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Multiple chain MCMC

The principal problems Metropolis-Hastings algorithm encoun-
ters in applications relate to

§ Choice of starting values: Poorly chosen starting values
can result in slow convergence;

§ Posterior correlation: High posterior correlation leads to
inefficiency of Gibbs sampler moves, and slow convergence;
this can sometimes be overcome by reparameterization.

§ Failure to explore the state space: Algorithm can get trapped
in localized regions of high probability density; this can
sometimes be overcome by using multiple chain MCMC.
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Multi-Mode Distributions

Example (Mixture of Bivariate Normals)

Suppose

πpxq ” ωN2pµ1,Σ1q ` p1´ ωqN2pµ2,Σ2q

where µ1 and µ2 are relatively well separated.

MCMC algorithms to sample from this bivariate density often
encounter problems because they get stuck in the modes at µ1
and µ2, and cannot jump between them.
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Multi-Mode Distributions

Example (Mixture of Bivariate Normals)

Mixture of Bivariate Normal densities.
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Dominant-Mode Distribution

Example (The Witch’s Hat)

In d dimensions, suppose

πpxq “ ω

ˆ

1
σ

˙d d
ź

j“1

φ

ˆ

xj ´ θj

σ

˙

` p1´ ωq
d
ź

j“1

1p0,1qpxjq

This density has a single mode at θ, but also a diffuse probability
on the d-dimensional hypercube given by the second term.

MCMC algorithms can find it difficult to explore the “diffuse”
region, because they get stuck in the mode, or vice versa.
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Multiple chain MCMC

It is possible to use multiple Markov chain algorithms to pro-
duce variates from a target distribution π.

§ Replicate chains: we run m chains with the same transition
kernel P from different starting values, and then combine
the chain as independent samples.

§ Parallel chains: we run M chains each with its own transi-
tion kernel P1, . . . ,PM, such that the chain is reversible with
respect to π: for m “ 1, . . . ,M

πpxqPmpx, yq “ πpyqPmpy, xq

and then the variates from the different chains are com-
bined as independent samples.
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Multiple chain MCMC

§ Different chains: we run M chains each with its own tran-
sition kernel P1, . . . ,PM, such that each chain is reversible
with respect to its own target πm where, say π1 ” π. We
then allow exchange of information between chains to fa-
cilitate sampling from π.

In this case it is not so straightforward to guarantee that the ex-
change of information does produce samples from π. This does
need verification, once the exchange mechanism has been de-
fined.

Such methods are called multiple chain or population MCMC.
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Multiple chain MCMC

The simplest way to think about multiple chain methods in the
case of different chains is via auxiliary variables, and an augmen-
tation of the state space. For m “ 1, . . . ,M, consider

§ variable Xm

§ (posterior) distribution πmpxq
§ irreducible transition kernel Pm, defined so that Pm and πm

exhibit detailed balance, and Pm defines a recurrent
Markov chain

where, without loss of generality, π1 is the distribution of inter-
est, so that X2, . . . ,Xm are auxiliary variables.
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Multiple chain MCMC

For X “ pX1, . . . ,XMq, define

πMpxq 9
M
ź

m“1

πmpxmq.

By construction, the marginal distributions are π1, . . . , πM.

Consider constructing a Markov chain on the extended state
space, with πM as the target distribution. The usual rules of
Metropolis-Hastings apply - we propose a candidate new value,
and accept it with some acceptance probability, otherwise we
remain at the current value.

The values of x1 that we collect across iterations are (dependent)
samples from the marginal distribution, π1.

Move Types
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Parallel Tempering

Parallel Tempering is a multiple chain method that gives a specific
construction of the distributions π1, . . . , πM. Write density π as

πpxq 9 expt´Hpxqu

and define

πmpxq 9 exp

"

´
Hpxq
Tm

*

“ tπpxqu1{Tm

where
1 “ T1 ă T2 ă ¨ ¨ ¨ ă TM

represent a series of “temperatures”. The densities π2, . . . , πM
are tempered versions of π1.
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Parallel Tempering

Note that

πmpxq “
exp

!

´
Hpxq
Tm

)

ZpTmq

where

ZpTmq “

ż

exp

"

´
Hpxq
Tm

*

dx

may not be available analytically.

This integral needs to be finite for πm to be a proper distribution.
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Parallel Tempering

Example (Two component Normal mixture)

For the two component mixture

πpxq “
1
4
φpx` 4q `

3
4
φpx´ 2q

the tempered distributions have modes that become
increasingly flat.

12



Parallel Tempering

Example (Two component Normal mixture)

T1 “ 1:
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Parallel Tempering

Example (Two component Normal mixture)

T2 “ 2:
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Parallel Tempering

Example (Two component Normal mixture)

T3 “ 5:
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Parallel Tempering

Example (Two component Normal mixture)

T4 “ 10:
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Parallel Tempering

Example (Two component Normal mixture)

T5 “ 20:
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Parallel Tempering

Example (Two component Normal mixture)

T6 “ 50:
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Parallel Tempering

When Tm is large

πmpxq 9 exp

"

´
Hpxq
Tm

*

is relatively “flat”, that is, changes in x do not lead to large
changes in πmpxq.

Parallel tempering utilizes within chain and between chain up-
dates. In the classical version, each iteration consists of

1. Within: an update for each chain using the MH kernels
P1, . . . ,PM, then

2. Between: an update that attempts to swap xm (from the
chain for πm at temperature Tm) with one of its temperature
neighbours.
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Parallel Tempering

Define the between-chain exchange probabilities

qBpl,mq “ PrrSwap chain l with chain ms

“

$

’

’

’

’

’

&

’

’

’

’

’

%

1
2

2 ď l ď M,m “ l´ 1, l` 1

1 l “ 1 and m “ 2, or l “ 1 and m “ 2

0 otherwise

Then the between-chain exchange that proposes to swap xl with
xm is accepted with probability

α “ min

"

1,
πlpxmqπmpxlqqBpm, lq
πlpxlqπmpxmqqBpl,mq

*
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Parallel Tempering

For the tempered distributions

πlpxmqπmpxlq

πlpxlqπmpxmq
“ exp

"

´
Hpxmq

Tl
´

Hpxlq

Tm
`

Hpxlq

Tl
`

Hpxmq

Tm

*

or equivalently

exp

"

pHpxlq ´Hpxmqq

ˆ

1
Tl
´

1
Tm

˙*

The temperatures T2, . . . ,TM should be chosen such that moves
are accepted at neither too high nor too low a rate.

The samples collected for x1 across iterations represent a sample
from the marginal π1 ” π, the target distribution.
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Parallel Tempering

Tempered moves can be proposed in sequence in an “up-down”
fashion. An update for x1 (in the target chain for π1 ” π) can be
proposed as follows.

For the “up phase”:
Propose y1 from MH kernel q1px1, yq in chain 1
Propose y2 from MH kernel q2py1, yq in chain 2
Propose y3 from MH kernel q3py2, yq in chain 3
. . .
Propose yM´1 from MH kernel qM´1pyM´2, yq in chain M´ 1
Propose yM from MH kernel qMpyM´1, yq in chain M
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Parallel Tempering

For the “down phase”:
Propose zM from MH kernel qMpyM, zq in chain M
Propose zM´1 from MH kernel qM´1pzM, zq in chain M´ 1
Propose zM´2 from MH kernel qM´2pzM´1, zq in chain M´ 2
. . .
Propose z2 from MH kernel q2pz3, zq in chain 2
Propose z1 from MH kernel q1pz2, zq in chain 1

This up and down sequence has proposed a move in the π1 chain
x1 ÝÑ z1 via the intermediate steps through the other tempered
chains.
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Parallel Tempering

The acceptance probability for the move is the minimum of 1
and

π1pz1q

π1px1q

qUpz1, . . . , zM, yMqqDpyM, . . . , y1, x1q

qUpx1, y1, . . . , yMqqDpyM, zM, . . . , z1q

where

qUpz1, . . . , zM, yMq “ q1pz1, z2qq2pz2, z3q ¨ ¨ ¨ qMpzM, yMq

qDpyM, . . . , y1, x1q “ qMpyM, yM´1qqM´1pyM´1, yM´2q ¨ ¨ ¨ q1py1, x1q

qUpx1, y1, . . . , yMq “ q1px1, y1qq2py1, y2q ¨ ¨ ¨ qMpyM´1, yMq

qDpyM, zM, . . . , z1q “ qMpyM, zMqqM´1pzM, zM´1q ¨ ¨ ¨ q1pz2, z1q

If all of the proposals are symmetric qmpx, yq “ qmpy, xq, then the
ratio simplifies to

π1pz1q

π1px1q
24



Evolutionary Monte Carlo

Evolutionary Monte Carlo combines multi-chain moves with tem-
pered distributions in order to make exploration of the state
space more effective.

For a “crossover” move, two chains exchange their values. For
two “parent” chains that participate in the crossover select the
first parent to be chain l with probability pl proportional to

expt´βHpxlqu

where β ą 0, and the second parent uniformly from the remain-
ing chains.
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Evolutionary Monte Carlo

The acceptance probability is computed by considering the var-
ious probabilities and densities in the proposal steps. For the
crossover move

§ Pick parent 1, xl, with probability pl

§ Pick parent 2, xm, uniformly, with probability 1{pM´ 1q
§ Pick the location of the crossover j, uniformly, with proba-

bility 1{pd´ 1q
§ Perform the crossover to obtain xnew

l and xnew
m .

This yields the numerator in the Hastings ratio

pm ˆ
1

M´ 1
ˆ

1
d´ 1

ˆ πlpxnew
l q ˆ πmpxnew

m q

Considering the reverse move yields the denominator.
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Simulated Tempering

In simulated tempering, the temperatures are also treated as quan-
tities that are updated during the MCMC updates. Suppose

πmpx, τmq 9
expt´Hpxq{τmu

Zpτmq

where Zpτmq is the normalizing constant for the mth tempered
(conditional) distribution. A Metropolis-Hastings algorithm is
constructed on the augmented state space

px1, τ1q, px2, τ2q, . . . , pxM, τMq

and the sampled collected from chain 1 are samples from the
target π1 ” π.
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Simulated Tempering

For a mutation move, chain m is selected uniformly from col-
lection of chains, and then the pair pxm, τmq is updated using a
transition proposal

qmppxm, τmq, pxnew
m , τnew

m qq

with the usual acceptance probability.

For the exchange move between l and m, the proposed exchange
is accepted with probability

α “ min

"

1,
πlpxmqπmpxlq

πlpxlqπmpxmq

*

where the probabilities of choosing pairs of chains l and m to
attempt the exchange are equal.
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Simulated Tempering

A Gibbs sampler update, involving proposals for x, and then
for τl, can also be carried out. Specifically, we may propose an
exchange for τl whilst holding xl constant.

If l is selected uniformly from t1, . . . ,Mu, then another index m
is selected with probability qlm, and a temperature swap τl ÐÑ

τm is proposed. In this case, the acceptance probability is

α “ min

"

1,
πmpxlq

πlpxlq

qml

qlm

*

Here
πmpxlq

πlpxlq
“

Zpτmq

Zpτlq
exp

"

´Hpxlq

ˆ

1
τm
´

1
τl

˙*
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Simulated Tempering

In this formula, the normalizing constant ratio

Zpτmq

Zpτlq

must be computed. Here

Zpτq “
ż

expt´Hpxq{τu dx

which, in the multivariate case is a d-dimensional integral that
needs to be finite for each possible τ .

In some cases, analytical expressions can be obtained, but more
generally an estimate pZpτqmust be used.
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Simulated Annealing

Simulated annealing is a related optimization technique that uti-
lizes MCMC and a temperature ladder. Suppose that the func-
tion Hpxq is to be minimized, let

πTpxq 9 expt´Hpxq{Tu

and consider the sequence of decreasing temperatures

T1 ą T2 ą ¨ ¨ ¨

Simulated annealing proceeds by running MCMC at the highest
temperature T1 for a fixed number N1 of iterations, then chang-
ing temperatures to T2 and running MCMC for N2 iterations,
and so on.
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Simulated Annealing

As i ÝÑ 8 with Ti ÝÑ 0, the MCMC samples become focussed
at the mode(s) of πpxq, that is, the minima of Hpxq. Theoretically,
the logarithmic rate, where

Ti “
K

logpMiq
with Mi “

i
ÿ

j“1

Ni

ensures convergence to the global maximum of π.

This rate is extremely slow, and typically geometric or linear
cooling schedules are used; they generally have reasonable per-
formance.

Simulated annealing is an option in the optim function in R.
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Sequential Monte Carlo

Consider a sequence of probability distributions

π1, π2, . . . ,

defined on a sequence of state spaces

X1,X2,

where, for each n, Xn “ Xˆ X ¨ ¨ ¨ ˆ X ” Xn for some X.

We may write

πnpx1:nq “
gnpx1:nq

Zn

where x1:n “ px1, . . . , xnq, gn is an integrable non-negative func-
tion, and Zn is a normalizing constant.
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Sequential Monte Carlo: Two cases

1. Dynamic problems: where data are collected sequentially
though time, as in state-space models

yt “ hpxt; θq ` εt

xt “ µ` φpxt´1 ´ µq ` εt

where the observed data ty1, . . . , ynu are related to the
unobserved states tx1, . . . , xnu.

Here the parameters θ, µ, φ, σ2
ε , σ

2
ε are also of interest.

Here πt is the posterior distribution derived from the data
ty1, . . . , ytu.
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Sequential Monte Carlo: Two cases

2. Static problems: where data are collected together, but
used sequentially.

For example, in a Bayesian inference problem, we may
have

§ π1 being the posterior computed from y1
§ π2 being the posterior computed from y1, y2

and so on.

In both cases, we may wish to perform a Monte Carlo calcula-
tion with respect to πn, such as an expectation of the form

Eπnrhpx1:nqs “

ż

hpx1:nqπnpx1:nq dx1:n
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Sequential Monte Carlo

Recall: importance sampling uses the identity
ż

hpxqppxq dx “
ż

hpxqppxq
p0pxq
p0pxq

dx “
ż
"

hpxqppxq
p0pxq

*

p0pxq dx

which demonstrates that

EprhpXqs “ Ep0

„

hpXqppXq
p0pXq



so that an estimator of the LHS is

pIpp0q

N phq “
1
N

N
ÿ

i“1

hpXiqppXiq

p0pXiq

where X1, . . . ,XN „ p0p.q.
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Sequential Monte Carlo

Let

πnpx1:nq “
gnpx1:nq

Zn
”

gnpx1:nq
ż

gpx1:nq dx1:n

“
wnpx1:nqpnpx1:nq

ż

wnpx1:nqpnpx1:nq dx1:n

where pn is an importance distribution, and

wnpx1:nq “
gnpx1:nq

pnpx1:nq

is the importance weight.
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Sequential Monte Carlo

If an i.i.d. sample of size N xp1q1:n, . . . , x
pNq
1:n can be obtained from

pn, then the empirical pmf

ppnpxq “
1
N

N
ÿ

i“1

δxpiq
1:n
pxq

can be used to estimate πn

pπnpxq “
N
ÿ

i“1

Wpiq
n δxpiq

1:n
pxq

where

Wpiq
n “

wnpx
piq
1:nq

NpZn

pZn “
1
N

N
ÿ

i“1

wnpx
piq
1:nq
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Sequential Monte Carlo

In a static Bayesian calculation, the full posterior can be written

πnpθq “
Lnpθqπ0pθq

ż

Lnptqπ0ptq dt

so could consider setting

pnpθq “ π0pθq

for all n. The problem with this is that Lnpθq is likely to be very
peaked compared to π0pθq once n gets moderately large.
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Sequential Importance Sampling

Using the chain-rule factorization

πnpx1:nq “ π1px1q

n
ź

j“2

rπjpxj|x1:pj´1qq

where

rπjpxj|x1:pj´1qq “
πjpx1:jq

πj´1px1:pj´1qq

is the conditional distribution of element xj, given

x1:pj´1q “ px1, . . . , xj´1q.

40



Sequential Importance Sampling

It is then possible to construct a Sequential Importance Sampling
(SIS) density

pnpx1:nq “ p1px1q

n
ź

j“2

rpjpxj|x1:pj´1qq

where rpjpxj|x1:pj´1qq is again a conditional distribution.
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Sequential Importance Sampling

The importance sampling weight then takes the form

wnpx1:nq “
πnpx1:nq

pnpx1:nq
“
π1px1q

p1px1q

n
ź

j“2

rπjpxj|x1:pj´1qq

rpjpxj|x1:pj´1qq

so therefore

wnpx1:nq “ wn´1px1:pn´1qq
rπnpxn|x1:pn´1qq

rpnpxn|x1:pn´1qq

wn´1px1:pn´1qq “ wn´2px1:pn´2qq
rπn´1pxn´1|x1:pn´2qq

rpn´1pxn´1|x1:pn´2qq

and so on, so there is a recursive weight calculation,

wjpx1:jq “ wj´1px1:pj´1qq
rπjpxj|x1:pj´1qq

rpjpxj|x1:pj´1qq
.
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Sequential Importance Sampling

In the numerator of the weights, we have

rπjpxj|x1:pj´1qq “
πjpx1:jq

πj´1px1:pj´1qq

but to compute this we need the marginal distributions πj and
πj´1, which may not be available analytically.
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Sequential Importance Sampling

A strategy for the static Monte Carlo case involves, for each j,
defining the auxiliary distributions

p0jpx1:jq j “ 1, . . . ,n

such that p0npx1:nq ” πnpx1:nq, and where p0j resembles πj, but is
directly available.
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Combining Importance Sampling and MCMC

Recall that
ż

hpxqπpxq dx “
ż

hpxq
πpxq
p0pxq

p0pxq dx “
ż

hpxqwpxqp0pxq dx

If P is a Markov transition kernel with stationary (invariant) dis-
tribution π, that is, for all x

ż

πpzqPpz, xq dz “ πpxq.
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Combining Importance Sampling and MCMC

Then
ż

πpzq
p0pzq

Ppz, xqp0pzq dz “ πpxq

or
ż

wpzqPpz, xqp0pzq dz “ πpxq.

and so substituting in for πpxq
ż

hpxqπpxq dx “
ż

hpxq
"
ż

wpzqPpz, xqp0pzq dz
*

dx

“

ĳ

hpxqwpzqPpz, xqp0pzq dz dx.
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Combining Importance Sampling and MCMC

Hence, from the importance sampling identity

EπrhpXqs “ Ep0rwpXqhpXqs “
ż ż

hpxqwpzqPpz, xqp0pzq dzdx

and the estimator
1
N

N
ÿ

i“1

hpXiqwpZiq

can be constructed, where

Z1, . . . ,ZN „ p0 Xi „ fX|Zpx|ziq, i “ 1, . . . ,N

where fX|Zpx|zq is the conditional density for X given Z.
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Annealed Importance Sampling

Annealed Importance Sampling (AIS) uses a SIS approach, but with
auxiliary densities of the same dimension defined by

p0jpxq “ cjg0jpxq “ cjtg0pxqu1´ξjtgnpxquξj

where p0 is a “diffuse” distribution, and

0 “ ξ0 ă ξ1 ă ¨ ¨ ¨ ă ξn “ 1.
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Annealed Importance Sampling

We have a “path” from p00pxq ” p0pxq to the target distribution

p0npxq ” πnpxq “ cngnpxq.

For j “ 1, . . . ,n ´ 1, let Pj be a Markov kernel with invariant
distribution p0j.
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Annealed Importance Sampling

The AIS algorithm proceeds as follows:

1. Sample x1 from p00, set w0 “ 1{g0px1q.

2. For j “ 1, 2, . . . ,n´ 1,
(i) Sample xj`1 from Pjpxj, ¨q;

(ii) Set

wj “ wj´1
p0jpxjq

p0jpxj`1q
“ wj´1

g0jpxjq

g0jpxj`1q
.

3. Return to 1. and repeat to produce N samples and weights

xp1qn , . . . , xpNqn wp1qn , . . . ,wpNqn

where

wn “
1

g0px1q
ˆ

g01px1q

g01px2q
ˆ

g02px2q

g02px3q
ˆ¨ ¨ ¨ˆ

g0 n´1pxn´1q

g0 n´1pxnq
ˆgnpxnq.
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Annealed Importance Sampling

Consider the reverse kernel PR
j defined using Bayes Theorem as

PR
j pxj`1, xjq “

Pjpxj, xj`1qp0jpxjq

p0jpxj`1q
“

Pjpxj, xj`1qg0jpxjq

g0jpxj`1q
,

and let

g‹px1:nq “ gnpxnq

n´1
ź

j“1

PR
j pxj`1, xjq

g‹0px1:nq “ g0px1q

n´1
ź

j“1

Pjpxj, xj`1q

where g‹0pxq is proportional to the AIS proposal joint density
p‹0pxq.
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Annealed Importance Sampling

Define

w‹px1:nq “
g‹px1:nq

g‹0px1:nq

as the importance sampling weight for the augmented sample

x1:n “ px1, . . . , xnq

generated from p‹0.
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Annealed Importance Sampling

We have that

w‹px1:nq “

gnpxnq
n´1
ś

j“1
PR

j pxj`1, xjq

g0px1q
n´1
ś

j“1
Pjpxj, xj`1q

“

gnpxnq
n´1
ś

j“1

Pjpxj, xj`1qg0jpxjq

g0jpxj`1q

g0px1q
n´1
ś

j“1
Pjpxj, xj`1q
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Annealed Importance Sampling

That is, all the terms in Pjp¨, ¨q cancel, and

w‹pxq “
1

g0pxq
ˆ

g01px1q

g01px2q
ˆ

g02px2q

g02px3q
ˆ ¨ ¨ ¨ ˆ

g0 n´1pxn´1q

g0 n´1pxnq
ˆ gnpxnq

This is the identical weight to the one computed recursively
above.
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Annealed Importance Sampling

Note that for each j “ 1, . . . ,n´ 1,
ż

PR
j pxj`1, xjq dxj “ 1

so the marginal distribution of xn from

π‹px1:nq “ c‹g‹px1:nq

obtained by integrating g‹px1:nqwith respect to

x1, x2, . . . , xn´1

is precisely the true target πnpxnq.
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Sequential Monte Carlo for State-Space Models

Recall the state-space model: for t “ 1, . . . ,T

yt “ gpxt; θq ` εt

xt`1 “ hpxt; θq ` εt

where only the series y1, . . . , yT, is observed. Sequences tεtu and
tεtu are independent zero mean random variables.

If y1:t “ py1, . . . , ytq, x1:t “ px1, . . . , xtq. we must carry out
§ Filtering: Compute ppxt|y1:tq

§ Prediction: Compute ppxt`1|y1:tq

§ Smoothing: Compute ppxt|y1:Tq
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Sequential Monte Carlo for State-Space Models

Filtering: By Bayes theorem

ppxt|y1:tq “
ppyt|xtqppxt|y1:pt´1qq

ppyt|y1:pt´1qq
9 ppyt|xtqppxt|y1:pt´1qq

where the function ppyt|xtq is usually a straightforward condi-
tional density, but the function ppxt|y1:pt´1qq is the density com-
puted at the previous time point prediction step.

Prediction:

ppxt`1|y1:tq “

ż

ppxt`1|xtqppxt|y1:tq dxt

where ppxt`1|xtq is again a conditional density derived from the
state equation, and ppxt|y1:tq is the posterior density computed
at the time point filtering step.
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Sequential Monte Carlo for State-Space Models

We consider simulation-based versions of these calculations.

For example, in the filtering step, suppose we have a sample

zp1qt , . . . , zpNqt

from ppxt|y1:pt´1qq obtained at the previous prediction step. Then
we can obtain a particle approximation to ppxt|y1:tq as

pppxt|y1:tq “
1
N

N
ÿ

i“1

ppyt|z
piq
t qδzpiq

t
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Sequential Monte Carlo for State-Space Models

Note also that the denominator ppyt|y1:pt´1qq can be approximated
by the sum of the weights

pppyt|y1:pt´1qq “
1
N

N
ÿ

i“1

ppyt|z
piq
t q

which is useful in approximating the likelihood by

pLpy1:tq “ pppy1q

T
ź

t“2

pppyt|y1:pt´1qq
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Sequential Monte Carlo for State-Space Models

We can also produce a sample from the particle approximation

pppxt|y1:tq

by performing a weighted resampling from pzp1qt , . . . , zpNqt q with
weights proportional to ppyt|z

piq
t q.

Denote this resampled vector

vp1qt , . . . , vpNqt
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Sequential Monte Carlo for State-Space Models

For the prediction step, the particle approximation to ppxt`1|y1:tq

is obtained using a similar Monte Carlo strategy

pppxt`1|y1:tq “
1
N

N
ÿ

i“1

ppxt`1|v
piq
t q

Also, a sample from this approximation can be obtained by prop-
agating the samples vp1qt , . . . , vpNqt forward by sampling the tran-
sition densities ppxt`1|v

piq
t q for each i.

This yields the sample

zp1qt`1, . . . , z
pNq
t`1

and the recursion continues.
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Sequential Monte Carlo for State-Space Models

To perform SIS for πnpx1:nq “ gnpx1:nq{Zn, use the IS density

pnpx1:nq “ p1px1q

n
ź

j“2

rpjpxj|x1:pj´1qq

with weights given by w1pbx1q “ π1px1q{p1px1q and

wjpx1:jq “ wj´1px1:pj´1qq
rπjpxj|x1:pj´1qq

rpjpxj|x1:pj´1qq

“ wj´1px1:pj´1qq
πjpx1:jq

πj´1px1:pj´1qqrpjpxj|x1:pj´1qq
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Sequential Monte Carlo for State-Space Models

If the normalizing constants Zj for j “ 1, . . . ,n are unknown, the
weights can be replaced by w1px1q “ g1px1q{p1px1q and

wjpx1:jq “ wj´1px1:pj´1qq
gjpx1:jq

gj´1px1:pj´1qqrpjpxj|x1:pj´1qq

“ wj´1px1:pj´1qqαjpx1:jq

say.
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Sequential Monte Carlo for State-Space Models

The Monte Carlo computation is carried out by sampling

xp1q1 , . . . , xpNq1

from p1, then at step j ě 2 sampling for i “ 1, . . . ,N

xp1qj , . . . , xpNqj from rpjp.|x
piq
1:pj´1qq

The importance sampling weights are w1px
piq
1 q and, for j ě 2,

wjpx
piq
1:jq “ wj´1px

piq
1:pj´1qqαjpx

piq
1:jq

64



Sequential Monte Carlo for State-Space Models

We then have

pπnpxq “
N
ÿ

i“1

Wpiq
n δxpiq

1:n
pxq

where

Wpiq
n “

wnpx
piq
1:nq

NpZn

pZn “
1
N

N
ÿ

i“1

wnpx
piq
1:nq

in the usual way.
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Sequential Monte Carlo for State-Space Models

In a simple state-space model, write

Observation equation : pY|Xpyj|xjq

State equation : pXpxj|xj´1q

with X1 „ pX1 .

In light of the observed data y1:n “ py1, . . . , ynq, the posterior of
interest is

πnpx1:nq “ ppx1:n|y1:nq “
ppx1:n, y1:nq

ppy1:nq
“

gnpx1:n, y1:nq

Znpy1:nq
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Sequential Monte Carlo for State-Space Models

We have

gnpx1:n, y1:nq “ pX1px1q

$

&

%

n
ź

j“2

pXpxj|xj´1q

,

.

-

$

&

%

n
ź

j“1

pY|Xpyj|xjq

,

.

-

and
Znpy1:nq “

ż

gnpx1:n, y1:nq dx1:n
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Sequential Monte Carlo for State-Space Models

Now, for SMC, the optimal choice of IS density rpjpxj|x1:pj´1qq is

rπjpxj|x1:pj´1qq

which in the simple state-space model is given by

rπjpxj|x1:pj´1qq ” rπjpxj|y1:j, x1:pj´1qq “
pY|Xpyj|xjqpXpxj|xj´1q

ppyj|xj´1q

“
pY|Xpyj|xjqpXpxj|xj´1q

ż

pY|Xpyj|xqpXpx|xj´1q dx

as, conditional on x1:pj´1q, xj is independent of y1:pj´1q.
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Sequential Monte Carlo for State-Space Models

In most cases (specifically, outside of the Gaussian case), the op-
timal choice is not feasible: recall that we need successive sam-
ples from the IS densities

rpjpxj|x1:pj´1qq “ rπjpxj|y1:j, x1:pj´1qq “ rπjpxj|yj, xpj´1qq.

We might choose instead

rpjpxj|x1:pj´1qq “ pXpxj|x1:pj´1qq

which typically is straightforward to sample from, and yields
the recursive weight calculation

wjpx1:jq “ wj´1px1:pj´1qqpY|Xpyj|xjq
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

Suppose

Observation equation : pY|Xpyj|xjq ” N p0, expt2xjuq

State equation : pXpxj|xj´1q ” N pµ` φpxj´1 ´ µq, σ
2q

with pX1pxq ” N pµ, σ2{p1´φ2qq. We regard µ, φ and σ as known
constants.

This model is used in the analysis of financial time series: it is a
non-linear state-space model, due to the non-linear dependence
of the distribution of yj on xj.
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

n “ 500 realizations from the stochastic volatility model.

0 100 200 300 400 500

−
1.

5
−

1.
0

−
0.

5
0.

0
0.

5
1.

0
1.

5

j

y j

71



Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

Here, for j ě 2,

pY|Xpyj|xjq “

ˆ

e´2xj

2π

˙1{2

expt´e´2xjy2
j {2u

and the recursive weight calculation is based on

wjpx1:jq “

j
ź

k“1

rπkpxk|x1:pk´1qq

rpkpxk|x1:pk´1qq
“

j
ź

k“1

pY|Xpyk|xkq

that is, the likelihood up to observation j.
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 1
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 2
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 3
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 4
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 5
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Sequential Monte Carlo for State-Space Models

Example (Stochastic volatility model)

N “ 100 particles and weights at j “ 20
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Particle Degeneracy

A problem with this strategy is that the weights start to degen-
erate as j increases;

§ the weights that define the Monte Carlo estimate pπnpxq are
very small for most i, with only a few large weights.

§ the empirical variance of the collection of unnormalized
weights twjpx

piq
j qu for i “ 1, . . . ,N increases

§ this is mitigated, but not resolved by a better choice of
rpjpxj|x1:pj´1qq
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Particle Degeneracy

§ could try a normal approximation of

ppxj|y1:j, x1:pj´1qq 9 pY|Xpyj|xjqpXpxj|xj´1q

“ exp

#

´xj ´
y2

j

2e2xj
´

1
2σ2 pxj ´ µjq

2

+

where µj “ µ` φpxj´1 ´ µq.
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Particle Degeneracy

Example (Stochastic volatility model)

Here the mode of

ppx|yj, xj´1q “ exp

#

´x´
y2

j

2e2x ´
1

2σ2 px´ µjq
2

+

can be computed numerically, and the variance of the normal
approximation can be computed by inspecting the curvature at
the mode, given by

«

´
B2 log ppx|yj, xj´1q

Bx2

ff´1

“

”

2y2
j e´2x ` 1{σ2

ı´1
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Particle Degeneracy

Example (Stochastic volatility model)

Normal approximation to ppxj|yj, xj´1q for xj´1 “ 0, yj “ 2:
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Particle Degeneracy

The main reason for particle degeneracy is that particles with
low weight at step j´ 1 tend to have low weight at step j.

Particle degeneracy can be overcome by resampling that removes
the particles with low weights. The commonest form of resam-
pling is to use a non-parametric bootstrap, with multinomial
sampling.
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Particle Degeneracy

At step j, the Monte Carlo estimate of πj is

pπjpxq “
N
ÿ

i“1

Wjpx
piq
1:jqδxpiq

1:j
pxq

This discrete distribution on

xp1q1:j , . . . , x
pNq
1:j

is resampled N times according to the weights

Wjpx
p1q
1:j q, . . . ,Wjpx

pNq
1:j q.
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Particle Degeneracy

After resampling, the new resampled values replace the

xp1q1:j , . . . , x
pNq
1:j

collection, and each resampled point carries with it its normal-
ized resampling weight Wjpx

piq
1:jq.

Each original value xpiq1:j may appear in the resampled collection
more than once.
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Particle Degeneracy

Let nj1, . . . ,njN denote the numbers of times that each of the N
particles are resampled during multinomial sampling. Let

rπjpxq “
N
ÿ

i“1

nji

N
δxpiq

1:j
pxq

Resampling does not disrupt the particle approximation in ex-
pectation (that is, it does not introduce bias)

ErrπjpXq|pπjpx1:jqs “ pπjpx1:jq

but it does introduce “noise” - for any suitable h,

Var
rπjrhpx1:jqs ě Var

pπjrhpx1:jqs

This follows by the law of iterated variance.
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Particle Degeneracy

The message from this result is that although you should per-
form resampling to preserve particle diversity, you should not
resample too often, as that introduces variability.

A common strategy is to resample only when the observed vari-
ance of the weights exceeds some threshold. A statistic to track
is the effective sample size (ESS) where

ESS “

˜

N
ÿ

i“1

!

Wpiq
j

)2
¸´1

We have 1 ď ESS ď N:

ESS “ 1 if Wpiq
j “ 1 for some i

ESS “ N if Wpiq
j “

1
N

for each i
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Particle Degeneracy

Can also use entropy as a measure

Entropy “ ´
N
ÿ

i“1

Wpiq
j log Wpiq

j

where 0 ď Entropy ď log2 N

Entropy “ 0 if Wpiq
j “ 1 for some i

Entropy “ log2 N if Wpiq
j “

1
N

for each i
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Particle Degeneracy

Example (Stochastic volatility model)

N “ 100 resampled particles and weights at j “ 1
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Particle Degeneracy

Example (Stochastic volatility model)

N “ 100 resampled particles and weights at j “ 2
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Particle Degeneracy

Example (Stochastic volatility model)

N “ 100 resampled particles and weights at j “ 3
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Particle Degeneracy

Example (Stochastic volatility model)

N “ 100 resampled particles and weights at j “ 4
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Particle Degeneracy

Example (Stochastic volatility model)

N “ 100 resampled particles and weights at j “ 5
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Particle Degeneracy

Example (Stochastic volatility model)

Effective sample size (ESS) with resampling when ESS ă 10
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Appendix: Multiple chain Moves

Back to slides
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Multiple chain MCMC: Types of move

1. Mutation: Select m P t1, . . . ,Mu, and perform a Metropolis-
Hastings move using proposal density qmpx, zq. If the cur-
rent value for xm is x, and the proposed value is z, accept
the proposed point with probability

α “ min

"

1,
πmpzqqmpz, xq
πmpxqqmpx, zq

*

In the context of the vector x, this move is essentially a
Gibbs sampler move, as the full conditional for Xm is πm.

Back to slides 96



Multiple chain MCMC: Types of move
2. Exchange: Select l,m P t1, . . . ,Mu, and propose the swap

xl ÐÑ xm

Accept this proposal with probability

α “ min

"

1,
πlpxmqπmpxlq

πlpxlqπmpxmq

*

.
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Multiple chain MCMC: Types of move

In the case where all the πm are equal to the target π, we can
utilize the following move:

3. Snooker: Select l,m P t1, . . . ,Mu, and, in an attempt to
update xl, make the proposal z

z “ xm ` upxl ´ xmq

where u is a random variate sampled from the density

f puq 9 πpxm ` upxl ´ xmqq

and then update xl to z.

Back to slides
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Multiple chain MCMC: Types of move

This move can be utilized in the case of vector state spaces. If
each x is d-dimensional, then the move becomes
3‹. Snooker: Select l,m P t1, . . . ,Mu, and, in an attempt to

update xl, make the proposal z

z “ xm ` upxl ´ xmq

where u is a scalar random variate sampled from the
density

f puq 9 |u|d´1πpxm ` upxl ´ xmqq

and then update xl to z.

Back to slides
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Multiple chain MCMC: Types of move

A related move returns to basic ideas from optimization:
4. Local optimum: Select l,m P t1, . . . ,Mu, and, in an attempt

to update xl, proceed as follows: starting at xm, use
conjugate gradient or steepest descent to find the local
mode of π, and denote this pxm.

Then make the proposal z

z “ pxm ` upxl ´ pxmq

where u is a scalar random variate sampled from the
density

f puq 9 |u|d´1πppxm ` upxl ´ pxmqq

and then update xl to z.

Back to slides
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Multiple chain MCMC: Types of move

Again in the d-vector case, we have the final move type, inspired
by ideas from genetic algorithms:

5. Crossover: Select l,m P t1, . . . ,Mu, and then select j
uniformly from t1, . . . , d´ 1u. Perform a crossover at
position j, that is, attempt to replace xl and xm by

xnew
l “ pxl1, . . . , xlj, xmj`1, . . . , xmdq

xnew
m “ pxm1, . . . , xmj, xlj`1, . . . , xldq

that is, exchange the pj` 1, . . . , dq portions of each vector.

Accept this proposal with probability

α “ min

"

1,
πlpxnew

l qπmpxnew
m q

πlpxlqπmpxmq

*

.
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