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Part 1

Bayesian Theory




Probability Fundamentals



Introduction

The objective of a statistical analysis is to use data to make
optimal and coherent decisions, including

e inference: making statements about the unknown data
generating mechanism;

e prediction: making statements about as yet unobserved
(‘future’) data,

whilst appropriately representing the uncertainty associated
with these decisions.

Typically, the analysis is based on a probabilistic (or statisti-
cal) model.



Notation and Basic Concepts

Let Y denote a single random variable taking values on Y < R.

e Y records the result of some measurement procedure;
e ) could be countable (so that Y is ‘discrete’).

Let y denote an observed value associated with Y.



Notation and Basic Concepts

A probability model for Y is encapsulated in a probability
function, Py(.), where (informally) for set A € R,

Py(A) = Pr[Y € A]
and more specifically
Py ((—w,c])=Pr[Y <c].
We define the distribution function, Fy(.), via the specification

Fy(c) =Py ((—o0,c] ) =Pr[Y < c] ceR.



Notation and Basic Concepts

If Y is discrete, then

yZ{Yik7y;7,}

and for any y € R, we have
Fy(y)= ), PrlY=y'l= > pv(y)
Jyf<y Jyf<y

say, where
py(yj") = Pr[Y = y]
is the probability mass function (pmf) for Y.



Notation and Basic Concepts

If we can write

B - [ fna yem

—00

then we term Fy an absolutely continuous distribution, with

fy(y)

the probability density function (pdf) for Y. In this case

_ dFy(t)

fy(y) dt

t=y



Notation and Basic Concepts

For simplicity we can unify notation for the discrete and con-
tinuous cases by writing

> py(y) Y discrete

yeA

Pr[Ye A] = J Fy(dy) = J
A

A fy(y) dy Y continuous



Notation and Basic Concepts

Fy(y) can have both discrete and continuous components.

0 y<0
Fy(y)=1 3 y=0
;+3(1—e7) y>0
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Notation and Basic Concepts

We have

Pr{Y = 0] = Pr[Y > 0] = %

and fory > 0

PrlY <y, Y>0] Pr[0<Y<y]
Pr[Y >0] Pr[Y > 0]

Pr[Y < y|Y > 0] =

Pr[Y < y] — Pr[Y < 0]

Pr[Y > 0]

1—e™”
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Notation and Basic Concepts

The notations

Pr[Ye A] = f

- F(dy) - f dFy(y)

A

are also sometimes used. Informally

dFy(y) = lim (Fy(y +h) - Fy(y))
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Notation and Basic Concepts

In practice, we observe data (‘observables’)

yi,---»¥n

and use them to learn about the unknown (‘unobservable’)
model Py or Fy, or features of it such as its expectation

0 = Jy Fy(dy)

That is, it is the distribution Fy that is unknown.
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Notation and Basic Concepts

The data are realizations of random variables Yi,...,Y,, and
we have observed the event

Pr [ﬂm - {ym] :

i=1

This is a joint probability, so we need to consider the joint

probability model
n
[ﬂ (Y; € A}) ]

for arbitrary subsets A;, ..., Ay of R.
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Notation and Basic Concepts

Specifically, we consider the joint cdf

n
Fy,, Y, (¥1,..-,¥n) = Pr [ﬂ(Yi < yj)] 1,

i=1

or quantities derived from it (joint pdf etc).

7}’11) € Rn
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Notation and Basic Concepts

The laws of probability dictate that joint distributions must
obey certain coherence properties, such as marginalization
results: for example

Fy,v,(y1,¥2) = YBH_H}OO Fy, v,,v;(¥1,¥2,¥3)

i.e. the joint distribution of (Y1, Y2, Y3) automatically specifies
the joint distributions of all subsets of the variables.
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Notation and Basic Concepts

A typical assumption in statistical settings is that Yi,...

are independent, that is that for all (y1,...,yn) € R®

n n
Pr[ (Y; SYi)] IHPF[YiSYi]
i—1 i=1

1
so that

n
FYl,...,Yn(.Y17 v 7Yn) = HFY;(YI)
i=1

s Yo

17



Notation and Basic Concepts

Further, it is often assumed that the Yi,..., Y, are identically
distributed

n

FY],...,YH(Y17 ce. 7Yn) = HFY(YI)
i=1

However, these are quite strong assumptions.

18



Notation and Basic Concepts

A weaker assumption is that of infinite exchangeability: we
consider an infinite sequence

Y1,Ys, Y5, ...
for which, for all n > 1 and sets A;,...,A, we have that
n n
Pr [ﬂ(Yj € AI-)] = Pr 'ﬂ(Yj € Ag(j))]
i=1 i=1
for all permutations (o(1),...,0(,)) of indices (1,...,n).

19



Notation and Basic Concepts

20



Notation and Basic Concepts

For infinite exchangeability: need the permutation equality

(a) to hold for any finite n drawn from the infinite sequence

i.e. for any single infinite collection, we need the equality
of the probabilities to hold for any finite subset of the
collection.

21



Notation and Basic Concepts

(b) to respect marginalization conditions; that is

Pr[ﬁm <y1~>]

i=1
must be compatible with
n+1
Pr [ﬂ (Y; < Yi)]
i=1

in the sense that

n n+1
Pr Yi<yi)| = 1 Pr
[lg( i Y1)] Yn+11E>OO [

22



Notation and Basic Concepts

Therefore it is not straightforward to build joint distributions
for exchangeable sequences of random variables.

e need to make the distribution for n = 1 compatible with
the distribution forn = 2,3, .. ;

e this is more complicated than assuming simple indepen-
dence and identical distribution.

23



Notation and Basic Concepts

Example: Binary case

Suppose we have an infinitely exchangeable sequence {Y,},
where for each i, Y; € {0,1}. Consider forn > 1

Pr{(Y1 =y1) n--- 0 (Yo = yn)]
which we may write in short
Pr[Y1 = y1,..., Yn = ¥al,
where we consider vector arguments

(y1,---,¥n) € {0,1}"

24



Notation and Basic Concepts

Example: Binary case

Then under infinite exchangeability, we must have that
Pr[Yl =Y1,---,Yn = YH]

depends only on the value of

n
Snp = Z Yi-
i=1
There are 2" possible binary vectors of length n, but
sn €{0,1,...,n}

so there are a maximum of (n + 1) different probabilities, al-
though these probabilities must sum to 1.
25



Notation and Basic Concepts

Example: Binary case

en = 1: s, € {0,1}, so denote the probabilities p; o and
P11, where we must have

pPio=1-—p11
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Notation and Basic Concepts

Example: Binary case

e n = 2: s, €{0,1,2}, so denote the probabilities p; o, p2,1
and p; 2, where we must have that

P20=1-—p21— P22
but also due to marginalization that
P1y, = Pr[Y1 = yi]
=Pr[Y1 =y, Y2 = 0] + Pr[Y1 = y1, Y2 = 1]
= P2,y; t D2,y +1

for y; € {0,1}.
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Notation and Basic Concepts

Example: Binary case

This construction be extended to define the required relations
for any n.

However, to specify the distribution in this way, we need to
specify and compute the relations for all n.

28



Notation and Basic Concepts

Example: Binary case

Assuming independence, we have
n
PrYr = y1,..., Yo = yu] = | [ Pr[Yi = 3] = p™ (1 —p)*
i=1

where
pZPr[YjZYj] i=1,...,n.
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Conditional probability

For two events, Ej, E; with P(E;) > 0, we have that

P(El M Ez)

P(E1|Ez) = P(Ey)

is the conditional probability for E; given Ej.
e P(E;) is the probability that E; occurs;

e P(E;|E;) is the probability that E; occurs if we have in-
formation that E; occurs.
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Conditional probability

e relative to the probability of E,, what is the probability
that both E; and E; occur ?

e E; and E; are independent if and only if

P(E1|Ez) = P(E1)

31



Conditional probability

For two events, E1, E; with both P(E;) > 0 and P(E;) > 0, we
have by the definition that

Ep|E1)P(E1)
P(Ep) ’

P(Ei|Ez) = il

We know this result as Bayes Theorem.
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Conditional probability

Exchangeability assumptions allow for dependence: that is,
for example

PI‘[YH_H € An+1‘Y1 =Vi,---, Yn = yn]

does not reduce to
Pr[Y, 1 € Apy1]

as in the independence case. That is, for all i and j, Y; and Y;
are identically distributed, but not independent.
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Conditional probability

Example: Infinitely exchangeable binary case

Pr[YH+1 = 1|Y1 = yla"'7YIl = .Vn]

_ Pr[Yl =Y1,...,Yn =Vn,Yni1 = 1]
PI‘[Yl :yla"'vYH :_Vn]

_ pn+1,sn+1
Pns,

where

n
Sp = Z Yi-
i=1
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Conditional probability

Example: Independent binary case

Pr[Y,;1 =1|Y1 = y1,..., Y, = yn]

_ Pr[Yl =Y1,...,Yp =¥n, Yni1 = 1]
Pr[Y1 =yi1,..., Yy = yu]

ps,,+1(1 . p)n_s“
= psn(l _ p)nfsn

=p
— Pr[Yps1 = 1]
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Conditional probability

It is possible to consider finite exchangeability, where the ex-
changeability holds for a finite collection of random variables,
that is, for a specific n > 1

Pr[ﬁ(Yi ]= [ﬁ < Yo(i) ]

i=1

for all permutations (o(y),...,0(,)) of indices (1,...,n).

36



Inference and Prediction



Inference and prediction

In statistical calculations

e we observe data yi,...,yn and wish to make statements
about unknown quantities in light of the data;
e given the data, what do we think about the model ?

If Fy is known, there is no inference problem, and prediction
can be carried out via Fy.
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Inference and prediction

If Fy is unknown, then it is the focus of our inference.

e we treat Fy as an unknown, and make statements about
it in light of the data;
e given the data, what do we think about Fy ?

We treat Fy as a random variable.

39



Inference and prediction

If Fy is unknown, then an independent and identically dis-
tributed (IID) statement of the sort above is really a condi-
tional statement given Fy.

Pr[ﬁ(n <)
i=1

FY] = ﬁ Fy(yi)
i=1

40



Inference and prediction

If Fy is a random variable, we must be able to specify a prob-
ability distribution for it:

e in general, Fy is an infinite-dimensional object;

e Fy has certain specific properties.

Need the capability to build a probability distribution on the
space of functions. F say, that satisfy the properties of distri-
bution functions.

41



Parametric modelling

The most common approach involves using a finite dimen-
sional ‘parameter’, # € RY say, and specifying that

Fy(y) =Fy(y;0) yeR

so that the unknown quantity is now 6, and Fy(.;0) is a known
functional form. Then

| ey

|-

42



Non-parametric modelling

The non-parametric approach involves using an infinite di-
mensional parameter, the function Fy(.) itself. We write

Pr [ﬂ(YI <yi) FY] = HFY(Yi)
i=1 i=1

43



Semi-parametric modelling

The semi-parametric approach involves using a model that is
specified in terms of both

e a finite dimensional parameter, 6 € RY
e an infinite dimensional parameter.

44



Semi-parametric modelling

Example: Semi-parametric location model

The model
Fy(y;0) = F(y — 0)

where 6 € R and F is an arbitrary cdf is a semi-parametric
location model for a univariate random variable Y.

0 locates the distribution on the y axis, but we may want to
leave the ‘shape’ of the distribution as general as possible.
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Interest and nuisance parameters

We often partition parameters into two components

e parameters of interest: the focus of inference;

e nuisance parameters: parameters necessary for the spec-
ification of the probability model, but which are not the
focus of interest.
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Interest and nuisance parameters

In the parametric case, we might partition 6 = (¢, \) where ¢
is the parameter of interest.

In the semi-parametric case, the non-parametric component
is often regarded as a nuisance parameter.
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Interest and nuisance parameters

In the non-parametric case, inference focusses on Fy itself, or
possibly some ‘functional’ of Fy.

For example, we might target the expectation of Fy

u(Fy) = Ex[Y; Fy] = f v dFy(y) = f y Fy(dy)

if this quantity is finite.

48



de Finetti’s Representation



de Finetti’s Representation

A key result of Bayesian theory defines the probability distri-
bution of infinitely exchangeable random variables:

¢ this characterizes all possible forms for the distribution;

e it gives a straightforward mechanism for the construc-
tion of arbitrary distributions for infinitely exchangeable
sequences;

e this result underpins the logic of Bayesian inference and
prediction.

50



de Finetti’s Representation

We consider this result in two forms

e when the observables are all binary, and
e when there is no explicit assumption about the observ-
ables.
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de Finetti’s Representation

Theorem: 0-1 representation theorem

Suppose that Y7, Ys, ... is an infinitely exchangeable sequence
of 0-1 variables. Then there exists a distribution function
mo(.) such that for all n > 1, the joint mass function of
(Y1,Y2,...,Y,) can be represented

1 n
PY Yo, Yo (V1, Y25, Vn) = f {H 0% (1 — W”}Wo (do)
0 (i=1

for some probability distribution 7g(.).

de Finetti, Hewitt-Savage

52



de Finetti’s Representation

Theorem: 0-1 representation theorem

Furthermore, m(.) is defined for 0 < 6 < 1 by

0
J 7o (dt) — lim Pr[R, < 6] #)
0 n—oo
and where
Sn = i Y; R, = &
n — = 1 n — n o

53



de Finetti’s Representation

Theorem: 0-1 representation theorem

We define
fp = lim Ry
n—oo

that is, R, =5 6.

The quantity 6y is the limiting relative frequency of 1s in the
infinitely exchangeable binary sequence.

Proof: See Handout 01.
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de Finetti’s Representation

(i) The converse of the theorem is also true: it is straightfor-
ward to see that the distributions formed by computing
the integral for a given 7o (.) are finite dimensional distri-
butions derived for an infinitely exchangeable sequence.
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de Finetti’s Representation

(ii) The quantity 8 parameterizes the conditional distribution
of the Y;; we can interpret

n
HQYi(l_ 1 e HpY .Vu
i=1

and deduce that for each n, Yi,...,Y, are conditionally
independent given 6.
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de Finetti’s Representation

(iii) fg is the true data-generating value, and under this model

Y1,..., Yy ~ Bernoulli(6))

are independent.

0 denotes a generic possible value of the parameter.
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de Finetti’s Representation

(iv) mo(.) is a probability distribution for 6, but the general-
ity of the construction does not specify what form m(d#)
should take; different choices for mo(.) will lead to differ-
ent exchangeable forms.

(v) We often relax notation and allow my(.) to denote either
the cdf or the pdf whenever convenient to do so.

The theorem extends to arbitrary infinitely exchangeable se-
quences.

58



de Finetti’s Representation

Theorem: General representation theorem

Suppose that
e Y1,Y,, ... is an infinitely exchangeable sequence of vari-
ables taking values on R;
e Py is a probability measure on R® that defines all finite
dimensional distributions for {Y,}; ;;
e F denotes the set of all distribution functions on R.

59



de Finetti’s Representation

Theorem: General representation theorem

Then there exists a distribution function m¢(.) on F, such that
the joint distribution of (Y1, Yz,..., Yy) has the form

o] ] o

where F parameterizes the model: F is an unobservable dis-
tribution function.
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de Finetti’s Representation

Theorem: General representation theorem

We interpret F via its limiting form; let Fy be a distribution
function defined for y € R by

is a distribution on the space of functions 5, defined as a limit
as n — oo of the empirical distribution function, F;, defined
for Yq,...,Y,.
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de Finetti’s Representation

(i) The unknown distribution F parameterizes the condi-
tional distribution of the Y;;

n

[[F)

i=1

indicates that for each n, Yi,..., Y, are conditionally in-
dependent given F.
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de Finetti’s Representation

(ii) Fy is the limiting empirical distribution function:

e classical results tell us that this limiting distribution
can be interpreted as the true marginal distribution
function for the Yj;

e the limiting form does not tell us about the joint
structure of the Yj.

63



de Finetti’s Representation

(iii) mo(.) is a probability distribution for F; therefore it is
a probability distribution on the space F of distribution
functions.

F is a more complicated space than RY, say, but the pro-

cedure for specifying a distribution on F remains essen-
tially the same:

e we consider subsets of B of F, and then assign
Pr(F € B);

e calculations require (Lebesgue) integrals over F
taken with respect to mg

64



de Finetti’s Representation

(iv) F, is the empirical distribution function:

e thisis the classical estimator of the distribution func-

tion based on Y,..., Yy;
e pointwise behaviour (at each individual y) easy to
study;

e function-wise behaviour (at all y simultaneously) re-
quires empirical process theory.
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de Finetti’s Representation

The general representation theorem can be made specific by

e imposing symmetry or invariance constraints on the ob-
servables;

e requiring the existence of sufficient statistics;
e the exponential family.

e allowing for partial exchangeability to construct condi-
tional forms of exchangeable sequences

e regression, hierarchical models etc.

These considerations lead to the use of specific parametric
models.
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de Finetti’s Representation

Example: Normal model

e V=NR;

° 0= (N?U);
e fy(y;0) = Normal (i1, 0?)

e mo(u, o) a prior density on R x R*.
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de Finetti’s Representation

Example: Normal model

This model can be justified by a requirement for centered
spherical symmetry amongst the Y variables, that is, for all
n > 1 the quantities

Yl_?n,...7Yn_?n

exhibit spherical symmetry, that is, if Z; = Y; — Y, for i =
1,...,n, then the vectors

Z,=(Z,...,Z,)" and AZ,

have the same distribution, for any n x n matrix A such that
ATA =1,
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de Finetti’s Representation

Example: Normal model

The de Finetti representation then gives the joint density of
the observables as

Q0 0 n
v, Y (V1,3 Yn) = f f [ [ isp0) ¢ mo(dp, do)
—o0 JO

i=1

forn > 1.
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de Finetti’s Representation

A typical form of the de Finetti representation is in terms of
parametric densities: forn > 1

n
le,...,Yn(ylv s 7y11) = JHf(Ylaa) o (de)
i=1

where
fy Yo (V15 V)

is the joint pdf for Yy,...,Y,.
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de Finetti’s Representation

The de Finetti calculation is a type of ‘marginalization’ calcu-
lation; for example, for two continuous random variables

F(y) = f Fox (Y1) Fe (%) dx.

We can think of fx(x) as a ‘mixing’ distribution.

In the de Finetti representation, the two random variables are

e the observables Yi,..., Yy;
e the ‘parameter’ 6 or F.
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de Finetti’s Representation

The terms

n n
[[pr(i:0)  or  [[f(:0)
i=1 i=1
in parametric case, or in the non-parametric case, say
n
[ [dF(m)
i=1

are equivalent to the familiar likelihood function that forms
the basis of much statistical theory.
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Prediction

The assumption of infinite exchangeability and the de Finetti
representation give an automatic rule for constructing predic-
tions. For n, m > 1 consider the prediction of

Yn+17 SRR Yn+m
conditional on observed values of
Yi,...,Y,.

We focus first on the binary case for simplicity.
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Prediction

By de Finetti, recall that foreach n > 1

1 n
DPy,,..Ya (Y1,...,yn) = f {H QYi (1 —9)1)/1}71'0 (de) (8)
0 li=1
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Prediction

Similarly

0

1 (n+m
Pyy,..Yotm (Y17 R aYH+m) = J\ { H 6 (1 - 0)17% } o (de)
i=1



Prediction

Then for the predictive distribution, by the conditional prob-
ability definition, we have

pYn+1,...,Yn+m‘Y1,...,Yn (Yn—s-la oo 7}’n+m|}’1> e 7yn)

_ DY Yaim (V15 Ynim)
PYi..Ya (1, ¥n)

Ll {ﬁn o (1 )t } o (df)
_ i=1
fol {ﬁ (1 — t)1Yf}7r0 (dt)
i=1

where t is a dummy integrating variable.
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Prediction

We may rewrite this expression by noting that the denomina-
tor can be treated as a constant in the integral in the numer-
ator, and that the product in the numerator can be split

n+m

H gYi (1 _ 9)1*5’1

i=1

= {ﬁ@)’i (1 _ 9)1)’1’} % { Hﬁn gYi (1 _ 9)15’1} .
i=1

i=n+1
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Prediction

That is
pYHJrl ..... Yoim|Y1,-..s Yn (yﬂ+17 "'7yn+m|.V17"'7yn)
1 n+m
- j { [T ¢ a- 9)1—%} 7 (d6)
0 (i=n+1
()
where

Ta(df) = —2 ()
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Prediction

Comparing (8) to (1), we see that the forms of the two repre-
sentations for

and

Py, 1, Yoim| Y1, Y (Ya+1s-- -+ Yatm|Y1,---,¥Yn)

are identical with m(d#) in the former replaced by 7, (d#) in
the latter.
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Prediction

We can therefore think of
mn(d0)
as being an updated version of
mo(d@)

in light of observing y1, ..., y,. Note that

an(dﬁ) —1

from (), so m,(d#) does define a valid probability distribution.
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Terminology

mo(d0) is the prior distribution for 6;
mn(d0) is the posterior distribution for 6;
Dy,....Ya (V1,...,¥n) is the prior predictive distribution

e also termed the marginal likelihood;

® DYty Yorm|Vi,oYa Y0415+ -5 Ynam|Y1,- -, ¥n) is the poste-

rior predictive distribution.
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Limiting predictions

Let
n n+m
Sl,n = Z Y1 Sn+1,n+m = Z Y1
i=1 i=n+1

By direct calculation from (§), by the theorem of total proba-
bility, we have

Pr[Sin = S1.a] = ( f )

1
f £ (1 — £)" 50 o (d)
S1.n

0

using t as the integrating variable; this holds for

sin€{0,1,...,n}.
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Limiting predictions

This follows as, by exchangeability, all sequences containing
S1,n ones have the same probability, namely,

1
J £5tr (1 — £) St o (dt),

0
< )
sl,n

and there are

such sequences.
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Limiting predictions

Note from (+) that 7, (d6) depends on the data y1,...,y, only

via
n

Sin = Z Yi
i=1

as
60 (1 — 6)" 12 7 (d6)

1
f t51n (1 — t)"7°0 g (dt)

0

mn(dO) =

Thus we can interpret S; ,, as a (Bayesian) sufficient statistic.
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Limiting predictions

Therefore for s € {0,1,..., m},

Pr[Sn+17n+m = S‘Sl,n = Sl,H]

— (’:) f £S(1 — £)™S 1o (dt).

0
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Limiting predictions

Now let

Sn+1,n+m

—

Then, by the form of (1), and the result from the theorem (¢),
we may conclude directly that

Rn+1,n+m =

0
lim Pr [Rn+1,n+m < ‘9|Sl,n = Sl,n] = f Tn (dt)

m—00 0

that is, the posterior distribution is a limiting form of the pre-
dictive distribution for a particular summary statistic.
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Limiting predictions

In the above formulation, if we consider n — o0, we observe
that for 6 € [0, 1],

(0) = 04953 (0) Lot

lim = = 0y =

n——-aoo il { 0} 0 0 ?é 90

that is, the posterior distribution is degenerate at 6.

This happens provided that 6y lies within the support of the
prior.
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True values

In our specifications, we have defined

e in the binary case

1 n
O = Jim, o 2%
i=

¢ in the general case

We can regard 6y and Fy(.) as the ‘true’ parameters that ren-
der the observables independent if conditioned upon.
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Correct specification

In any real example, we observe yi,...,y,, but whereas we
can propose a model for the joint distribution of the vari-
ables under exchangeability, we do not know that our selected
model is the correct (data generating) one.

The limit results hold under the assumption that the model
is correctly specified, but in reality our model may be mis-
specified.
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Correct specification

Example: Binary case

In the exchangeable binary case, we must have
Py, (yi;0) = 6”1 (1 — )™

for each 0 < 0 < 1; however different choices of my(d6f) lead
to different models for the joint distribution of Yy, ..., Y;.

0o is the hypothetical value of 6 that renders the Y;s indepen-
dent if conditioned upon: however,

e this cannot be assessed in the data, as we do not observe
data from a conditional-on-8 model.
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Correct specification

Example: Binary case

Suppose that
mo(0) = Beta(ao, Bo)-

for g, Bo > 0. Then from (1), we have for the posterior density

T (6) o {ﬁ 0vi(1 — 9)t v } g0—1(1 — g)Po—1
i=1

_ anJraofl(l - e)nfsnﬁﬁofl

where

n
Sp = 2 Yi-
i=1
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Correct specification

Example: Binary case

That is,
7a(0) = Beta(sy + ag,n — sy + Bo) = Beta(an, Bn)
say, so that

) = Tt 0P
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Correct specification

Example: Binary case

From inspection of posterior 7, (#), we may deduce that

lim 74 (6) —> dg, (6)

n—oo

that is, the posterior is degenerate at 6y irrespective of the
choice of prior parameters.
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Correct specification

Example: Binary case

However, other choices of prior may lead to different be-
haviour: for example,

o if m(0) is itself degenerate at a given value c¢ say, then
the posterior is also degenerate at c;

e if () is uniform on a sub-interval (ci, cz) < [0,1], then
the posterior is also restricted to this interval.
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Correct specification

Example: Binary case

From (§), we may conclude that the prior predictive

le,...,Yn (y17 et 7yn)

takes the form

I'(ao + fo) T'(an)C(Bn)
PYi,. Yo (V15 ¥n) = r(a;))r(ﬁ(;) I'(on + Bn)
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Correct specification

Example: Binary case
Forn =1:

[(ao + Bo) '(ao + y1)I'(Bo + 1 — 1)
I'(0)T'(Bo) (o + Bo + 1)

py, (1) =

so that

F(Ozo + ,30) F(Ozo + I)F(ﬁo)

I(ao)T'(Bo) T'(ag + Bo + 1)
(67)]

~ao+ fBo

[EY1 [Yl] = PI‘[Yl = 1] =
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Correct specification

Example: Binary case
Forn = 2:

( ) — I'(ao + Bo) T'(ao + y1 + y2)T'(Bo +2 — y1 — y2)
Py, V1,Y2) = T(a0)T(Bo) T(ao + fo + 2)

- [EY1,Y2 [YlYZ] = Pr[Yl =1,Y2 = 1]

_ T(ao + Bo) T(ao +2)T(Bo)
['(a0)T'(Bo) T'(evo + Bo + 2)
_ ap(ap + 1)
(co + Bo)(ao + Bo + 1)
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Correct specification

Example: Binary case

COVYl,Yz [Y17 YZ] =

ag(ap + 1) _( ap )2

(o + Bo) (o + Bo + 1) ap + o

Thus as the prior changes (that is, a9 and 5y change) the mod-
elled covariance between pairs of Ys changes.
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Correct specification

Example: Binary case
From (1), we may conclude that the posterior predictive
pYH+1,,_,,Yn+m|Y17,,,7YH (YH+11 000 aYn+m|Y1> 000 7Yn)

takes the form

I'(an + Ba) (o + 5n+1,n+m)r(5n +m — Sn+1,n+m)

F(an)r(ﬂn) F(an + Bn + m)
where .
n+m
Sn+1ln+m = 2 Yi
i=n+1
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Correct specification

Example: Binary case
Ifn=m=1

I(awo +y1 +y2)I'(Bo +2 —y1 — y2)
(oo + y1)I'(Bo+1 —y1)(ao + o + 1)

Py, vy (y2ly1) =

so that for y, € {0,1}

(o +y2)I'(Bo + 2 — y2)
I'(ao)T'(Bo + 1)(co + Bo + 1)
F(ao+1+y2)'(Bo +1—y2)
T'(ap + 1)T(Bo) (o + Bo + 1)

Py, |y, (7210) =

Py, vy (y2|1)
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Correct specification

In general, in the parametric case, we need to consider the
possibility of mis-specification of a component of the model;
the choice of

fy(yl‘;9> or Wo(d@)

yields a prior predictive

. Ya(V15- -+, V)

that may not match the true (data generating) model.

In the non-parametric case, the same considerations apply.
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Correct specification

De Finetti’s theorem tells us that under exchangeability, there
must exist a representation of the data generating model such

that
Pr [ﬂ(Yj < yj)] = jHF*(yi;H) o (d)
i=1

i=1

for at least one combination of

Fy(yi;0) and =g5(do)
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Correct specification

It may be that 7§(d#) is a degenerate distribution at 6 = 6;
say, so that

Pr [ﬂ(Yj <y1-)] = [ [F*(:65)
i=1 i=1

and the Yjs are independent.

In most cases, we will assume correct specification.
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Numerical Examples

Example: Normal model

See knitr handout 01.

Note the important identity: for scalar x, and constants
A a,B,b

Aa +Bb\* AB
A+B

A(x—a)’+B(x—b)>=(A+B) <X

Example: Bernoulli model

See knitr handout 02.
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Extensions

e multivariate Ys: extension straightforward;
e regression problems: partial exchangeability;

e hierarchical models: partial exchangeability.
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Bayesian Calculations &

Specifications




Bayesian calculations

e Bayesian updating
e Sufficiency concepts
e Prior specification
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Bayesian updating

The Bayesian calculation acts sequentially; that is, for data y;

o (0) — fy, (y1;0)m0(0) _ fy, (y1;0)70(6)

f, (y1) an (y1;t)mo(t) dt

contains the information about # in light of the data y; and
prior assumptions.
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Bayesian updating

If additional (exchangeable) data y, become available, then
the posterior for ¢ in light of the combined data (y1,y2) is

_ (v, ¥2;0)m0(0) By v, (y1,¥2;0)mo(6)

mn(0)
.y, (¥1,¥2) JfYI’YZ (V1,y2; t)mo(t) dt

where n = n; + ny is the total sample size.
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Bayesian updating

But note also that

 Fy,(y2;0)mn, (6)
T (0) = o, Yaly1)

where 7y, () is the posterior for § based on y;, and

5 ,yo; t)mo(t) dt
fy, 1y, (V2]y1) = fy, v, (¥1,¥2) _ f v,.Y, (Y1, ¥2; t)7mo(t)
2[Y1 le (yl) fle (Y1;S)7TO(S) ds
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Sufficiency

Let
Y=(Y1,...,Yn) vy=1,---,¥n)

and consider parametric model fy(y;6).

T(Y) is a sufficient statistic for 6 in the classical sense if we
can write

fy(y;0) = g(T(y),0)h(y).

for some functions g and h.
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Sufficiency

That is, the dependence of the joint pdf on # is encapsulated in
a function that depends on the value of the summary statistic

T(y) = T(y1,--.,¥n)

and not on the individual y values.
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Sufficiency

It follows for the posterior distribution that

fy(y; 0)mo(6) _ g(T(y), 0)h(y)mo(0)
fy(y) fy(y)

_ |2y -
- |22 grm. om0

Thus the posterior distribution of 8 only depends on the data
through T(y).

7 (0) =

113



Sufficiency

Lemma

IfT(Y) is a sufficient statistic for 0 (in the classical sense) then
mn(0) depends on'y only through the value of

T(y)

for all prior specifications mo(6).

114



Sufficiency

Proof.

By definition
fy(y;0) = fyx(y, t;0)

if t = T(y), and zero otherwise. Thus, by sufficiency,
fy(y; 0) = fyr(ylt)fr(t; 0)
and hence

mn(0) o fy(y;0)m(0) o< fr(t;0)mo(6)
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Sufficiency

Lemma

T(Y) is sufficient in the Bayesian sense — the Bayesian pos-
terior depends on y only through T(y) - if and only if it is
sufficient in the classical sense.

We need to establish the converse of the previous result.
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Sufficiency

Proof.

For the posterior based on t,

fT(t; 0)71'0(0)
fr(t)

This must be equal to the posterior based on Y, that is,

f(y;0) _ m(0) _ fr(t;0)
f(y)  mo(0)  fr(t)

Hence we must have

mn(0) =

fy(y
K(y:60) = E:(1:0) XY — gt o)n(y)
f(t)
say. Thus T(Y) is sufficient in the classical sense. O
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Construction of Prior Distributions

In the Bayesian formulation, the prior density plays an impor-
tant role. There are several methods via which the prior can
be specified quantitatively;

e from historical or training data;
e by subjective assessment after quantitative elicitation;
e by matching to a desired functional form;

e or in a non-informative or vague specification, where the
prior probability is supposedly spread ‘evenly’ across the
parameter space.
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Conjugate Priors

For some models, a conjugate prior can be chosen; this prior
combines with the likelihood in such a way to give an analyti-
cally tractable posterior calculation.

Consider a class of distributions F indexed by parameter 6
F ={fy(y;0) : 0 € ©}

A class P of prior distributions for 6 is a conjugate family for
F if the posterior distribution for  resulting from data y is an
element of P forall fy e F, mpe Pandye ).
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Conjugate Priors

Example: Exponential Family

Suppose that fy(y; ) is an Exponential Family distribution
Kk
fy(y;0) = h(y)c(0) exp {Z tj(y)Wj(G)}
j=1
so that for a random sample of size n
k
Ln(0) = h(y){c(0)}" exp{Z TJ(Y)WJ(G)} (1)
j=1

for

Ti(y) = D, t()-

i=1
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Conjugate Priors

Example: Exponential Family

Suppose that

mo(0) = d(a, B

where o and 8 = (64, ...

k
){e(0)}* exp {Z 51%‘(9)}

j=1

,Bx) " are hyperparameters.

(2)
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Conjugate Priors

Example: Exponential Family

Combining prior and likelihood yields the posterior as

k
() o« {c(f }aﬂexp{Z [6; + Tj(y 9)}

k
= {c(6)}* exp {Z BJ-*V\G(9)}
j=1
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Conjugate Priors

Example: Exponential Family

The normalizing constant can be deduced to be
d(e +n, 8 + T(y)),

and hence the posterior distribution has the same functional
form as the prior, but with parameters updated to

o = a+n B =B, ., 00" = (Bi+Ta(y),-..,B1+Ti(y) .
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Ignorance Priors

A non-informative prior expresses prior ignorance about the
parameter of interest.

o If © = {,...,0k} (that is, 6 is known to take one of a
finite number of possible values). Then a non-informative
prior places equal probability on each value, that is,

7T0((9) = 0 e 0O.

| =

e If © is a bounded region, then a natural non-informative
prior is constant on ©.
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Ignorance Priors

e If the parameter space O is not finite, or is unbounded,
however, a non-informative prior specification is more dif-
ficult to construct.

e A naive prior specification would be to set m(f) to

be a constant; however this prior does not sum/inte-
grate to 1 over O.

e A prior distribution 7y(#) for parameter 6 is termed
improper if it does not sum/integrate to 1.

Note that even for an improper prior, the posterior
density may still be proper (integrate to 1).
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Ignorance Priors

However, if ¢ = ¢g(0) is a transformation of ¢, then by ele-
mentary transformation results, including the Jacobian of the
transform J(6 — ¢), it follows that

m0,0(0) = ¢ == 70,6(¢) = ¢ x J(0 — ¢)

which may not be constant, and hence a non-uniform prior on
¢ results. This is perhaps unsatisfactory, and so the following
procedure may be preferable.
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The Jeffreys Prior

Consider the prior 7y(#) for parameter ¢ in probability model
fy(y; 0) determined by

mo(6) o< {|Zy (6) [}/
where Zy () is the Fisher Information,
Ty(0) = Ey [S(Y;0)S(Y;60)7;6] = —Ey [¥(Y;6);6]

and |Zy (0) | indicates the absolute value of the determinant
of Zy (f). The prior m(f) defined in this way is termed the
Jeffreys prior.
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The Jeffreys Prior

S(y;0) is the k x 1 vector score function with jth element

0 .
Sj(y;9)=%10gfy(y;9) j=1,...k
J

and ¥(Y;0) is the k x k matrix of second partial derivatives
with (j,l)th element
52
——— log fy(y; 6
36,00, °® v(v;0)

Note that S(Y;6) and ¥(Y;0) are random variables.
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The Jeffreys Prior

Example: Binomial(m,6)

We have

log fy(y;0) =
Si6) = 3 ((’f__gy))
L s

log <I;1> + ylogf + (m — y)log(1 —6)
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The Jeffreys Prior

Example: Binomial(m, 6)

Therefore

Y (m—Y)_ _mg m(1 —0) m
79] - 9T+ (1_0)2 0(1 _0)

T - Eyl|loeo VY 7/ B
0(0) Y [ 62 (1 . 9)2
and hence

mo(0) o |Zg (0) |1/2 = {01 — 9)}71/2
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The Jeffreys Prior

Lemma

Jeffreys’s prior is invariant under 1-1 transformations, that is,
if = ¢(0), then the prior for ¢ obtained by reparameteriza-
tion from 0 to ¢ in the prior for 0, is precisely Jeffreys’s prior
for ¢.
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The Jeffreys Prior

Proof.

Let ¢ = ¢(f) be a 1-1 transformation. Denote by ¢y(y;6) and
l4(y; ¢) the log pdfs in the two parameterizations. Then by
the rules of partial differentiation

0l ia&g o0
=2 _ Loj=1,... .k
I1=1

0 001 09

so that
S(y;¢) = A0, 0)S(y; 0)
where A(6, ¢) is the k x k matrix with (j, 1)th element

o
0;
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The Jeffreys Prior

Proof.

In fact, A(6, ¢) is just the Jacobian of the transformation from
6 to ¢, J(0 — ¢). Hence

Ty(¢) = A9, 9)Zo(0)A (0, ¢) T

and so

IZ6(9)| = |A(8, ))Zo(O)A(8, 6) | = |A (6, 9)I*|Z6(0)]

and
IZs(0)[V* = |A(O, $)||Zo(6)] /2.
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The Jeffreys Prior

Proof.
Thus

mo(¢) o [Zy(9)[V* = A0, §)I|Zo(9)["/* = |A (0, $)|mo (6)

and Jeffreys’s prior for ¢ is identical to the one that would be
obtained by constructing Jeffreys’s prior for § and reparame-
terizing to ¢. O
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The Jeffreys Prior

Example: Binomial(m, )

Suppose that ¢ = 0/(1 — 0) (so that § = ¢/(1 + ¢)). Then

log fy(y;¢) = log (I;j) + ylog ¢ — mlog(1 + ¢)

S0 = G- Taa
Vi) =~y ap

135



The Jeffreys Prior

Example: Binomial(m, )

Therefore
Y
_ ome  om
C(1+¢)?  (1+¢)?
B m
(1 +¢)?
and hence

mo(¢) o [Ty () [V = {p(1 + )} 1/2.
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The Jeffreys Prior

Example: Binomial(m,6)

Now, recall that Jeffreys’s prior for 6 takes the form
mo(6) oc {6(1 — 6)}/2

The Jacobian of the transformation from 6 to ¢ is (1 + ¢)~2,
and thus using the univariate transformation theorem

mo(@)oc{d/(1 + ¢)2} 21 + ¢) 72 = {p(1 + ¢)?} 1/

matching the result found above.
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Location and Scale Parameters

Parameter 6 is a location parameter if
fy(y;0) = f(y — 0)

and is a scale parameter if

y:0) = 5t

<

)

for some pdf f.

A ‘non-informative’ prior can be constructed using invariance
principles in the location and scale cases.
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Location and Scale Parameters

For a location parameter, for a non-informative prior, it is re-
quired to have, forset A ¢ ©

L 70(0) df — cho(a) do

where A; = {#:6 — c € A} for scalar c. Therefore, for all c,
we must have

A

LC 70(0) df = J 0(6 — c) db

70(0) = mo(0 — ¢) = mo(#) = constant.
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Location and Scale Parameters

For a scale parameter, it is required to have, for arbitrary set
AcoO

Lwo(e) d@:f ro(0) 0

Ac

where now A; = {6 : cf € A} for scalar c. Therefore, for all c,
we must have

LC mo(6) df = J cmo(ch) db

A

7T0(9) = C7T0(C9) e 7r0(0) o %
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Location and Scale Parameters

This follows by the usual ‘scale invariance’ definition: a func-
tion g(y) is scale invariant if

g(cy) «g(y)

and all scale invariant functions are power laws; for some
a >0,

g(y)ccy .

Here, the condition 7o(#) = cm(cf) means that we must have
a=1.
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Optimal Decision Making



Bayesian Optimal Decisions

Many statistical procedures involve decision-making, that is,
taking actions in light of observed data.

e parameter estimation;

¢ hypothesis testing;

e prediction/classification;
e model selection.
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Bayesian Optimal Decisions

Define
e T(.) as a function of data Y = (Y1,...,Yy);

T : Rn —_— T
For example
1 n
T(Y) = 0 21 Y; sample mean
i=
T(Y) = (Y(l)a S Y(n))T order statistics
1 . .
Ty (Y) = o Z 1~y (Vi) empirical cdf

e Model space F;
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Bayesian Optimal Decisions

e Loss function, L(.,.),
L : T xF—R"_J{o}.

Defines the loss in reporting T when the truth is defined
by F € F.
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Bayesian Optimal Decisions

Example:
For cdf Fy, let
p= Jy Fy(dy).
Then could define
L(T,Fy) = (T — p)?

as the loss in reporting ‘estimator’ T when the true functional
of interest is u.
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Bayesian Optimal Decisions

The optimal decision is one that minimizes the expected loss,
where the expectation is taken with respect to the distribution
of random quantities in the calculation.

For a parametric analysis parameterized by 6

e in a frequentist analysis, 6 is a fixed constant and the data
are treated as random;

e in a Bayesian analysis, the data y1,...,y, are fixed, and
f is a random variable.
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Bayesian Optimal Decisions

Example: Frequentist calculation
For cdf Fy, let
p= JY Fy(dy).

with
L(TaFY) = (T_ :LL)Z

we have that
arg minEr, [(T - 1)?]
= arg mqin {lEFY [(T - [EFY[T])Z] + (lEFY[T] - M)z}

= arg mjin {VarFY[T] e ([EFy[T] - N)Z}
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Bayesian Optimal Decisions

Example: Frequentist calculation

This does not define the optimal T, but it does tell us that we
need to take into account

e the variance of T, Varg, [T]
e the squared bias, br,(T)

bry (T) = Egy[T] — 11
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Kullback-Leibler loss

The Kullback-Leibler (KL) loss is used when measuring the
discrepancy between distributions. For two distributions with
cdfs Fo, Fq

3 dFo(y)
KL(Fy, Fy) = Jlog { dF(l)(y) } dFo(y)

which is defined when Fj is absolutely continuous with re-
spect to Fp, that is for the corresponding probability measures

P()(B)ZO ﬁpl(B)ZO

for any set B.
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Kullback-Leibler loss

e Discrete case:

L (po, p1) Zk’g{ i} (y):[Ep"[log{g?g;H'

e Continuous case:

i [ 2} -5 53]
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Kullback-Leibler loss

1. KL(Fy, F;) = 0;
2. KL(Fy, Fy) # KL(F1, Fy) in general;

3. KL(Fy,F;) = 0 if and only if the two distributions are
identical.
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Kullback-Leibler loss

Example:

In a parametric problem, we might have pdf
£(y;0)

with 8 = 0y presumed to be the data generating model. Then
we may write

KL(6o,0) = flog { flfg;;eg)) } f(y; 00) dy

and we seek to use data to report an estimator 0 = T(Yy.n) of
the true value 6.
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Decision theory concepts

The key components of a decision problem are as follows;

e a decision d is to be made, and the decision is selected
from some set D of alternatives.

e a true state of nature, v(0), lying in set T, defined by the
data generating model, Fy(y;0).

e a loss function, L(d,v), for decision d and state v, which
records the loss (or penalty) incurred when the true state
of nature is v and the decision made is d.

We aim to select the decision to minimize the expected loss.
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Decision theory concepts

In an estimation context, the decision required is to estimate
the parameter, and the true state of nature is the value of the
parameter, v(f) = 6.

If datay = (y1,...,¥n) are available, the optimal decision will
in general be a function of the data.
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Decision theory concepts

Suppose now that the ‘decision’ is in the form of a statistic,
that summarizes the observed data, say

d(y) = T(y) = ta.

with associated loss L(ty,#). The corresponding random vari-
able version is
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Decision theory concepts

The frequentist risk or loss associated with decision denoted
d(Y) is the expected loss associated with d(Y), with the expec-
tation taken over the distribution of Y given 6

Ra(d,0) = ER[L(Ty, 0)] = LL(T(y),e)fY(y; 6) dy
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Decision theory concepts

The (average) Bayes risk for d(Y) is the expected risk over
the prior distribution of 9:

Ry (d) = Exy[Ra(d, 0)]

= [EWO [[EFY [L(Tnv 0)]]

- j@ U L(ty,0)f(y;6) dy} mo(0) df  ty = ta(y)

y
:f f L(tn,0)fx(y)mn(0) dy d6
oJy

- L U@ L(ty,0)ma(0) dﬂ} fy(y) dy

where by Bayes theorem fy(y; 0)mo(0) = fy(y)mn(6).
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Decision theory concepts

With prior () and fixed data y the optimal Bayesian deci-
sion, termed the Bayes rule is

~

dp = arg min Ry (d(y)),

Can interpret this either by noting either

e that the Bayes risk is minimized when the inner integral
is minimized for fixed y, whatever the value ofy, the dou-
ble integral is minimized, or

e that we should directly choose the optimal decision con-
ditional on the observed y, and not average over all pos-
sible y values.
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Decision theory concepts

For estimation, we need to choose the statistic T. We can
reduce the problem to the minimization

arg min J L(t,0)m,(0) do
©

te®

as whatever posterior the data lead to, we will minimize the
double integral if we guarantee to minimize the inner integral.
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Decision theory concepts

Thus, the decision that minimizes the Bayes risk minimizes
posterior expected loss in making decision d, with expecta-
tion taken with respect to the posterior distribution m,(6).
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Results for Different Loss Functions

(I) Under squared-error loss
L(t,0) = (t —6)?

the Bayes rule for estimating @ is

~

dp(y) = Oup(y) = Ex, [0] = f O (60) O

that is, the posterior expectation.
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Results for Different Loss Functions

The expected posterior loss for any Bayes estimate t is

JL(t,em(a) do — f(t — 0)27n(0) O

which needs to be minimized with respect to t.
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Results for Different Loss Functions

We have

% U(t —0)2 0 (6) dH} - fjt {07} mn(0) a0

:fZ(t—H)Wn(H) do

and equating this to zero gives
- fewn(e) do — Es, [0]

and hence the optimal t = énB is the posterior expecta-
tion as stated.
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Results for Different Loss Functions

(IT) Under absolute error loss
L(t,0) =1t —0|
the Bayes estimate for 0 is the solution of
t 1
J mn(0) df = =
_o 2

that is, it is the posterior median.
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Results for Different Loss Functions

The expected posterior loss is

JL(t,@)ﬂn(Q) do — f|t — Olmn(0) dO

which needs to be minimized with respect to t. We have
that

jt—em(a) do

o0

:Jt (t_e)wn(e)dwf (0 — t)mn(0) dO
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Results for Different Loss Functions

Differentiating with respect to t the first term yields

% Utw(t—e) 7 (0) de}

% {t foo a(0) dB — foo Orn (0) de}

= tma(t) + Jt mn(0) dO — tmy(t).
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Results for Different Loss Functions

Similarly

4
dt

Thus, equating the original derivative to zero yields

0

JOO (0= t)7a(6) da} _ —twn(t)—ft 7 (6)d0-+ tra (1)

t

ftooﬂn(e) do — fcwn(e) do =0

so that
t Q0 1
f 7 (0) d@zf mn(0) dO = =
—o 2

t

and hence the optimal t = §nB is the posterior median.
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Results for Different Loss Functions

(ITI) Under zero-one loss
0 t=20
L(t,0) =
1 t#0

the Bayes rule for estimating 6 is

~ ~

dp(y) = Onp(y) = argmax 7, (0)
0O

that is, the posterior mode.
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Results for Different Loss Functions

To see this, note that the expected posterior loss is
n[L@,mwnw)dG::J n(0) dO
o\t

which needs to be minimized with respect to the choice
of t. Consider the loss function

0 te(6—26,0+0)

Lé(t’e):{ 1 té (0—6,0+0)

for 6 > 0. That is, the loss is zero if |t — 6| < 0, and one
otherwise.
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Results for Different Loss Functions

The expected loss is therefore

JL(g(t, 0)ra(6) dO — J (0 dO
O\ (t—6,t+6)
=1—-Pr[fe(t—0,t+0)|y]
Thus we need to choose t so that

Prlfe (t—d,t+9)|y]

is as large as possible, that is, we need to choose t as the
centre of the highest posterior probability region of width
20. As § — 0, this interval shrinks to be the posterior
mode, as stated.

171



Likelihood Considerations



Likelihood Considerations

We have seen in the Bayesian calculation that the posterior
distribution is highly dependent on the likelihood for its prop-
erties; on the log scale, we have in the iid case

n
logmp(0) = Z log fy(yi; 0) + log mo(6) + constant
i=1

and so as n grows, we expect the log-likelihood
n
£a(0) = > log fy(yi; 0)
i=1

to be the dominant term. Because of this it is useful to study
the properties of the likelihood as n gets larger.
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Asymptotic Theory of the Likelihood

Suppose that

e datay = (y1,...,¥yn) are realizations of iid random vari-
ables Yi,...,Y, drawn from distribution with pdf fy(y).
We term this model the true model.

e we wish to represent the data using a parametric pdf
fy(y;6), where 0 is d dimensional parameter. We term
this model the working model.
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Asymptotic Theory of the Likelihood

Typically, the analysis assumes that, for some 6,

fo(y) = fy(y; 00)

that is, the parametric model is correctly specified.

However, if fy(y) # fy(y;0) for any 6, the model is incorrectly
specified, and the theory needs to be reconsidered.
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Asymptotic Theory of the Likelihood

1. Interpreting 6y in the working model: We define the
‘true’ value of 6, as

0o = argmein KL (fy,fy(.;0)) (3)
Note that
KL(f £(:6)) = [ log f(3)6(y) dy — | log fr(y: ) ) dy
or equivalently, denoting log fy(y; 0) by 4(y;0),

fp = arg maax Er [£(Y;0)]. (4)
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Asymptotic Theory of the Likelihood

2. Maximum likelihood: We maximize the sample-based
expectation (or sample mean) to produce an estimator.
Specifically, the estimator based on (4) will be

~ 1 &
On = arg max — ;Z(Yj; 6).
This follows by the weak law of large numbers:
1 n
— 2 U(Yi:0) = Egy [£(Y30)] (5)
i=1

as n — oo for any fixed 6, if the expectation exists.
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Asymptotic Theory of the Likelihood

We will assume that the log density ¢(y; ) is at least three
times differentiable with respect to §; under this assump-
tion, the estimate is defined as the solution to the score
equations, the system of d equations given by

0|1
9{n§€(yi;9)} =0

J 1<
nzae{f(%;e)}zn;S(Yi;H)ZOd (6)

or equivalently,

say, where S(y;0) = ((y;0) = d1(y;0)/00. Denote the

solution of (6) by 0,
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Asymptotic Theory of the Likelihood

3. Taylor expansion: We consider a Taylor expansion of the
function ¢(y; 0) with respect to 6 around 6.

U(y;0) = £(y;00) + £(y;00) T (0 — 60)

1 ;
+ 5(9 —00) " U(y;00)(0 — 6o) + R3(y;0%) (7)
where )
sy 0U(y;0)

and R3(y;6*) is a remainder term, for some 6* such that
160 — 0| < [|6o — 0.
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Asymptotic Theory of the Likelihood

Evaluating (7) for each of y1, ..., y, and summing the re-
sult, we have

0n(0) = £n(00) + £ (60)" (6 — bo)

1
+ 5(9 —00) " n(00)(0 — o) + Rs. (8)

where R3 = R3(y; 0*) for |0y — 0| < ||6o — 6|
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Asymptotic Theory of the Likelihood

At 0 = gn and rearranging we have

ln(0n) = €a(00) = £n(00)" (O — 00)

1 ~ ~
+ 5(9” —00) " 00(00)(0n — 60) + R3
(9)
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Asymptotic Theory of the Likelihood

4. Asymptotic behaviour: Consider (9) written in terms
of random variables, with 0, = 0,(Y1.n):

ln(0n) — €a(80) = €a(00) " (6 — 60)

1 ~ . ~
+ 5(en —00) " 0n(00) (8 — 00) + R3
(10)

182



Asymptotic Theory of the Likelihood

First consider for arbitrary 6, the quantity

'.3\'—\

(£n(0) —

5

n
Z (Yi;0) — £(Yi:00)) -
We may rewrite this expression with terms involving the

true density fy that cancel :

18 1
*g (Yi;0) — £o(Y; *Hg (Yi;00) — £o(Yi)) (11)

b

where (o (y) = log fo(y).
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Asymptotic Theory of the Likelihood

For any 0, as n — o0, we have by the weak law of large
numbers that

é(ﬂ(Yi;H) — lo(Yy)) Ey, [log <ﬁ;§?17/)9))]

1
n
= —KL(fo, fY(-; 0))

as Yl,...,YHNf().
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Asymptotic Theory of the Likelihood

Therefore

S e
b\'—\

n
> UYi6) —
i=1

converges in probability to

n
Z (Yi;60)

KL (fo, fy(-;60)) — KL(fo, fy (5 6))

185



Asymptotic Theory of the Likelihood

By definition of 6y via (3), KL(fy, fy(6)) attains its mini-
mum value at § = 6, so

KL(fo, fy(-;60)) — KL(fo, fy(:;6)) < 0

and hence

S
.‘3\'—\

n n
DY 0) — Z (Yi; 60)
i=1 i=1

converges in probability to a non-positive constant.
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Asymptotic Theory of the Likelihood

Therefore, we have that
Prg[n(60) = (n(0)] — 1 (12)

as n — oo0. That is, with probability tending to 1, the log
likelihood ¢, () is not less than ¢, (6) for any other 6.
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Asymptotic Theory of the Likelihood

If we make an identifiability assumption, this statement
may be strengthened: the model fy(y;0) is identifiable if,
for two parameter values 0 = 6%,

fy(y;0") = fy(y;0%) forally — 67 = 6%

If the model is identifiable, then the “true" value 6 is
uniquely defined, and we have

PI‘fO [fn(go) > fn(e)] — 1 0 # 90. (13)
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Asymptotic Theory of the Likelihood

This theory holds for fixed 6y in the expression

1
- (En (0) - En (90))

n

However, we need to study En(gn(Yl;n)), that is, where
the parameter at which the log-likelihood is evaluated is
itself a random variable, namely the estimator 6, (Y1.,).
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Asymptotic Theory of the Likelihood

It can be shown that én(len) L, 6, and §H(Y1:n) is con-
sistent for 6y, and by “continuous mapping” (as ¢,(0) is a
continuous function in )

1

0 {fn(é\n(len)) — En(eo)}' 2.0

so that, from (5), asn — ®

.’:s\»—\

Z 2 (Y1) = Eg, [£(Y;600)] (14)
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Asymptotic Theory of the Likelihood

5. Asymptotic Normality: For a continuous function such
as /,(6), with defined second derivative 7, (f), it is guar-
anteed by the Mean Value Theorem that there exists an
‘intermediate value’

0 = cby + (1 —c)bo

for some ¢, 0 < ¢ < 1, such that

~

U0 (Bn) = £n(00) + £n(6)(6n — 6o)

The left hand side is zero as 5,1 is the mle.
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Asymptotic Theory of the Likelihood

Provided /,(f) is non-singular, we may write after rescal-
ing and rearrangement that

Va0, — o) = {—}jn(é)}l {ﬁ <ién<eo>)} (15)
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Asymptotic Theory of the Likelihood

In its random variable form, second term on the right

hand side of (15) is
n
( 2 (Yi; 6o )

that is, a sample average quantity scaled by y/n. But by
definition of 6y,

Ex[S(Y:60)] = f i(y:00)fo(y) dy = 0

as, by definition 0y minimizes KL (fy, fy(;¢)), and so must
be a solution of this equation.
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Asymptotic Theory of the Likelihood

Therefore, by the Central Limit Theorem

/‘\
.’3\'—\

Z Y1,90)>—>N0rmald(0d,If0(90)) (16)

where
T1,(60) = Eq[S(Y:60)S(Y;60) '] = Varg [S(Y:60)]

isa (d x d) quantity.
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Asymptotic Theory of the Likelihood

6. As §n L2, 6o, we have that

1o ~ as
—an(@ 225 Tt (60).

say.

Therefore from (15), we have

1 ..

Vn(n — o) = {—ngnwo)} {\lﬁén(eo)} +0p(1).

where op,(1) denotes a term that converges in probability
to zero.
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Asymptotic Theory of the Likelihood

The distribution of the second term is given by (16), and
therefore have that

V0, — 60) % Normalg (04, X(60))
where
2(60) = {75 (60)} ' Zs,(60) { (T (60)} "}
This follows as, for arbitrary Z, if Var[Z] =V, then

Var[AZ] = AVA'
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Asymptotic Theory of the Likelihood

7. Correct specification: Under correct specification

fo(y) = fr(y; 0o),

and we have from earlier results that

Zoy(00) = Tp,(00)

and hence from the general result we deduce that

V(0 — 60) - Normalg(0g4, {Zy, (60)} ).
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Implications for Bayesian analysis

Using the same quadratic approximation for the likelihood at
# around 0, we have

~ N ~ 1 ~ v o~ A
0 (0) = £ (0y) + £n(0n)T (0 — 0) + > (On = 0) 0, (0n)(0n — 0)
but noting that (n (§n) = 0, we have that

expita(0)} = explta(Ba)} xp {50 — 0) in(Ba) 0 — )}

& exXp {_;(0 - é\n)—l—{_gn(é\n)}(e - é\n)} .
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Implications for Bayesian analysis

Thus, when the regularity conditions apply, the likelihood can
be approximated by one arising from a Normal distribution

Normaly (5,1, {—gn(én)}_1> .

This approximation can be used in a wide variety of models.
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Modelling Extensions



Modelling Extensions

Beyond the iid case, Bayesian methods can be used for

e regression models (linear, non-linear, generalized linear);
e latent variable models;
e hierarchical models.
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Regression models

We consider the infinite sequence {(X,, Yy),n = 1,2,...} such
that foranyn > 1

fX1,...,Xn,Y1,...,Yn (Xlu s Xn, Y1, 7yn)
is factorized

fX17...7Xn (Xl, . 7XH>fY1,...,YH|X1,.‘.,Xn (y17 . 75/11|Xl, . 7XH)

where each term has a de Finetti representation.
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Regression models

le 77777 Xn(X17 >Xn)
J{an X1, }71'0 d¢)
le ..... Yn|X1,..., Xn(y17--->YI1|X1>~--7Xn>

-| {Hfm(yﬂxf;e)}m(de)
i=1
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Regression models

Inference for (¢, 0) is required:

¢ inference for ¢ via the marginal model for the X vari-
ables;

¢ inference for 0 via the conditional model for Y given that
X = x was observed.

In the latter case, the fact that X is random is immaterial as
we perform a conditional on x analysis.

When considering the statistical behaviour of Bayesian (or
frequentist) procedures, we must remember that X and Y
have joint structure.
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Regression models

Example: Prediction

To predict Y1,

fYn+1|X1;n,Yl:n (yn+1 |X1:Ha Y1:n)

= JfXH+1,Yn+1\X1:D,Y1:n (Xn+17_VI1+1 |X1:117 Yi:n)dXn41

= J-fyn+1|xm,xn+1,Y1:n (Yn+1\X1:n,Xn+1,Y1:n)

an+1|X1:,,,Y1:,, (Xn+1 |X1:n , .Vl:n) dxpi1
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Linear regression

Suppose that we have the linear regression model
Yi =xif +¢;

where fori=1,...,n
e Y; is a scalar
e x;is (1 xd)
e fis (d x 1)

e ¢; ~ Normal (0, 0%), independently.
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Linear regression

This describes the model for the partially exchangeable
€ = Yi —x;f3

random variables, conditional on the X; = x;.

There may or not be a need to model the distribution of the
X;.
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Linear regression

In vector form
Y=X3+¢

where Y and ¢ are (n x 1), Xis (n x d).

We then have that in the conditional model

le,...,Yn|X1,...,Xn (y17 o ayH’Xh -+ Xn; /8702) = Normaln(Xﬁ,UZIn)

where I, is the (n x n) identity matrix.
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Linear regression

Therefore the likelihood is

1
2o

aet) = (57) " o] sho %9 -xa)).

A conjugate prior in this setting can be factorized
m0(8,0%) = mo(0?)mo(Blo?)
where
mo(0%) = InvGamma(ag/2, by/2)
7o(B|0?) = Normalg(mg, 02My)

where ag, by, mg and My are fixed constant hyperparameters.
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Linear regression

mo(0?) = (bo/2)%/2 < 1 )aO/Hlexp{—boz}

I(ag/2) \ o2 20
1\ 1
2
7T0(/8|U ): <27T0’2> ’MO’l/Z

e { ~ (5 — ma) ™M (3 mo) |
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Linear regression

The joint posterior 7,(3,02) up to proportionality is

Ln(B, 02)70(5’ 02)'

We examine the exponent as a quadratic form.
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Linear regression

The expression
(y—XB8)" (y—XB) + (8 —myp) "M (5 —my)

equates to
(6 - mn>TM;1(6 - mn) + Cp

where we need to find expressions for m,, M, and c,.
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Linear regression

e Quadratic term:
Tag—1 T~xT Tag—1
M, B=0X X3+ My 3
so therefore

Ml =X"X+M;! . M, = (X'X+M;hT?

213



Linear regression

e Linear term:
ATM; my = 81Xy + 5TM; 'mg
so therefore
m, = M,(X"y + M, 'm,)

= X'X+M;H) ' (X y + My my)
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Linear regression

e Constant term:
m M, 'm, +c, =y'y+m{M; ' mg
so therefore

T Tar—1 Tar—1
Ch =y y+tmyM, my—m, M, ‘m,
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Linear regression

Therefore for the joint posterior up to proportionality is

(n+ag+d)
1 2o o _ (cn + bo)
o2 P 202
1 Tar—1
X exp —ﬁ(ﬁ —my) M, (f—my)
from which we can conclude directly that for the conditional

posterior
ma(B|e?) = Normalg (my, 0°M,)
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Linear regression

Integrating out S from the joint posterior, we obtain that up
to proportionality

(n+ap) 1
a(0?) & 1y exp _(en +bo)
B o? 202
that is
ma(0?) = InvGamma(ay /2, b, /2)
where

ap =N + ag b, =cn + by
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Linear regression

Finally, we can compute the marginal posterior for 5. From
the arguments above we have that the joint posterior takes
the form

7Tn(5|02)7rn(02)

which equates to

(bn/2)"/2 (1 )™/ by
S — JR— e [ —
T(an/2) \ o2 P 7202

() — (8- my) M (8~ my)
2702 M, [1/2 €XP\ 5,2 n n n
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Linear regression

The constant term is

(ba/2)/ (1 \"? 1
I'(an/2) <2w> M, [172

and to marginalize we must compute

J, ()

an+d
2

+1 1
{ 5 — [bn + (B—my) "M, (ﬁ—mn)]} do?
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Linear regression

The integrand is the kernel of an Inverse Gamma pdf so there-
fore we have that the integral equates to

I'((an +d)/2)

an+d
2

{; [bn + (8 —my) T™MZ (8 — mn)]}
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Linear regression

Combining terms together, we have that

Tn (ﬁ) =

pan/? 1 T'((ap + d)/2)

T(ap/2)7/2 |M,[1/2 (by+ (3 — mn) My (5_mn)}a"z+d

which is a multivariate Student-t distribution.
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Linear regression

Note that we may rewrite this form as

T (B) =
((an+d)/2) 1 1
P(an/2)ay*m2 Xl (1 4 021 (5 - my) T8 (8- my)} T

1
which is the typical representation , where we have written

an>ny = by My

l(https://en .wikipedia.org/wiki/Multivariate_t-distribution, as
adopted in the R package mvnfast) 222
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Linear regression

We may express prior ignorance concerning § by considering
Mal — 0, in which case

m, — (X'X) X'y

and
M, — (X'X)7!
yielding results equivalent to those of maximum likelihood.

This ‘uniform’ prior for § is in line with the earlier non-
informative constructions.
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Linear regression

An alternative is the g-prior: for hyperparameter A > 0
M, = A }(XTX)!

in which case
M, = (1+)\)'Xx'x)"?
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Linear regression

If, for hyperparameter A > 0
my = 04 My = AId

then
m, = (X'X + \ly) X"y

and
M, = (X'X + \g)~?

yields the ridge regression procedure
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Linear regression

The log density is

1 1
{(B,0%) = =5 log 0% — ﬁ(y — xf3)? + constant

so therefore

ol 2

(gba ) = ;ZXT(Y_X/B)
206,02 1 -
“opepT | o2 %
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Linear regression

Also
oU(B,0?) 1
8020 T 202 + 20? (v —x8)*
9*4(B, 1
0(02; ) - 204 —G(y—xﬁ)z
and 6’22(,8 2)
oot = ~gaX v =)
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Linear regression

Hence the (unit) Fisher information is

1
) ——ZxTx 0 1/ 1)\9+2 .
I(B,0%)=|—| ¢ 1 :2<02) x" x|
0 -
204

which implies that Jeffreys’s prior for linear regression is

_ (5 0-2) . <1)d/2+1
0\~ 2

g

228



Linear regression

This prior depends on dimension d. It is common instead to
use the prior

1

2
q J—
mo(B,0°) e

as an invariant prior for linear regression.
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Non-linear regression

» Generalized Linear Models: fyx(y|x; ) follows an Ex-
ponential Family Model with

[EY\X[Y|X =x; ] = g_l(xﬁ) =M

Vary|x[Y[X = x; 8] = V(u)

that is

for some link function, g.
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Non-linear regression

Example: Poisson regression

Y;i|X; = x; ~ Poisson(y;)
Eyix[YilXi = x5 8] = exp(x;3) = p
Varyx[Y[X; = xi; 8] = pi

so that

n n

exp{yi log i — pi} exp{yiX;i 8 — exp{x;B}}
Ln(B) :H y;i! :H yi!
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Non-linear regression

Example: Poisson regression

- 2 (vixi3 — exp{x;3}) + const.

—.
-

n

(vix] — exp{xiB}x]) Z — exp{xif})

RIE

en(ﬂ) =

o
Il
-

n(B) = = D exp{xi 1% x;

i=1
that is, writing D(Xp) = diag(exp{x15},...,exp{xnfS}).
(B =XT(y— ) ia(B) - —X'DXB)X
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Non-linear regression

Example: Binary regression

Yi|X; = x; ~ Bernoulli(u;)

epif)
1+exp(x;f8) Hi

Varyx[Yi[X; = x;; 8] = pi(1 — )

Eyix[YilX = xi; 8] =
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Non-linear regression

Example: Binary regression

La(B) = | [exp {yilog i + (1 = yi) log(1 — )}
i=1

i

n
= Hexp {yj log ( il ) +log(1 — /_,Lj)}
i=1 L=

= H exp {yl‘Xj,B - log(l + eXp{XiB})}
i=1
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Non-linear regression

Example: Binary regression

= > (7ixiB — log(1 + exp{xi/3}))

i=1
Ny T (v epfxiBl
- j—Z;Xi (M 1+ exp{xfﬂ}>

- exp{xi 3}
- Z (1 + exp{x;8})? 2% Xi = Z = )%

[

that is, now writing D(Xp) = diag(u1(1 — p1), -, n(1 — pn)).

0B =XT(y—p)  in(8) - X' DXB)X
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Non-linear regression

Using the quadratic approximation theory, we have that

£ald) = calBn)exp { ~5(6 - Ba) 55 B3 - )}

where .
Z:n (//B\n) = (XTD(X/B\H)X>

This approximate likelihood can be combined with a Nor-
mal prior on 3.
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Non-linear regression

Example: GLM

See knitr 3.
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Non-linear regression

e Non-linear regression:
Yi = g(xi;0) +&;

where g(.;.) is some non-linear function of its arguments,
and ¢; ~ Normal (0, 02).

n/2 n
Ln(9702) = <27T102> exp{—zi2 Z(Yi—g(xiﬂg))z}‘
i=1
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Non-linear regression

Example: Exponential decay models

For 0 = (6o, 61,03,04)" with 6; > 0 forj = 1,2,3,4

g(xi;0) = 916792‘5{1’ + 936*(92+94)X1-

where x; > 0 is a scalar quantity.

o 5,1 found numerically;
e ((0,0%) and /(0, 02) straightforward to compute;
e similar Normal (6, ¥,(0n)) approximation available.
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Latent variable models

Latent (or auxiliary) variables can be introduced to simplify
calculations in a model.

Suppose fy(y;0) is intractable, but

fe(y:0) = jfy,z<y,z; 0) dz

for some other variable Z, where the augmented joint distri-
bution

fY,Z (.Y> Z; 0)

is tractable.
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Latent variable models

Example: Mixture model

Suppose
fy(y;0) = (1 —w)fo(y; 0o) + whi(y; 01)

so that 6 = (w, 0y, 61), so that 0 < w < 1. Then

1 1
fr(v;60) = Y, fr.z(v,2:60) = Y fyz(v|2;0)pz(2; 6)
z=0 z=0

where
1—-w z=0

pz(z;H)zPr[Zzz]:{ " ;-1

and
fyz(y]2;0) = f(y;0.) z=0,1.
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Latent variable models

Example: Mixture model

Then
fy z(¥i,2i;0) = Wi (1 — w) %6y (yi;00)' 7 fi (yi; 601)7

and the sum in the original pdf fy(y; #) has become a product.

242



Latent variable models

Example: Mixture model

Then
n n
H (v3;0) = [ [{(1 — w)fo (33 60) + whi (y; 61)}
i=1 i=1

which is not very tractable, but

n
HfY,Z(Yj,ZI, _Hn{wzz ¥:0,)} )
i=1

i=12z=0

where wp = (1 —w) and w; = w, which is more tractable.
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Latent variable models

Example: see also

e data with censoring;
e state space models.
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Hierarchical models

Hierarchical or multi-level models are built by ‘stacking’ lev-
els of variables.

e random effects (or mixed) models;
e multi-level models

¢ hospital/physician or school league tables;
e multi-arm clinical studies;
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Hierarchical models

Example: Multi-centre models

K centres, labelled 1,2,..., K

e STAGE 3: For centre k, data Yxq,..., Yk, partially ex-
changeable, and conditionally independent given centre
parameter 0. For each k

ny
H fi (Yi; Ok )-

i=1

e STAGE 2: Parameters 61, ..., 0k exchangeable,

%) (0kc|9).-

||::|>:

e STAGE 1: Prior on ¢, w(()l)(gb).
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Hierarchical models

Example: Multi-centre models

Data generating model:
e Pick ¢ ~ 7{")(¢)

o Pick f1,...,0k ~ 75" (6k|$)
e Foreachk =1,... K, pick

Ykl; ) Yknk ~ fk(79k>

247



Hierarchical models

Example: Multi-centre models

i
STAGE 1 )

STAGE 2 ﬂ_éz)wkw))

STAGE 3 fie (Yii;0k)
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Hierarchical models

The posterior distribution 7, (¢, 61, ..., 60x) is given, up to pro-
portionality, by

K
7Tn(¢,91,..., {H
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Neural network models

Input Hidden Output
layer layer layer
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Neural network models

Hidden Layer:

= J11 (Z Wlk Xk+b(1), ) I1=1,...
k=1

with €1,...,¢; residual errors.

Output Layer:

L
Yq = g2d (Z W((ﬁ)Zz +b§2),5d> d=1,...

I=1

with €1,...,ep residual errors.
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Neural network models

e Dataon Xj,...,Xg and Yy,..., Yp observed;

e Parameters are

Weights :

(1)
wy 1=1,....L,k=1,...,K

wd=1,...,D,1=1,...,L

Biases :
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Neural network models

The complete data likelihood £, (w,b) is given, up to propor-
tionality, by

o 1]

1

:l"

{fzhlx (21 xi; w), b ))} (hidden)
1

Il
—_

o

{fydj|zj(Ydi|Zi;w(2),b(z))}} (output)

d=1

where the hidden variables
Zi,l=1,...,L,i=1,...,n

are treated as auxiliary quantities.
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Model Selection & Assessment



Model selection approaches

It is often necessary to consider model selection and evalua-
tion approaches

e in-sample validity;
e generalization;
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Assumptions

Consider the exchangeable, continuous case.

e For the inference model
e HeRY,
likelihood model fy(y; @),
prior mo(0).
posterior 7, (0).

e Suppose that the data-generating model is
*(y) = £ (y;¢)

with ¢ a fixed (but unknown to the modeller) value, so
that exchangeability reduces to independence.
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Predictive performance

The predictive distribution for the ‘next’ data point is

Pu(¥) =fy, vi,ve VY15 m) = ffy(y; 0)mn(0) do

and is the usual Bayesian estimator of f*(y). It is used to
assess the quality of a proposed model.
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Predictive performance

If we consider instead

~

pH(Y) = fYH+1|Y1,...,Yn (y|Y17 R YH)

then the predictive distribution itself is a random function, as
it is a function of rvs Y3, ..., Y, not the data y1,...,yxs.

We may similarly consider the random posterior 7, (6), a func-
tion of # that is random because its inputs are Yi,...,Y, in-
stead of y1,...,¥n.
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Predictive performance

The KL divergence between f*(y) and p,(y) is

KL(f*, pn) = flog (;:((5;))) *(y) dy

= flog(f*(Y))f*(Y) dy — Jlog(pn (y)f*(y) dy.
(>

The first term in (<}) is a constant which does not depend on
the inference model.

A random variable version KL (f*, p,) can also be considered.
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Predictive performance

e Training loss: The training loss, T, is a measure that
approximates the KL divergence based on the sample

1 & N
T, = T(Yla---aYn) = “n Z Ingn(Yj)
i=1

which can be regarded as a sample-based estimator of
the second term in (<}), with the data drawn indepen-
dently from f*.

In this form, T, is random variable as it depends on pj,.
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Predictive performance

¢ Generalization loss: The generalization loss, G, is the
second term in ():

Gn = G(Y17 ey Yn) - — flogﬁn(y)f*(y) dy.
This can only be computed precisely if f*(y) is known.
However, we can interpret G, as a measure of proximity

of the predictive model to the data-generating distribu-
tion.
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Predictive performance

The first term in (<}) is often denoted —S

5 = | log(E )" 5) dy
and is termed the entropy of f*. The quantity
Gn— S

is termed the generalization error: note that G, > S as the
KL divergence is non-negative.

262



Predictive performance

e Cross-validation loss: The cross-validation loss, C,, is
defined by

1 & (i
Cn = —nglogpﬁ (v;)

where ﬁg_j)(y) is the posterior predictive distribution de-

rived from the random variables
Yl(;;) = (Y1,...,Yi_1,Yi1,...,Yp)

that is, the original collection with Y; removed.
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Predictive performance

Taking expectations of G, and C, with respect to the joint
pdf of Yy, ..., Yy, which by independence reduces to

[[f)

i=1

we can establish connections between the losses.
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Predictive performance

Provided all expectations are finite

E[Cp] = [Eyl,,,,,ynl Zlog”( Dy, ]

2 e i)

BRI 51
- 1_21 Eyi-n Ulogpn Wf(y) dy}

where the second line follows using iterated expectation,
and as Y1, ..., Y, are independently drawn from f*.
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Predictive performance

But fori =1,2,...,n the scalar quantities

f log 55 (v)F* () dy

are identically distributed random variables; recall that

is a random variable for each y as it is a function of

Yl(jll) = (Y]-’" 'aY}—laY}+1,...,Yn),
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Predictive performance

Therefore
1y ~ (i)
—— > Eyn | | logbBn () f(y) dy
n i-1 1:n
is equal to
0 |- [10sB V000 5) dy | = ELGo]

again as Y1, ..., Y, are iid from f*.
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Predictive performance

Note also that
pi) = |ty 0)nf ) (0) ao

[1fr(y;0)

J#I

mo(6)

= ffY(Y§ 0)
fﬂ fy(yj; t)mo(t) dt

J#i

so therefore

df

ffy Yi;0) | [ fr(Yj;0)mo(6) do

J#i

fnfy Y},t 7T()

J#i
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Predictive performance

Numerator:

ny (Yi:0) | [ £r(Yj:0)mo(6) dO = fﬂfy(yj;e)mw) de

J#i Jj=1
Denominator:
1 n
fy( = fy(Y;; t t) dt
JHY ffY(Ylyt)U Y(J )WO()
J#i j=1
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Predictive performance

Therefore

1< i
Cn =~ Lloehs (¥)
i=

1 & fﬁ,(}lfj-t)nfi’(yﬁt)ﬂo(t) dt

Jj=1

= o log =
= JHfY(Yﬁ@)Wo(Q) do
j=1

et
=

(Yj; t)mo(t)

1 & 1 ;
“n dt
n 1; gffY(Yi;t)
fy(Yj;0)mo(0) dO

=

I
-

J
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Predictive performance

But t and # are merely dummy integrating variables, so
we may exchange them and write

ﬁ F(Y;;0)mo ()
Cn = zngfY;“G i do

5 JH ) dt

1 & 1
= - NlogEsr |——
2 e £

as the term in red is merely the random variable version
of the posterior 7, (0).
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Predictive performance

This identity may be useful as it gives an expression for
computing the numerical value of C, which does not de-
pend on the leave-one-out posterior distributions:
e the original formula requires n separate posterior
calculations of the quantities p,(l_j)(y) ;
e the new formula requires only the computation of
mn(0), the full posterior;
e the new formula does require the computation of

= |50

fori=1,...,n.
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Predictive performance

e WAIC: The widely applicable information criterion (or
WAIC), W,, is defined by

1 n
Wy = To + — ) Varz, [log fy(Y;; 0)]
n i=1

where, recall, T, is the training loss

14, o
Ty = _H ;logpn(Yi)
i=
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Predictive performance

It can be shown that

1
WH - Cn +Op (112)

and so W, provides a tractable approximation strategy.
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Predictive performance

e Marginal likelihood (or prior predictive): The nor-
malizing constant that appears in the denominator of the
(random) posterior 7, (0) is

Zn = Z(Yl,.. .,Yn) = JﬁfY(YuH)WO(H) do.
i=1

and, by de Finetti, this can be interpreted as the value of
the (random) joint pdf

v, (Yim) = fry, v, (Y1, o, Ya).
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Predictive performance

The quantity Z, is termed the

e marginal likelihood,
e prior predictive distribution.

In this form, Z, = Z(Y1,...,Yy) is a random variable:

Zn=Z(y1,---,¥n)

can also be computed.
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Predictive performance

Note that

1?4 (Y1:n)
KL(fy,, fr,) = Jlog (M) fy,, (Vi) dy1n
1:n .

measures the divergence between the data-generating
joint pdf
n
Yl n Y 1: n H f}ﬂ:’ Y1
i=1

and the modelled joint pdf fy,, (yi.n)-
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Predictive performance

Thus

KL(f;;Ln7fY1:n) = J‘Ingﬂn (len)f;;ljn (¥1:n) dy1:n

- j log fy,., (5"1:11)16;;1:,1 (yi:n) dy1:n
for which the term being subtracted is

[Ef;‘ [log fy,,, (Y1:n)] = E[log Zy].

1:n
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Predictive performance

The random variable
F, = —logZ,

that is, minus the log marginal likelihood, is sometimes
termed the free energy.
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Predictive performance

We have that

fy (yi; 0)mo(0)

[t

do

Pn(Ynt1) = JfY(YH+1?9) :

n+1

JHfY yi; 0 7rO do
JHfY y17 7T()

Zn+1
Zn

fy(y'j; t)ﬂ'o(t) dt

—

Il
-

1

280



Predictive performance

Therefore

IOgﬁn(Yn—H) =logZny1 —logZy = Fp — Fpy1.
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Predictive performance

(Note

Note that by direct calculation, we have
E[Ga] = E[Fa+1] — E[Fa]

or equivalently

E[Fn] = E[F1] + E[Gi]
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Predictive performance

The quantities
o Th
e G,
e Cp
e W,
e F,

can all be used for model evaluation and comparison.
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Other Interpretations of Bayes



Variational formulations

Objective: choose a distribution py(y) for the observable col-
lection y = (y1,...,¥n) using the principle of entropy mini-
mization.

Choose py by minimizing

- f log py(y) py(y) dy

subject to the constraint that

py(y) = j Pro(y. ) df

for parameter 6.
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Variational formulations

If 7(-) is an arbitrary density in # indexed by y, we have

log py(y) = logfpy,e(y,@ de

by Jensen’s Inequality.
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Variational formulations

Therefore

- [1og py(yipx(y) dy = - [ 1o { [prats.o de} dy

U ok

Jeeless

0 ] o

J
__ f 1og{ p”(y’ 9)w<e> de} dy
f
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Variational formulations

The bound is therefore achieved if

7(6) o pyp(y,0)

so that

This holds for any y, and shows that the entropy minimizing
choice for py(y) requires the representation

Dy (Y7 9)

PYy) = = oy
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Variational formulations

Recall that the Kullback-Leibler divergence between densities
p and q is

KL(p,q) = flog Zgi p(y) dy.

This is a non-negative quantity, and is finite provided g(y) > 0
whenever p(y) > 0.
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Variational formulations

Lemma

Consider two distributions p and g with common support ),
and let T be a generic scalar function of Y. Then the KL
divergence admits the following dual representation

KL(p,q) = Sup {Ep[T] — log Eq[exp{T}]}

provided the two expectations are finite.

We can apply the Lemma to deduce a variational inequality
relevant to Bayes theorem.
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Variational formulations

For fixed y, define function Ty(f) = g(y,#). We have for all

putative ‘posterior’ distributions 7(6) that

KL(m,m0) > Ex[g(y, 0)] — log Ex[exp{g(y, 0)}]-

Therefore

“log j exp{g(y, 0)}mo(0) db < f —g(y,0)m(6) 9

+ jlog <;((9;)> 7(0) do

We aim to find the 7 that is ‘close’ to 7y in light of the data.
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Variational formulations

The bound is achieved if

()
mo(6)

g(y,0) = log + C(y)

so that

exp{g(y, 0)}mo(6)

m(6) = c(y)

Thus it is evident that

c(y) = exp{~C(y)} = f exp{g(y, 0)}mo(6) db.
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Variational formulations

For this choice of 7, the bound is achieved and

KL(m,m0) = Ex[g(y, 0)] —log Ex,[exp{g(y, 0)}]

The Bayesian posterior follows if g is the log likelihood.
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Information processing

Consider an Information Processing Rule (IPR) for which

e we input the prior mp and the likelihood Ly,
e the rule returns the posterior 7 and marginal py = pog.

Required to find an IPR where no information is lost or gained
during the functional conversion.
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Information processing

Information content of the various components:

Information in £y(0) : Jlog Ly(0)m(0) do (11)
Information in 7o (0) : flog mo(0)7(0) do (12)
Information in 7(0) : Jlog w(0)m(6) db (01)

Information in py(y) : flogpo(y)w(e) df =logpo(y) (02)

We wish to choose 7(6) to ensure that

I1 +12 =01+ O2.
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Information processing

The information discrepancy for a putative posterior 7 is

flog w(0)w(0) db + log po(y) — J[log Ly(0) + log mo(0)] w(0) db
which can be re-written

D(r) = flog {W} ©(6) do.
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Information processing

By properties of the Kullback-Leibler divergence, this is mini-
mized in 7 (and becomes zero) when

mo(#)Ly(0)

m(6) = po(y)

that is, 7 is the Bayesian posterior.
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Utility

However

e (I1) is not readily interpreted as an information quantity
concerning 6 as Ly(¢) is not itself a probability distribu-
tion in 6.

e Alternative justification: our task is to report a ‘decision’
concerning a feature of interest in light of data y based on
a utility function, u that takes as arguments a (putative
posterior) probability distribution 7(-) and a parameter
value # and returns a non-negative real value.
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Utility

(i) Proper: for any other 7/, the expected utility wrt ,

fu(w/, 0)x(0) o

is uniquely maximized when 7’ = 7.

(ii) Local: the utility function satisfies
u(m,0) = u(n(0),0)

that is, that the utility value depends only on the utility
function evaluated at 6.
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Utility

These conditions imply that u takes the form
u(m, 6) = Alogm(0) + B(0)

Under this log utility, the optimal 7 turns out to be 7, (f|y).
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Utility

Choose the rule my(6) (a distribution indexed by arbitrary y)
7y(6) = arg max f f u(r, 0) fuly: 0)mo(0) dO dy
= arg max Jf logm(0) fy(y;0)mo(0) dO dy

= argmin JJ log fY (y:9) fy(y;0)mo(6) dO dy

which, by properties of the Kullback-Leibler divergence, im-
plies that

my(0) o £y (y; 0)mo(6).
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Non-probabilistic methods

Recently, there has been increasing focus on non-probabilistic
updating rules that do not model

f(y;0)
directly, but recognize the issue of mis-specification.

Task: report a ‘posterior’ distribution 7}, () that

e updates prior to posterior in light of data
e respects common assumptions wrt iid data etc.
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Non-probabilistic methods

The ‘Gibbs’ posterior 77,2(9) is computed as

7 (0) = arg}rrelij\r/ll {ff(}ﬁ:n,@)w(d@ + )\flog (:T(?)) w(d@)}
o

e the first term is the expected “post-data” loss

E(Yl:n,e)

e the second term is the KL divergence between prior W(T)

and candidate Gibbs posterior .

Constant A makes the two losses commensurate.
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Non-probabilistic methods

If n =1/A, then

toon exp{=nl(y1n, 0)}8(6)
71(0) = |
Jexp{_ng(Y1n7 t)}ﬂ'g(t) dt

e The only legitimate form for iid data is

Yln, y17

n
i=1
e )(0) and 7, (0) coincide if

né(y,0) = —log £(y; 0)

for a parametric model.
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Non-probabilistic methods

This formulation is potentially attractive as it allows us to tar-
get 6 directly:

e even if data generating F is ‘big and complicated’, § may
be low-dimensional,
e this method avoids having to develop full model.

aka Generalized Bayesian inference.
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Non-probabilistic methods

Power posterior: if {(y,0) = —log f(y; #), then

n

mh () | [{£(yi50)} "m0 (6)

i=1

where 7 allows for mis-specification of the selected model.

NB: {f(y;6)}" is not a pdf: normalizing constant

[ttt 07 ax
may depend on 6.

Also need to choose 7.
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Non-probabilistic methods

The Gibbs posterior is

n

exp{=n £ tt.0)} wli6)
h(9) = =
J exp { Z Y1 ) } dt
whereas the standard Bayesian calculation yields

ma(0) = eXp{ilogf(Yh )} o(0)

fexp{z log f(yi; t } o(t) dt
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Non-probabilistic methods

e Yq,...,Y,,...areiid from Fy,
e Fj is unknown
e problem admits a de Finetti representation.
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Non-probabilistic methods

Suppose 0 = (1, (). Marginally

Jexp {Z logf(yj;ib,o} mo(1,¢) d¢

i=1

Jexp {i log f(y;; t, S)} mo(t,s) dt ds

i=1

Tn (IU) =
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Non-probabilistic methods

Comparing 7, () and h () we might interpret h (v) as an
attempt to represent the true marginal model

exp {—nz ﬁ(yf,w)} ~ JeXp{Z logf(yf;@b,é)}m(cw) d¢
i=1

i=1
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Issues with this formulation

e Does not give a coherent prediction mechanism;

e No assumption that
c(6) = [ expl-ni(y.0)} dx < o

e Even if ¢(6) is finite, in general it is a function of 6.

e Does not give a ready interpretation of 6 in general.
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Targeting parameters via loss functions

Define
o = arg min ff(y, t)dFo(y).
teT

where

e g is a loss function-defined parameter
e 0y does not characterize Fy in general.
Alternatively: may define 6, via

JU(}C fo)dFo(y) = 0

for some suitably defined u(-, ).
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Targeting parameters via loss functions

Example:

e Y ~ Poisson(\o)
« Uy.0) = Vy(y — 0)°

S YTy Mo)
b=
> VY E(y; o)

y=0

‘Easy’ to compute a posterior 7, (6) from 7, ().
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Survival Example

In a survival problem, we might be interested in a median
lifetime defined via the loss

that we learn about having fitted

e an Exponential (\) model
e a Weibull(a, A) model

e a LogNormal (i1, 0%) model
e a non-parametric model
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Survival Example

All of these models yield the posterior for F that we can con-
vert into a posterior for 6

6 =F11/2)

by transformation.
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Bayesian inference for targeted parameters

In the parametric case: Fy(y) = F(y; ¥o) say.
e Prior:
(i) Sample 9®) ~
(ii) Convert this to

P — arg {nigfﬁ(y, t)dF (y; ﬁ(b))
S

via a deterministic transformation.

e Posterior: 7,(1) defines 7, (0) in a similar fashion.
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Bayesian inference for targeted parameters

In the non-parametric case: F(.) is the parameter
e Prior:
(i) Sample F®) ~ 7l
(ii) Convert this to

") = arg tmigfﬁ(y, t)dF®)(y)
S

via a deterministic transformation.

e Posterior: 7L (F) defines 7,(0) in a similar fashion.
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Mis-specification

This framework facilitates inference in mis-specified models.

Suppose
U(y,0) = —log f(y;0) — log mo(6)
represents a model that we do not think is the data generating

model, but some other model in which we are interested.

e Why would we ever want to do this ?
e What does the “prior” term mean ?

318



Mis-specification

More generally, if f(y;0) is acknowledged to be mis-specified

e what use is learning about 6 ?;
e strict Bayesians may object to specifying a prior on 6.

319



	Bayesian Theory
	Probability Fundamentals
	Inference and Prediction
	de Finetti's Representation
	de Finetti's Representation
	Prediction
	Limit results

	Bayesian Calculations & Specifications
	Bayesian updating
	Bayesian Sufficiency
	Construction of Prior Distributions
	Ignorance Priors

	Optimal Decision Making
	Bayesian Optimal Decisions

	Likelihood Considerations
	Likelihood and Frequentist Considerations

	Modelling Extensions
	Modelling Extensions
	Linear regression
	Non-linear regression
	Latent variable models
	Hierarchical models
	Neural network models

	Model Selection & Assessment
	Model Selection

	Other Interpretations of Bayes
	Other Interpretations


