MATH 557 - ASSIGNMENT 3
SOLUTIONS

1 By inspection 7(#) = e~Y. Recall that T = Z X, is a complete sufficient statistic for § and also for
=1

7(0). Therefore, by the Corollary from notes the unique best unbiased estimator of 7 is a function
of T', h(T') say. For unbiasedness, we must have

=0 =0
Therefore the best unbiased estlrtnator is t
_1\*
- (5)
2 (a) The likelihood is # MARKS
9|l‘ = H 2:532 = hz(:;)92n]l(9’oo) (33(1)) where h H x;
i=1 "t =

This is monotonic increasing on (0, z(;)), and zero elsewhere. To respect the fact that the

parameter space is the interval (0, 1], the ML estimator is O, = min{X 1), 1} = M, say.
Now, the cdf of S = X is

dFgsp(s|0) d 0\ " 2nH2"
e 1 — — —
[fs10(s10) s Is 5 e
and therefore

1 2n 00 2n 1
2no 2n0 1 1 1 1
T _ r-— _ 2n o 2n _
EpeM'] = /9 5 g2t ds+/1 g2t 1 ds = 2nd [ — L—i—%ﬁ [ el

2n92n 1 2n 2n T 2n 2n
= 2n_T<92M_1>+0 = (0" —6°") + 0

so therefore

2n on on 2nd 62"
EfM'H[M]:Qn—1(9_0 ) +6 T om—1 2m-1
and the bias of S is
2nf 2n6%" O(1 — 9?1
bs0) =5 15,1 0= " on1

(that is, positive as 0 < 6 < 1, but tending to zero as n — 00).

The variance of the estimator is

2n

Varwa[M] = EfM\e[M2] - {Ef]W|9[M]}2 = m—2

2n 2
(02 _ 0271) + 0271 _ < 2n0 4 >

m—1 2n—1
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(b) Let T = T(S) take the form
T(S) = aS]l(OJ}(S) + b]l(lpo](S)
The expected value of T is

o 2nH>"
EppolT] = By, [T(S)] = /9 (as2(0,1)(8) + DL (1,00)(8)) gy 5

= 2anf*™ 1Lds+2bn92” Tl ds
= y s | st

B 2anf?" < 1 > B 2bn6?n

2n —1 \g2n-1 2n
_ 2an(0 — 6°") o
= o
Thus T is unbiased if this expectation is equal to 6 for all §, that is
2an(6 — 62") 9
———= - =4
2n -1
Equating coefficients, we must have
2an 2an 2n—1 1
= b= = =1-— b=1
o —1 w1 TV = e= Ty, on "
4 MARKS
(c) Consider U(S) such that E[U(S)] = 0 for all §. We must have
e8] 277,92”
E[U(S)] _/9 U(s) 2y ds = 0
or, equivalently
L U(s) = Uls)
/0 it 48 +/1 anr1 45 =0.
As this must hold for all § € (0, 1], we must have U(s) = 0 for s € (0, 1], and also
= Uls)
Snprds=0. (1)

Now, plugging in the proposed form of 7'(.S), we have

CovprolTU) = By, [MSV(S)] = [ TU() Sy ds

— /9 (as]l(o,l](s) + b]l(lvoo](s))U(s)W ds

1 2n92n 00 27192"
= a/@ SU(S)Q@ZHdS+bl U(S)STdSIO

as U(s) is zero on the domain of the first integral, and the second integral is zero, by the
earlier result in equation (1). Thus, by the theorem from lectures, as the estimator 7°(.5) is
uncorrelated with all unbiased estimators of zero, then it is best unbiased.

We can also demonstrate directly that T is a function of a complete (minimal) sufficient statistic
- completeness can be proved directly using calculus methods - and hence conclude that T is best
unbiased.
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3 We have
0(3+20) 1 }92

= -0
6 2 * 3
By previous results, T = X(,) = max{X1,...,X,} is minimal sufficient for #. By results for
maximum order statistics

7(0) =

ntn—l
fri0(t0) = 0711(0,0) (t)

Therefore

0 n—1 0
nt n .
Ef,l9(T)] = / 9(t) =g dt = | g(0)t Ldt.
0 0

If this is zero for all 6, then g must be zero almost everywhere, so T is also complete. Now,

0 n—1 0 ntr 19 r
t 0
Ef[T7] = / o dtzn/ gty = ==
7o 0 gn o Jo on In+r]l, n+r
SO . 52
on 99 M
Therefore, the estimator ( ) ( )
~ n+1 n+2), o
0(T) = T T
() 2n + 3n

is the best unbiased estimator, as it is a function of the complete sufficient statistic 7'.
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