
MATH 557 - MID-TERM 2010 - SOLUTIONS

1. (a) Y is sufficient for θ, as, given Y = y, the conditional distribution of X is concentrated on
{−y, y} irrespective of the value of θ.

4 Marks

(b) The likelihood is

L(θ|x˜) = fX˜ |θ(x˜|θ) =

n∏
i=1

1(−θ,2θ)(xi)

3θ
=

1(T (x˜),∞)(θ)

3nθn

where T (x˜) = max{−x(1), x(n)/2}. This function is monotonic decreasing in θ, so therefore
θ̂ML = T (x˜). By the factorization theorem, θ̂ML(X˜ ) is sufficient.

6 Marks

2. (a) The family Normal(0, θ) for 0 < θ < ∞ is not complete, as if g(t) = t, then

EfT |θ [g(T )] = EfT |θ [T ] = 0

for all θ, even though g(T ) is not zero with probability 1.

4 Marks

(b) The joint pdf is

fX˜ |θ1,θ2(x˜|θ1, θ2) =

n∏
i=1

1(θ1,∞)(xi)

θn2
exp

{
− 1

θ2

n∑

i=1

(xi − θ1)

}

=

n∏
i=1

1(x(1),∞)(θ1)

θn2
exp




−

n∑
i=1

xi

θ2
− nθ1/θ2)





Therefore, by the theorem, as the ratio fX˜ |θ1,θ2(x˜|θ1, θ2)/fX˜ |θ1,θ2(y˜
|θ1, θ2) is independent of

(θ1, θ2) for all possible values of the parameters if and only if

x(1) = y(1) and
n∑

i=1

xi =

n∑

i=1

yi

it follows that T˜(X˜ ) = (X(1),
n∑

i=1
Xi) is a minimal sufficient statistic.

6 Marks

3. (a) The conjugate prior for θ is a Normal prior Normal(µ, τ2) say. In the exponent of the result-
ing posterior distribution, we have

1

σ2

n∑

i=1

(xi − θ)2 +
1

τ2
(θ − µ)2 =

1

σ2

n∑

i=1

(xi − x)2 +
n

σ2
(x− θ)2 +

1

τ2
(θ − µ)2

and to see the form of the posterior distribution of θ, we need to complete the square in θ.
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We have that

A(θ − a)2 +B(θ − b)2 = (A+B)(θ −m)2 +
AB

A+B
(a− b)2

where
m =

Aa+Bb

A+B

Here we have
A =

n

σ2
a = x B =

1

τ2
b = .

Hence the term in the exponent is

1

σ2

n∑

i=1

(xi − x)2 +

[
n

σ2
+

1

τ2

]
(θ − µ?)2 +

n/(σ2τ2)

n/σ2 + 1/τ2
(x− µ)2

where

µ? =
nx/σ2 + µ/τ2

n/σ2 + 1/τ2
=

nτ2x+ µσ2

nτ2 + σ2
= wx+ (1− w)µ

where w = nτ2/(nτ2 + σ2). The posterior distribution for θ is therefore

πθ|X˜
(θ|x˜) ∝ exp

{
−(nτ2 + σ2)

2σ2τ2
(θ − µ?)2

}

so θ|x˜ ∼ Normal(µ∗, σ2τ2/(nτ2 + σ2)).
5 Marks

(b) The Bayes estimator is the posterior mean, and hence

θ̂B(X˜ ) = wX + (1− w)µ.

given the above derivation.

5 Marks

4. (a) By standard arguments, the ML estimator is X , and as τ(λ) = e−2λ, by invariance we have
that

τ̂ML(X˜ ) = exp{−2X}.

4 Marks

(b) We have that

E[τ̂1(X˜ )] = E[(−1)X1 ] =

∞∑

x=0

(−1)x
λxe−λ

x!
= e−λ

∞∑

x=0

(−λ)x

x!
= e−2λ

4 Marks

(c) It is unbiased, but only takes values in the set {−1, 1}, whatever the values of λ and the data.
Clearly, −1 is not sensible as an estimate of λ, and this estimator is not reasonable, despite
its unbiasedness.

2 Marks
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5. (a) Consider

T (X˜ ) =
1

n

n∑

i=1

1(−∞,c](Xi).

Then

E[T (X˜ )] =
1

n

n∑

i=1

Pθ[Xi ≤ c] =
nφ(θ)

n
= φ(θ)

5 Marks

(b) We have for the defined Y1, . . . , Yn that

fYi|θ(y|θ) = θy(1− θ)1−y

and hence
n∑

i=1

1(−∞,a](Xi) =
n∑

i=1

Yi ∼ Binomial(n, θ).

For this model, if T0(y
˜
) =

n∑
i=1

yi,

Sθ(y˜
) =

∂ logL(θ|y
˜
)

∂θ
=

∂

∂θ

{
T0(y

˜
) log θ + (n− T0(y

˜
)) log(1− θ)

}
=

T0(y
˜
)

θ
−
n− T0(y

˜
)

1− θ
=

T0(y
˜
)− nθ

θ(1− θ)

The n-data Fisher information is

In(θ) = VarY˜|θ[Sθ(Y˜ )] =
1

θ2(1− θ)2
EX˜ |θ[(T0(X˜ )− nθ)2]

=
1

θ2(1− θ)2
VarX˜ |θ[T0(X˜ )]

=
nθ(1− θ)

θ2(1− θ)2
=

n

θ(1− θ)

But

VarT |θ[T (X˜ )] =
nθ(1− θ)

n2
=

θ(1− θ)

n
=

1

In(θ) =
1

nI(θ)
where I(θ) is the unit Fisher information.

5 Marks
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