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¢ Complete-the-square formulae for quadratic forms:

» Univariate case:

Aa+ Bb\?> AB
A+ B

Az —a)®> + Bz —b)?=(A+B) <m—
» Multivariate case:

(x—a)’A(x—a)+(x—b) ' B(x—b)=(x—m) M(x—m) +c

where
m=(A+B)'(Aa+Bb) M= (A+B)

and
c=a Aa+b'Bb—m'Mm

¢ Useful frequentist theory: In the theory of maximum likelihood, we have under regularity
conditions that the log-likelihood

ln(0) = log fy(yis0) 0 €R
i=1

admits a quadratic expansion around the maximizing value 6,

0a(60) = 6a(0) + 10@) B~ 0) + 50— 0) (@) (B — 0)

where .
{0) =y 0)
i=1
with
0%0(y; 0
Uy;0) = 89530T) (d x d)

Noting that én(@\n) = 0, we have that

exp{1n(0)) = expltnB,)) exp { 5, — 0)8,0) B~ )}

Thus, for large n,
~ v o~ y—1
7 (0) = Normalg <9n, {—en(en)} > .

and we have a Normal approximation to the posterior.



¢ 1-1 Transformations: For continuous variables (X1, ..., X ) with joint pdf fx, . x, we can construct
the pdf of a transformed set of variables (Yi,...,Y;) where Y = g(X) is a d-dimensional
transformation. In the 1-1 case, the computation proceeds using the following steps:

1. Write down the set of component transformation functions g1, ..., gq

Yd - gd(Xla'” 7Xd)
2. Write down the set of component inverse transformation functions g;*, . . ., gcjl

X1 =g (W,...,Yy)

Xa=g;' (V1,...,Yy)

3. Consider the joint support of the new variables, Y(¥).

4. Compute the Jacobian of the transformation: first form the matrix of partial derivatives

_8.2?1 (91'1 (9.%'1_
1 Oy Owa
6a:2 8952 Bxg
Y [ P e
Orq Oy 024
L Oy1 Oy Oya

where, for each (i, j)
ox;

Ay;
and then set |J (y1,...,yq4)| = |det Dy|. Note that det D, = det D, so that an alternative but
equivalent Jacobian calculation can be carried out by forming DJ . Note also that

_ 9 g

1

T, ya)| =
| (yl yd)‘ ’J(£B1,~--,$d)’

where J (21, ..., x4) is the Jacobian of the transformation regarded in the reverse direction (that
is, if we start with (Y7,...,Yy) and transform to (X7, ..., Xy4).

5. Write down the joint pdf of (Y7,...,Yy) as

le,..‘,Yd (yla-"vyd) = le,...,Xd (gfl (yh' . '7yd)a" . 7951 (ylv"'7yd)) X |J(y17"'>yd)‘

for (y1,...,yq) € R



e Multivariate distributions

1. The Multinomial Distribution: Let n > 1 be a positive integer. The joint pmf of vector
X =(Xy,... ,Xd)T where 0 < X; < n are integers, and

d
<Y Xi<n
i=1
is given by
d+1
_ n' 93}1 awdgxd+l _ emz
pXI,...,Xd(l’l, ceyTg) = I ] d+1 =7 .1 | | H
x1! ,xg! :Ed+1 r1- y Ld Ld+1*

where 0 < 6; <1foralli,and 6; + ---+ 04 + 0411 = 1, and where 244, is defined by
Tagr1 =n— (x1+ ...+ zq).
This is the joint pmf for the multinomial distribution. We write
X ~ Multinomial(n; 6y,...,04).

The pmf reduces to the Binomial if d = 1. The marginal and conditional distributions derived
from the joint pmf are also multinomials.

2. The Dirichlet Distribution The joint pdf of vector X = (Xj,... ,Xd)T where 0 < X; < 1 for

1=1,...,d are real-valued, and
d
0<> X, <1
i=1
is given by
I'(a) -1 -1 -1
Ixioxg (@, ) = TR L ST R

I(a1) ... I'(aa)l (agr1)
for0 < z; <1forallisuchthatz; + -+ x4+ z441 = 1, where « = a1 + - - - + 441 and where
g1 =1 —(x1+ -+ 2q).

This is the density function which reduces to the Beta distribution if d = 1. It can also be shown
that the marginal distribution of X; is Beta(oy, a — ;). We write

X ~ Dirichlet(d; o, . .., q41).
that is, there are d + 1 X, but this is in fact a d-dimensional distribution.

The Dirichlet distribution can be generated by considering independent random variables
21y Zay1, With Z; ~ Gamma(o;, 1), and then defining
_ 4
T d+1

> Zy
k=1




3. The Multivariate Normal Distribution: The joint pdf of X = (X1,...,X;)" takes the form

1\ 1 1 _—
le,...,Xd(m,u-,ﬂCd): Gy Wexp —§(X—H) YT (x— )

where x = (x4, ..., .Td)T, pis a d x 1 vector, and X is a symmetric, positive-definite d x d matrix.
The distribution is obtained by taking a vector Z = (Zi,...,Z4)' of independent standard
Normal random variables with joint pdf

L\ 2 A L\ 42 i
fz1,2,(21, .. 24) = <27r> exp —2;/22- = <27r> exp{—Qz z}

and taking the linear transformation
X=LZ+p

where L is the Cholesky factor of ¥, that is,
©=LL".
It can be shown that for any linear combination
Y=AX+b

for constant matrix A and vector b (compatible in dimension) also has a multivariate normal
distribution. The distribution of Y = AX + b can be deduced to be

Y ~ Normaly(Ap +b,AXAT).

All marginal and all conditional distributions derived from the multivariate normal are also

xz!§]

with subvectors of dimensions d; and dy = d — d; respectively. Let

multivariate normal. Let

Y11 Y12
o1 Yoo

Y —

where 211 is dl X dl, 222 is d2 X dg, 221 = ZIQ

(i) Marginal Distributions: We have
X1 ~ ]\[OT’?TLCle1 ([,Ll, 211)

(ii) Conditional Distributions: We have

XXy =x1 ~ Normalg, (p2 + 2157 (x1 — 1), Sa2 — L1577 S12)
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¢ Kullback-Leibler Divergence

The Kullback-Leibler (KL) divergence is used when measuring the discrepancy between distributions.
For two distributions with cdfs Fy, F}

_ dFo(y)
KL(Fy, Fy) _/lOg{dF(l)(y)}dFO(y)

which is defined when F} is absolutely continuous with respect to Fy, that is for the corresponding

probability measures

for any set B.

» Discrete case:

» Continuous case:

1. KL(F(),Fl) > 0;
2. KL(Fy, F1) # KL(F1, Fp) in general;
3. KL(Fp, F1) = 0if and only if the two distributions are identical.
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FACTS ABOUT DISCRETE DISTRIBUTIONS
¢ Bernoulli/Binomial

n
Yi,...,Y, ~ Bernoulli(p) = Y = Z Y; ~ Binomial(n,p)
i=1

¢ Geometric/Negative Binomial

n
Yi,...,Y, ~ Geometric(p) = Y = Z Y; ~ NegBinomial(n,p)
i=1

¢ Binomial /Poisson
Y,, ~ Binomial(n,p) — Y ~ Poisson(\)

where A = np is held fixed and n — ~c.
¢ Negative Binomial /Poisson
Y,, ~ NegBinomial(n,p) X, =Y, —n— X ~ Poisson(\)

where A = n(1 — p) is held fixed and n — cc.

Sums of Independent Random Variables:

¢ Binomial
Y1 ~ Binomial(m, p)

— Y =Y| + Y, ~ Binomial(m + n,p)
Yy ~ Binomial(n, p)

* Negative Binomial

Y1 ~ NegBinomial(m,p)
= Y =Y] + Y, ~ NegBinomial(m + n, p)

Yo ~ NegBinomial(n,p)

e Poisson

Y1 ~ Poisson()\1)
= Y =Y) + Y2 ~ Poisson(\ + A2)

Yy ~ Poisson(\2)
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FACTS ABOUT CONTINUOUS DISTRIBUTIONS
e Distributions on R*: Begin with Y ~ Uni form(0,1):

1
» U= 3 logY ~ Exponential(f), for § > 0.

> X = (BU/NY* ~ Weibull(a, \), for a, A > 0.

» If Xq,...,X,, ~ Exponential(3), independent, then Z = ZXi ~ Gamma(n, 3).
i=1
» If Y] ~ Gamma(oy, B) and Ys ~ Gamma(az, §) are independent, then

S =Y+ Yy ~ Gamma(ag + az, f)

» If X ~ Gamma(a, ) then

1
7 = <~ InverseGamma(a, [3)

fz(z) = Pﬁ(;) (i)aﬂ exp {—f} z> 0.

¢ Distributions on R: The Normal distribution and connections

with

» Suppose Y ~ Normal(0,1). Then X = y+ oY ~ Normal(u,o?).
» Suppose Y ~ Normal(0,1). Then U = Y? ~ Gamma(1/2,1/2) = Chisquared(1).
» IfY; ~ Gamma(a;/2,1/2) = Chisquared(c;) for i = 1,...,n are independent, then

V= ZYZ ~ Gamma (v/2,1/2) = Chisquared(v)

=1

where
n

V= E Q;.
=1

» If Yy ~ Normal(u1,0%) and Yz ~ Normal(uz, o3) are independent, then

Y =Y +Ys ~ Normal(uy + p2, 05 + 03)

¢ Distribution on (0, 1): The Beta distribution

» If Y] ~ Gamma(ay, B) and Ys ~ Gamma(az, 5) are independent, then

Y
y=_—-1!
Yi+Ys

~ Beta(aq, ag)

This result follows by multivariate transformations.
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