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Model-selection via trans-dimensional MCMC

Model selection via MCMC exploits trans-dimensional moves

§ Discrete time chains
§ Carlin and Chib (1995): extend the state space to consider

all possible models simultaneously

§ Continuous time chains
§ Grenander and Miller (1994), Phillips and Smith (1995):

jump diffusions.
§ Geyer and Moller (1994), Stephens (M) (2000): birth-death

in continuous time
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Model-selection via trans-dimensional MCMC

In the contributed Discussion of Grenander and Miller (1994),
Green laid out the basic construction of

Reversible Jump MCMC.

§ Green pointed out that whereas their Gibbs sampler con-
struction might only be rarely of use, their MH algorithm
they also suggested could provide a general mechanism for
jumping between subspaces of different dimension.

§ The suggested general algorithm retained the reversibility
and detailed balance properties of the usual MH algorithm,
but required “dimension-matching” terms to account for
the differences in dimension of different subspaces.
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Reversible Jump MCMC

§ target distribution π
§ parameter vector θ P Θ Ď Rd;
§ proposal kernel Qpθ, dθ1q “ Prpθ1 P dθ1|θq,
§ transition kernel Ppθ, dθ1qwith π as its unique stationary

distribution.

Let π and q denote the densities of π and Q wrt to Lebesgue
measure.

4



Reversible Jump MCMC

By the usual arguments, the acceptance probability for values
generated from q is

αpθ, θ1q “ min

"

1,
πnpθ

1q

πnpθq

qpθ1, θq
qpθ, θ1q

*

Under mild conditions on Qp., .q, variates generated from this
Markov chain with transition kernel Pp., .q form a dependent
sample from π, and the ergodicity of the chain permits Monte
Carlo estimation of functionals of π.
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Reversible Jump MCMC

Consider a countable collection of Bayesian models, tMk, k “
1, 2, . . .u, where model Mk is parameterized via parameter θk
with parameter space Θk Ă Rdk . We formulate a joint prior on
the parameters and the unknown model M by setting a discrete
prior

π0pMkq “ PrpM “ Mkq

say, and then the conditional prior

π0pθk|Mkq

so that the full joint posterior can be written

πnpMk, θkq “
LMk

n pθkqπ0pθk|Mkqπ0pMkq

ř

j

"
ż

LMj
n ptjqπ0ptj|Mjq dtj

*

π0pMjq
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Reversible Jump MCMC

Our objective is to construct a Metropolis-Hastings chain to that
is aperiodic and irreducible on the union parameter space

Θ “
ď

k

Θk.

This requires the specification of a proposal transition density,
qp., .q, but, in contrast to the usual fixed-dimension case, we face
the difficulty that the arguments of q are potentially of different
dimensions, rendering the reversibility requirement difficult to
meet.
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Reversible Jump MCMC

At a specific iteration, suppose that

§ the chain is in model M with parameter θ having
dimension d,

§ the proposal is to move to model M1 with parameter θ1

having dimension d1.

We envisage this move as first selecting a move between models,
M ÝÑ M1, and then the proposal of a θ1 possibly dependent on
the current θ.
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Reversible Jump MCMC

For a reversible proposal mechanism, we need equally dimen-
sioned arguments to qp., .q: consider the introduction of collec-
tions of latent variables u and v of dimension du and dv respec-
tively, so that d` du “ d1 ` dv.

The proposal density q is then considered for the extended pa-
rameter vectors pθ,uq and pθ1,vq such that qppθ,uq, pθ1,vqq is re-
versible; this is most easily constructed using a 1-1 differentiable
mapping, that is

pθ1,vq “ gpθ,uq ðñ pθ,uq “ hpθ1,vq.
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Reversible Jump MCMC

Standard (fixed-dimension) moves are special cases of this gen-
eral proposal procedure; for example, for a Metropolis move, we
might set

θ1 “ θ ` u u „ Normaldp0,Σq

and for Metropolis-Hastings moves, we typically use a condi-
tional generation qpθ1|θq taking the conditioning variable as a
constant parameter in a suitably chosen density; the stochastic
elements u in the MH move can be thought of as the uniform
variates used to perform basic random number generation from
this conditional density.
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Reversible Jump MCMC

To establish the acceptance probability for the reversible jump
move, consider a “hybrid” MH algorithm comprising a mixture
of move types, with

§ move m
§ transition proposal Qm

§ move m selected with probability rm

for a finite collection of move types, some of which may be
trans-dimensional, but each of which retains the detailed bal-
ance property.

If ψ and ψ1 represent the latent-augmented parameter vectors,
and let the augmented posterior density be denoted

rπmpψq “ rπmpM, θ,uq “ πnpM, θqpUpuq
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Reversible Jump MCMC

Let αmpψ,ψ
1q denote the acceptance probability for move type

m, so that for arbitrary sets A and B
ż

A
rπmpdψq

ż

B
αmpψ,ψ

1qQmpψ, dψ1q “

ż

B
rπmpdψ1q

ż

A
αmpψ

1, ψqQmpψ
1, dψq

which implies as usual that

αmpψ,ψ
1qrπmpψqqmpψ,ψ

1q “ αmpψ
1, ψqrπmpψ

1qqmpψ
1, ψq

or,
αmpψ,ψ

1qfmpψ,ψ1q “ αmpψ
1, ψqfmpψ1, ψq

say where fm is defined with respect to a common, symmetric
measure on the product space.
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Reversible Jump MCMC

Consider the forward move; in this case fmpψ,ψ1q is given by

fmpψ,ψ1q “ rπmpψqqmpψ,ψ
1q “ πnpM, θqpUpuqÝÑr m.

For the reverse move, to preserve symmetry, we must set

fmpψ1, ψq “ rπmpψ
1qqmpψ

1, ψq “ πnpM1, θ1qpVpvq
ˇ

ˇ

ˇ

ˇ

Bpθ1,vq
Bpθ,uq

ˇ

ˇ

ˇ

ˇ

ÐÝr m

where the term
ˇ

ˇ

ˇ

ˇ

Bpθ1,vq
Bpθ,uq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

Bgpt1, t2q

Bpθ,uq

ˇ

ˇ

ˇ

ˇ

t1“θ,t2“u

is the Jacobian for the 1-1 mapping g : pθ,uq ÞÑ pθ1,vq.
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Reversible Jump MCMC

This term arises as in the augmented posterior, we have

rπpM1, θ1,vq “ rπpM,hpθ1,vqq|Jpθ1,vq| “ rπpM, θ,uqq|Jpθ,uq|´1

under the bijection; here

|Jpθ1,vq| “
ˇ

ˇ

ˇ

ˇ

Bpθ,uq
Bpθ1,vq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

Bpθ1,vq
Bpθ,uq

ˇ

ˇ

ˇ

ˇ

´1

“ |Jpθ,uq|´1

is the Jacobian.
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Reversible Jump MCMC

In the expressions above, the two terms ÝÑr m and ÐÝr m represent
the probabilities of choosing to make move m (from M to M1)
and the probability of the reverse move (from M1 to M).

Thus, the acceptance probability for move type m is

αmppM, θq, pM1, θ1qq “ min

"

1,
πnpM1, θ1qpVpvqÐÝr m

πnpM, θqpUpuqÝÑr m

ˇ

ˇ

ˇ

ˇ

Bpθ1,vq
Bpθ,uq

ˇ

ˇ

ˇ

ˇ

*

.
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Reversible Jump MCMC

These general calculations simplify if one of u or v is a null vec-
tor. If dimpθq ă dimpθ1q, and the proposed move attempts to
increase the dimension of the current model, then only the aug-
menting variables u are needed to match dimension, that is, the
bijection can be constructed by setting θ1 “ gpθ,vq. In this case

αmppM, θq, pM1, θ1qq “ min

"

1,
πnpM1, θ1qÐÝr m

πnpM, θqpUpuqÝÑr m

ˇ

ˇ

ˇ

ˇ

Bpθ1q

Bpθ,uq

ˇ

ˇ

ˇ

ˇ

*

.

Conversely, if dimpθq ą dimpθ1q, then only the augmenting vari-
ables v are needed, and

αmppM, θq, pM1, θ1qq “ min

"

1,
πnpM1, θ1qpVpvqÐÝr m

πnpM, θqÝÑr m

ˇ

ˇ

ˇ

ˇ

Bpθ1,vq
Bpθq

ˇ

ˇ

ˇ

ˇ

*

.
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Reversible Jump MCMC

Notes:

1. The proposal mechanisms can be generalized by allowing the
generation for u or v to depend on the values of θ or θ1 re-
spectively. Under this generalization, pUpuq and pVpvq are
replaced by pUpu|θq and pVpv|θ1q in the acceptance probabil-
ities. This merely corresponds to an alternative construction
of the augmented posterior rπ.
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Reversible Jump MCMC

2. Each move type m comprises a pair of moves operating in
each direction between models M and M1.

§ if move m is a move from M to M1, constructed by generation
of augmenting variables u and transformation, there should
exist in our collection of potential moves the reverse move,
indexed m1, say, which utilizes the augmenting variables v,
the two moves being selected with probabilities ÝÑr m andÐÝr m
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Reversible Jump MCMC

3. In some situations, the reversible jump acceptance probabil-
ity simplifies even further.

§ In a move that increases dimension by dU through the vari-
ables u, it may be feasible to set the new parameters precisely
equal to u, that is, the proposed parameter vector θ1 is formed
by concatenating θ and u. In this case, the Jacobian of the
transformation is 1.

4. It may be possible to generate u from a prior distribution,
which facilitates cancellation in the Hastings ratio.
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Prior specification

Let k “ 1, 2, . . . index models M1,M2, . . . under consideration,
where k represents the dimension of θk “ pθk1, . . . , θkkq. Suppose
that the model specification is such that identical, independent
priors are used for the components of the parameter vector

π0pθkq “

k
ź

l“1

π0pθklq.

For a proposed move from Mj to Mk with j ă k, suppose that the
elements of u are generated independently from p0, with

pUpuq “
k´j
ź

l“1

π0pulq,

say, and suppose that θk “ pθj,uq.
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Prior specification

Then the acceptance probability αj ” αjppMj, θjq, pMk, θkqq is

αj “ min

"

1,
πnpMk, θkq

ÐÝr j

πnpMj, θjqpUpuqÝÑr j

ˇ

ˇ

ˇ

ˇ

Bpθkq

Bpθ,uq

ˇ

ˇ

ˇ

ˇ

*

“ min

#

1,
LMk

n pθkqπ0pθk|Mkqπ0pMkq
ÐÝr j

LMj
n pθjqπ0pθj|Mjqπ0pMjqpUpuqÝÑr j

ˇ

ˇ

ˇ

ˇ

Bpθkq

Bpθ,uq

ˇ

ˇ

ˇ

ˇ

+

“ min

#

1,
LMk

n pθkqπ0pMkq
ÐÝr j

LMj
n pθjqπ0pMjq

ÝÑr j

+

as π0pθk|Mkq can be written

k
ź

l“1

π0pθklq “

$

&

%

j
ź

l“1

π0pθjlq

,

.

-

$

&

%

k´j
ź

l“1

π0pulq

,

.

-

“ π0pθj|MjqpUpuq
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Prior specification

For the reverse move that attempts to decrease the model com-
plexity by moving from model k to model j, the deterministic
proposal that sets the last k´ j components of θk to zero is used.
The approach described in this example can be useful in some
applications, but can also lead to low acceptance rates.
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Example

Consider two models M1 and M2 with parameters θp1q “ θ1 and
θp2q “ pθ21, θ22q, with all parameters taking values on R. We
consider four move types:

1. m “ 1: move within Model M1,

2. m “ 2: move within Model M2,

3. m “ 3: move from Model M1 to Model M2,

4. m “ 4: move from Model M2 to Model M1.

For the within model moves, standard MH acceptance calcula-
tions proceed as usual; Moves 3 and 4 are a forward/reverse
move pair.

Clearly, if the current state of the chain is in M1, only moves 1 or
3 can be selected, and similarly for M2.
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Example

We need only consider the relative magnitudes of the reversible
jump moves selection probabilities; for example, if the proba-
bility of selecting move 3 is 0.3 and the probability of selecting
move 4 is 0.1, then

ÐÝr 3
ÝÑr 3

“
0.1
0.3

ÐÝr 4
ÝÑr 4

“
0.3
0.1

are the ratios that enter into the acceptance probability calcula-
tions for move types 3 and 4 respectively.
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Example
When the current state of the chain is in M1, to propose a move
to M2 after selecting move 3, we must introduce a single random
variate u; suppose that u „ Normalp0, 1q, and let

θ21 “ θ1 ` u θ22 “ θ1 ´ u ðñ θ1 “
θ21 ` θ22

2
.

In this case the acceptance probability takes the form

α3 “ min

"

1,
πnpM2, pθ21, θ22qq

πnpM1, θ1qφpuq

ÐÝr 3
ÝÑr 3

ˇ

ˇ

ˇ

ˇ

Bpθ21, θ22q

Bpθ1,uq

ˇ

ˇ

ˇ

ˇ

*

.

where φp.q is the standard normal pdf, and

ˇ

ˇ

ˇ

ˇ

Bpθ21, θ22q

Bpθ1,uq

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

Bθ21

Bθ1

Bθ21

Bu
Bθ22

Bθ1

Bθ22

Bu

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

ˇ

“

ˇ

ˇ

ˇ

ˇ

ˇ

1 1

1 ´1

ˇ

ˇ

ˇ

ˇ

ˇ

“ 2.
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Example

For the reverse move 4, we have

α4 “ min

"

1,
πnpM1, θ1qφpuq
πnpM2, pθ21, θ22qq

ÐÝr 4
ÝÑr 4

ˇ

ˇ

ˇ

ˇ

Bpθ1,uq
Bpθ21, θ22q

ˇ

ˇ

ˇ

ˇ

*

.

where
ˇ

ˇ

ˇ

ˇ

Bpθ1,uq
Bpθ21, θ22q

ˇ

ˇ

ˇ

ˇ

“
1
2
.
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Pharmacokinetic example

Consider two competing pharmacokinetic (PK) models for re-
sponse data yptqmeasured at different time points t1, . . . , tn:

1. Model M1: One compartment, elimination only;

ErYptqs “ A1 expt´λ1tu t ě 0

2. Model M2: One compartment, absorption and elimination;

ErYptqs “ A2 pexpt´λ21tu ´ expt´pλ21 ` λ22qtuq t ě 0

where pA1, λ1q and pA2, λ21, λ22q are positive parameters. Under
an assumption of additive, heteroscedastic Normal errors, we
have two competing explanations for the observed data; both
models can be fitted using ordinary least-square
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Pharmacokinetic example
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Pharmacokinetic example

These models are nested, but the nesting structure is compli-
cated, as we require λ22 ÝÑ 8, that is, a boundary point in the
parameter space, which leads to non-regular frequentist asymp-
totic theory.

Bayes factors can be used:

BFpM1,M2q “

ż

LM1
n pθ1qπ0pθ1|M1q dθ1

ż

LM2
n pθ2qπ0pθ2|M2q dθ2

but this requires numerical integration.
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Pharmacokinetic example

We consider a reversible jump MCMC solution. First, we use a
log-scale parameterization and set

θ1 “ plog A1, log λ1q θ2 “ plog A2, log λ21, log λ22q.

We place equal prior probabilities on M1 and M2, and then place
independent Np0, τq priors on the components of θ1 and θ2.

The prior on the residual error variance σ2 is Inverse Gamma
with parameters 10 and 4.
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Pharmacokinetic example

The ML estimates pθ1 and pθ2 can be computed easily, as can the
Hessian matrices pI1 and pI2; these likelihood-based results yield
reasonable approximations to the posterior distributions to pro-
duce independence MH algorithms.

Specifically, at the ML estimates for σ under the two models, we
may approximate the conditional posterior for θ by the Normal
density

ppθk|pσ,yq l Normalppθk,n´1
pσ2

k
pIk
´1
q (1)

On fitting using ML, the estimates of σ under the two models
are found to be quite similar (M1 : pσ1 “ 0.252,M2 : pσ2 “ 0.329).
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Pharmacokinetic example

A reversible jump MCMC algorithm can be constructed as fol-
lows: we again consider four move types:

1. m “ 1: move within M1; update θ1 from πnpθ1|M1, σq

2. m “ 2: move within M1; update θ2 from πnpθ2|M2, σq

3. m “ 3: move from M1 to M2; propose a new θ2, and carry
out an accept/reject step.

4. m “ 4: move from Model M2 to Model M1; propose a new
θ1, and carry out an accept/reject step.

with the remaining parameter σ2 being updated in a Gibbs sam-
pler algorithm at each iteration.
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Pharmacokinetic example

Moves m “ 3, 4 are a forward/reverse move pair. For move 3,
several options are available; for example, we could adopt the
earlier strategy, and generate a new variate u from the prior for
the additional parameter, and then merely use the mapping

pθ11, θ12,uq ÞÝÑ pθ21 “ θ11, θ22 “ θ12, θ23 “ uq

with reverse move setting θ23 “ 0.

This approach may be adequate, but more probably would not
facilitate good mixing across the models.
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Pharmacokinetic example

A perhaps better strategy is to consider a different augmenta-
tion, where we generate u “ pu1,u2,u3q from the model in (1)
for k “ 2, and map pθ11, θ12,u1,u2,u3q to

pθ21 “ u1, θ22 “ u2, θ23 “ u3, v1 “ θ11, v2 “ θ12q

with the paired reverse move being to generate v “ pv1, v2q from
the model in (1) for k “ 1.

This guarantees that the proposed value θ2 lies in a region with
reasonably high posterior support under model M2, although
it does not guarantee that the move will be accepted with high
probability.
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Pharmacokinetic example

In the Hastings ratio, the Jacobian of the transformation is 1, and
under equal probabilities of forward/reverse moves, we have
that

πnpM2, θ2qpVpv1, v2q

πnpM1, θ1qpUpu1,u2,u3q

can be written

LM2
n pθ2q

#

3
ś

j“1
φpθ2j{τq{τ

+

φ2pθ11, θ12; pθ1,pI1q

LM1
n pθ1q

#

2
ś

j“1
φpθ1j{τq{τ

+

φ3pθ21, θ22, θ23; pθ2,pI2q

where τ is the prior variance for the regression parameters.
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Pharmacokinetic example

The logic of this construction is that numerically

LM1
n pθ1q l Normal2ppθ1,pI´1

1 q LM2
n pθ2q l Normal3ppθ2,pI´1

2 q.

A different approximation that incorporates the Normal asymp-
totic likelihood in equation (1) as well as the Normal prior dis-
tribution for the parameters can be constructed.

36



Pharmacokinetic example

The algorithm was run for 100000 iterations. In this run with
τ “ 4, the chain spent about 66 % of the time in model M1,
indicating the posterior probabilities are

πnpM1q l 0.66 πnpM2q l 0.34.

The model posterior probabilities vary with the choice of τ ; this
is as expected, as the model probabilities are closely related to
the marginal likelihood, or prior predictive distribution, which
is the expected value of the likelihood for the observed data with
respect to the prior distribution.
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Pharmacokinetic example

It is evident from the discussion that the prior specification acts
as a penalty for complexity. For illustration, if τ “ 1, the model
probabilities change to p0.80, 0.20q; if τ “ 10, the model proba-
bilities are p0.26, 0.74q.
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Pharmacokinetic example

Conditional on M1 or M2 being true, we can perform inference
about the parameters of the two models, and also reconstruct
estimates and posterior credible intervals for ErYs.

The figure below displays the reconstructed posterior intervals
for the two models.
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Pharmacokinetic example
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Pharmacokinetic example

It is evident that both models are plausible explanations of the
observed data, but offer potentially different predictions of fu-
ture responses, especially near t “ 0. Note that the possible nest-
ing structure, incorporated by the assumption that λ22 ÝÑ 8, is
not supported by the priors studied.

Finally, note that the BIC values for the two models, computed
as

BICk “ ´2 logLMk
n ppθ1q ` dk log n

where dk is the total number of parameters fitted, are 25.553 and
33.227 respectively for models 1 and 2, indicating strong support
for model 1.
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Appendix: Trans-dimensional examples
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Finite Mixture Model

The finite mixture model with K components has density

f py|ω, θ,Kq “
K
ÿ

k“1

ωkfkpy|θkq

where θk are the parameters for component density k, and

0 ă ωk ă 1,@k &
K
ÿ

k“1

ωk “ 1.
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Finite Mixture Model

Most typically the component densities are from the same para-
metric location-scale family (say Gaussian) which differ in loca-
tion and scale.

For exchangeable data py1, . . . , ynq from this model, the likeli-
hood arising from this model does not permit analytical calcula-
tion of the posterior distribution, so MCMC is commonly used.
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Finite Mixture Model

If K is known, MCMC is typically implemented using auxiliary
variables z1, . . . , zn, and a completed data model

f py, z;ω, θ,Kq “ ωzfzpy|θzq z P t1, 2, . . . ,Ku

and a Gibbs sampler strategy updating the z and pω, θq from
their full conditional posterior distributions.

Conditional on pω, θq, the posterior distribution for each zi is a
discrete distribution on t1, 2, . . . ,Ku, whereas conditional on the
z, the posterior for the mixture weights ω is a density on the K
dimensional simplex, and the posterior for the components of θk
proceeds using only those yi for which zi “ k, for k “ 1, . . . ,K.
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Finite Mixture Model

If K is also treated as an unknown parameter, then transdimen-
sional MCMC is also needed. A discrete prior on K, typically on
some finite set, completes the posterior specification, and yields
a posterior distribution πnpK, θpKq, ωpKqq.
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Finite Mixture Model

In this model, dimension-changing moves correspond to chang-
ing the value of K, and in order to construct an efficient and tun-
able MCMC algorithm, moves which peturb K by ˘1 are typi-
cally considered.

§ For example, moves of type K ÝÑ K` 1 are termed “birth”
moves, and K ÝÑ K ´ 1 are termed “death” moves.

§ The forward/reverse move pairs are then births from K
and deaths from K ` 1.
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Finite Mixture Model

We consider the case of a Normal mixture model for simplicity.

§ If y is one dimensional, each component density has two
parameters, so a birth/death pair requires the introduction
of three latent variables u, a new mean and variance, and
also a parameter to introduce a new component weight.

§ If y is d-dimensional, d`dpd`1q{2`1 new scalar parameters
are needed, that is, a new mean and covariance matrix, and
a new component weight parameter.
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Finite Mixture Model

§ New location/scale parameters: Either these new parame-
ters are generated independently of the current model pa-
rameters from proposal distribution, or a subset of the cur-
rent components are selected and used to generate a new
additional component.

§ New weight parameters: A random split or rescaling of the
currently existing weights is used.
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Finite Mixture Model

In typical mixture applications, inference about the parameter K
may be of primary interest in a given application, but perhaps
more commonly the mixture model offers flexible modelling in
the presence of heterogeneity. The Normal mixture case is the
most commonly studied, but other mixtures of other parametric
models have also been used.
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Regression

Suppose the regression relationship between a scalar covariate
x and scalar covariate y

y “ gpxq ` ε

is the focus of interest, for independent homoscedastic Normal
errors tεu. Typically, we seek the prediction py “ pgpxq.

51



Regression

Suppose we seek to approximate g locally on a finite domain X
by a series of step functions:

gKpx;βK, κKq “

K
ÿ

k“1

βKk1Bkpxq

where pB1, . . . ,BKq form a partition of X defined by a series of
knots κ0, κ1, . . . , κK´1, κK so that Bk ” rκk´1, κkq. Without loss of
generality, assume X ” r0, 1q, with κ0 “ 0, κK “ 1. In this step-
function approximation, βK “ pβK1, . . . , βKKq are the parameters
defining the piecewise constant levels of the function.
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Regression

The likelihood for data pxi, yiq, i “ 1, . . . ,n is

LMK
n pβK, σ, κKq “

n
ź

i“1

φ

ˆ

yi ´ gKpxi;βK, κKq

σ

˙

Typically, within model MK, a conjugate prior specification on
pβK, σq is used so that the marginal likelihood LMK

n pκKq can be
computed analytically by integrating out pβK, σq. The conjugate
prior takes the form

π0pβk, σq “ π0pβK|σqπ0pσq

and π0pβK|σq is some multivariate Normal density.
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Regression

A reversible jump MCMC algorithm can be constructed to ex-
plore the posterior πnpMK, κKqwhich, under the conjugate spec-
ification for pβK, σq, depends on the marginal likelihood and the
prior π0pMK, κKq.
One approach to the specification of this prior is to assume a
Poisson process model for the change-in-level or jump locations
of the step function.

§ π0pMKq to be a Poisson distribution with rate parameter λ,
§ within model MK, κK are the order statistics derived from a

Uniform random sample on p0, 1q, so that

π0pκK1, . . . , κK,K´1|MKq “ pK ´ 1q!

for 0 ă κ1 ă ¨ ¨ ¨ ă κK,K´1 ă 1.
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Regression

Dimension-changing moves in this model correspond to the ad-
dition or removal of a knot or knots.

§ a new knot can be proposed uniformly on (0,1), or uni-
formly in an interval selected in light of the current knot
positions. In the former case, the reverse move corresponds
to removing a knot uniformly at random from the current
collection.

§ Model complexity in this model is controlled by the Poisson
model hyperparameter λ, and the covariance structure in
the prior model for βK.
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