MATH 559 - EXERCISES 2 : SOLUTIONS

1. Suppose Y1, ...,Y, are realizations from an exchangeable binary sequence. Using the Jeffreys prior for

parameter
0 = Ey[Y]

find an approximation to the posterior distribution m,(0) for large n.

We have

n

la(0) = log fy(yi;0) = Y _((1— i) log(1 — 0) + y; log 0)
i=1

i=1

én(e):—n_sn‘i'sl Snzzyi
=1

which informs us that as E[S,,] = n#, the Jeffreys prior is

} ‘1/2 x _ = Beta(1/2,1/2)

m0(0) ‘[E [—én(e) —

but also that, for large n, using the results concerning approximations of the likelihood
n ~
n(0) x exp{ ———-——(0 — 0,,)*
(6) { 29n(1—9n)( ) }
as we can ignore the influence of the prior when n is large. Thus in this case

7n(0) ~ Normal(é\n,@\n(l - @\n)/n)

2. Suppose that in a Bayesian model, we have that
fy(y;0) = Lo,00)(y) exp{—(y — 0)} y€R

for 6 € © = R*. Suppose that the prior is wo(0) = Exponential(2). Find the posterior, m,,(6), based on a
sample y1, . .., Yn.

We have for the likelihood

L(0) = [ L6,00) i) exp {~(ys — 0)} = L(0,min y;) (¢) exp {— > (i - 9)}

i=1 i=1

ox exp{nb} 0 <6 <miny;

S0 if Ymin is the minimum observed y value, for the posterior, we have
T (0) o exp{nf}exp{—20} = exp{(n —2)0} 0 <0 < Ymin

The normalizing constant is easily computed by integration: If n > 2

[exp{(n — 2)Ymin} — 1]

o 6} do— —
/0 eXp{(n_2) } - (n_2)
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and hence
(n—2)

) = o — 2y} -

and zero otherwise. If n = 2, we have

1 exp{(n — 2)0} 0 <0 < Ymin

so the posterior distribution is Uni form(0, ymin). If n =1,

1

mn(6) = 1 —exp{—y1}

exp{—6} 0<6<uys.
3. Suppose that in a Bayesian model, we have that

2
fy(y;0) = 1(0,00)(3/)% exp {—2‘%2} yeR

for 6 € © = R*. Using a prior of your choosing, find the posterior, 7, (6) based on a sample yi, . .., yn.
We have for the likelihood

H (0,00) yl QQGXP{_QQZ}

1\" t LA
Writing ¢ = 0%, a conjugate prior for this likelihood is
1

p ~ Gamma(ag,by/2)

that is ¢ ~ InvGamma(ag, by/2), with
b 1\ bo
" = Tag) <¢>> o {‘w} |

mn(¢) = InvGamma(n + ag, (t + bp)/2)

Then we have

from which we may deduce the posterior for 6 by transformation.

4. Suppose exchangeable sequences {Y1,, Yo, } are such that given parameters 61, 0o, 02
inwNormal(Hj,UQ) j=12i=1,...,n;

are independent. Suppose that a proper, conjugate prior specification with
70(01,02,0%) = mo(0?)mo(01]|0?)mo(62|0?)

is used. Compute the posterior distribution for

Y —
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From lectures, and by conditional independence, we know that, conditional on o2,

(01, 02]0%) = 7, (01]0% ), (02]0)
with
Tn, (6j|0%) = Normal (nn].,a2/)\nj) j=12.
where, for j = 1,2,
njyjnj + )‘ﬂ]
n; + Aj
Therefore, by properties of the Normal distribution

’r)nj = >\nj = nj + )\j.

7, (1]0?) = Normal (1, 02/ A\n)

where

Ang An
= — )\ = _rmitme .
n T’n2 T’nl n )\nl +)\n2

Therefore, under the conjugate InvGamma(ao/2,bo/2) prior for o2, we have from lectures that
(1) is a Student-t distribution

_ F((an + 1)/2> 1 1 1/2 1 (w _ 77“)2 —(an+1)/2
— I'(a,/2)\/T a%/2 <¢n> {1—1—}

()

(279 (bn
where

anp =mn1 +ng + ag

ni n2
mAL 2 — 2 noAy 2 — 2
bo = = @y —m)* + ;(yu ~ ) W, — ) ;(3/21' — Tamy)? + bo
and where .
_ n
bn = o

5. Suppose exchangeable sequences {Y , } are assumed to arise from a Bayesian model with
Sy (y;0) = Normalz(6, %)

where Y1,...Y,, are 2 x 1 random vectors that are conditionally independent given parameters 6 =
(01, HQ)T, where X is a known covariance matrix.

(i) Find the posterior distribution for @ if a conjugate prior is used.
(ii) Find the marginal posteriors for 61 and for 0s.
(iii) Find the conditional posterior for 65 given 6.

(i) Up to proportionality, the likelihood in this case, using the bivariate Normal distribution pdf,
takes the form

£(0) x [[exo{ -5~ 0)" 5 v 0)}.
=1

The term in the exponent resulting from the product can be written

n n

S —0) S5 i~ 0) = (yi — ¥) 50 (vi — ) 410 - 7,) 5510 -,
i=1 =1
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using the usual sum-of-squares decomposition. A conjugate prior is therefore the Normals(mg, M)

(6 —mp) M, (0 - mo)} .

1
m0(0) x exp {—2

To compute the posterior, we first note that in the exponent, combining two terms using the
complete-the-square formula, we have

(0 ~¥,) 551 (0 ~¥,) + (8 —mp) 'Mg'(6 —mo) = (6 — my) "M (6 —my) +cn

where

1

M, = (nZ' + M) my = (085 4+ M) (05, + g mo)

Thus we conclude that
Tn(0) o exp {

and so 7,(0) = Normalz(m,,, M,,).
(ii) By properties of the multivariate Normal distribution (see Appendix), we have that if

_ [(mm _ (Mp1 Mni2
e = <mn2> My = <Mn21 Mn22>

Tn(01) = Normal(mp1, Mp11) Tn(02) = Normal(mpa, My22)

—%(9 —m,) TM(0 — mn)}

then

(iii) By properties of the multivariate Normal distribution, we have that
T (02]01) = Normal(mng + (Mp21 (01 — mn1) /Mn11), Mpoz — Mo /Mpiy)

6. Show that, in general, Bayes estimators defined by expected loss minimization are not invariant to 1-1

transformations; that is, if 0,5 is a Bayes estimator of 0, and ¢ = g(0) is 1-1 reparameterization of the
model, then

Q/b\nB 7& g(é\nB)
in general.

A counterexample suffices to demonstrate that the result does not hold in general. Suppose that
¢ > 0. We have that

~

0,5 = arg mtin/Lg(t, 0)m,(0) db.

and under quadratic loss, Ly(t,0) = (t — )%, we have seen that the estimate is the posterior mean

~

05 = Ex,[0].

Now suppose ¢ = g(f) = 62, so that g(x) = 22, and § = /¢. We must specify the loss to be the
same for a given ¢ as it would be for the corresponding 0, that is

Ly(t,¢) = Lo(t.6)  6=1/9.
Hence we must have

Lo(t,6) = (t = /9)?

We conclude by the usual method that czAﬁn =L [V/¢] computed under the posterior for ¢. But in
general

Es[V¢] = Ex,[6] # {Ex,[6]}*

by standard arguments.
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APPENDIX
CALCULATIONS FOR THE MULTIVARIATE NORMAL DISTRIBUTION

The multivariate Normal distribution is a multivariate generalization of the Normal distribution. The
joint pdf of X = (X1,...,X,)" takes the form

1\¥? 1 1 —
le,...,Xd(xlv"'yxd) = < > Wexp{_(x_p’) X (X_p’)}

2 2
where x = (z1,... ,xd)T, pis a d x 1 vector, and X is a symmetric, positive-definite d x d matrix. The
distribution is obtained by taking a vector Z = (Z1,...,Z4)" of independent standard Normal random

variables with joint pdf

1\%? 1<, 1\%? 1
fZ1,...,Zd(Zlu"'7Zd):(27_‘_> exp _2;2’@ :<27r> exp{—zz z}

and taking the linear transformation
X=LZ+p

where L is the Cholesky factor of ¥, that is,
Y=LL".

Using the multivariate transformation result, we can deduce the multivariate Normal joint pdf. It can
be shown that for any linear combination

Y=AX+b

for constant matrix A and vector b (compatible in dimension) also has a multivariate Normal distribu-
tion; this result can be derived using moment generating functions; we have for t = (¢,. .. ta)T € R,

by independence
d
1., 1.+
Mz(t) = exp {2 E_l t; } = exp {2t t}

so therefore
Mx(t) = Ex[exp{t X}] = Ezlexp{t (LZ + p)}]
= exp{t' p}Ezlexp{(t'L)Z)}]
= exp{t " u} Mz(LTt)

—ep{t uben {700}

1
= exp {tT;L + 2tT(LLT)t}

1
exp {tTu + 2tT2t} .
The distribution of Y = AX + b can be deduced using similar methods as

Y ~ Normalg(Ap +b, ASAT).
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Marginal And Conditional Distributions

All marginal and all conditional distributions derived from the multivariate Normal are also multivari-
ate normal; for the marginal distributions, the result follows immediately from the derivation above

Suppose that vector random variable X = (X1, X2,...,X4)" has a multivariate normal distribution
with pdf given by
fx(x) = S dﬂ#e —EXTEAX (1)
X T\er ) g P79

where X is the d x d variance-covariance matrix (we can consider here the case where the expected value
p is the d x 1 zero vector; results for the general case are easily available by transformation).

Consider partitioning X into two components X; and X, of dimensions d; and da = d — d; respectively,

that is,
_ | X
x=[%].

We attempt to deduce
(a) the marginal distribution of X;, and

(b) the conditional distribution of X3 given that X; = x;.

First, write
Y11 X2
Z =
[ Yo1 Yoo ]

where Y11 is dy X di, Y99 is dy X do, Yo7 = EL, and

- Vii Vi
D ¥ g
[ Vo sz]

so that ¥V = I; (I, is the r x r identity matrix) gives

Y11 X2 Vii Vi | _ | Ig 0
Yo1 a2 Vo1 Vo 0 Ig

where 0 represents the zero matrix of appropriate dimension. More specifically,

Y1V +212Var = I, (2)
Y11 Vi +X19Vee = 0 3)
221V11 + 222V = 0 4)
Y91Vi2 +X22Vae = Ig,. )

From the multivariate normal pdf in equation (1), we can re-express the term in the exponent as
XTE_IX = XIVHXl + XIV12X2 + X;V21X1 + X;—VQQXQ. (6)

In order to compute the marginal and conditional distributions, we must complete the square in x5 in
this expression. We can write

x' 7% = (xg —m) M(xy —m) + ¢ (7)
and by comparing with equation (6) we can deduce that, for quadratic terms in x5,

X;—VQQXQ = X;—MXQ M = V22
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for linear terms
x; Voixi = —x, Mm . m=-Vy'Vyx;

and for constant terms
XIVHXI =c+ mTMm Cc = X]—(VH — V;]_V2_21v21)X1
thus yielding all the terms required for equation (7), that is
x"Y7x = (x0 + Vi Vorx1)  Vaa(xo + Vi Varxy) + x] (Vi1 — Vg, Vol Vg )xy,

which, crucially, is a sum of two terms, where the first can be interpreted as a function of x, given x;,
and the second is a function of x; only.

Hence we have a factorization of the joint pdf using the chain rule for random variables;

Ix(x) = fxox, (X2]x1) fx, (x1) (8)
where )
Ixax, (%2]x1) oc exp {—2(X2 + V5, Vaixi) Voo (xs + V221V21X1)}
giving that
XXy =x1 ~ Normalg, (—Vay Varxi, Vi) 9)
and .
fx, (x1) oc exp {—2X1T(V11 - V2T1V2_21V21)X1}
giving that
X1 ~ Normalg, (0, (Vi — V;V;;VQI)*l) . (10)
But, from equation (3), X2 = —211V12V521, and then from equation (2), substituting in 2,
Y11 Vi — $11 V12V, Vo = I Y11= (Vi1 — V1oV Vo) 7l = (Vi1 — V5,V Vg )L

Hence, by inspection of equation (10), we conclude that

‘Xl ~ Normalg, (0,%11), ‘

that is, we can extract the 31 block of ¥ to define the marginal sigma matrix of Xj.

Using similar arguments, we can define the conditional distribution from equation (9) more precisely.

First, from equation (3), V2 = —21_11212V22, and then from equation (5), substituting in V2
—Yo11]' T12Vas + 22 Vas = Iy Vi =90 — S91 5 S1g = Ty — UL Tia.

Finally, from equation (3), taking transposes on both sides, we have that V1X1; + V22%9; = 0. Then
pre-multiplying by V', and post-multiplying by ¥;;}, we have

Vo Vo + 215 =0 Vo Vo = 91277,

so we have, substituting into equation (9), that

Xg’Xl =X1 NOTm@ldz (22121_11){1, 222 — 22121_11212) .

Thus any marginal, and any conditional distribution of a multivariate Normal joint distribution is also
multivariate normal, as the choices of X; and X are arbitrary.
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