MATH 557 - EXERCISES 1 : SOLUTIONS

s = i) (e}

n
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suggesting the sufficient statistic T(X) = < [Tz, [T(1— xl)> and the result follows using the
i=1

1. (a) We have

Fisher-Neyman Factorization Theorem.

(b) Writing A = log 6, we realize that this is the Poisson(log #) model. Hence by properties of the

Exponential Family T'(X) = > X is a sufficient statistic for log 6.
i=1

(c) We have

:]3

0,20)\L 1 (9)
) i=1 (T(n)/2,%(1))
fx(x;0) = o = o

yielding T(X) = (X(1), X (n))T and the result follows using the factorization theorem.

2. (a) Wehave
fx(x;\) = A" exp {—/\ Z :1:2} = Nexp{-\T(x)}
i=1
say, so that for two points x and y the ratio
fx (x5 2)
fx(y: )

which is a constant if and only if 7'(x) = T'(y). Therefore 7'(x) is minimal sufficient.

=exp{-A(T(x) -T(y))}

(b) Given z(y),. .., ¥ (), we can construct the joint pdf for the order statistic data by noting that if
X(m) = T(m), then we have X(,) > x(,, for the n — m order statistics X(,), r =m +1,...,n
Thus, as the “survivor” function takes the form 1 — Fx(z; \) = e~ we have

fx(x;A) =m! (:l) X \™ exp {—)\;x(i)} x exp {—(n — m))\x(m)}

where the combinatorial term counts the number of possible arrangements of the random sam-
ple points. Thus a sufficient statistic is

T(X) =Y X+ (n—m) X
i=1
by the factorization theorem.
3. Wehave fort=0,1,...,
> i
fi=1 ean
fx(x;0) T
i=1
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and 7'(X) ~ Poisson(nf) from distributional results, so that

95" e [T t! 1\
i=1 :
fxr(x[t) = (nf)te—10 /¢! Tl <n> x <A

and zero otherwise, where A; = {x: z1 + -+ + x,, = t}.

4. (a) Suppose, for two points x and y in the parameter space, c¢(x,y) is a function of these two
arguments. We have that

A fX) _fobo)
fily) " YL i=0 k= e =y i bk
PN fi(x)  fily) ok

o) fo(y)’i_l"”
— Ti(x) =Ti(y)

for the given statistic T(X) = (T1(X), ..., T(X)) " = (T; (X))le Therefore, by the theorem
from 2 (a), T(X) is minimal sufficient. This result implies that for selecting a model from a group
of models, likelihood ratios provide sufficient statistics.

(b) If T*(X) is sufficient for ¢, then by the factorization theorem there exist g and h such that
Jo(x) = g (T%(x); 0) h(x).
Thus, choosing 0;, i = 1,. .., k, such that f; = fy,,
T(X) = <fz-<X>>T <gz<T*<X>‘ 00)h(X) )T <gz<T*<X>- 6:) )T
fo(X) ) izr x \9o(T*(X);00)R(X) /iy \go(T*(X);60) k

Hence for any sufficient T*, T is a function of T*. Therefore T is minimal sufficient.

ey

(c) Let T be minimal sufficient for 6, so that if W is also sufficient for 6, there exists h such that
h(W) =T. Let T* = r(T) where r is a 1-1 mapping. Then 7% = r(h(W)), so T* is a function of
every sufficient statistic.

(d) In the notation of the earlier parts, let 71 = {fg: § = 1,2} and F = {f3 : 8 > 0}, where f3 is
the Exponential density with expectation 3, so that

falz) = ;e—x/ﬂnwm) ().

If X(l) = min{Xl, cen ,Xn}, define

1 -ivx
— i= X ) —
HX) ¢ T T - {”‘! }
T X_ pr— p— p— 2 n .
=50 i o

e =1 1(0,00)(X(1))
However, since

I 11
F3(x) = Zwe™ " Loy (@) = (5 Ty Looo) (@)

T'(X) is sufficient for /5 by the factorization theorem. Therefore T'(X) is minimal sufficient for
B by part (b). Since T'(-) is a 1-1 transformation, X is minimal sufficient for 3 by part (c).
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5. (a) Thejoint pmf takes the form of an n-sample multinomial without the combinatorial term (here
we observe the X;s individually, not merely the totals in each of the categories):

3 Y1) _
fx(x;0) =[]0 =14

j=1 J=1
where
n
nj = 1py(@)

i=1

counts the number of times X; takes the value j, for j = 1,2, 3. But ng = n — ny — ns, hence
fx(x;0) = 0716057 (1 — 61 — f2)" ™ 7"

Thus, by the factorization Theorem, T = (N1, N2) " is sufficient for = (61,65)".

(b) When looking at N; and V3, we have the traditional multinomial pmf, so

n!

fr(ti,t2;0) = 071052 (1 — 01 — 02)%

ni!lng!l(n —ny —ng)!
where T(x) = (n1,n2)" and n3 =n —nq — ns .

(c) Using the using calculus approach, we form the log likelihood, partially differentiate in turn
with respect to 61 and 6, equate to zero, and then solve the resulting two equations simulta-
neously. We have

l(91, 02;X) = c(n) + nqlog 61 + nolog Oy + ng log(l — 01— 92)

so that
ol . ni ns
06, 61 1—0,—06
ol . n9g ns
2y — Ba 1—60,— 6
Equating to zero and subtracting the second from the first equation, we obtain that
ni  ne - 01 n
0 6 T 0 my

Substituting back into the first equation, we have

niy 91 91

7173_1—01—02:1—(91—71201/711

Cross multiplying, we get
ny — n1p — nobly = n3by
and hence n n
ny = (n1 + ng + n3)b; 1 1+ 19+ 13 i

Thus, by a similar argument for », we deduce

0(x) = (n1/n,na/n)".

and hence the estimator is N
6(X) = (N1/n, Na/n)".

Note that the case covered here presumes n1,n2,n3 > 0. If this does not hold, the maximum
likelihood estimator does not lie in the parameter space and is not defined.
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