MATH 557 - PRACTICE MID-TERM SOLUTIONS

1.  (a) Y is sufficient for 0, as, given Y = y, the conditional distribution of X is concentrated on
{—vy,y} irrespective of the value of 6. 4 MARKS

(b) The likelihood is

s

1(—g,20)(s)
i ’ L(7(x),00 (9)
Z(x:0) = fx(x;0) = S = “T2=)

where T'(x) = max{—x(y), Z(,)/2}. This function is monotonic decreasing in 0, so therefore
/G\M 1 = T'(x). By the factorization theorem, @M (X)) is sufficient. 6 MARKS
2. (a) The family Normal(0,6) for 0 < 6 < oo is not complete, as if g(t) = ¢, then
Erl[g(T);0] = Ex[T;6] =0

for all §, even though ¢(7') is not zero with probability 1.
4 MARKS

(b) The joint pdfis

3

16,,00) (i)

Ix(x;01,02) = “Hnexp{_alg(xi—el)}

2

=1
= — —n61/0
m exp 05 nb1/02)

Therefore, by the minimal sufficiency theorem, as the ratio fx(x;61,62)/fx(y;61,62) is in-
dependent of (01, 0) for all possible values of the parameters if and only if

ry =y and D m=> u
=1 =1

n

it follows that T(X) = (X(y), >_ X;) is a minimal sufficient statistic. 6 MARKS
i=1

3. (a) From lectures (must show for full marks), the ML estimator is X, and as 7(\) = e~2?*, by
invariance 77, (X) = exp{—-2X}. 4 MARKS

(b) We have that

~ XY M — IS TR« S G o N ) M
Ex, [F1(X): A = Ex (D)0 = Y (-1 o= = ey o =
=0 ’ x=0 ’

4 M ARKS

(c) Itisunbiased, but only takes values in the set {—1, 1}, whatever the values of A and the data.
Clearly, —1 is not sensible as an estimate of )\, and this estimator is not reasonable, despite
its unbiasedness. 2 MARKS
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4. (a) Consider

Then

5 MARKS
(b) We have for the defined Y1, ..., Y, that
Sy, (y;0) = 0¥ (1 — )Y
and hence N "
Z T(—oo,q(Xi) = ZYi ~ Binomial(n, ).
i=1 i=1
For this model, if Tp = Ty(y) = >_ vi, we have Varr, [Tp; 0] = nf(1 — 6), and so
i=1
0(1—-46 0(1 -6
VarT[T;O]:n( 5 ): ( )
n n
5 MARKS

Note: for this model, considering the likelihood defined for the Y;, if (.;.) denotes the log likeli-
hood, we have
ol(y; 0)
00

_a _E_n—To_TO—ne
= gg (Tolog?+ (n = To)log(1 = O)} = -7 = 5—5" = g—p

The Fisher information with respect to §, when the true value is 0, is

22 Ev[Y:0 1—Ey[Y;0 0 1-0
Ty, (0) = Ey [—W{logfy(Y;H)}} = ( Y[Hz’ oy 1 i[e)Z 0]> - 972 T —9;)2
and hence 1
Zy, (o) = (1 —0o)°

Note also that

2
Ey[(é{logfy(l’;ﬁ)o ;90] =By l7 129

(-8 oo e

asY?=Y,(1-Y)?’=(1-Y)and Y (1 - Y) = 0. Hence

0o 1—069

= 7 a—op

d 2
(d@ {IngY(Y;9)}> ;90] =
Hence here

Zp,(0) = Ey [—j; {10ng(Y;9)}} =Ey [(;0 {log fY(Y59)}>2§90] :
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