtering step.
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State-Space Models

We consider simulation-based versions of these calculations.

For example, in the filtering step, suppose we have a sample

from p(x¢|yi.;—1)) obtained at the previous prediction step.
Then we can obtain a particle approximation to p(x¢|y1.¢t) as

Mz

p(xt|y1:t) = Yt|Zt 5t<i)

1:1
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State-Space Models

Note also that the denominator p(y:|y;.(;—1)) can be approxi-
mated by the sum of the weights

1 X
P(Velyi:(e-1) NZ Yt|zt

which is useful in approximating the likelihood by

T
£Y1t H Velyi:e-1)
t=2
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State-Space Models

We can produce a sample from the particle approximation

IAJ(Xt\let)

by performing a weighted resampling from

with weights proportional to p(yt\zt(i)).
Denote this resampled vector

NORL
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State-Space Models

For the prediction step, the particle approximation to

P (Xe41|y1:t)

is obtained using a similar Monte Carlo strategy

z

P(xty1ly1:e) = Z Xt+1|Vt
1:1

287



State-Space Models

A sample from this approximation can be obtained by prop-
agating the samples Vt(l), . .,vt(N) forward by sampling the
transition densities p(x¢1 ]Vt(l)) for each i.

This yields the sample

(1) (N)
Zev1s 0 2y

and the recursion continues.
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State-Space Models

To perform SIS for mj(x1.n) = gn(X1.n)/Zn, use the IS density
n
Pn(X1:n) = p1(x1 H (xj]x1.(j-1)
j=2

with weights given by w; (bx;) = m1(x1)/p1(x1) and

75 (Xj]X1.(-1))

VVj(X]-:J)_W] 1(X1(] 1)) (X_]‘Xl(J 1))

i (x1;5)
Tj—1(X1:(-1))Pj (% X1:G-1))

= Vijl(Xlz(j—l))
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State-Space Models

If the normalizing constants Z; for j = 1,...,n are unknown,
the weights can be replaced by w; (x1) = g1(x1)/p1(x1) and

gj (x1;)
gj—1(X1:(i—1)) Dy (%5 |%1:(j-1))

wj(X1;5) = "ijl(xlz(j—l))

= wj—1(X1.(j—1)) 2 (X1;)

say.
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State-Space Models

The Monte Carlo computation is carried out by sampling

from pi, then at stepj > 2 sampling fori =1,...,N
¢ from ﬁj(.\xffzj_l))
(1)

The importance sampling weights are wy(x,’) and, for j > 2,

wj (x)) = wj_p (x1)
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State-Space Models

We then have

where
(1) N
i Wa(X);) 5 1 )
e S DR

in the usual way.
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State-Space Models

In a simple state-space model, write

Observation equation : py|x(yj|x;j)

State equation : px(xj|xj_1)

with X; ~ Px, -

In light of the observed data y1., = (y1,-..,¥n), the posterior
of interest is
p(X1:n>y1:n) gn(X1:n7Y1:n)

7Tn(X1:n) :p(Xl;n|Y1:n) - p(Yl:n) N ZH(YLH)

293



State-Space Models

We have
n n
On(X1:n,¥Y1:n) = Px, (%1 {H XJ\Xj—l)} {HPYX(YJ"XJ)}
-2 j=1
and

Zn(Yl:n) = fgn(xlzn7y1:n) dxq.p
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State-Space Models

For SMC, the optimal choice of IS density p;(xj|x;.j—1)) is
75 (%5 ]x1. 1))
which in the simple state-space model is given by

~ ~ Pyx (¥ 1%)px (xj[xj-1)
7 (51x1.-1) = 7 (%1715, %1.-1)) = — IJ)(}J’J"Xj—l; :

Py x (¥ 1%) px (%j[x-1)

f Py (35 1%)px (x|%;_1) dx

as, conditional on x;.(;_1), X; is independent of y;.;_1).
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State-Space Models

In most cases (specifically, outside of the Gaussian case), the
optimal choice is not feasible: recall that we need successive
samples from the IS densities

B (x]%1.G 1)) = T (X[y15. Xa.6-1)) = 7 (%5157, X 1))
We might choose instead
B (xj[x1:-1)) = Px(%j]%1:(-1))

which typically is straightforward to sample from, and yields
the recursive weight calculation

wj(x15) = wj—1(X1.(j—1)) Py|x (¥51%7)
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State-Space Models

Example: Stochastic volatility model
Suppose
Observation equation : pyx(yj|%j) = N (0, exp{2x;})
State equation : px(xj|xi_1) = N (u + ¢(x-1 — p), %)

with px, (x) = N(u,0%/(1 — ¢?)). We regard ju,¢ and o as
known constants.

This model is used in the analysis of financial time series: it is
a non-linear state-space model, due to the non-linear depen-
dence of the distribution of y; on x;.
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State-Space Models

Example: Stochastic volatility model

n = 500 realizations from the stochastic volatility model.

o |

o
=1

-05

-15
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State-Space Models

Example: Stochastic volatility model
Here, forj > 2,

e—2x 1/2 i
prixtnl) = (%5 ) expl-e292/2)

and the recursive weight calculation is based on

I R (x| %1 (k—1) d
wj (X1,) = H S ele) n Py|x (Vic|Xk)

that is, the likelihood up to observation j.
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State-Space Models

Example: Stochastic volatility model

N = 100 particles and weights atj =1

o

wi(x)
06

0.4
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State-Space Models

Example: Stochastic volatility model

N = 100 particles and weights at j = 2

wi(x)

o

06

0.4
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State-Space Models

Example: Stochastic volatility model

N = 100 particles and weights at j = 3

wi(x)

o

06

0.4
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State-Space Models

Example: Stochastic volatility model

N = 100 particles and weights atj =4

o

wi(x)
06

0.4
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State-Space Models

Example: Stochastic volatility model

N = 100 particles and weights at j = 5

wi(x)

o

06

0.4

W e eemecn s BUmERENE G oocamne BNiPB Be SiBe s o

-4

-3

-2

-1
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State-Space Models

Example: Stochastic volatility model

N = 100 particles and weights at j = 20

o

wi(x)
06

0.4
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Particle Degeneracy

A problem with this strategy is that the weights start to de-
generate as j increases;

» the weights that define the Monte Carlo estimate 7,(x)
are very small for most i, with only a few large weights.

» the empirical variance of the collection of unnormalized
weights {wj(xj(i))} fori=1,...,N increases

» this is mitigated, but not resolved by a better choice of
pj(xj]x1.(j-1))
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Particle Degeneracy

» could try a normal approximation of

P(Xj]y1, X1:(j—1)) ¢ Pyx (1% px (x|%-1)

2
o1 )
- eXp{_Xj_%Z%_M(}g_“j) }

where pj = p+ ¢(x-1 — ).
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Particle Degeneracy

Example: Stochastic volatility model

Here the mode of

7 1
_ J 32
p(X]yj,Xj—1) = exp {—X T oex ﬁ(x — 1) }
can be computed numerically, and the variance of the normal
approximation can be computed by inspecting the curvature
at the mode, given by

*log p(xly;, x-1)] " o 1
[— 6X2J J ] = [Zyjze X+ 1/0?]
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Particle Degeneracy

Example: Stochastic volatility model

Normal approximation to p(x;j|yj,xj_1) for xj_1 = 0,y; = 2:

10

-05 0.0 05 1.0 15
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Particle Degeneracy

The main reason for particle degeneracy is that particles with
low weight at step j — 1 tend to have low weight at step j.

Particle degeneracy can be overcome by resampling that re-
moves the particles with low weights. The commonest form of
resampling is to use a non-parametric bootstrap, with multi-
nomial sampling.
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Particle Degeneracy

At step j, the Monte Carlo estimate of 7; is

N
Z X1J5<z> X)

This discrete distribution on

1 N
Xf:j)"' Xf‘])

is resampled N times according to the weights

1
VVJ(szj))v ) V‘G(Xl(lj))
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Particle Degeneracy

After resampling, the new resampled values replace the

1 N
XD X

collection, and each resampled point carries with it its nor-

malized resampling weight V\/}(Xflj))

Each original value XP may appear in the resampled collec-

i
tion more than once.
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Particle Degeneracy

Let njq,...,njy denote the numbers of times that each of the
N particles are resampled during multinomial sampling. Let

Resampling does not disrupt the particle approximation in ex-
pectation (that is, it does not introduce bias)

E[7; (X)|7 (x15)] = 7 (x1;5)
but it does introduce “noise" - for any suitable h,
Var%j [h (Xl J)] = VarTAl'j [h (Xlzj )]

This follows by the law of iterated variance.
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Particle Degeneracy

The message from this result is that although you should per-
form resampling to preserve particle diversity, you should not
resample too often, as that introduces variability.

A common strategy is to resample only when the observed
variance of the weights exceeds some threshold. A statistic to
track is the effective sample size (ESS) where

ESS — (12 {V\/fi)}z)l

We have 1 < ESS < N:

ESS=1 if Wj(j) =1 forsome i

i 1
ESS =N if W‘(I) = — foreachi
J N
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Particle Degeneracy

Can also use entropy as a measure

N
Entropy = — Z W}(I) log Wj(l)
i=1

where 0 < Entropy < log, N

Entropy = 0 if Wj(j) =1 for some i

i 1
Entropy = log, N if Wj(l) -~ for each i
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Particle Degeneracy

Example: Stochastic volatility model

N = 100 resampled particles and weights at j = 1

o

08

wi(x)
06

0.4

0.0
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Particle Degeneracy

Example: Stochastic volatility model

N = 100 resampled particles and weights at j = 2

o

08

wi(x)
06

0.4

o oa 00 0" Baw "B ale U°UTTC P00, VSO 00000

0.0

-05 0.0 05
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Particle Degeneracy

Example: Stochastic volatility model

N = 100 resampled particles and weights at j = 3

wi(x)

o

08

0.6

0.4

0.0

S e v co 3t LRI AL AN
; :

-05 0.0 05
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Particle Degeneracy

Example: Stochastic volatility model

N = 100 resampled particles and weights at j = 4

o

08

wi(x)
06

0.4

. oews sonnsddn oted fomatds '.s: -.*#o.
T T

0.0

-15 -1.0 -05 0.0 05 1.0
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Particle Degeneracy

Example: Stochastic volatility model

N = 100 resampled particles and weights at j = 5

o

08

wi(x)
06

0.4

0.0
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Particle Degeneracy

Example: Stochastic volatility model

Effective sample size (ESS) with resampling when ESS < 10

ESS

g -
8

o
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50

40

30

20

T
100
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Examples

Example: SMC for the stochastic volatility model

See knitr 16
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Model-selection via trans-dimensional MCMC

Model selection via MCMC exploits trans-dimensional moves

» Discrete time chains
» Carlin and Chib (1995): extend the state space to consider
all possible models simultaneously
» Continuous time chains

» Grenander and Miller (1994), Phillips and Smith (1995):
jump diffusions.

» Geyer and Moller (1994), Stephens (M) (2000): birth and
death in continuous time
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Model-selection via trans-dimensional MCMC

In the contributed Discussion of Grenander and Miller (1994),
Green laid out the basic construction of

Reversible Jump MCMC.

» Green pointed out that whereas their Gibbs sampler con-
struction might only be rarely of use, their MH algorithm
they also suggested could provide a general mechanism
for jumping between subspaces of different dimension.

» The suggested general algorithm retained the reversibil-
ity and detailed balance properties of the usual MH al-
gorithm, but required “dimension-matching" terms to ac-
count for the differences in dimension of different sub-
spaces.
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Reversible Jump MCMC

» target distribution

» parameter vector § € © < RY;

proposal kernel Q(6,d#’') = Pr(¢' € d¢'|6),

» transition kernel P(f, d¢’) with 7 as its unique stationary
distribution.

v

Let 7 and g denote the densities of 7 and Q wrt to Lebesgue
measure.
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Reversible Jump MCMC

By the usual arguments, the acceptance probability for values
generated from q is

a(6,0') = min {1, ™ (0') a(#, 0)}

m™(0) q(6,6")

Under mild conditions on Q(.,.), variates generated from this
Markov chain with transition kernel P(.,.) form a dependent
sample from 7, and the ergodicity of the chain permits Monte
Carlo estimation of functionals of 7.
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Reversible Jump MCMC

Consider a countable collection of Bayesian models, {My, k =
1,2,...}, where model My is parameterized via parameter 6
with parameter space O — R%. We formulate a joint prior
on the parameters and the unknown model M by setting a
discrete prior

7T0(Mk) = PI"(M = Mk)

say, and then the conditional prior
o0k | M)
so that the full joint posterior can be written
L™ (0 )70 (01| Mic) 0 (M)
S { [ £t motsing) dt | ro(hs)

7n (M, Ox) =
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Reversible Jump MCMC

Our objective is to construct a Metropolis-Hastings chain to
that is aperiodic and irreducible on the union of parameter

spaces
O = U Ok.
k

This requires the specification of a proposal transition density,
q(.,.), but, in contrast to the usual fixed-dimension case, we
face the difficulty that the arguments of g are potentially of
different dimensions, rendering the reversibility requirement
difficult to meet.
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Reversible Jump MCMC

At a specific iteration, suppose that

» the chain is in model M with parameter 6 having dimen-
sion d,

» the proposal is to move to model M’ with parameter ¢’
having dimension d’.

We envisage this move as first selecting a move between mod-
els, M — M’, and then the proposal of a §' possibly depen-
dent on the current 6.
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Reversible Jump MCMC

For a reversible proposal mechanism, we need equally dimen-
sioned arguments to g(.,.): consider the introduction of col-
lections of latent variables u and v of dimension d, and d,
respectively, so that d + d, = d’ + dy.

The proposal density q is then considered for the extended
parameter vectors (6,u) and (¢’,v) such that g((6,u), (¢',v))
is reversible; this is most easily constructed using a 1-1 dif-
ferentiable mapping, that is

(0, v) = g(f,u) <> (6,u) = h(d',v).
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Reversible Jump MCMC

Standard (fixed-dimension) moves are special cases of this
general proposal procedure; for example, for a Metropolis
move, we might set

0 =0+u u~ Normaly(0,X)

and for Metropolis-Hastings moves, we typically use a condi-
tional generation g(¢’'|f) taking the conditioning variable as a
constant parameter in a suitably chosen density; the stochas-
tic elements u in the MH move can be thought of as the uni-
form variates used to perform basic random number genera-
tion from this conditional density.
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Reversible Jump MCMC

To establish the acceptance probability for jump move, con-
sider a “hybrid” MH algorithm comprising a mixture of move
types, with

» move m

» transition proposal Qp

» move m selected with probability ry,

for a finite collection of move types, some of which may be
trans-dimensional, but each of which retains the detailed bal-
ance property.

If ¢ and ¢’ represent the latent-augmented parameter vec-
tors, and let the augmented posterior density be denoted

%m(¢) = %m<M767u) = ﬂ'n(M,@)pu(u)
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Reversible Jump MCMC

Let am (1, 9") denote the acceptance probability for move type
m, so that for arbitrary sets A and B

L Fm (d9) jB (1, 9')Om (0, d’) = jB Fm(dy) L om (1, ) Om (', d)

which implies as usual that

am (1, V) fm () dm (0, ¢') = am (¥, 9)Tm (YY) qm (', ¥)

or,

Om (1% w/)fm (w, 1//) = 0m (?//, ¢)fm (7//7 ¢)

say where fp, is defined with respect to a common, symmetric
measure on the product space.
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Reversible Jump MCMC

Consider the forward move; in this case fp, (¢, ') is given by
(Y, %) = Tm (V) qm (1, 9) = 70 (M, 0) py(0) T m.

For the reverse move, to preserve symmetry, we must set

fm (1//7 w) = 7ﬁ%m (W)qm (1//7 1/)) = Tn (Mlv el)pv(v)

where the term

‘ og(ty,t2)
d(6,u)

t1=0"t,=v

is the Jacobian for the 1-1 mapping g : (6,u) — (¢, v).
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Reversible Jump MCMC

This term arises as in the augmented posterior, we have

A(M', 0", v) = 7(M, (¢, v)J(0',v)| = 7(M,0,u))[J (0, w)| ™"

under the bijection; here

is the Jacobian.
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Reversible Jump MCMC

In the expressions above, the two terms T, and T, repre-
sent the probabilities of choosing to make move m (from M to
M’) and the probability of the reverse move (from M’ to M).

Thus, the acceptance probability for move type m is

am((M, 6), (M',6')) = min {1, 7 (M, 0')py (V) T m ‘(9(0',V)

m™(M,0)puy(0)T n
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Reversible Jump MCMC

These general calculations simplify if one of u or v is a null
vector. If dim(f) < dim(#’), and the proposed move attempts
to increase the dimension of the current model, then only the
augmenting variables u are needed to match dimension, that
is, the bijection can be constructed by setting ¢’ = g(6,v). In

this case
o0
o0,u)|)

Conversely, if dim(f) > dim(#’), then only the augmenting
variables v are needed, and

(M, 0T
Tn (Ma 9)pU(u)?m

am((M,0),(M’,6')) = min {1,

Tn (Mlv gl)pV(V)(Fm
Tn(M,0)T 1

o(0',v)
a(0)

am((M,0),(M’,6)) = min {1,
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Reversible Jump MCMC

Notes:

1. The proposal mechanisms can be generalized by allowing
the generation for u or v to depend on the values of 6 or ¢’
respectively. Under this generalization, py(u) and py(v)
are replaced by py(u|f) and py(v|#’) in the acceptance
probabilities. This merely corresponds to an alternative
construction of the augmented posterior 7.
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Reversible Jump MCMC

2. Each move type m comprises a pair of moves operating
in each direction between models M and M’.

» if move m is a move from M to M’, constructed by genera-
tion of augmenting variables u and transformation, there
should exist in our collection of potential moves the re-
verse move, indexed m’, say, which utilizes the augment-
ing variables v, the two moves being selected with proba-
bilities T, and T,
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Reversible Jump MCMC

3. In some situations, the reversible jump acceptance prob-
ability simplifies even further.

» In a move that increases dimension by dy through the
variables u, it may be feasible to set the new parameters
precisely equal to u, that is, the proposed parameter vec-
tor ¢’ is formed by concatenating 6 and wu. In this case, the
Jacobian of the transformation is 1.

4. It may be possible to generate u from a prior distribution,
which facilitates cancellation in the Hastings ratio.
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Prior specification

Letk =1,2,...index models My, Ms, ... under consideration,
where k represents the dimension of 0x = (01, ..., 0k). Sup-
pose that the model specification is such that identical, inde-
pendent priors are used for the components of the parameter
vector

Kk
mo(0k) = [ [ mo(0xa)-
1=1
For a proposed move from M; to My with j < k, suppose that
the elements of u are generated independently from pg, with

k—j

pu(u) = H mo(ug),

=1

—

say, and suppose that 0 = (6;,u).
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Prior specification

Then the acceptance probability o; = «;((M;, 6;), (Mg, 0x)) is

aj = min {1 T (M, 01c) T
! "7 (Mj, 05)pu (W) T

el

— min {1 L™ (01)m0 (0| Mic)mo (M) T,
Ly’ (0;)m0(6j|Mj)mo(M;)pu (u

~—
.
.

as 7o (0x|My) can be written

k k—j
[ [7o(0w) = {HWO i }{H o(U1)}=7TO(9J|1VIj)pU(u)

I1=1



Prior specification

For the reverse move that attempts to decrease the model
complexity by moving from model k to model j, the determin-
istic proposal that sets the last k — j components of 6 to zero
is used.

The approach described in this example can be useful in some
applications, but can also lead to low acceptance rates.
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Example

Consider two models M; and M, with parameters o) = ¢,
and 0(2) = (021, 622), with all parameters taking values on R.
We consider four move types:

1. m = 1: move within Model M,
2. m = 2: move within Model My,
3. m = 3: move from Model M; to Model M,
4. m = 4: move from Model M, to Model M;j.

For the within model moves, standard MH acceptance calcu-
lations proceed as usual; Moves 3 and 4 are a forward/reverse
move pair.

Clearly, if the current state of the chain is in M;, only moves
1 or 3 can be selected, and similarly for M;.
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Example

We only need to consider the relative magnitudes of the re-
versible jump moves selection probabilities; for example, if
the probability of selecting move 3 is 0.3 and the probability
of selecting move 4 is 0.1, then

T3 0.1 T4 0.3

T3 03

T, 01

are the ratios that enter into the acceptance probability cal-
culations for move types 3 and 4 respectively.
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Example

When the current state of the chain is in Mj, to propose a
move to M, after selecting move 3, we must introduce a single
random variate u; suppose that u ~ Normal(0,1), and let

0 0
01 =61 +u 0 =61 —u — 91=¥.
In this case the acceptance probability takes the form
s = min{l Tn(Ma, (021, 022)) T'3|0(021,022) }
T omn(My,01)¢(u) Ts| 0(01,u) [f
where ¢(.) is the standard normal pdf, and
001 00
‘3(9217922) _| 061 ou | _ 11 5
5(01, u) 0922 0922 1 =1 '
001 du
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Example

For the reverse move 4, we have

N =min{1 m™(Mi,01)¢(u) Ta| 0(61,u) }
* "mn (Mg, (021, 022)) T4 |0(621,022)])
where
’ 6(91,11) _1
(021, 622) 2

347



Pharmacokinetic example

Consider two competing pharmacokinetic (PK) models for re-
sponse data y(t) measured at different time points t1, ..., t,:

1. Model M;: One compartment, elimination only;
[E[Y(t)] = A1 exp{—)\lt} t=>0

2. Model M5: One compartment, absorption and elimina-
tion;

[E[Y(t)] = A (exp{—/\21t} — eXp{—(Azl + )\zz)t}) t>0

where (Aj, A1) and (A2, A21, A22) are positive parameters. Un-
der an assumption of additive, heteroscedastic Normal errors,
we have two competing explanations for the observed data;
both models can be fitted using ordinary least-square
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Pharmacokinetic example

¥
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Pharmacokinetic example

These models are nested, but the nesting structure is compli-
cated, as we require \;; — o0, that is, a boundary point in
the parameter space, which leads to non-regular frequentist
asymptotic theory.

Bayes factors can be used:

fﬁan (01)mo (A1) My) dby

BF(M;, M,) =
f £ (0, )0 (62| M) 0

but this requires numerical integration.
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Pharmacokinetic example

We consider a reversible jump MCMC solution. First, we use
a log-scale parameterization and set

th = (log A1, log A1) 02 = (log Az, log Az1,log A22).

We place equal prior probabilities on M; and M;, and then
place independent N(0,72) priors on the components of 6;
and 65.

The prior on the residual error variance ¢? is Inverse Gamma
with parameters 20 and 8.
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Pharmacokinetic example

The ML estimates 91 and 92 can be computed easily, as can
the Hessian matrices 11 and Iz, these likelihood-based results
yield reasonable approximations to the posterior distributions
to produce independence MH algorithms.

Specifically, at the ML estimates for ¢ under the two models,
we may approximate the conditional posterior for 6 by the
Normal density

p(0k|5,y) = Norma](é\k,n”&lz{ﬂ(_l) (1)

On fitting using ML, the estimates of ¢ under the two models
are found to be quite similar (M; : 57 = 0.252,M, : 0y =
0.329).
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Pharmacokinetic example

A reversible jump MCMC algorithm can be constructed as fol-
lows: we again consider four move types:

1. m = 1: move within Mj; update 0; from 7, (01|Mj, o)

2. m = 2: move within M;; update 6, from 7, (62|M>, o)

3. m = 3: move from M; to My; propose a new 6,, and
carry out an accept/reject step.

4. m = 4: move from Model M, to Model M;; propose a
new 61, and carry out an accept/reject step.

with the remaining parameter ¢? being updated in a Gibbs
sampler algorithm at each iteration.

353



Pharmacokinetic example

Moves m = 3,4 are a forward/reverse move pair. For move
3, several options are available; for example, we could adopt
the earlier strategy, and generate a new variate u from the
prior for the additional parameter, and then merely use the

mapping
(011,012, u) —> (021 = 011,022 = 012,023 = u)

with reverse move setting 6,3 = 0.

This approach may be adequate, but more probably would not
facilitate good mixing across the models.
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Pharmacokinetic example

A perhaps better strategy is to consider a different augmen-
tation, where we generate u = (uj, uz, uz) from the model in
(1) for k = 2, and map (011, 612, u1, uz, uz) to

(621 = uq, 622 = U, 023 = u3z,v1 = 011, v2 = 612)

with the paired reverse move being to generate v = (v, vy)
from the model in (1) for k = 1.

This guarantees that the proposed value 6, lies in a region
with reasonably high posterior support under model M,, al-
though it does not guarantee that the move will be accepted
with high probability.
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Pharmacokinetic example

In the Hastings ratio, the Jacobian of the transformation is 1,
and under equal probabilities of forward/reverse moves, we

have that
Tn (M27 92 )pV(Vl 9 VZ)

mn(Mi, 01)pu(us, ug, us)

can be written

L3 (62) { ﬁ ¢(921/T)/T} $2(011,012; 01,11
J

L3 (61) { ﬁ (91J/T)/T} $3(021, 022, 023; 02, 1)

where 7 is the prior variance for the regression parameters.
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Pharmacokinetic example

The logic of this construction is that numerically
£M1(61) = Normaly(61,1;%)  £M(6,) = Normals (6,1, ).

An approximation that incorporates the Normal asymptotic
likelihood in equation (1) as well as the Normal prior distribu-
tion for the parameters can be constructed.
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Pharmacokinetic example

The algorithm was run for 100000 iterations. In this run with
7 = 4, the chain spent about 66 % of the time in model My,
indicating the posterior probabilities are

mn(Mp) = 0.66  mn(My) = 0.34.

The model posterior probabilities vary with the choice of 7;
this is as expected, as the model probabilities are closely re-
lated to the marginal likelihood, or prior predictive distribu-
tion, which is the expected value of the likelihood for the ob-
served data with respect to the prior distribution.
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Pharmacokinetic example

It is evident from the discussion that the prior specification
acts as a penalty for complexity. For illustration, if 7 = 1,
the model probabilities change to (0.43,0.57); if 7 = 10, the
model probabilities are approximately (0.80,0.20).
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Pharmacokinetic example

Conditional on M; or M, being true, we can perform inference
about the parameters of the two models, and also reconstruct
estimates and posterior credible intervals for E[Y].

The figure below displays the reconstructed posterior inter-
vals for the two models.
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Pharmacokinetic example

Model 2 Model 1

¥
y()
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Pharmacokinetic example

It is evident that both models are plausible explanations of
the observed data, but offer potentially different predictions
of future responses, especially near ¢ = 0. Note that the pos-
sible nesting structure, incorporated by the assumption that
Ao — o0, is not supported by the priors studied.

Finally, note that the BIC values for the two models, computed
as
BICk = —2log LM*(0) + dx logn

where dy is the total number of parameters fitted, are 21.2953
and 13.5964 for models 1 and 2, indicating strong support for
model 2.
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Appendix: Trans-dimensional examples
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Finite Mixture Model

The finite mixture model with K components has density

K
f(.V|w7 9, K) = Z wkfk(YWk)
k=1

where 0 are the parameters for component density k, and

K
0<wr<1,Vk & Zwkzl.
k=1
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Finite Mixture Model

Most typically the component densities are from the same
parametric location-scale family (say Gaussian) which differ
in location and scale.

For exchangeable data (y1,...,yn) from this model, the like-
lihood arising from this model does not permit analytical cal-
culation of the posterior distribution, so MCMC is commonly
used.
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Finite Mixture Model

If K is known, MCMC is typically implemented using auxiliary
variables z1, ..., z,, and a completed data model

f(YaZ;w>97K):WZfZ(Y|92) Z€{1727---7K}

and a Gibbs sampler strategy updating the z and (w, ) from
their full conditional posterior distributions.

Conditional on (w, #), the posterior distribution for each z; is a
discrete distribution on {1, 2,..., K}, whereas conditional on
the z, the posterior for the mixture weights w is a density on
the K dimensional simplex, and the posterior for the compo-
nents of §x proceeds using only those y; for which z; = k, for
k=1,...,K.
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Finite Mixture Model

If K is also treated as an unknown parameter, then transdi-
mensional MCMC is also needed. A discrete prior on K, typi-
cally on some finite set, completes the posterior specification,
and yields a posterior distribution m, (K, (X)),
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Finite Mixture Model

Here, dimension changing moves correspond to changing the
value of K, and in order to construct an efficient and tunable
MCMC algorithm, moves which peturb K by +1 are typically
considered.

» For example, moves of type K — K + 1 are termed
“birth" moves, and K — K—1 are termed “death" moves.

» The forward/reverse move pairs are then births from K
and deaths from K + 1.
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Finite Mixture Model

We consider a Normal mixture model for simplicity.

» If y is one dimensional, each component density has two
parameters, so a birth/death pair requires the introduc-
tion of three latent variables u, a new mean and vari-
ance, and also a parameter to introduce a new compo-
nent weight.

» If y is d-dimensional, d + d(d + 1)/2 + 1 new scalar pa-
rameters are needed, that is, a new mean and covariance
matrix, and a new component weight parameter.
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Finite Mixture Model

» New location/scale parameters: Either these new pa-
rameters are generated independently of the current pa-
rameters from proposal distribution, or a subset of the
current components are selected and used to generate a
new additional component.

» New weight parameters: A random split or rescaling of
the currently existing weights is used.
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Finite Mixture Model

In typical mixture applications, inference about the parame-
ter K may be of primary interest in a given application; per-
haps more commonly the mixture model offers flexible mod-
elling in the presence of heterogeneity.

The Normal mixture case is the most commonly studied, but
other mixtures of other parametric models have also been
used.
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Regression

Suppose the regression relationship between a scalar covari-
ate x and scalar covariate y

y=g(x)+e

is the focus of interest, for independent homoscedastic Nor-
mal errors {¢}. Typically, we seek the prediction y = g(x).
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Regression

Suppose we seek to approximate g locally on a finite domain
X by a series of step functions:

K
gk (x; B, k) = | Brals, (x)

k=1

where (B, ..., Bk) form a partition of X defined by a series
of knots kg, k1,...,KkK_1, kg SO that By = [lik_l, Hk). Without
loss of generality, assume X = [0,1), with kg = 0, kx = 1.
In this step-function approximation, B8y = (Bki,...,Skk) are
the parameters defining the piecewise constant levels of the
function.
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Regression

The likelihood for data (x;,y;),i = 1,...,nis

(Yi — gK(Xis,@K,HK)>

g

LY By o, mx) = | [ ¢

i=1

Typically, within model Mg, a conjugate prior specification on
(B, o) is used so that the marginal likelihood £} (k) can be
computed analytically by integrating out (Bk, o). The conju-
gate prior takes the form

70(Bk, o) = mo(Bk|o)mo(0)

and 7o(Bk|o) is some multivariate Normal density.
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Regression

A reversible jump MCMC algorithm can be constructed to ex-
plore the posterior m,(Mg, kx) which, under the conjugate
specification for (B, o), depends on the marginal likelihood
and the prior 7o (Mk, kk).

One approach to the specification of this prior is to assume
a Poisson process model for the change-in-level or jump loca-
tions of the step function.

» mo(Mk) to be a Poisson distribution with rate parameter
A

» within model Mg, xx are the order statistics derived from
a Uniform random sample on (0, 1), so that

7T0(I€K1, .. -,/{K,K—1|MK) = (K - 1)'

forO0 <ky <--- <kgg-1<1.
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Regression

Dimension-changing moves in this model correspond to the
addition or removal of a knot or knots.

» a new knot can be proposed uniformly on (0,1), or uni-
formly in an interval selected in light of the current knot
positions. In the former case, the reverse move corre-
sponds to removing a knot uniformly at random from the
current collection.

» Model complexity in this model is controlled by the Pois-
son model hyperparameter A, and the covariance struc-
ture in the prior model for B¢.
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Examples

Example: Reversible jump MCMC
See knitr 17

Example: Galaxy data
See knitr 18

Example: Model selection in regression

See knitr 19
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Bayesian Non-Parametrics: Motivation

» Parametric models are restrictive;

» We often meet data sets that exhibit non-standard hetero-
geneity;

» Likelihood-based inference is more straoghtforward than
moment based estimation (such as GEE, GMM)

» Because we can report a more complete summary of the
inference results, and perform prediction.
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Bayesian Non-Parametrics: Motivation

» Regression Problems

Survival Analysis

» Clustering

» Measurement Error/Errors-in-Variables Problems
» Density Estimation

v

that is, Bayesian nonparametric methods can be used where
parametric models, or non-parametric maximum likelihood
are used.

Some applications in hypothesis testing.
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Hypothetical Example: Birthweight data

750
|

500
1

Frequency

250
1

r T T 1
2000 2500 3000 3500

Birthweight (g)

380



Hypothetical Example: Birthweight data
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Hypothetical Example: Birthweight data
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Example: Old Faithful Data

Geyser Data
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Example: Old Faithful Data
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Bayesian Inference

In Bayesian statistical inference, we compute and summarize
the posterior distribution of the unknown parameters in the
probability model, in light of observed data.

» In Bayesian parametric inference, the parameter is the
usual 6, A\, p say that appears in the presumed (condi-
tional) data generating model.

» In Bayesian non-parametric inference, the parameter is
the distribution from which the data are drawn.

As part of Bayesian inference, we need to specify the prior
probability distribution for these parameters.

385



Random Distributions

How do we construct a “random" distribution suitable for non-
parametric prior modelling ? In the univariate case:

(I) Choose some locations on the real line
X1,X2,X3,. .-
(IT) Place a mass of probability at each location

b1,DP2,P3,...

where the probabilities sum to 1.

Then the function

£(x) = ) pidy (%)
i=1

is a discrete probability distribution on the set {x1, x2, x3,...}.
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Random Distributions

How do we make this random ?

(I) Choose the locations randomly (and independently) from
some distribution Gx; denote them x, x», x3, .. ..

(IT) Choose the probabilities randomly in such a way such
that they sum to 1; denote them 7y, 7, 73, . . ..

Then ”
x) = Y midy ()
i=1

is a random mass function.
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Random Distributions

If the number of locations is finite, equal to K say, then we
can generate the probabilities 71, ..., 7x from a Dirichlet dis-
tribution

Dirichlet(K;aq,...,ax+1)

where the as are fixed constants.

In this case, the x;s are fixed, or the x;s simulated from Gy.
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Random Distributions

If the number of locations is infinite, it is helpful to order the
7; in descending order

T =Ty =2 T3 2=+

so that eventually the terms in the infinite sum become effec-
tively zero, so that the truncation

N N N
Fx) = I(x) = ) mid (x)
i=1

can be computed.
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Random Distributions

For example, consider for a > 0
Vi,Vo,V3,... ~ Beta(l, a)

independently distributed, and

1 = Vl
VW] = (1—V1)V2
o= (1—=Vi)(1—V,)Vs

The 7; sequence generated in this way are decreasing in ex-
pectation.
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Simulation: oo = 2

1.0

0.8

0.6

0.4

0.2

0.0

)
.
. : .
e " o0 o’
weoo am eome o ese o
T T T T T T T
-30 -20 -10 0 10 20 30
Xi1

391



Simulation: a = 2, thresholded
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Simulation: a = 2, thresholded
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Simulation: a = 2, thresholded
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Simulation: o = 4
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Simulation: o« = 0.5
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Simulation: o« = 2 (CDF)
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Simulation: o« = 100 (CDF)
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Simulation: o« = 100 (CDF)
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Summary

» Two hyperparameters «, Gx.

» o small gives a few large masses

» « large gives many small masses

» « large reproduces a distribution much like Gx

Thus « is like a precision parameter, Gx is like a location
parameter for the distribution.

400



Dirichlet Process

The method described above is the stick-breaking construc-
tion of the Dirichlet Process with parameters (a, Gx).

~

f~ DP(a, Gx)

For any partition of R into disjoint subsets By, By, . .., Bk, Bx+1
the Dirichlet process assigns random probabilities

P = (p17p27 v 7pK7pK+l)T
to the subsets, where
p ~ Dirichlet(K; a1, g, ..., ax, ax+1)

and ayx = aGx(By) for each k
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Posterior Calculation

Suppose a priori f ~ DP(«, Gx). What is the posterior distri-
bution if data yi,y2,...,Vn are observed and presumed inde-
pendent draws from £7?

We have a conjugate model: a posteriori

f ~ DP(a*, G§)
where
0] = «a+n
n
aGyx + Z (5),j
j=1

Gy =
X a+n
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Dirichlet Process

For any partition of R into disjoint subsets By, By, . .., Bk, Bx+1
with associated probabilities

P = (plaI)27"'7pK7pK—i-1)—r
» in the prior
P~ DiFiChlet(K; Q1,00 ..., K, OK+1)

and
ax = aGx(Bk)

» in the posterior
p ~ Dirichlet(K; a7, a3, ..., 0%, akyq)
and

ay = o Gx(Bk) 403



Dirichlet Process

It follows that
ay = &*Gx(Bk) = Gx(Byg) + ng

where
ng = Number of y; in the set Bk.

Therefore we have the usual kind of Bayesian updating rule.

Also

» « small: posterior looks like empirical cdf
» « large: posterior looks like Gx.

So, overall, things proceed much like parametric inference !
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Example: Bayesian Survival Analysis

For possibly censored survival data, the usual approach is
to use non-parametric maximum likelihood and the Kaplan-
Meier curve.

Suppose we have

» event times

with N; events at time j.
» censoring indicators zj where

I 1 Death
K~ 0 Censored

Can form likelihood in terms of discrete hazards; leads to
usual Kaplan-Meier formulation
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Example: Bayesian Survival Analysis

In the Bayesian version, we specify a non-parametric model
by considering the probability content for the disjoint inter-
vals

(0, tl] , (tl, tz] 5oy (tnfl, tn] , (tn, OO) .

We may use a Dirichlet distribution to specify the prior; how-
ever, need to specify the « parameters.

To do this in a coherent fashion, we use ideas from the Dirich-
let process; we specify

ar = oGx((tk—1,t]) k=1,2,...
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Example: Melanoma Data - Kaplan-Meier
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Example: Melanoma Data - Bayesian interval
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Dirichlet Process: Some issues

1. How do we report the inference ?
» Which partition, that is, which sets By, B;, ..., Bx, Bx+1
should we choose to report the posterior ?

2. In this formulation, the posterior can only support
discrete distributions

» that is, any estimate of the true f obtained from the
model is almost surely a discrete distribution.

We solve 1. by using simulation methods

We solve 2. by extending the model.
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Simulating from a Dirichlet Process Model

To obtain a sample (of data) of size M from a Dirichlet Process
DP(«, Gx):

STEP 1: Sample Z; ~ Gy.

STEP 2: Forj = 2,..., M, sample

i—1
« 1 J

G 57,(Z;
atj—1 X+a+j—11_z:1 2(%)

Zj’217227"'7zj—1 ~

that is, given Z1,Z,, ..., Zj_1, either sample
Z; from Gx with probability /(a4 j — 1).
or sample

Z;j from {Z;,...,Zj_1} with probability 1/(ac+j — 1) each.
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The Dirichlet Process and Clustering

This algorithm is a Polya Urn scheme.

It demonstrates that the Dirichlet process model induces a
clustering mechanism: in the simulated Z sample, we have
many identical values due to the sampling of Z; uniformly on

{Z1,...,Zi_1}

at each j.
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The Dirichlet Process and Clustering

In a sample of n items from a DP(«, Gx) model, the probability
of having k clusters is

Pr[K = k| =

where B(n, k) is the Stirling number of the first kind.

Ap(x) = Z B(n,j)x/

j=1
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The Dirichlet Process and Clustering

The expected number of clusters a priori is

n

Z L O(alogn)

oo +j—1
For n = 200:
a E[K]
0.5 3.631
2.0 9.766
4.0 16.238
10.0 30.930
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Maximum Cluster size: o = 2

Histogram of Max.Size.2
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Maximum Cluster size: o« = 0.5
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Maximum Cluster size: o = 10

Histogram of Max.Size.10
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Extension to The Continuous Case

We need to model continuous distributions.
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Extension to The Continuous Case

We add another stage that brings in a continuous distribution.

For example, could treat each x; as the location of a normal
density, and consider generating a y for each

X1,X2,... ~ Gy
T, T2, - generated by stick-breaking.
y ~ oy —xi)/o) i=12,...
Then,

Z —x;)/0)

that is, an infinite mixture model.

418



Example: a =2,0 =1

Simulation 1
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Example: a =2,0 =1

Simulation 2
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Example: a =2,0 =1

Simulation 3
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Example: a =2,0 =1

Simulation 4
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Example: a =2,0 =1

Simulation 5
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Dirichlet Process Mixture

This construction is called the
Dirichlet Process Mixture (DPM)

with a Normal kernel. Any continuous kernel gy can be used
in place of ¢.
Under this model, £ is almost surely continuous.

» o small implies less bumpy
» « large implies more bumpy.
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Bayesian Inference

Suppose we have the usual de Finetti construction

» a prior model for f that is DPM(«, Gx, gy; ) where 0
represents the parameters that appear in Gx and gy .

» conditional on f, data y1,y2,...,yn ~ f

We wish to compute the posterior for f. We use the hierarchi-
cal formulation

ind. .
vl N gv(ylx,0)  j=1,...,n
X1,...,Xn ~ DP(«,Gx;0)

0 ~ p(9).
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Bayesian Inference: Algorithm 1

The latent variables xy, ..., x, are also treated as parameters.
They can be sampled using an MCMC Gibbs sampler scheme.

Forj=1,...,n, we sample

xj | X(j), ¥ ~ wop(xj]y;) + Z w1y,

1#j
where
_ T
»y=1,---,Yn)
-
> X)) = (Xl,...,}{j_l,}{j+1,...,Xn) .

» Wy is proportional to « times the prior predictive of y;
*» wj is proportional to the likelihood of y; |x;
» p(xj|y;) is the posterior for x; given y;.
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Bayesian Inference: Algorithm 2

To be more efficient, we can use the clustering property: sup-
pose that at a given iteration of the MCMC, there are K clus-
ters labelled 1 to K, where K < n.

Label the K distinct x values
Z1y. .., ZK
and for each j, define the corresponding cluster label ¢; where
ci=k = Xj = Zk

We can update the ¢;s instead of the x;s which will be more
computationally efficient; we are clustering xs to the cluster
centres at the z values.
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Bayesian Inference: Algorithm 2

Fori=1,...,n,let
» ny(i),...,ng(i) denote the number of items in clusters
1,....K
» y,(i),...,yx(i) denote the vectors of y values currently

allocated to the K clusters

if the ith data point is removed.

Fori =1,...,n, we sample the cluster labels in a Gibbs sam-
pler with conditional probabilities

o _ ni (i) o (s _
Pr{c; —k|C(1)]OCn_1_I_ap(Y1|Yk(1)) k=1,...,K
and o
Prc; = K+ 1| ci]c——p(yi
rlc + 1] el — i)
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Bayesian Inference: Algorithm 2

In this expression

» p(yilyx(i)) is the posterior predictive density for y; in
the DPM model, assuming that y; comes from cluster k.

» p(yi) is the prior predictive density for y; in the DPM
model, assuming that y; comes from a new cluster not
currently represented in the data.

In this formulation, we have integrated out the Dirichlet pro-
cess.

Thus we can simply sample the cluster labels in turn, and then
sample the z, ..., zx values; this will allow us to do density
estimation.
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Bayesian Inference: Algorithm 2

By the usual calculation

p(ilyx (i) = f gv(yi | )p(x | yi (i) dx
where

p(x|yx(i)) o p(ye(i)|x)p(x)

= {H gy(v | X)}p(X)

1#i

gives the posterior distribution for the kth cluster centre.

Similarly
p(3) = jgym | %)p(x) dx
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Bayesian Inference: Algorithm 2

In the earlier Gaussian model, suppose for simplicity that Gy
is the N(0, \?) density:

x; ~ N(0,)?)
yl'|X1' ~ N(Xj,O‘Z)

Then

ny (1), (i ng (i o? 2
p(yilyi (1)) N<Hk K()yi) (ki) + 1)/o" + 1/A 02>

(i)/o? +1/X27  ng(i)/o? + 1/)\2

and
p(yi) =N (0,0% + \?)
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Extensions

Easy to extend to

» unknown o2

» non-Gaussian conjugate models

blocked Gibbs sampler

» Metropolis-Hastings MCMC for cluster labels
» multivariate conjugate models

v

Not so easy to do non-conjugate models.
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Example: Galaxy Data

Galaxy Data
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Example: Galaxy Data
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Example: Galaxy Data
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Example: Galaxy Data

Galaxy Data
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Example: Galaxy Data

Galaxy Data

15
|

o
2
)
2
&
3
=3
o
i
w -
o
T T T 1
0 10 20 30 40
Velocity

437



Example: Galaxy Data

Posterior for K
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Examples

Example: Galaxy data

See knitr 20
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Extensions & Open Problems

» Extensions :
» Polya Tree Models
» Hypothesis Testing
> Spatial Problems
» Normalized Random Measures
» Connections with Lévy Processes

» Open Problems:

» Properties of Estimators (consistency etc.)
» Model Selection
» Comparison with Bayesian Semi-Parametrics
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Resampling Approaches to Inference

Frequentist properties of statistical estimators are often diffi-
cult to study in a finite sample setting: for example, the finite
sample variance of the sample median can only be computed
via numerical integration.

Resampling methods allow the study of frequentist properties
of statistical quantities by producing pseudo-replicate data
sets of the same size as the observed data, and examining
the statistical variation across these replicate data sets.
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Notation: independence case

Suppose Yi,...,Y, ~ F are a random sample, and let § = 6(F)
be the focus of inferential interest. For example

O(F) = |ydF(y) or  6(F) = int{F() > p)

etc. Let y1,...,yn be the observed data.

If 13n is the empirical cdf,

n - 1 n
Z [yie dFa(y) = — >, 153()
i=1 i=1

then a natural 'plug-in’ estimator of §(F) is T, = 9(1:“,,),

b\»—\
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Notation: independence case

Recall that, for each y, under mild regularity conditions
Fa(y) = F(y)

but also
sup | Fa(y) — F(y)| >0
y

as n — oo. Therefore
0(Fa) 2> 0(F)

which justifies (asymptotically) the use of the plug-in estima-
tor.
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Notation: independence case

The bias and variance of the estimator are

br, (F) Er[Tn] — 0(F)

vr, (F)

Varg|[Ty|

both of which depend on the true F.
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Notation: independence case

We wish to study these properties of the estimator. In some
cases, it is possible to study these quantities analytically. Sup-
pose, however, 6 is the solution of

> m(yi;0) =0
iz1

for some m-estimating function.

The corresponding estimator is not analytically available, so
its finite sample properties are hard to study.
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The Bootstrap

Suppose we wish to summarize an aspect of the sampling dis-
tribution of T, = §(Fy). Let

s(F) = s(Ta; F)

denote the statistical summary of interest; it is written as a
function of F as the statistical properties of T, are entirely
dictated by F.
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The Bootstrap

The quantity s(F) can again usually be expressed in terms of
an integral with respect to F

s(F) = f s(t(y))dE(y).

for function t(.) that defines the estimator. Occasionally, this
expression can be computed analytically.
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The Bootstrap

The key idea of the bootstrap is to replace calculations wrt F
by calculations wrt F,, and to compute

S(I/}n)

numerically, that is
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The Bootstrap

For a random sample, yi,...,yn, the bootstrap proceeds as
follows:

1. Set B (the number of bootstrap resamples)
2. Forb=1,...,B,
(a) generate a sample Qf size n yl(b), ceey éb) at random with

replacement from F,

(b) form the statistic of interest t,(,b)

3. Summarize the resampled estimates
tM B

using the desired statistical summary, s(.).
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The Bootstrap

Example: Sample mean standard error
Consider data

-0.1568 0.4439 -0.7865 -1.6531 -0.6037
-0.6231 0.9061 -0.8215 -1.2829 -0.3538

with sample mean -0.4932 and standard deviation

S = Zn: y)? =0.7184

yielding the estimated standard error of the mean (s.e.m.)

~ ~ 07184
se(d) = 710 0.2272.
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The Bootstrap

Example: Sample mean standard error

If the presumption of normality is made, then this is the plug-
in estimate of the standard error

o the true s.e.m. is se(d) = o/y/n;
® we estimate o by the standard deviation under Fj.
> I:*n is the discrete distribution that places mass 1/n at each

Of.V1a <oy Yns
> we then compute the ‘theoretical’ variance of this discrete
distribution.

e this yields se(d) = S/y/n
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The Bootstrap

Example: Sample mean standard error

The bootstrap version of this calculation replaces an ana-
lytic calculation by a numerical one. Proceed as follows: set
B = 200. For b = 1,...,B, resample n values without re-
placement, and compute the appropriate summary. For ex-
ample, for b =1,

0.9061 0.4439 0.4439 -1.6531 -1.2829
-0.1568 -0.1568 -1.6531 0.4439 0.4439

with sample mean -0.2221 and standard deviation 0.9097.
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The Bootstrap

Example: Sample mean standard error

Mean  Std. Dew.
-0.2221 0.9097
-0.7630 0.1962
-0.1794  0.6869
-0.5606  0.2777
-0.8929  0.3883
-0.5359 0.5958
-0.6969 0.6149
-0.4056 0.9144

OO0 U WN RS
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The Bootstrap

Example: Sample mean standard error

We now have 200 (resampled) sample means, with standard
deviation 0.2327 = S /4/n, where S is the original sample s.d..

Histogram of resampled means
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The Bootstrap

Example: Sample kurtosis standard error

The sample kurtosis

(yi —¥)*

L1

1
n

tn:
%,

is a statistic that records the heavy-tailed nature of a sample.

There is no simple formula for the standard error for this
statistic (although an asymptotic expression can be derived).

-3

—.

(vi — Y)2> 2

S
M=

1
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The Bootstrap

Example: Sample kurtosis standard error

2000 (resampled) sample kurtosis values, with standard devi-
ation 0.9689.

Histogram of resampled kurtosis
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The Bootstrap: notation

Let T, = 0 be the statistic of interest, and let
s(B) (0™

respectively denote the true and bootstrap estimated value of
summary quantity s of the sampling distribution of 6.
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The Bootstrap: notation

For example, for the normal mean standard error, - v,

~ ~ g ~ S
():se()—ﬁ ()—ﬁ
and
s 1
5(0%)) = seg(0™) = J B_1 2 () — y*))2
b=1
with
18 - 13 b
y(*) == Z y(b) — ) y(b) == Zyi( )
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The Bootstrap

Example: Sample mean standard error

For the data set above, the following bootstrap standard er-
rors were obtained for different values of B

B 50 100 200 500 1000 | 10000 | 20000
6CF) -0.5095 | -0.5097 | -0.4820 | -0.4968 | -0.5014 | -0.4942 | -0.4953
sep(0*)) | 0.2362 | 0.2353 | 0.2415 | 0.2263 | 0.2309 | 0.2283 | 0.2272

where recall that the exact standard error of the mean is

se(f) = \/SH = 0.2272.
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The Bootstrap is a Bayesian procedure

Recall Bayesian nonparametric inference based on the Dirich-
let process:

*» Yi,..., Yy ~ f (conditionally independent)
» a priori f ~ DP(a, Gy).

»a>0
> Gy(.) some distribution on R
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The Bootstrap is a Bayesian procedure

» a posteriori

e

~ DP(a, G;)

where

n

aGy + Z 5}’]
j=1
a+n
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The Bootstrap is a Bayesian procedure

» For K-partition of R, {B1, By, ..., Bk, Bxt1}, with associ-
ated probabilities

T
p = (p17p27 e 7pK7pK+l>
> in the prior
D~ DiriCh]et(K;al,az, N 70[1(,0&1(.;,.1)

and
Qg = OéGy(Bk)

» in the posterior
p ~ Dirichlet(K;af, 05, ..., ak, 0k 1)

and
ay = o*Gy(Bk)
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The Bootstrap is a Bayesian procedure

The Dirichlet Process is a distribution on distributions that
are discrete (with probability 1), that is,

» mass function of the form
e}
f(y) = ). midy,(y)
i=1
» random locations Y7, Yy,... ~ Gy;
» random probabilities 71,7, ... constructed according to

the stick-breaking mechanism, that is, defined by the sin-
gle parameter a.
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The Bootstrap is a Bayesian procedure

We can easily produce a i.i.d sample Y;,Ys,..., ~ ?() as it is
merely a discrete distribution: this construction ensures that
{Yy} is an exchangeable sequence by de Finetti’s theorem.

» f ~ DP(a, Gy)

*» Y1,Y,...,Y, | f ~ f, independently.
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The Bootstrap is a Bayesian procedure

In light of observed data y1,..., ¥y, if the prior is DP(«, Gy),
then the posterior is

oGy + éa )

1

DP | a+ n,
a—+n

Denote the posterior parameters where

*

« = oa+n

aGy + Z 5},1()
j=1

* J
G =
Y a+n
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The Bootstrap is a Bayesian procedure

Recall the predictive calculation given by de Finetti:

n+m

Po(¥Y(n+1):(n+m)) = f [] f) ma(do).
i=n+1
To sample from p,, we
» sample f ~ 7p;
» sample Yp11,..., Yo+m independently from f.

We sample a random f from m,, and then obtain a sample
Yn+1,..., Ypirm from the predictive distribution using the ran-
domly drawn f.
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The Bootstrap is a Bayesian procedure

This may be achieved using the Polya urn.

STEP 1: Sample Y,11 ~ Gy.
STEP 2: Forj = 2,...,m, sample Y, ; from

*

(0%
7(;*
Oé* +J_1 Y() a +J Z n+l

that is, given Y, 1, Yn42,..., Yayj—1, sample

Gy wp. o /(a*+j—1)
Yn+j ~ . .
Yoi1 wp. 1/(a*+j—1),1=1,...,j—1.
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The Bootstrap is a Bayesian procedure

The posterior mean of the DP is the measure

aGy + Z ) 1()
i=1

a+n

Instead of using the full Polya urn scheme, consider a plug-in
procedure that replaces a sample of f by this posterior mean.

Independently forj =n+1,...,n + m,

» w.p. a/(a + n): draw from Gy;
» w.p. 1/(ac+ n): draw y;, foreachi =1,... n.
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The Bootstrap is a Bayesian procedure

In the limit as o« — 0, this procedure becomes

» sample y; wp. 1/n,i=1,...,n
independently forj = n+1,...,n + m. This is identical to the
bootstrap.

Therefore we can consider bootstrap calculations as Monte
Carlo calculations made with respect to the predictive distri-
bution computed for a Dirichlet process prior and posterior,
in the limit as « — 0, using a plug-in approach.
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Predictive distributions

In Bayesian inference the predictive distribution

Pn (YnJrl) = p(Yn+l ‘Y1:n)

is the natural estimator of the true probability measure of a
single element of the infinitely exchangeable sequence.
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Predictive distributions

Recall the frequentist justification of maximum likelihood: in
a potentially mis-specified model f(y; ), we identify the true
value of 0, 0y as

0o = argmein KL(fy,f(.;0)) = argmeinflog{
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Predictive distributions

The corresponding estimator is obtained when we replace the
integral by a ‘Monte Carlo’ version based on an i.i.d. sample

n
= log f(yi; 0) =
0 argmeaxg og f(yi; 0) argmgxxﬁn(ﬁ)

where the (Monte Carlo) sample is the data drawn (by defi-
nition) from fy. In alternative form, 0 is the solution to the
estimating equation

. 2 0log f(yi; 0
i=1
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Predictive distributions

A Bayesian version of the calculation replaces the original
sample by a sample from the predictive distribution

Pn(Y(n+1):(n+m))-

However, we are not restricted to use the ‘score’ function as
the basis of an estimation procedure
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Predictive distributions

» we may use any loss function L(y,f) say, and define the
Bayesian estimator as

arg meinJL(y, 0)pn(y) dy = arg nbin Ep.[L(Y,60)]

» this is a valid fully Bayesian estimator as it minimizes an
expected posterior loss;

» via this route, we may achieve fully Bayesian inference in
a semi-parametric fashion.
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The Bayesian Bootstrap

The Bayesian bootstrap replaces the 1/n weights in the boot-
strap by repeated draws of W = (Wy,..., W)

W ~ Dirichlet(n,1,1,...,1)

where

E[W;] = o

and uses this as representation of the predictive distribution
DPn(.)-
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The Bayesian Bootstrap

That is, pn(.) is the predictive distribution derived from a
Dirichlet process model, in the limiting case with a — 0,
so that, given that we have an observed draw

W:(Wla"wwn)

of W ~ Dirichlet(n,1,1,...,1), the predictive distribution
takes the form

Pa(y) = Y widy,y (v)-
i=1
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The Bayesian Bootstrap

This yields the calculation
n
[Epn [L(Y7 9)] = Z WI'L(YD 0)
i=1
and in the specific case of the log-density loss

Ep[L(Y,0)] = — > wil(yi; 0)
i1
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The Bayesian Bootstrap

Hence, we must perform the calculation of

n
0 = V(v 0
OPT argmeaxg Wj (Yu )

to minimize the loss.
The quantity fopr is a functional of the Dirichlet process pos-
terior, and so we may build up a posterior distribution for it by

repeatedly sampling the Dirichlet weights, and recomputing
fopt for each sample.
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Example

Example: Bayesian bootstrap

See knitr 21
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Langevin algorithm

The Langevin algorithm uses a diffusion approximation to
generate the a process that has the target posterior distri-
bution as its invariant measure.

» new states are proposed using Langevin dynamics, based
on the gradient of the target pdf;

» due to the necessary time discretization, proposed values
must be subjected to a Metropolis-Hastings accept/reject
step in order for the target to be preserved.
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Langevin algorithm

Denote the target pdf 7(x). In the notation of stochastic differ-
ential equations (SDEs), consider the diffusion process {X;, t >
0} where

1
dX; = 5 S(X,)dt + dW,

where {W;} is Brownian motion, and

S(x) = %logﬂ(x) = Vlog(x).

This is the Langevin SDE, and it can be shown that the invari-
ant measure of this continuous time process is 7(x).

An initial condition Xy = x is specified.
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Langevin algorithm

A standard scheme for simulating this diffusion is given by an
approximation based on the time-discretization

{Xks, k =1,2,...}

for some time-step 4 > 0 where Xy = xp, and then for k =
0,1,2,...

)
Xi+1 = Xk + ES(Xk) + \/gzk

where {Zy,k = 1,2,...} are an iid Normal;(0,14) sequence.
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Langevin algorithm

The approximation induced by time-discretization does not
quite preserve 7(x) as the invariant distribution. However
this can be easily corrected using a Metropolis-Hastings step:
that is, the proposal

X; .1 ~ Normalg(Xy + 0S(Xk)/2,01q)

is accepted with probability

. { (X5 11) q(XﬁHvXk)}
min< 1, "
ﬂ-(Xk) q(Xk)Xk+]_)

where
1 T
atx,y) o exp { =55y - x~ 05(9/2)" (v~ x~ 65(x)/2)}
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Langevin algorithm

In this algorithm, the time-step § can be tuned to optimize the
effective sample size of the sampler:

» as § varies the acceptance rate of the Metropolis step
varies;

» some theory suggests that the optimal acceptance rate is
around 0.5-0.6 in tractable problems, but this is problem-
dependent.
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Langevin algorithm

This algorithm is known as the Metropolis-adjusted Langevin
algorithm (MALA)

Example: MALA
See knitr 22
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Hamiltonian MCMC

Hamiltonian Monte Carlo is another method that appeals to
the dynamics of physical systems to perform sampling from a
target distribution.

Consider two d-dimensional vectors that describe the motion
of an object in RY.

» x = (x1,...,%q) denotes the position of the object
» v = (v1,...,vq) denotes the momentum (proportional to
the velocity) of the object.

Let z = (x,v) be the 2d concatenated vector.
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Hamiltonian MCMC

Hamiltonian dynamics is formulated via the Hamiltonian, de-
noted H(z) = H(x,v), which is a function of z = (x, v) but not
t, and which describes how z changes in time via the differ-
ential form

dz {od Id}é’H(z):DaH(z)

E N —Id Od 0z 0z
say, that is
dx O0H(x,v) dv. 0H(x,v)
dt  ov dt ox

These are Hamilton’s Equations.
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Hamiltonian MCMC

Attention focusses on Hamiltonians that satisfy
H(x,v) = H(x,—V)
and are assumed to be separable
H(x,v) = U(x) + K(v)

so that K(v) = K(—v).
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Hamiltonian MCMC

Note that replacing v by —v in the equations yields

dx 0H(x,—v)  0JH(x,v)

dt o(—v) ov
as H(x,—v) = H(x,v), by assumption, and

dv  d(-v) 0H(x,—v) _ 0H(x,v)

dt  dt 0X 0x
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Hamiltonian MCMC

Thus after changing v — —v, we have

dx  JH(x,v)

dt ov
and
dv _ JH(x,v)
dt 0x

which are identical to the original equations, but with the
signs changed on the right hand side.

Therefore changing v — —v is the same as running the dy-
namics with time reversed.
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Hamiltonian MCMC

» U(x) is termed the potential energy
» K(v) is termed the kinetic energy, where typically

1
K(v) = EVTM_lv

where M is a positive definite, symmetric matrix.
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Hamiltonian MCMC

The Hamiltonian, and Hamilton’s equations, define the evolu-
tion of the system in continuous time: the objective is to find
the solution z(t) = (x(t), v(t)) to the equations for all t.

We consider the state of the system at times t and t + s
z(t) — z(t +s)

that is
(x(t),v(t)) — (x(t +s),v(t +5)).
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Hamiltonian MCMC

Denote by #s the mapping taking z(t) to z(t + s), that is
Hs(z(t)) = z(t + s).
The mapping is 1-1 with inverse mapping H_g, say. That is

H_s(z(t +s)) = z(t)

which follows from the time reversibility established above.
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Hamiltonian MCMC

Conservation: Note that

as

This means that H(z) = H(x, v) is constant over time.
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Hamiltonian MCMC

Preservation of volume: If B  R?d has volume V(B), and for
all s

is the image of B, then the volume of #(B) is also V(B). This
feature is a consequence of the symplectic property of Hamil-
tonian dynamics, specifically that

where H; is the Jacobian associated with the map Hs.
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Hamiltonian MCMC

The preservation of volume under the mapping Hs will be im-
portant when it is utilized as a proposal mechanism in MCMC:

» recall that a multivariate transformation that computes
the distribution of transforms of continuous random vari-
ables require ‘preservation of probability’ under the trans-
formation.

» ‘preservation of volume’ corresponds to a transform that
has Jacobian 1.
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Discrete approximation

Hamiltonian dynamics can be approximated using a discrete
time approach as for Langevin dynamics. We consider

zx =z(ké),k=1,2,...
for time-step 6 > 0. Then the dynamics equation

dz D(?H(z)

dt 0z

becomes in an Euler approximation

0H(z)
0z

Z=Zk

Zx41 = Zg + oD
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Discrete approximation

That is, if H(x,v) = U(x) + K(v)

0H .
Xk+1 =Xk+5éx7v) =Xk+(5K(Vk)
4 z=(Xx,Vk)
OH(x,v .
Vki+1 = Vg — (Sé) = Vi — (SU(Xk)
X z=(X,Vk)
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Discrete approximation

This method can be improved by amending the second equa-
tion and considering sequential updating:

Xk+1 = Xk + (5K(Vk)

Vier1 = Vi — 0U (Xxe41)
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Discrete approximation

A further amendment using half-steps gives further improve-
ment: the leapfrog method uses the updates

5 .
Vi = Vg — EU(Xk)

Xkr1 = Xk + 0K(V])

Vil = Vi — EU(Xk+1)

where we consider

vi = v((k +1/2)0).
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Discrete approximation

These discrete time dynamics are also

e reversible,
® volume-preserving.

Error analysis shows that the leapfrog method provides the
closest approximation to the continuous time dynamics.

501



Hamiltonian MCMC

Assuming the separable case, we consider joint pdf 7x v(x, v)
T, (%, v) o exp {—H(x, v)} = exp {~U(x) — K(v)}

corresponding to independence of corresponding random vari-
ables X and V

mx(x) occexp{—U(x)} and 7y (v) cexp{—K(v)}.

If the marginal 7x(x) is our true target, then V is merely an
auxiliary variable.
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Hamiltonian MCMC

We are free to choose the distribution 7y(v), and a typical
choice is the multivariate Normal

1
v (V) o exp {—ZVTMlv}

so that as before

1
K(v) = EVTM_lv.
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Hamiltonian MCMC

If M = diag(my, ..., mg), then

EJES

R

which corresponds to an assumption that V; ~ Normal (0, m;)

forj =1,...,d are independent. Here
Vi
m
K(v)=Mlv =
Vd
my
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Hamiltonian MCMC

The basic Hamiltonian MCMC algorithm proceeds using the
following Metropolis accept/reject approach: we construct an
MCMC move

(X, Vk) - (Xk+17 Vk+1)
as follows:

(I) Generate v; ~ Normalg(04,M).
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Hamiltonian MCMC

(I1) Perform L dynamics updates with time-step ¢: for
example, for the leapfrog updates,
(i) set vy, x; = Xi;
(i) forl=1,...,L -1

J -
vt = v~ SU)

X[, =X + SK(vi)
J -

V1/+1 =v - EU(XII-H);

I ¥ _ /
(iii) setx; ; =x; and vj{ | = —v;.
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Hamiltonian MCMC

(III) Accept (xj 1, Vi, ) with probability

min 1 71'X,V(X1>(k+1vVl=§+1)
’ ﬂxyv(X, V)

where

7TX,V(X§+17V1>:+1)
7TX7v<X, V)

= exp{—H (X1, Vik11) + H(Xk, vi)}.

Note that the proposal in step (II) is reversible by construc-
tion, so the proposal mechanism does not appear in the accep-
tance probability as it cancels in numerator and denominator
of the ratio.
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Hamiltonian MCMC

® As for Langevin dynamics and MALA, the quantities L
and ¢ can be adjusted to obtain the optimal effective sam-
ple size.

¢ In step (II), due to conservation, we would anticipate that

H(Xlt+la Vlt+1) & H(Xk’ Vk)
as the exact dynamics would keep H(x, v) constant.

However, the generation in step (I) prevents this by al-
lowing v to be changed independently according to 7y (v)
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Hamiltonian MCMC

Example: Hamiltonian MCMC

See knitr 23
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Appendix: Multiple chain Moves

» Back to slides
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Multiple chain MCMC: Types of move

1. Mutation: Select m € {1,..., M}, and perform a MH
move using proposal density qn, (x, z). If the current value
for x,; is x, and the proposed value is z, accept the pro-
posed point with probability

a= min{l,m}

In the context of the vector x, this move is essentially a
Gibbs sampler move, as the full conditional for X, is 7.
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Multiple chain MCMC: Types of move

2. Exchange: Select I,m € {1,...,M}, and propose the
swap

X] <« Xm

Accept this proposal with probability
o = min {1, —Fl(Xm)Wm(Xl) } .

F](X])Trm(Xm)
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Multiple chain MCMC: Types of move

In the case where all the 7, are equal to the target 7, we can
utilize the following move:

3. Snooker: Select I,m € {1,..., M}, and, in an attempt to
update x;, make the proposal z

Z =Xm + u(x] — Xp)
where u is a random variate sampled from the density
f(u) oc 7(xm + u(x] — X))

and then update x; to z.
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Multiple chain MCMC: Types of move

This move can be utilized in the case of vector state spaces.
If each x is d-dimensional, then the move becomes

3*. Snooker: Select I, m € {1,..., M}, and, in an attempt to
update x;, make the proposal z

Z =Xy + u(X] — Xp)

where u is a scalar random variate sampled from the den-
sity
f(u) o [u| 1 r (%, + u(x; — xm))

and then update x; to z.
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Multiple chain MCMC: Types of move

A related move returns to basic ideas from optimization:

4. Local optimum: Select I, m € {1,..., M}, and, in an at-
tempt to update x;, proceed as follows: starting at x,,
use conjugate gradient or steepest descent to find the lo-
cal mode of 7, and denote this Xp,.

Then make the proposal z
Z=Xp + u(x] — Xp)

where u is a scalar random variate sampled from the den-
sity
f(u) o [u|*1r (R, + u(x; — X))

and then update x; to z.
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Multiple chain MCMC: Types of move

Again in the d-vector case, we have the final move type, in-
spired by ideas from genetic algorithms:
5. Crossover: Select I,m € {1,..., M}, and then select j
uniformly from {1,...,d — 1}. Perform a crossover at po-
sition j, that is, attempt to replace x; and x;, by

new
X" = (X115 - - Xpj, Xmj+1, - - - » Xmd)
new
Xm = (Xm1, .- Xmj, X[j+1, - - -, X1d)
that is, exchange the (j+1,..., d) portions of each vector.

Accept this proposal with probability

() T (X ™) }

] (X1)7rm (Xm)

a = min{l,
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Appendix: Bootstrap examples and Extensions

» Back to slides
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The Bootstrap: choosing B

For a sample of size n, there are

(o)

possible distinct resampled data sets:

Number of
n distinct samples
10 9.238 x 10*
20 6.892 x 1010
50 5.045 x 1028

100 4.527 x 1058

How the value of B is chosen depends on the type of calcula-
tion being done, and the nature of the underlying data gener-
ating mechanism.
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The Bootstrap: choosing B

Note that B = o returns the plug-in estimate.
» For the s.em., at B = @

M
e (0) = | Y wi(y; —
j=1

where wj,j = 1,..., M represents the relative frequency
of the resampled data sets yielding mean y;, and y_de-
notes the weighted mean

1 M
y. = M ; Wjy;-
» This quantlty ar1ses from the exact sampling distribution
of the 9 given F
» Recall that there may not be a simple analytical formula
for the required statistic. 521



The Bootstrap: choosing B

Let se(é) denote the standard error functional for statistic 6,
and, suppressing the dependence on 6, let

» sep denote the estimate of the standard error from B
bootstrap resamples

» Se, denote the ideal estimated bootstrap standard error
at B = 0. Recall that sé,, = se(0) is the plug-in estimated
standard error of § (that is, the standard deviation of the

sampling distribution of 6 under ﬁn).

It can be shown that

Er[$e}] = Ep[se’ ]

and
Varg[ses] > Varg[seZ ]
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The Bootstrap: choosing B

Example: N (i, 0?)

The sample variance of § = Y is

estimated by

SN i (n—1)s? S?
se(h)? = — - =03 =

But, by standard theory, under distribution F(y) = N (u, 02),

(n—1)s? 2
oz Xn—1-
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The Bootstrap: choosing B

Example: N (u,0?)

Hence, as se,, = se, we have

& n—1)o? &
Er[sel] = (1'12) Varp[sel] =

2(n—1)o*
n4

These results are not identical to those obtained taking ex-
pectations under Fj.

The larger B gets, we expect to see
~2 ~2
Vargp[seg| — Varg[sey ]

Note that we cannot compute the limiting value as B — oo
in many cases.
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The Bootstrap: choosing B

Example: Simulation study

Suppose F is A(0,1), so that

(n—1)

2(n—1)
n2 ’

Er[sel] = —

Vargp[seZ] =

For n = 10, these values are 0.090 and 0.0424? respectively.

For different values of B, the following values were obtained

for the mean and standard deviation of sAe%, computed across
2000 simulated N (0, 1) data sets:

B 50 100 200 500 1000 10000 | 20000 0
Mean | 0.0910 | 0.0910 | 0.0907 | 0.0906 | 0.0907 | 0.0907 | 0.0907 | 0.0900
s.d. 0.0469 | 0.0450 | 0.0437 | 0.0432 | 0.0428 | 0.0427 | 0.0427 | 0.0424
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The Bootstrap: choosing B

Example: Simulation study

For n = 50, these values are 0.0196 and 0.0040? respectively.

B 50 100 200 500 1000 10000 | 20000 0
Mean | 0.0195 | 0.0196 | 0.0197 | 0.0197 | 0.0197 | 0.0197 | 0.0197 | 0.0196
s.d. 0.0056 | 0.0049 | 0.0044 | 0.0042 | 0.0041 | 0.0040 | 0.0040 | 0.0040
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The Bootstrap: choosing B

Note: the estimator used here for o2 is
1 n
= Z Y, — Y)?
n =
that is, the ML estimator, not the unbiased estimator.

This estimator yields the “correct" variance for the bootstrap
estimator at B = o, as S? is the correct plug-in estimator,
that is, it is the variance under F,.

The unbiased estimator could be used in practice; the differ-
ence is negligible for large n.
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The Bootstrap: Further Examples

In the case of i.i.d. univariate sampling, the bootstrap extends
easily to more general settings. For example, extension to the
i.i.d. vector case is straightforward.

1. A two-sample problem.
2. The Pearson correlation coefficient.
3. Principal components analysis.

528



The Bootstrap: Two-sample Estimation

Suppose that two random samples are available from differ-
ent distributions

Fi © yi1,--,Yim
Fo :© y21,...,¥Yom,

and the parameter of interest is the difference in means
n1 — 2.

In the normal case, under equal variances for the two popula-
tions, the standard error of the estimator

Yi—Y2

can be studied analytically; more generally, outside of the nor-
mal case and for other estimands, it cannot. 529



The Bootstrap: Two-sample Estimation

The bootstrap operates in this case by

» resampling yﬁ)), ey Y1]131) (size nq) from the first sample,
» resampling Yé?)7 e ’an (size ny) from the second sam-
ple,

» forming the difference

ygb) . 7gb)

for b = 1,...,B. Other estimators can be studied in this way.
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The Bootstrap: Pearson correlation

Suppose that pairs of observations (x;,yi),i = 1,...,n are
available. The Pearson product-moment correlation is

% i (xiyi — Xy)

which measures the linear correlation between the two vari-
ables in the sample.

r is the moment-based estimator of the population correlation
p-
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The Bootstrap: Pearson correlation

The bootstrap operates in this case by

» resampling pairs ((be),yfb)), e (X,(]b), ,(lb))) (size n)

» forming the resampled value of r
rb)
forb=1,...,B.

Note that again it is the i.i.d. units that are being resampled.
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The Bootstrap: Pearson correlation

Example: LSAT vs GPA

The relationship between GPA (x) and LSAT score (y) in n =
15 law school students is to be studied.

1|12 (3|4|5|6 |7 (8|9 ([10[11]|12|13| 14|15
GPA |339(330(281|303|344|307|300(343|336(313(312(274|276(288|296
LSAT|576|635|558|578|666|580|555(661|651(605|653|575|545(572|594

For these data r = 0.776.

533



The Bootstrap: Pearson correlation

Example: LSAT vs GPA

2000 (resampled) sample correlation values, with standard
deviation 0.1382.

Histogram of resampled r

300

250

200

150

100
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The Bootstrap: Pearson correlation

Example: LSAT vs GPA

A common transformation to approximate normality (for large

n) uses
1 1+r
Zy = =1
== 5 <1 —r)
for which
Vn =32, -5 Z ~ N(p,1)
where

1 1+p
:—1 B ——
g 2Og<1—p>

535



The Bootstrap: Pearson correlation

Example: LSAT vs GPA

2000 Z, values, and normal approximation: skewness is ap-
parent, and the bootstrap variance is 1.793, rather than 1.

Histogram of resampled

3
8 -

3
g

300

200

100
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The Bootstrap: Principal components

Suppose that vectors of observations of length d
x;,i=1,...,n

are available. Let X denote the n x p matrix formed by row-
binding the n i.i.d. vectors x1,...,X,, after column standard-
ization

» each column of X has its mean subtracted.
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The Bootstrap: Principal components

Then the sample covariance matrix is

1
S=-X'X
n

This is a positive-definite matrix, that can be decomposed us-
ing the eigen-decomposition

S =VDV'

where D is the diagonal matrix of eigenvalues, and V is the
corresponding eigenvector matrix with orthonormal columns.
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The Bootstrap: Principal components

The diagonal elements of D are the sample eigenvalues
M=A ==

and the scaled quantity

9j= P j=1,...,p.
2 A
=1

is an estimate of the proportion of variation explained by the
first eigenvector.

The statistical properties of @ are hard to study analytically.
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The Bootstrap: Pearson correlation

The bootstrap operates in this case by
» resampling vectors (xgb), .. ,xglb)) (size n)
» forming the resampled matrix X(®),
» forming the resampled covariance matrix S(*),

» computing eigenvalues /A\gb), e ,/A\I(:,b) and scaling

forb=1,...,B.

Note that again it is the i.i.d. units that are being resampled.

540



The Bootstrap: Principal components

Example: Education test scores

88 students each took five tests on mechanics, vectors, alge-
bra, analysis and statistics. This yielded the S matrix

302.29 125.78 100.43 105.07 116.07
125.78 170.88 84.19 93.60 97.89
S=1] 10043 84.19 111.60 110.84 120.49
105.07 93.60 110.84 217.88 153.77
116.07 97.89 120.49 153.77 294.37

and eigenvalues

~

X = (679.18,199.81,102.57,83.67,31.79)
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The Bootstrap: Principal components

2 o @ 8@

Example: Education test scores

542



The Bootstrap: Principal components

Example: Education test scores

2000 resampled eigenvalues, \j,j =1,...,5

8
o

8

600 800 1000

400

5
g ==
—— e —o—
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The Bootstrap: Principal components

Example: Education test scores

2000 resampled scaled eigenvalues, 6;,j = 1,...,5
R
s =43
e
: ==
s e —=
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The Bootstrap: Principal components

Example: Education test scores

2000 resampled scaled eigenvalues, cumulative:

o

——
e
e V=
2 (EI
: '
T

04

0.2

0.0
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The Bootstrap: Principal components

Example: Education test scores

We might conclude from this that really there are only two
(orthogonal) dimensions of variation (rather than five) that
explain the majority variation in the response.

The principal components are the vectors
zj = Xv; j=1,....p

where v; is the jth column of V. The first two principal com-
ponents carry greater than 80% of the variation observed.
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The Bootstrap: Principal components

Example: Education test scores

Principal components

s
R

50

-50

-100

-100 -50 0 50 100
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The Bootstrap: Regression

The bootstrap can also be applied in a regression setting.
Suppose pairs of data (x;,y;),i = 1,...,n are available, and
the relationship is modelled as

yi=g(xi;8) +e  E[e]x] =0
for some regression function g. If g is taken to be linear in £,
p
g(x;8) = Bo + ), Big;(x)
j=1

and the residual errors are presumed Gaussian, then estima-
tion can be carried out using least-squares in the usual way.

Pointwise confidence intervals are easy to obtain, but simulta-
neous confidence intervals are more complicated to compute.
548



The Bootstrap: Regression

In harmonic regression, the gjs are taken to be sin and cos
functions. Assuming p = 2g say,andj=1,...,p

cos(2mx¢y) j=21-1
gi(x) =14 . .
sin(2nx¢y) j =21
for known constants ¢, ..., ¢q.

For example, a typical choice is g = 2, with

1
¢2_Z

1
¢1—§
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The Bootstrap: Regression

In such a model, the ML estimator is
B=xX"xX)"'xTY
where X is the n x (p + 1) matrix with ith row
[1, cos(27x;¢1), sin(27x; 1), cos(27x; 2 ), sin(27x; ¢z |

The variance of B is
s2(x™x)!

and pointwise confidence intervals can be obtained in the
usual way.
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The Bootstrap: Regression

Example: Cholostyramine Data

n = 164 men took part in an experiment to see if the drug

cholostyramine lowered blood cholesterol levels.

100

Od .
.
- .
i .
2
] * e e
.
] * . ]
= L
.
<, . . 1.
o . . B
8 3 . — . o
- .
o - ®e
e oot . .
° .
0
§
T T T
0 20 40 60 80 100

551



The Bootstrap: Regression

Example: Cholostyramine Data

Consider the model

q
g(x; ﬂ) = ,300 + ﬂ()lX + Z [,Bjo COS(Zﬂ'X(b]) + ﬁjl Sin(27TX¢1)]

j=1

on the range [0, 100] with

1 1 1
=55 =g 3=
and the three fits obtained taking
° q= 0
° q= 2
° q= 3
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The Bootstrap: Regression

The bootstrap operates in this case by

» resampling pairs ((X%b),yfb)), ce (X,(lb),yl()b))) (size n) and

forming the boostrapped design matrix X).
» fitting the regression to the resampled data obtaining

B = (X X)) ™ X (¥
» recording the fitted values
) = X(b)g(b)

forb=1,...,B.

Again it is the i.i.d. units that are being resampled.
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The Bootstrap: Regression

Example: Cholostyramine Data

B = 200 bootstrapped curves with g = 2.
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The Bootstrap: Regression

Example: Cholostyramine Data

B = 200 bootstrapped curves with g = 2.

Improvement
40 60 80 100

20

0 20 40 60 80 100

Compliance
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The Bootstrap: Loess

A more flexible model is based on local smoothing using loess.

The loess approach fits a series of weighted local linear re-
gression models restricted to a rolling neighbourhood of data
points. The size of the neighbourhood (the span) determines
the smoothness of the resulting fitted curve.

The statistical properties of the resulting fitted curve are hard
to study analytically, but can be studied by the bootstrap.
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The Bootstrap: Loess

Example: Cholostyramine Data

B = 200 bootstrapped loess curves: span is 0.75.

Improvement

100

Compliance
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The Bootstrap: Loess

Example: Cholostyramine Data

B = 200 bootstrapped loess curves: span is 0.375.

Improvement

Compliance
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The Bootstrap: Loess

The span can be determined by K-fold cross-validation:

1. split data at random into K equal portions of size m.

2. fit the loess model using K — 1 training portions using a
fixed value of the span.

3. use the fitted model to predict the values in the remaining
test portion; record the prediction mean square error

1 m
m Z(f’i - Yi)z
i=1

4. repeat 1. to 3. over different random splits, taking the
average prediction MSE.

and repeat this whole process for different values of the span,
recording the MSE every time. Choose the optimal span to

minimize the prediction MSE.
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The Bootstrap: Loess

Example: Cholostyramine Data

8-fold cross-validation: average prediction MSE from 20000
random splits.

ms
9500 9600 9700 9800 9900

9400

9300
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The Bootstrap: Loess

Example: Cholostyramine Data

B = 200 bootstrapped loess curves: span is 0.50.

Improvement

Compliance
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The Bootstrap: Loess instability

Note: in this semi-parametric setting, the cross-validation can
become unstable. A specific random split may disrupt the
local structure of the data so that a local fit at any given x is
not possible.

This instability can potentially occur in the parametric setting
as well; if the x values contain ties (as for the cholostyramine
data) then, by chance we may resample an X;) such that

.
X)X (p)

is singular.
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The Bootstrap: Problems

Suppose Yi,..., Y, ~ N(0,1). Consider the statistic
Th = max{Yy,..., Yp}
We know that for t e R
Fr,(t) = {®(t)}" fr,(t) = ng(t){@(t)}" "

Can we study this statistic via the bootstrap ?
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The Bootstrap: Problems

B = 2000 bootstrapped maxima for n = 50,100, 1000, 10000.
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The Bootstrap: Problems

The maximum order statistic cannot be studied in this setting
using the bootstrap.

In this case, Ty, has no limiting distribution, that is, asn — o
FTH (t) — 0

for all t. Is this the source of the problem ?
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The Bootstrap: Problems

Suppose Yi,..., Y, ~ Uniform(0,60). Consider again the ML
estimator of 6

é\n =Ty, = max{Yy,..., Yp}.

We know that fort e R

P (1) = {;} f1,(t) = n; {;}

The same problem arises in this setting.
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The Bootstrap: Problems

For the bth bootstrap resampled data set

~

Pr{d®) = ] = Primax{Y”),. .. Y{"} = max{y1,..., Ya}]

1 n
n
andasn — o

1 n
1<1) —1-e 120632
n

Therefore, even for large n, there is a probability mass at 0 in
the sampling distribution.
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The Bootstrap: Problems

Other problems can occur for the bootstrap when resampling
can fundamentally change the nature of the data set:

» Mixture distributions: if the Y; follow a mixture dis-
tribution with K components, then resampling may only
yield observations from L < K of the components. This
changes the statistical behaviour of some estimators.

» Logistic Regression (classification): For binary data,
resampling may eliminate all of the data with response
value O (or 1), in which case the logistic regression coef-
ficients are not defined.
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The Parametric Bootstrap

The parametric bootstrap replaces resampling from F w1th
sampling from a parametric approximation F(.; ﬂn) where 19n
is the parameter estimate derived from the original sample.

Essentially, this is a Monte Carlo technique, where $(8*) is
approximated using B random samples from F(.; Jp).

This can be useful if a good (and tractable) parametric ap-
proximation exists.
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The Parametric Bootstrap

Suppose Y1, ..., Y, ~ Uniform(0,0).
» Nonparametric bootstrap: resampling from the values
{y1,...,¥n} leads to problems as

~, ~

Pr[f®) = 0] > 0

» Parametric bootstrap: sampling from the distribution

~

Uniform (0, 0) yields

Pr[f®) = 9] = 0

and a reasonable approximation to the distribution of 0.
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The Parametric Bootstrap

Non-parametric (left) vs Parametric (right)
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Bootstrap regression: alternative approach

In an alternative formulation of the bootstrap for linear re-
gression, consider

Vi = Xif} + €
where ¢; ~ F(.), where F is constrained to have mean zero.
If the distribution F is regarded as unknown, but the form of
the linear regression is satisfactory (up to unknown parame-

ters), attention can focus on bootstrapping the residual errors

€1,...5€n.
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Bootstrap regression: alternative approach

In this 8 can be estimated by least-squares
B =x"x)"'XTy

and then the residual cdf F estimated by the empirical cdf of
the residuals

~

ej =yi —Xif3 i=1,...,n

denoted IEH.
(b) (b)

The bootstrap data y; ’,...,yn ' are then computed by pro-
ducing a bootstrap resample el(b), e er(lb), and setting
b b
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Bootstrap regression: alternative approach

This then yields the bootstrap estimate

In this case, the idealized bootstrap estimate (B = o) of the
standard error is available analytically via

Var[®)] = 52(XTx) !

where

1 n
= e
’ n—pg !

that is, identical to the usual variance in least-squares.
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Bootstrap regression: alternative approach

Example: Cholostyramine Data

B = 200 harmonic regressions with bootstrapped residuals.

60 80 100

Improvement
40

Compliance
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Estimating Bias

The bias of an estimator T, of §(F) is
br, (F) = Er[Ta] — 6(F)
which can be estimated by

br,(Fa) = E, [T57] - 0(Fy)

where T,S*) is the bootstrap estimator, derived from bootstrap

resamples

(D)

yo+sln
and 6(F,) is the plug-in estimate. Typically [E%H[TI(I*)] is ap-
proximated by
1\ )
2, tn
b=1

|
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Estimating Bias

IfT, = 0(13,1), that is, the estimator is the plug-in estimator,
then an alternative estimate of bias can be obtained for B =
0.

Denote by Pj(b), j = 1,...,n denote the proportion of a boot-

strap resampled data set y{b), cee lﬁb) that are equal to y;.

n
) _ 1 (b)
Bi= 21 1)

The (random) probability distribution P(?) = (Pl(b), ..., P
(the resampling vector) can be used to construct the boot-
strap estimate in terms of the original data; for example,

n
70 — Z Pj(b)y]‘
j=1
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Estimating Bias

The bootstrap resampling vectors are thus

In general, denote the bootstrap estimator in terms of the

b) _

T = T,(P®)

Let Py = %ln denote the vector of length n containing identi-
cal elements 1/n. Then, in this notation

Ta(Po) = 0(Fy)
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Estimating Bias

Let
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Estimating Bias

Example: Hormone patch data

Eight subjects were treated with two different hormone
patches, and the subsequent level of hormone in the blood-
stream measured.

ID Placebo Old Patch New Patch old-plac. new - old

z y
1 9243 17649 16449 8406  -1200
2 9671 12013 14614 2342 2601
3 11792 19979 17274 8187  -2705
4 13357 21816 23798 8459 1982
5 9055 13850 12560 4795  -1290
6 6290 9806 10157 3516 351
7 12412 17208 16570 4796 -638
8 18806 29044 26325 10238  -2719
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Estimating Bias

Example: Hormone patch data

The parameter of interest here is

which is a measure of bio-equivalence. The plug-in estimate
is

th = 0(F,) = 2 = —0.0713.

NI [ <

This parameter can be studied using the bootstrap, resam-
pling individual subjects as the i.i.d. units.

For different values of B, we study the bias estimates given
by the previous formulae.
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Estimating Bias

Example: Hormone patch data

Bias estimates b and b for B up to 1000.

Est. Bias

-0005 0000 0005 0010 0015 0020 0025  0.030

582



Estimating Bias

Example: Hormone patch data

The bias estimate b is much less variable than b.

The two bias estimates agree approximately when B =
100000

br, (F,) = 0.00762 br, (F,) = 0.00781

but for B up to 1000, b is very stable, whereas b fluctuates
considerably.
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Estimating Bias

Example: Hormone patch data

Sampling distribution of : Pr[ |0| < 0.2] = 0.9158.

ill‘ll.*-

20000

15000

10000

5000

0.6
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The jackknife

The jackknife was introduced as another bias estimation pro-
cedure. Fori=1,...,n,let

Y(1) = (y17" HYi—1,Yi+1,--- 7Yn)

be the i-deleted data set (with the ith datum deleted). Let

Oy = ta-1(¥(3))

be the estimate derived from the i-deleted data, and let
1 n
e
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The jackknife

A bias estimate for a plug-in statistic 9 is then
bjack = (n —1)(6) — 0)
In this calculation
0 = 0(F) Oy = 0(Fn(s))

are the plug-in estimators derived from the full and i-deleted
data respectively.
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The jackknife

A jackknife estimate for the standard error of a statistic is

~ n—1w ~ ~
Seack = | —— 2, (0 —0())?
i=1

This formula applies for smooth functions t of the data.

Note: There is no resampling here, so precisely n computa-
tions are needed.

Formally, the jackknife is an approximation to the bootstrap
that arises from a linear approximation to the statistic of in-
terest, derived from a Taylor expansion.
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The jackknife

The above bias/s.e. formulae are derived under the assump-
tion that the identity

0 = ta(y) =

:3\'—\

n
Z)ﬁ

holds exactly from some function «(.). The jackknife arises
from regarding a first-order Taylor approximation for arbi-
trary t,.

The jackknife procedure fails when such an expansion fails;
for example, for studying the median, the jackknife provides
an inconsistent estimator.
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The jackknife

Example: Mean - estimated standard error

B = 2000 bootstrap resamples (black) and jackknife (red)

10

0.8

T T T T T
0 10000 20000 30000 40000 50000
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The jackknife

Example: Median - estimated standard error

B = 2000 bootstrap resamples (black) and jackknife (red)

o |
o

20

05
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Confidence Intervals and Hypothesis Testing

Given an estimator 5 and estimated standard error se, the
(1 — «)% confidence interval

h+o! (1—%)@

is commonly used, where ®~! is the standard normal inverse
cdf.
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Confidence Intervals and Hypothesis Testing

For example,
a=0.10: ®1(0.95) = 1.645
a=0.05: ®1(0.975) = 1.960.

This formula uses the asymptotic normal approximation to the
distribution of 6.
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Confidence Intervals and Hypothesis Testing

Recall the definition of a confidence interval in a simple situ-
ation where a pivotal quantity is available. Suppose the sam-
pling distribution of estimator @ is given exactly by

b ~ N(6,se?).

Recall that this is a frequentist statement, conditional on the
known true values 6 and se. Then

6—0
Se

z- ~ N(0,1)

so that, for ¢ > 0,

Prg[-c <Z <c]=®(c)—P(—c)=1-2®(—c)
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Confidence Intervals and Hypothesis Testing

Choosing ¢ such that ®(c) = a/2, say ¢ = z,/;, we have

9—0
se

Pr@ [_ /2 < < Zoz/Z] =1-«

which can be rewritten

~

PT@[Q—SGXZa/z<9<§+sexza/2]=1—a

This is a probability statement concerning the random inter-
val
[0 — se x Z,/2,0 + s€ X Z, 5]

given the true value of 0, and the true standard error se.
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Confidence Intervals and Hypothesis Testing

Recalling the equivalence with hypothesis testing, the (1 —
a)% confidence interval is the set of values of 6y that do not
lead to a rejection of the null hypothesis

Hy : =106

at significance level «, in a two-tailed test, in light of the ob-
served data and the estimate 6.

Typically, « is chosen to be 0.05, or 0.01.
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Confidence Intervals and Hypothesis Testing

The Normal interval

~

[0 — se x za/2,§+ Se X zo]

is justified asymptotically, but for finite n, the Student-t inter-
val
[0 —se x typ(n —1),0+5e x ty;,(n—1)]

is preferable, where
ta(v)

is the a percentile of the Student-t density with v degrees of
freedom.
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Confidence Intervals and Hypothesis Testing

The standard error se is typically not known, so it is replaced
by the usual estimate se obtained from the plug-in procedure.

For example, for an unknown mean

() = 7= | w Q0 P

that is, using the plug-in estimator of the population variance
based on F,.
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Confidence Intervals and Hypothesis Testing

The corresponding studentized bootstrap interval is based on
the bootstrap resampled quantities

where
> 0 is the estimator from the original data
» 9b) — tI(lb) is the estimator derived from the bth bootstrap
resample.
» s2(®) is the estimator of the standard error for #%) from
the bth bootstrap resample.
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Confidence Intervals and Hypothesis Testing

The empirical distribution of the observed bootstrap resam-

pled quantities z(1), ..., z(B) yields the lower and upper per-
centiles
~ 1 &
Ios2 B Z l{Z(b)STa/z} = /2
b=1
1 B
ﬁa/z E Z 1{2(17)2 aa/z} =~ 04/2
b=1

and hence the bootstrap interval

~ ~

[0 — S/é X ﬁa/z,Q — S/é X /l\a/z]

Here 0§ and se are estimated from the original data.

599



Example: Mouse data

Example: Mouse data

The following data are the survival times for mice in a ran-
domized experiment comparing a treated group T with a con-
trol group C.

C 52 104 146 10 50 31 40 27 46
T 94 197 16 38 99 141 23
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Example: Mouse data

Example: Mouse data

Bootstrap percentiles: studentized CI for E[Yc]:

B 0.05 0.1 0.5 0.9 0.95
100 -4.8036 -4.0021 0.0147 1.1167 1.2910
200 -4.8036 -3.4922 -0.1306 1.1167 1.3470
500 -4.8022 -2.2789 0.0000 1.1301 1.5284
1000 -4.5891 -3.0654 -0.0331 1.1705 1.5438
2000 -4.5817 -3.1671 -0.0562 1.1930 1.5290
5000 -4.6010 -3.2014 -0.0411 1.1953 1.5528
10000 -4.6087 -2.9663 -0.0512 1.1739 1.5193
20000 -4.5900 -3.0849 -0.0678 1.1662 1.5072
50000 -4.6083 -3.1837 -0.0735 1.1662 1.5064
100000 -4.5813 -3.0844 -0.0720 1.1677 1.5059

Normal -1.6449 -1.2816 0.0000 1.2816 1.6449
Student -1.8595 -1.3968 0.0000 1.3968 1.8595
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Confidence Intervals and Hypothesis Testing

The observed quantiles z(1, ..., z(B) yields the lower and up-
per percentiles of the distribution of the pivotal quantities:

7 1
/2 ey
B b

M=

1{Z(b)<j\a/2} = /2

Il
—

B

- 1

Uz * g Z Loz a,,) = /2
b=1

and hence the bootstrap interval
[0 — $& x Tiy/0,0 — S x 1,5]

Here 0 and se are estimated from the original data.
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Example: Mouse data

Example: Mouse data

a = 0.05, equi-tailed studentized bootstrap interval.

B Lower Upper
100 31.6323 123.7727
200 32.6767 128.2670
500 30.6577 128.8923
1000 31.1979 126.5177
2000 31.1686 126.5072
5000 31.1257 127.3363
10000 31.4763 127.8735
20000 31.7005 127.6070
50000 31.8398 127.4720
100000 31.8758 126.9972
Normal 30.0952 82.3492
Student 25.4824 86.9620
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R Code

> library(boot)

> meancalc<-function(x,1i){

+ m <- mean(x[i])

+ n <- length(i)

+ Vv <- (n-1)xvar(x[i])/n"2

+ return(c(m, v))

+}

> bmean<-boot(y,meancalc,R=100000)

> mouse.ci<-boot.ci(bmean)

> mouse.ci

BOOTSTRAP CONFIDENCE INTERVAL CALCULATIONS
Based on 100000 bootstrap replicates

CALL : boot.ci(boot.out = bmean)

Intervals :
Level Normal Basic Studentized
95% ( 30.09, 82.37) (27.89, 79.22) ( 32.10, 127.22 )

Level Percentile BCa
95% (33.22, 84.56 ) (36.11, 91.67 )
Calculations and Intervals on Original Scale
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23
24
25
26
27
28
29
30
31
32
33
34

R Code

> bmean
ORDINARY NONPARAMETRIC BOOTSTRAP
Call:

boot(data = y, statistic = meancalc, R = 1le+05)

Bootstrap Statistics :
original bias std. error
tlx 56.22222 -0.009346667 13.33840 #For the sample mean
t2% 177.69822 -19.867671001 84.15095 #For the sample variance
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R Code

The five intervals are:

>

35
36

Normal: The normal interval using a bias-correction con-
structed using the bootstrap, that is

~ ~ ~

[(5— b(9)) — 1.96 x se, (9 — b(8)) + 1.96 x s%]

A~ A

where the bias estimate b(6) is given by

B
o) — 4

b=1

5 = 2

|

>mean(bmean$t[,1])-thetahat.c
[1] -0.009346667
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R Code

» Basic: The Basic interval is constructed by regarding

the quantities
7(B) _ pb) _p

as pivotal, that is the interval is [5 -1, /25 0 — Ta /2] where

- 12 12

loja B Z Low<iy = /2= Uy B Z Laws a,)
b=1 b=1

which implies that the interval may be rewritten
|6 (0u—0).0- (3-8

where 6, and ) are the (1—a/2) and /2 bootstrap quan-
tiles.
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R Code

» Studentized: As described above, the Studentized inter-
val uses the pivots

zW0) = T b=1,...,B

and the interval
[5— S6 X Ty, 0 — & x Ta/z]
» Percentile: The percentile interval is simply
[517 511]

» BCa: The BCa interval is the bias-corrected accelerated
interval from lectures.
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Example: Mouse data

Example: Mouse data
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Example: Mouse data

Example: Mouse data
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Example: Mouse data

Example: Mouse data

z®) = (6®) — §)/se®).
I‘|I-
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10000 15000 20000 25000 30000 35000
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Issues

Some issues:

» In general, a formula for se is not available

» Need to do a nested bootstrap: within each bootstrap it-
eration, need an internal bootstrap calculation of the stan-
dard error estimate, seg.

» Can be computationally demanding

» The symmetric interval of the form
é\ i se X qa/z

may include negative values, even if the quantity of inter-
est is positive.
» A transformation may be necessary
» The bootstrap interval is not invariant to transformations
(the computation of standard errors needs care)
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Variance stabilizing transformations

The bootstrap-t interval is constructed by appealing to asymp-
totic normality, so therefore we seek a transformation ¢ =
g(0) such that the distribution of qg is better represented by a
normal distribution for finite n.

Suppose that, by the Central Limit Theorem, we have that
V(8 —0) < N(0,0%(9)

where the asymptotic variance ¢%(f) in general depends on
the true 6. We seek a transform ¢ = g(f) such that

Va(é - ) -5 N(0,%)
where ¢? does not depend on the true § (or ¢).
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Variance stabilizing transformations

For example, for the Pearson correlation coefficient R in a
bivariate normal problem with true correlation p, we saw that

if
1 1+R 1 1
Z = —log ki 0= —log ~*e
2 1-R 2 1—-p

Vvn -3z -9 N(o,1)

suggesting that we should construct the bootstrap-t interval
for Z, and then back-transform to the R scale to get the con-
fidence interval for p.

then
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Variance stabilizing transformations

Suppose that X is a random variable with
E[X] =10 Var[X] = s(6)?
Let transformation g be defined by the relation

. 1 X 1
g(x) = 5 or, equivalently  g(x) = f s@) du

Then if Y = g(X), by a Taylor series approximation
Var[Y] = {g(0)}*s(6)* = 1

This variance-stabilizing transformation can be used to assist
in the construction of the bootstrap-t intervals.
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Variance stabilizing transformations

In statistical applications, the function s(.) is the standard er-
ror, a function of the true 6; often this is not known. However,
it can be estimated from the data.

Let
s(u) = se(@\@ =u).

This function can be estimated using a nested bootstrap for a
collection of fixed values, then integrated numerically to yield
an estimate of the transform function g.
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Algorithm

1. Generate B bootstrap samples, and bootstrap estimates
9(®) . For each bootstrap sample y(?), generate B, nested
resamples, and estimate the standard error sAe(g(b)) for
this bootstrap sample.

2. Fit a curve through the collection of points {(§®), se(6®)),
to get an estimate of s(u) = se(@\@ =u).

3. Estimate the variance-stabilizing transform g by integrat-
ing s(u) numerically
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Algorithm

4. Use B3 new bootstrap samples to compute a bootstrap-t
interval for ¢ = g(0) by inspecting

0P —¢

as the variance has been stabilized to 1.
5. Back-transform to the 6 scale using the numerically de-

fined g—'.
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Algorithm

Example: LSAT vs GPA data

Raw data

GPA
290 300 310 320 330 340

280
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Variance stabilizing transformations: Example

Example: LSAT vs GPA data

B; = 10000 bootstrap resamples, B, = 500 inner resamples.
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Variance stabilizing transformations: Example

Example: LSAT vs GPA data

Estimated transform g (solid), and Fisher transform (dashed)

9(6)
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Variance stabilizing transformations: Example

Example: LSAT vs GPA data

B = 2000 bootstrap samples of p (left) and gg (right).
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Variance stabilizing transformations: Example

Example: LSAT vs GPA data

Comparison of 90 % intervals:

Method Lower Upper
Fisher transform 0.5090 0.9071
g 0.5299 0.9448
Bootstrap 0.5262 0.9475

The bootstrap interval is computed direct from the percentiles
of the initial B; bootstrap resampled values.
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Bootstrap Percentile Interval

The bootstrap percentile interval is computed direct from the
percentiles of the bootstrap resampled values.

~ 1

1a/2 . E 1

a/2

e

b {é\(b></1\a/2} =

I
-

B
~ 1
ua/z : E Z l{é(b)> ﬁa/Z} s a/2
b=1

This method is invariant to transformation; it is a non para-
metric version of the previous method which focusses on the
quantiles of interest.

Typically, B needs to be large to get reliable percentile inter-
vals. They can be more variable when the sampling distribu-

tion of the statistic is highly skewed.
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Bias correction/Acceleration

An alternative approach uses the interval based on

~ 1
10‘1 . E

M=

1{§<b>< 1) =~ o
b

Il
-

B
~ 1
Uy, - E 2 1{§(b)< aaz} =
b=1
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Bias correction/Acceleration

That is, the empirical a1 and a; quantiles, where

Zo + z
ap = @ Eo—l- ,(\)A o/2
1—a(zo + z4/2)

Zp + Z1—q/2 )
1- /a\(/Z\O + Zlfa/Z)

ay = (I)(Eo-i-

where 7 and a are to be defined, and z,/, and z,_,, are the
tail quantiles of the standard normal.
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Bias correction/Acceleration

For o = 0.1, Za/2 = Z0.05 = —1.645, Zl—cx/Z = Zp.95 = 1.645.

» Zp is a bias-correction constant defined by
1 B
5 -1
Z =120 (B Z Lioo< é})
b=1

that is, it measures the median bias of (b)
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Bias correction/Acceleration

» a is an acceleration factor which defined via jackknife
quantities

Bias corrected accelerated (BCa) percentile intervals have
good theoretical properties.
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Permutation tests

Permutation procedures utilize resampling to construct tests
of hypothesis without using parametric assumptions.

The sampling distribution of a (test) statistic is constructed
using resampling from the original data, but assuming the
structure implied by the null hypothesis.

Thus, unlike the bootstrap which retains the original data
structure during resampling, permutation tests impose a hy-
pothesis driven structure.
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Permutation tests

Example: Mouse data

Recall the mouse survival time data:

C(y) 52 104 146 10 50 31 40 27 46
T (z) 94 197 16 38 99 141 23

Suppose the null hypothesis is that there is no difference be-
tween the survival time distributions in the two groups.
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Permutation tests

Example: Mouse data

We select a test statistic, T = T(Y,Z), suitable for testing
the hypothesis; could use the two-sample t-statistic assuming
unequal variances:

+7
Ny nz

where sy and sz are the unbiased sample variances. This
statistic is derived from the perspective of normal random
sampling, but the test itself will not rely on this assumption.
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Permutation tests

Example: Mouse data

The sampling distribution of T under the null hypothesis, Hy,
is computed by noting that, under Hy, the labelling of a mouse
as being in the Control or Treatment group makes no differ-
ence to their random survival time.

Therefore, we compute the statistic for each of the possible
relabellings of the n = ny + nz measurements consistent with
the original group sizes.
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Permutation tests

Example: Mouse data

For relabelling j, we choose at random without replacement
ny measurements and denote them y(;), denote the remaining
nz measurements z(;), and compute the resulting relabelled
statistic T;).

When all N possible relabellings have been examined, we
have computed the statistics

tay, - v

which define the permutation distribution.
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Permutation tests

Example: Mouse data

The critical values for the test are defined via the empirical
distribution of

t(l)v 500y t(N)

If t = T(y,z) is the observed test statistic for the original data,
then empirical probabilities

N
PrO[T(* = 2 t(}) OO

can be used to define the p-value (achieved significance level)
in the two-tailed test as

Pro[T(s) < —[t[] + Pro[Ts) > |¢]]
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Permutation tests

Evaluating all possible relabellings can be a computationally
demanding step; for the two-sample problem, the number of

relabellings is
n
V= ()
ny

For the mouse data, ny = 9,nz = 7, so
16
N = (9) = 11440

which is not too large.

If N gets too large, a fixed number of randomly chosen rela-
bellings can be generated in place of the exhaustive calcula-
tion.
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Permutation tests

If the permutations are randomly chosen, the procedure is
termed a Monte Carlo permutation (or Monte Carlo random-
ization) procedure.

The choice of the Monte Carlo sample size depends on the
quantity being estimated.

In any case, the procedure is distribution-free, but is reliant
on being able to construct a suitable test statistic.
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Permutation tests: Example

Example: Mouse data

Permutation p-value = 0.3068.
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Permutation tests: Other statistics

The permutation procedure can be used

» with other test statistics
> tests for equality of variance
» Kolmogorov-Smirnov
» in more general data collection situations

> inference in regression
» ANOVA
> discrete data (chi-squared test, Fisher’s Exact test)
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Permutation tests: Other statistics

Example: Mouse data

Test statistic T =

2500

2000

1500

1000

log(sy/sz): two-sided p-value 0.3156

..‘||||||._
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Permutation tests: Other statistics

Example: Mouse data

Kolmogorov-Smirnov test one-sided p-value 0.5727 (32 possi-

ble values of t)-
I|IIIIII-- _

q
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Hypothesis testing: summary

In general, hypothesis testing can be carried out using the
bootstrap due to the connection between hypothesis testing
and confidence intervals.

That is, a (1—a)% confidence interval for 6 that contains those
Ay values that, in light of the observed data and estimate 6,
would NOT lead to the rejection of the null hypothesis

Hy : 0=106p

at significance level a.
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