MATH 556: MATHEMATICAL STATISTICS I

SCORE FUNCTION AND FISHER INFORMATION
FOR LOCATION-SCALE FAMILIES

The location-scale family for rv X is defined using a linear transformation of a standard variable Z by
X =p+oZforp € Rand o > 0, and fz(.) is a “standard” distribution that may depend on other
(fixed) parameters. We restrict attention to the continuous case: we have for the pdf

Petaspa) = o f2 (T21)).
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The score function, S(x; ), and Fisher information, Z(¢), are defined for 6 (m x 1) by

0
S(z;0) = 5 {log fx(x;0)}
T(6) = Varx[S(X;0)] = Ex [S(X;0)S(X:6)"| — Ex [S(X;0)] Ex [S(X;0)] .
For the location-scale family, we have that m = 2. Under standard regularity conditions we have that

0% log fx (X;0)

Ex[S(X:6)] = 0 I(@>:—[EX[ 8/l

} — Ex[(X;0).
We consider the case where the pdf fz has support Z = (a, b) for values —oco < a < b < co. We have

x —
log fx(x;0) = log fx(x;p1,0) = —logo + log f7 (UM>

and so
Su(xsp,0) = aau {log fx(z;p,0)} = 38# toe fz({(z ~u)/o)} = _im (1)
8003 4,0) = 55 0w fx(ip,)) = = + oL Qog (o =)o)} = =1 = 21 §§§§§ - Z%Z;

(2)

where f(z) = dfz(z)/dz. For the first score function (1):

Ex []CZ((X_M)M] —/wab fo(:c;u,a) dm:/wgbfZ((x:“))
o

/o
fz((X = p)/o) toa fz((x —p)/0) proa fz((@—p)/o)

2w =)o) do

b
= / fz(2) dz setting z = (x — ) /o
= fz(b) = fz(a)
by standard calculus arguments. Note that this equates to zero if
Zhl>na fz(z) = zh—n>1b fz(z) =0.

which certainly holds if the support is the whole of R.



For the second score function (2): we have that

B )] et ),
b [(X N)fz((X—M)/U)]_/wm( W@ — oy X

G T ) 1S U VO
= [ e st = o) de =0 [ eip(e)a

setting z = (x — u)/o. Using integration by parts
b b
[ 2ta@) ds =2 - [ ae) dz = 020) - afzla)) 1.
Note that if a = —oo and b = oo, this calculation is still valid as
lim zfz(z)= lm zfz(z) =0
—>—00 Z—00

because f(z) is integrable, and therefore is o(|z|~(1*%)) for § > 0 as |2| — oo. Therefore, from (1) and
(2), we have under the usual regularity conditions

Ex [S(X;p,0)] = _é [(bfjgg; _ ﬁ;ﬁ))} =0 (©)

whenever fz(a) = fz(b) = 0 which often holds for location-scale models (eg Normal, Cauchy etc).

For the Fisher information, the three distinct elements of S(z;0)S(xz;0)" are

. 2
el L[ fela—w)o)
{Slt(xvua )} O_Q{fz((m_u)/o_)} (4)
e oy [ L@ =) [ @) (e = p)/o)
Sttt oS i) {afz((x—u)/a)}{0+ 7 fz((w—u)/a)} o

(6)

e From (4):

wtob (G (e — ) /o) ) b ()12
Ex [{Su(X;5 1, 0)}] =$ /H . {M} fx (w3, 0) dx:% ) {J;ZZ((Z))} dz (7)

e From (5):
Ex [Sﬂ(x; 2 U)Sﬁ(x; K, 0—)}

_ (@ —w/o) | f1 (@ =) f2((x = m)/o) o d
o {“fz<<$—“>/0>}{a+ = fz((x—u)/cf)}fX( o) d

" e T o) TG [ “){fz«x—mm} Ptmmard

b, boff(5))2
= 012/ fz(2) dz—i-alzf z{J;ZZ((Z))} dz
_ L") + 12(2) )

_02 a fZ(Z)

(8)




e From (6):

T N S Ny A L L G
[EX[{SU(X’M’J)}]_/;HM{UJF o2 fZ((JJ—,U)/U)} Fx(ap, o) du

:/b l_’_ifz(z) 2f (z) dz
o o ofz(2) d
L {f2(2) + 2f2(2))

B o? a fZ(z)

dz.

Therefore combining (3), (7), (8) and (9) we observe that

Z(0) =Z(u,0) = %VZ

where V7 is a constant matrix computed from fz, with knowledge of the support (a, b).
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