MATH 557 - EXERCISES 1 : SOLUTIONS

1 We construct the joint pmf/pdf in each case, and inspect the required conditional pdf. Note that
1-1 transformations of the statistics are also sufficient.

-1, B—1
f%a,ﬁ(gaaﬁ):{r(a—i_ﬁ } {Hxl} {11(1931)}

suggesting the sufficient statistic

T(X) = (H%H(l — m)

i=1 i=1

(a) For the

and the result follows using the Neyman Factorization Theorem.

(b) Writing A = log 6, we realize that this is the Poisson(log #) model. Hence by properties of
the Exponential Family
- Z X;
i=1

is a sufficient statistic for log 6.

(c) We have

fxe(zl0) = - 0<x1,...,20 <20

T(n)/2:%(1)) (¢)
suggesting the sufficient statistic

T(X) = (X), X))

and the result follows using the Neyman Factorization Theorem.

2 (a) We have
fxin(zA) = A" exp {—)\ > Sﬂz} = A"exp {-AT'(z)}
i=1
say, so that for two points z and y the ratio

Fxin(zlA)

Fepy P (A (1w -1w)}

which is a constant if and only if 7'(z) = T'(y). Therefore T'(z) is minimal sufficient.
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(b) Given z(yy, ..., Z(y), we can construct the joint pdf for the order statistic data by noting that
if X(;n) = z(n), then we have X,y > x(,,) for the n —m order statistics X(,y, r =m+1,...,n.

-z

Thus, as the “survivor” function takes the form 1 — Fx|,(z|\) = e™"*, we have

fxi(zlA) = m! <;> x A" exp {)\;x(i)} X exp {f(n — m))\:c(m)}

where the combinatorial term counts the number of possible arrangements of the random
sample points. Thus a sufficient statistic is

m

T(X) =) Xa + (n—m)X(m
=1

by the Neyman Factorization Theorem.

3 We have fort=0,1,...,

4 —nb

fxio(z]0) =

n
PR
=1 e
n
i=1

and T'(X) ~ Poisson(nf) from distributional results, so that

n

91;%6_”9/ [T ! ¢
N i=1 N t' 1 A
Txire) (lt) = (mO)te 0/t zql..., 2.l \n ZE A

and zero otherwise, where
Ar={z:x1+ - +xz, =t}

4 (a) Suppose, for two points x and y in the parameter space, c(z, y) is a function of these two
arguments. We have that

filz) o filz)  folz) i
fi(g)—c(;g,y),z—oj...,k — fi(g)_fo(gV =1,...,k
filw)  fily)
= fo(g)—@,z—l,...,k
= Ti(z) =T(y)

for the given statistic
I(X) = (Ti(X), ..., Ti(X)) = (Ti(X))iz1,..

Therefore, by the Theorem from lectures, T'(X) is minimal sufficient. This result implies that
for selecting a model from a group of models, likelihood ratios provide summary statistics.
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(b)

(©)

If T'(X) is sufficient for 6, then by the Neyman Factorization Theorem there exist g and h
such that

fo(z) = g (T'(2); 0) h(z).
Thus, choosing 0,7 = 1,...,k, such that f; = fy,,

R (g (X):0h(X) ((T(X):6)
ﬂg”‘(m@ﬁ) k‘<%ax~»%m<>lﬂ k_<%<<X>%Q

Hence for any sufficient 77, T is a function of 7". Therefore T is minimal sufficient.

e

7 7k

Let T be minimal sufficient for 0, so that if W is also sufficient for 0, there exists i such that
h(W) =T. Let T' = r(T) where r is a 1-1 mapping. Then 7" = r(h(W)), so T" is a function
of every sufficient statistic.

In the notation of the earlier parts, let 71 = {f3 : 8 = 1,2} and F = {f3 : 8 > 0}, where f3
is the Exponential density with expectation 3, so that

fola) = ;e-x/ﬁqom) ().

If X(;) = min{Xy,..., X, }, define

1 —lin’
f(X)  oa® FE g0 (X)) nX
T(x) = 22 :wexp{}.
f1(X) -y ox,
e =1 T ) (X))
However, since
- 11
fa(z) = 7 /8 10,00y (z(1)) = 28 T(2)/? T(0,00) (7(1))

T(X) is sufficient for 8 by the Neyman factorization theorem. Therefore 7'(X) is minimal
sufficient for 3 by part (b). Since 7(-) is a 1-1 transformation, X is minimal sufficient for 3
by part (c).

The joint pmf takes the form of an n-sample multinomial without the combinatorial term
(here we observe the X;s individually, not merely the totals in each of the categories):

3 3 Iy (wi)

3
=1 nj
fxp(zle) =[]0 =1
j=1 j=1
where
n
nj = Zl{j}(xi)
i=1
counts the number of times X; takes the value j, for j = 1,2, 3. But n3 = n — n1 — ng, hence
fJNCI,Q(@’Q) — 9?1032(1 _ 01 _ gz)n—nl—nz

Thus, by the Neyman Factorization Theorem, T' = (N1, Na) is sufficient for § = (61, 02) .
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(b) When looking at N; and N, we have the traditional multinomial pmf, so

n!

frexowp(T(2)|0) = 107105%(1 — 01— 02)5

ni!ng!l(n —ny —ng)!
where T'(z) = (n1,n2) andng =n —n; —ng.

(c) Using the using calculus approach, we form the log likelihood, partially differentiate in
turn with respect to 61 and 6,, equate to zero, and then solve the resulting two equations
simultaneously. We have

1(01,02)z) = c(n) + n1log b1 + nalog O + nglog(l — 01 — 03)

so that
o _ m _ m3
891 - 91 1—91_92
o mm
002 B 02 1—91_92

Equating to zero and subtracting the second from the first equation, we obtain that

ni _ ng . 91 . niy
01 6y . 02 no
Substituting back into the first equation, we have

E_ 91 _ 91
ns N 1*91*92 N 1*91*%291/77]1

Cross multiplying, we get
n1 — niby — ngby = nzb

and hence n n
1= (n1+mn2+n3)b; 1 " 1y + 13 "

Thus, by a similar argument for 62, we deduce

9(z) = (n1/n,na/n).

and hence the estimator is R
0(X) = (N1/n, N2/n) .

Note that the case covered here presumes n1,n2,n3 > 0. If this does not hold, the maximum
likelihood estimator does not lie in the parameter space and is not defined.
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