MATH 559: BAYESIAN THEORY AND METHODS
DECISION THEORY: TWO SPECIAL CASES

The Bayesian decision for loss function L(d(y),#) and posterior distribution 7, () is obtained as

min / L(d(y), 0)mn(0) dO.

We examine the solution to two specific decision problems.

1. Credible intervals: Suppose 0 < x < 1, and consider the loss function for § € R defined as
L(d,0) =k(d—0)1(0 <d)+ (1 —k)(0 —d)1(0 > d) = L1_x(d,0)

say. The expected posterior loss for possible decision ¢ is then

/L(t, 0y (0) d = //{(t — )10 < B)mn(0) dO + /(1 _ )0 = D10 > )ma(6) db

:/{/ (t — 0)mn(6) d6 + (1 — k) /too(ﬁ—t)wn(e) i

—00
Differentiating with respect to ¢t we obtain by the chain rule and fundamental rule of calculus

e First term:

K [/t 1n(8) 6+t (£) — ta(t) :n/t (6) df

—00 —00

e Second term:

(1—r) [—mn(t) - /too (0 d0 + tmn(8)| = —(1 — ) /too 7 (6) 6

and so the minimizing value of ¢ solves

/{/t 7 (6) d9:(1—/<)/too7rn(9) i

K :/ T (0) db.
t

so that

Thus the solution to the loss minimization problem is the 1 — x quantile of 7, (#). Now consider

the decision d = (dq,d2) that comprises two components, with loss function
L((d1,d2),0) = L1_x(d1,0) + Ly (d2,0).
By the above calculation, we obtain the solution

(d1(y),da(y))

as the k and 1 — k posterior quantiles respectively, so that the interval between the two values

contains posterior probability 1 — 2x, and is the 100(1 — 2x)% equal-tailed credible interval.

The other versions of the Bayesian credible interval can also be obtained as loss minimization

decisions.



2. Predictive Distribution: Suppose our task is to estimate the unknown conditional density fy (y; 6p).
We aim to construct a Bayesian estimate of fy (y; 6p) using the Kullback-Leibler loss, that is, we aim

to minimize
/{/log fyf((yy;)é?) fy (y;0) dy} T (0) df

with respect to the function f(-), that is, to maximize

/ / log £ () fy (4; 0)ma(6) d6 dy.

Re-writing the double integral

[1os50 { [ womo) de} dy = [ Yo8.50) puly) dy

and maximizing this quantity is the same as minimizing

Pn(y)
/ log W) pn(y) dy.

Thus by properties of the KL divergence, the optimal f is p,,(y)

pa(y) = /fY(y; 0)m,(0) db.

that is, the posterior predictive distribution.



