MATH 556: MATHEMATICAL STATISTICS I
HIERARCHICAL MODELS: VARIANCE COMPONENTS

Consider the three-level hierarchical model:
LEVEL 3: 72,02 > 0, fixed parameters;
LEVEL 2: My, ..., My ~ Normal(0,7?) independent;

LEVEL1: Forl=1,...,L
X1,y Xin, | My = my ~ Normal(my, 0?)

where all the X;; are conditionally independent given My, ..., M.

LEVEL 1 Fixed

LEVEL 2 M,... .M

LEVEL 3 {le,l:L...,L,j:L...,’nl}

In the following plot, we have L = 5, with n; = 1000 for [ = 1,..., L, with 72 = 2% and 02 = 0.1%.

set.seed(23984)

L<-5

nvec<-rep(1000,L)

tau<-2; sig<-0.1

M<-rnorm(L,0,tau)

mvec<-rep(M,nvec)

X<-rnorm(sum(nvec) ,mvec,sig)
par(mar=c(3,3,2,1))
hist(X,breaks=seq(-4,4,by=0.1) ,main="") ;box()
points(M,rep(0,L) ,pch=19,col="red',cex=0.5)
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In the histogram,

¢ the red dots indicate the position of the sampled m, ..., ms;
¢ the histograms represent the sampled X;; for{ =1,...,5and j = 1,...,1000.

We can implement the same model with the variables having bivariate Normal distributions: for example

M,

- [

j ~ Normaly(0,V)
forl =1,..., L, independently, with
2 3
vl

X;|M; = m; ~ Normals(my, X)

conditionally independent, with the factorization of ¥ as

and, forj=1,...,my

¥ 0.50 0.00 1.0 -0.8] [0.50 0.00| | 0.25 -0.24
~ 10.00 0.60| |—0.8 1.0] {0.00 0.60| — |—0.24 0.36| -

In the following plot, we have L = 10, withn; =100 forl =1,...,L

set.seed(23984)
library(mvnfast)
L<-10
nvec<-rep(100,L)
V<-matrix(c(4,3,3,4),2,2)
Sigma<-diag(c(0.5,0.60)) %*% matrix(c(1,-0.8,-0.8,1),2,2) %*% diag(c(0.5,0.60))
M<-rmvn(L,rep(0,2),V)
X<-numeric(length=2)
for(1l in 1:L){
Z<-rmvn(nvec[1] ,M[1,],Sigma)
X<-rbind (X, Z)



par (mar=c(3,4,1,1))

plot (X,pch=19,cex=0.4,xlim=range(-6,6) ,ylim=range(-6,6),
xlab=expression(X[1j1]) ,ylab=expression(X[1j2]))

points(M,pch=19,col="'red',cex=0.5)

[ [ [ [ [ [ I
-6 -4 -2 0 2 4 6
For each [, the X;; values for j = 1,...,n; are conditionall}‘l 'independent given M; = m;, but are not (uncondi-

tionally) independent. For the univariate case, the marginal distribution of X; = (X1, ..., X, )T is computed
as
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FXu X, (T2 ey Ty T2, 0%) = / H Fx v (Tg)ma; o?) far, (my; 72) dmy
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Completing the square gives
ng 2
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and thus integrating out m; yields

1N™/2 /1 \N™/2 1\ Y2 /) 1\ /2
22y l
lel,...,Xml (T115 s g5 77,07) = (27r> <o2> (7_2> (02+T2>

This joint pdf does not factorize into a product of functions of the individual z;; values, and hence the ran-
dom variables are not indepenent. We can compute the distribution more concisely using mgfs and iterated
expectation. We have for the multivariate mgf

Mx, (t) = Ex [exp{t"X}] = En, |Ex|n, {exp{tTX}’Ml” by iterated expectation
_ .
=Eun, |Ex|n, |exp Z t; X1, ’Ml expanding the inner product
j=1
o t20?
= Ep, H exp {Mlt]‘ + -2 5 } using the Normal mgf for X;
j=1

= exp {W} Enr, [exp {Mi(17t)}]

2
Ti)g2 Ti)2
= exp {(t;)o} exp {(1;)7} using the Normal mgf for M,

where, by inspection, we have that
V =021, + 2117

where, for the (j, k)th element, we have

o+ T? =k
[V]jk_{ 72 j7gk

Thus we can conclude that X; ~ Normal,, (0, V).
We can verify this by direct calculation: we have that
Ex,; [Xij] = Enm, [Exy; a, [Xoy|Mi]] = Eng, [Mi] = 0.

and
lEle [X12J] = [EML[IEXUU\Q [Xl2j|Ml]] = EMZ [Ml2 + T2] =0’ + 2

so Varx, [X;;] = 0 + 7. Finally, for j # k,
Ex,, . x0 [X15 X1x] = Egy [Ex,; x0 1ar, [Xij Xun| Mi]] = Epg, [M7] = 72
as X;; and X, are conditionally independent given M;, each with mean M;. We therefore conclude that

Covx,, x, [X1j, Xuk] 2
Corrx,, xu [Xij, Xin) = = [le,] = 2
15 J




Note that

this correlation is always positive;

if 72 — 0, the correlation converges to zero, and we have reverted to the iid Normal(0, o?) case;
as 02 — 0, the correlation converges to one.

In this model, [; # lo, the X;, ;, and X, ;, are unconditionally independent for all j; and js.

In the following simulation, we have L = 2 and n; = ny = 3, with 7 = 2 and ¢ = 1, yielding a within-cluster

correlation of
72

i 0.8.

tau<-2;sig<-1

X<-t(replicate (1000, c(rnorm(3,rnorm(1,0,tau),sig) ,c(rnorm(3,rnorm(1,0,tau),sig)))))

par (mar=c(3,3,0,1))

pairs(X,cex=0.5,pch=19,labels=c(expression(X[11]) ,expression(X[12]),expression(X[13]),
expression(X[21]),expression(X[22]) ,expression(X[23])))
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round (cor (X) ,4)

+ [,1] [,2] [,3] [,4] [,5] [,6]
+ [1,] 1.0000 0.8106 0.8059 0.0099 0.0209 0.0394
+ [2,] 0.8106 1.0000 0.8075 -0.0003 0.0158 0.0190
+ [3,] 0.8059 0.8075 1.0000 -0.0013 0.0181 0.0281
+ [4,] 0.0099 -0.0003 -0.0013 1.0000 0.8191 0.8070
+ [5,] 0.0209 0.0158 0.0181 0.8191 1.0000 0.8203
+ [6,] 0.0394 0.0190 0.0281 0.8070 0.8203 1.0000



