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• Complete-the-square formulae for quadratic forms:

▶ Univariate case:

A(x− a)2 +B(x− b)2 = (A+B)

(
x− Aa+Bb

A+B

)2

+
AB

A+B
(a− b)2

▶ Multivariate case:

(x− a)⊤A(x− a) + (x− b)⊤B(x− b) = (x−m)⊤M(x−m) + c

where
m = (A+B)−1(Aa+Bb) M = (A+B)

and
c = a⊤Aa+ b⊤Bb−m⊤Mm

• Useful frequentist theory: In the theory of maximum likelihood, we have under regularity
conditions that the log-likelihood

ℓn(θ) =

n∑
i=1

log fY (yi; θ) θ ∈ Rd

admits a quadratic expansion around the maximizing value θ̂n

ℓn(θ) ≏ ℓn(θ̂n) + ℓ̇n(θ̂n)
⊤(θ̂n − θ) +

1

2
(θ̂n − θ)⊤ℓ̈n(θ̂n)(θ̂n − θ)

where

ℓ̈(θ) =

n∑
i=1

ℓ̈(yi; θ)

with

ℓ̈(y; θ) =
∂2ℓ(y; θ)

∂θ∂θ⊤
(d× d).

Noting that ℓ̇n(θ̂n) = 0, we have that

exp{ℓn(θ)} ≏ exp{ℓn(θ̂n)} exp
{
1

2
(θ̂n − θ)⊤ℓ̈n(θ̂n)(θ̂n − θ)

}

∝ exp

{
−1

2
(θ − θ̂n)

⊤{−ℓ̈n(θ̂n)}(θ − θ̂n)

}
.

Thus, for large n,

πn(θ) ≏ Normald

(
θ̂n,

{
−ℓ̈n(θ̂n)

}−1
)
.

and we have a Normal approximation to the posterior.



• 1-1 Transformations: For continuous variables (X1, . . . , Xd) with joint pdf fX1,...,Xd
we can construct

the pdf of a transformed set of variables (Y1, . . . , Yd) where Y = g(X) is a d-dimensional
transformation. In the 1-1 case, the computation proceeds using the following steps:

1. Write down the set of component transformation functions g1, . . . , gd

Y1 = g1 (X1, . . . , Xd)
...

Yd = gd (X1, . . . , Xd)

.

2. Write down the set of component inverse transformation functions g−1
1 , . . . , g−1

d

X1 = g−1
1 (Y1, . . . , Yd)

...
Xd = g−1

d (Y1, . . . , Yd)

3. Consider the joint support of the new variables, Y(k).

4. Compute the Jacobian of the transformation: first form the matrix of partial derivatives

Dy =



∂x1
∂y1

∂x1
∂y2

· · · ∂x1
∂yd

∂x2
∂y1

∂x2
∂y2

· · · ∂x2
∂yd

...
...

. . .
...

∂xd
∂y1

∂xd
∂y2

· · · ∂xd
∂yd


where, for each (i, j)

∂xi
∂yj

=
∂

∂yj

{
g−1
i (y1, . . . , yd)

}
and then set |J (y1, . . . , yd)| = |detDy|. Note that detDy = detD⊤

y so that an alternative but
equivalent Jacobian calculation can be carried out by forming D⊤

y . Note also that

|J (y1, . . . , yd)| =
1

|J (x1, . . . , xd)|

where J (x1, . . . , xd) is the Jacobian of the transformation regarded in the reverse direction (that
is, if we start with (Y1, . . . , Yd) and transform to (X1, . . . , Xd).

5. Write down the joint pdf of (Y1, . . . , Yd) as

fY1,...,Yd
(y1, . . . , yd) = fX1,...,Xd

(
g−1
1 (y1, . . . , yd) , . . . , g

−1
d (y1, . . . , yd)

)
× |J (y1, . . . , yd)|

for (y1, . . . , yd) ∈ Rd.



• Multivariate distributions

1. The Multinomial Distribution: Let n ≥ 1 be a positive integer. The joint pmf of vector
X = (X1, . . . , Xd)

⊤ where 0 ≤ Xi ≤ n are integers, and

0 ≤
d∑

i=1

Xi ≤ n

is given by

pX1,...,Xd
(x1, . . . , xd) =

n!

x1! . . . , xd!xd+1!
θx1
1 . . . .θxd

d θ
xd+1

d+1 =
n!

x1! . . . , xd!xd+1!

d+1∏
i=1

θxi
i

where 0 ≤ θi ≤ 1 for all i, and θ1 + · · ·+ θd + θd+1 = 1, and where xd+1 is defined by

xd+1 = n− (x1 + . . .+ xd).

This is the joint pmf for the multinomial distribution. We write

X ∼ Multinomial(n; θ1, . . . , θd).

The pmf reduces to the Binomial if d = 1. The marginal and conditional distributions derived
from the joint pmf are also multinomials.

2. The Dirichlet Distribution The joint pdf of vector X = (X1, . . . , Xd)
⊤ where 0 ≤ Xi ≤ 1 for

i = 1, . . . , d are real-valued, and

0 ≤
d∑

i=1

Xi ≤ 1.

is given by

fX1,...,Xd
(x1, . . . , xd) =

Γ(α)

Γ(α1) . . .Γ(αd)Γ(αd+1)
xα1−1
1 . . . , xαd−1

d xd+1
αd+1−1

for 0 ≤ xi ≤ 1 for all i such that x1 + · · ·+ xd + xd+1 = 1, where α = α1 + · · ·+ αd+1 and where

xd+1 = 1− (x1 + · · ·+ xd).

This is the density function which reduces to the Beta distribution if d = 1. It can also be shown
that the marginal distribution of Xi is Beta(αi, α− αi). We write

X ∼ Dirichlet(d;α1, . . . , αd+1).

that is, there are d+ 1 Xs, but this is in fact a d-dimensional distribution.

The Dirichlet distribution can be generated by considering independent random variables
Z1, . . . , Zd+1, with Zj ∼ Gamma(αj , 1), and then defining

Xj =
Zj

d+1∑
k=1

Zk

j = 1, . . . , d+ 1.



3. The Multivariate Normal Distribution: The joint pdf of X = (X1, . . . , Xd)
⊤ takes the form

fX1,...,Xd
(x1, . . . , xd) =

(
1

2π

)d/2 1

|Σ|1/2
exp

{
−1

2
(x− µ)⊤Σ−1(x− µ)

}
where x = (x1, . . . , xd)

⊤, µ is a d× 1 vector, and Σ is a symmetric, positive-definite d× d matrix.
The distribution is obtained by taking a vector Z = (Z1, . . . , Zd)

⊤ of independent standard
Normal random variables with joint pdf

fZ1,...,Zd
(z1, . . . , zd) =

(
1

2π

)d/2

exp

{
−1

2

d∑
i=1

z2i

}
=

(
1

2π

)d/2

exp

{
−1

2
z⊤z

}
and taking the linear transformation

X = LZ+ µ

where L is the Cholesky factor of Σ, that is,

Σ = LL⊤.

It can be shown that for any linear combination

Y = AX+ b

for constant matrix A and vector b (compatible in dimension) also has a multivariate normal
distribution. The distribution of Y = AX+ b can be deduced to be

Y ∼ Normald(Aµ+ b,AΣA⊤).

All marginal and all conditional distributions derived from the multivariate normal are also
multivariate normal. Let

X =

[
X1

X2

]
.

with subvectors of dimensions d1 and d2 = d− d1 respectively. Let

Σ =

[
Σ11 Σ12

Σ21 Σ22

]

where Σ11 is d1 × d1, Σ22 is d2 × d2, Σ21 = Σ⊤
12.

(i) Marginal Distributions: We have

X1 ∼ Normald1 (µ1,Σ11)

(ii) Conditional Distributions: We have

X2|X1 = x1 ∼ Normald2
(
µ2 +Σ21Σ

−1
11 (x1 − µ1),Σ22 − Σ21Σ

−1
11 Σ12

)
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• Kullback-Leibler Divergence

The Kullback-Leibler (KL) divergence is used when measuring the discrepancy between distributions.
For two distributions with cdfs F0, F1

KL(F0, F1) =

∫
log

{
dF0(y)

dF1(y)

}
dF0(y)

which is defined when F1 is absolutely continuous with respect to F0, that is for the corresponding
probability measures

P0(B) = 0 =⇒ P1(B) = 0

for any set B.

▶ Discrete case:

KL(p0, p1) =
∑
y

log

{
p0(y)

p1(y)

}
p0(y) = Ep0

[
log

{
p0(Y )

p1(Y )

}]
.

▶ Continuous case:

KL(f0, f1) =

∫
log

{
f0(y)

f1(y)

}
f0(y) dy = Ef0

[
log

{
f0(Y )

f1(Y )

}]
.

1. KL(F0, F1) ≥ 0;

2. KL(F0, F1) ̸= KL(F1, F0) in general;

3. KL(F0, F1) = 0 if and only if the two distributions are identical.

Page 5 of 9



D
IS

C
R

ET
E

D
IS

T
R

IB
U

T
IO

N
S

SU
PP

O
R

T
PA

R
A

M
ET

ER
S

M
A

SS
FU

N
C

TI
O

N
C

D
F

E
X
[X

]
V

ar
X
[X

]
M

G
F

X
f X

F
X

M
X

B
er
n
ou

ll
i(
θ)

{0
,1
}

θ
∈
(0
,1
)

θx
(1

−
θ)

1
−
x

θ
θ(
1
−

θ)
1
−

θ
+
θe

t

B
in
om

ia
l(
n
,θ
)

{0
,1
,.
..
,n

}
n
∈
Z+

,θ
∈
(0
,1
)

( n x

) θx
(1

−
θ)

n
−
x

n
θ

n
θ(
1
−

θ)
(1

−
θ
+

θe
t
)n

P
oi
ss
on

(λ
)

{0
,1
,2
,.
..
}

λ
∈
R

+
e−

λ
λ
x

x
!

λ
λ

ex
p
{λ

(e
t
−

1
)}

G
eo
m
et
ri
c(
θ)

{1
,2
,.
..
}

θ
∈
(0
,1
)

(1
−

θ)
x
−
1
θ

1
−

(1
−

θ)
x

1 θ

(1
−

θ)

θ2
θe

t

1
−

et
(1

−
θ)

N
eg
B
in
om

ia
l(
n
,θ
)

{n
,n

+
1
,.
..
}

n
∈
Z+

,θ
∈
(0
,1
)

( x−
1

n
−

1) θn
(1

−
θ)

x
−
n

n θ

n
(1

−
θ)

θ2

(
θe

t

1
−
et
(1

−
θ)

) n

or
{0

,1
,2
,.
..
}

n
∈
Z+

,θ
∈
(0
,1
)

( n+
x
−
1

x

) θn
(1

−
θ)

x
n
(1

−
θ)

θ

n
(1

−
θ)

θ2

(
θ

1
−
et
(1

−
θ)

) n

Fo
r

C
O

N
T

IN
U

O
U

S
di

st
ri

bu
ti

on
s

(s
ee

ov
er

),
de

fin
e

th
e

G
A

M
M

A
FU

N
C

T
IO

N
fo

r
α
>

0

Γ
(α

)
=

∫ ∞ 0

x
α
−
1
e−

x
d
x

an
d

th
e

LO
C

A
TI

O
N

/S
C

A
LE

tr
an

sf
or

m
at

io
n
Y

=
µ
+

σ
X

gi
ve

s

f Y
(y
)
=

f X

( y−
µ

σ

) 1 σ
F
Y
(y
)
=

F
X

( y−
µ

σ

)
M

Y
(t
)
=

eµ
t
M

X
(σ
t)

E
Y
[Y

]
=

µ
+
σ
E
X
[X

]
V

ar
Y
[Y

]
=

σ
2
V

ar
X
[X

]

Page 6 of 9



C
O

N
T

IN
U

O
U

S
D

IS
T

R
IB

U
T

IO
N

S

SU
PP

O
R

T
PA

R
A

M
ET

ER
S

PD
F

C
D

F
E
X
[X

]
V

ar
X
[X

]
M

G
F

X
f X

F
X

M
X

U
n
if
or
m
(α

,β
)

(α
,β

)
α
<

β
∈
R

1

β
−
α

x
−
α

β
−

α

(α
+

β
)

2

(β
−
α
)2

1
2

eβ
t
−

eα
t

t
(β

−
α
)

(s
ta

nd
ar

d
m

od
el

α
=

0
,β

=
1
)

E
x
p
on

en
ti
a
l(
λ
)

R
+

λ
∈
R

+
λ
e−

λ
x

1
−

e−
λ
x

1 λ

1 λ
2

( λ λ
−

t)
(s

ta
nd

ar
d

m
od

el
λ
=

1)

G
a
m
m
a
(α

,β
)

R
+

α
,β

∈
R

+
β
α

Γ
(α

)
x
α
−
1
e−

β
x

α β

α β
2

( β β
−
t) α

(s
ta

nd
ar

d
m

od
el

β
=

1)

W
ei
bu

ll
(α

,β
)

R
+

α
,β

∈
R

+
α
β
x
α
−
1
e−

β
x
α

1
−

e−
β
x
α

Γ

( 1
+

1 α

)
β
1
/
α

Γ

( 1
+

2 α

) −
Γ
( 1

+
1 α

) 2
β
2
/
α

(s
ta

nd
ar

d
m

od
el

β
=

1)

N
or
m
a
l(
µ
,σ

2
)

R
µ
∈
R

1
√
2
π
σ
2
ex
p

{ −
(x

−
µ
)2

2σ
2

}
µ

σ
2

ex
p{ µ

t
+

σ
2
t2 2

}
(s

ta
nd

ar
d

m
od

el
µ
=

0
,σ

=
1
)

σ
∈
R

+

S
tu
d
en

t(
ν
)

R
ν
∈
R

+

Γ

( ν+
1

2

)
Γ
( ν 2

) √ π
ν

{ 1
+

x
2 ν

} (ν+
1
)/

2
0

ν

ν
−

2

(i
fν

>
1)

(i
fν

>
2)

P
a
re
to
(θ
,α

)
R

+
θ,
α
∈
R

+
α
θα

(θ
+
x
)α

+
1

1
−

( θ θ
+

x

) α
θ

α
−
1

α
θ2

(α
−

1
)(
α
−

2)

(i
fα

>
1
)

(i
fα

>
2)

B
et
a
(α

,β
)

(0
,1
)

α
,β

∈
R

+
Γ
(α

+
β
)

Γ
(α

)Γ
(β

)
x
α
−
1
(1

−
x
)β

−
1

α

α
+
β

α
β

(α
+

β
)2
(α

+
β
+
1
)

Page 7 of 9



FACTS ABOUT DISCRETE DISTRIBUTIONS

• Bernoulli/Binomial

Y1, . . . , Yn ∼ Bernoulli(p) =⇒ Y =

n∑
i=1

Yi ∼ Binomial(n, p)

• Geometric/Negative Binomial

Y1, . . . , Yn ∼ Geometric(p) =⇒ Y =

n∑
i=1

Yi ∼ NegBinomial(n, p)

• Binomial/Poisson
Yn ∼ Binomial(n, p) −→ Y ∼ Poisson(λ)

where λ = np is held fixed and n −→ ∞.

• Negative Binomial/Poisson

Yn ∼ NegBinomial(n, p) Xn = Yn − n −→ X ∼ Poisson(λ)

where λ = n(1− p) is held fixed and n −→ ∞.

Sums of Independent Random Variables:

• Binomial

Y1 ∼ Binomial(m, p)

Y2 ∼ Binomial(n, p)

}
=⇒ Y = Y1 + Y2 ∼ Binomial(m+ n, p)

• Negative Binomial

Y1 ∼ NegBinomial(m, p)

Y2 ∼ NegBinomial(n, p)

}
=⇒ Y = Y1 + Y2 ∼ NegBinomial(m+ n, p)

• Poisson
Y1 ∼ Poisson(λ1)

Y2 ∼ Poisson(λ2)

}
=⇒ Y = Y1 + Y2 ∼ Poisson(λ1 + λ2)

Page 8 of 9



FACTS ABOUT CONTINUOUS DISTRIBUTIONS

• Distributions on R+: Begin with Y ∼ Uniform(0, 1):

▶ U = − 1

β
log Y ∼ Exponential(β), for β > 0.

▶ X = (βU/λ)1/α ∼ Weibull(α, λ), for α, λ > 0.

▶ If X1, . . . , Xn ∼ Exponential(β), independent, then Z =

n∑
i=1

Xi ∼ Gamma(n, β).

▶ If Y1 ∼ Gamma(α1, β) and Y2 ∼ Gamma(α2, β) are independent, then

S = Y1 + Y2 ∼ Gamma(α1 + α2, β)

▶ If X ∼ Gamma(α, β) then

Z =
1

X
∼ InverseGamma(α, β)

with

fZ(z) =
βα

Γ(α)

(
1

z

)α+1

exp

{
−β

z

}
z > 0.

• Distributions on R: The Normal distribution and connections

▶ Suppose Y ∼ Normal(0, 1). Then X = µ+ σY ∼ Normal(µ, σ2).

▶ Suppose Y ∼ Normal(0, 1). Then U = Y 2 ∼ Gamma(1/2, 1/2) ≡ Chisquared(1).

▶ If Yi ∼ Gamma(αi/2, 1/2) ≡ Chisquared(αi) for i = 1, . . . , n are independent, then

V =

n∑
i=1

Yi ∼ Gamma (ν/2, 1/2) ≡ Chisquared(ν)

where

ν =
n∑

i=1

αi.

▶ If Y1 ∼ Normal(µ1, σ
2
1) and Y2 ∼ Normal(µ2, σ

2
2) are independent, then

Y = Y1 + Y2 ∼ Normal(µ1 + µ2, σ
2
1 + σ2

2)

• Distribution on (0, 1): The Beta distribution

▶ If Y1 ∼ Gamma(α1, β) and Y2 ∼ Gamma(α2, β) are independent, then

Y =
Y1

Y1 + Y2
∼ Beta(α1, α2)

This result follows by multivariate transformations.
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