MATH 556 - EXERCISES 3
These exercises are not for assessment

1. State whether each of the following functions defines an Exponential Family distribution. Where it
is possible, write the distribution in the Exponential Family form, and find the natural (canonical)
parameterization. If the function does not specify an Exponential Family distribution, explain why
not.

(@) The continuous Uni form(61,6s) distribution:

1
fx(z;01,02) = 01 <z <0
0y — 04
and zero otherwise, for parameters 6; < 605.
(b) The distribution defined by
-1 o
) =—— 7 =1,2,3,...

and zero otherwise, for parameter 6, where 0 < ¢ < 1.

(c) The distribution defined by

A 2 A
fx(w;¢,A)—\/;eXp{—§/\m+¢—%} x>0

and zero otherwise, for parameters ¢, A > 0. Find the expectation of 1/X in terms of ¢ and .

2. For scalar random variable X, consider a one parameter Exponential Family distribution in its

natural parameterization,
fx (x3m) = exp {n T(x) = k(n)} h(z)

and natural parameter space H. Suppose that  is an open interval in R, so that for every n € H,
there exists an € > 0 such that
nWeH if n—1n]<e

(a) Show that the natural parameter space H is a convex set, that is
M2 € H = A+ (1 =Ny € H

for0< X< 1.

(b) Prove that the cumulant generating function of random variable 7' = 7'(X) under the proba-
bility model fx takes the form

Kr(t) = k(n+1) — x(n)

fort € (—0,d), some 6 > 0, where « is some function to be identified.

(c) Suppose that 7;,7, € H. Find the form of the log likelihood ratio, ¢(x; n;, 1), where

Ix(z3my)

£(x;n1,m2) = log Tl

MATH 556 EXERCISES 3 Page1of1



