MATH 556 - EXERCISES 4: SOLUTIONS
1 (a) This is not an Exponential Family distribution; the support is parameter dependent.

(b) This is an EF distribution with k£ = 1:

I 23, 3(®) —
x log (1 —0)

F(10) = exp{alog 8} = h(x)e(9) exp{w(®)t(x)}

If193,.1() B -1
x «(9) = log (1 —6)

so the natural parameter is 7 = log(6).

where h(z) = w(f) = log(h) t(z) =z,

(c) This is an EF distribution with k = 2:

1000 2 A
ey = A {-fe- 31}

= h(z)c(d, A) exp{wi (o, N)t1(2) + wa(9, A)ta(x)}

where

h(z) = @jmw c(é,\) = Ve?

and )
o

w1(¢7 >‘) = _5 w2(¢’ )‘) ==

so the natural parameter is 7 = (1, n5)T where
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= —¢2/2)\ Ne = —\/2

In the natural parameterization

(15 m2) = v/ =2n2 exp{2y/172}
s0, using the results from lectures
9 «
Brx[1/X] = Byx[ta(X)] = =5 - log ¢ (m, 7).

We have 1
log ¢*(ny,m9) = 5 log(—27n5) + 2/m 15

and hence

Es(1/X] = —{élog( 2772)4‘2\/@} {;_21172(—2)4-2 Z;;}
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2 (a) Suppose thatn;,n, € Hand 0 < A < 1. Then

/h(gc)e(Aer(l—)\)nz)t(w) de = /h(;y)e’\mt(”)e(l—)‘)%t(x) da

< {/h )erAmi@ d:n} {/h e Amat(x) dm}
< {/h( )t )dx} {/h< e dx}u A
< o0

so Any + (1 — A\, € H.

(b) We can re-write fx as
fx (@) = h(z) exp {nt(x) — r(n)}
where k(1) = —log ¢*(n), and by integrating with respect to x, we note that

/ h(x) exp {nt(z)} dx = exp{s(n)}

for n € 'H as given in lectures. Thus, for s in a suitable neighbourhood of zero, we have

Mr(s) = Epfe®)] = / @ h(z) exp {nt(x) — w(n)} de

= exp{—k(n)} / x)exp{t(x)(n+ s)} dx = exp{—k(n)}exp{r(n+s)}
asn € H = n+ s € H for s small enough, as H is open. Hence, as Kr(s) = log Mr(s),

Kr(s) = w(n+s) — ()

for s € (—h, h), some h > 0 as required.

(c) By inspection
E(zsn1,ma) = (m = na)t(x) — (k1) — K(12))

3 (a) By direct calculation the mgf of Y; = X? is

o0 1/2 1/2 2
_ tX2) _ ta2 [ 1 T 2 _ 1 pit
My, (t) = Egy, le ]—/_Ooe <2ﬂ> eXp{ 5 (@ — 1) }d:c_ (1_2t> eXp{1—2t

whenever —1/2 < t < 1/2, after completing the square in « in the exponent and integrating
the result, in which the integrand is proportional to a normal pdf. Hence, using the result

for independent rvs,
- 1 \"? ot
0 =110 = (1—21&) exp {1_275}

where 0 = ; w2,
6 MARKS

The distribution of Y here is the non-central Chisquared distribution with r degrees of freedom
and non-centrality parameter fu.
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(b) Many possible routes to compute the result. Could differentiate the mgf, or use direct cal-
culation, or differentiate the cumulant generating function three times and evaluate at zero;

ot
Ky(t) =log My(t) = —glog(l —2t) + T o
SO
K(l)(t) _ r (1 — 2t)0 + 20t o r n 0
Yy -2t (1—262  1-2t (1—2t)?2

sothat u =Eyf, [Y] = KS)(O) =r+0.

@)\ 2r 40
Ky'(0) = (1—2t)2 + (1—2t)3

2

so that 0% = Vary, [Y] = K§/)(O) = 2r + 460 = 2(r + 26). Finally,

3 &r 2460
1) = (208 " (1—20)8
so that
Epy [(V — p)%) = K{P(0) = 8r + 246
yielding that
CEp (Y -] 8r4240  232(r+30)
° = o3 T 2r+40)372 T (5 + 20)32

6 MARKS
It is easy to verify that Kﬁ?)(o) = Ey, [(X — p)?] by direct evaluation, complementing the results

that K\ (0) = E g [X] and K (0) = Ez [(X — )?),

4 (a) By iterated expectation, using the formula sheet to quote expectations for Gamma and Pois-
son

=2\+r

Epc[X]=Esy[Epyn[XIN =n]] =Eyy [N—I_T/ﬂ _ Epy[N]+7/2 _ A+71/2

1/2 1/2 1/2

(b) By the same method of iterated expectation, for —1/2 <t < 1/2,

Mx(t) = g [¢] = [EfN[Efxm[etX‘N =n]] = Ey, [(1/12/3 t>N+r/2]
< () e ()
_ (1_1275)”2 Gy (1_1275>
r/2
() (1)
- () {5

The distribution of Y here is again the non-central Chisquared distribution with r degrees of
freedom and non-centrality parameter X, identical to the form found in Q3 (a).
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5 By iterated expectation

[Efx1 [X1] = E s |:[EfX1|M[X1|M = m]] =Eyy, [M] = p

and
€ [X0) = By (B XM = ] = By (12407 = 172 4 0°

so that B ; o 2

Vary, [Xi] = Epy, [X7] —{Epy, [Xa]}" =77+ 0"
By symmetr
o ’ Er,. [Xo] = V. X,] = 72 2

PR IR ary, [Xo] = 72 + 0.

Now,

[Efxl,X2 [(X1Xo] =Ey, [[Efxl,XQ\M[XlX2‘M = m]} =Ey, {[Efxlw [X1|M = m] x [EfleM[X2|M _ m]]
by conditional independence. Therefore
Efy, x,[X1X2] = Ep,, [M x M| = Ey,, [M2] = (2 + 72
Hence
Covyy o, [X1, Xo] = Epy o [XaXo] — By [Xa]Epy [Xo] = LI S B

and c X1 X )
OVfy. 1, A2 T
Corrfxl,x2 (X1, Xo] = X1,Xo = g
\/Varfx1 {*Xl]varfx2 [Xo]

X1 and X, are not independent; their covariance is non zero.

6 As .
Siy1 =Y Nij+ K;
j=1
with all variables independent, we have immediately using the result from lectures, and proper-
ties of pgfs, that
Gis1(t) = Gi(GN (1) Gk (1) = GN(Gi(1)Gr (t)
where G| is the pgf of S;.

Note that
Gn(Gi(t)) =GN (GN(Gi—1(1)) = =GN(GN(...GN(1)...))

iterating i times inside, but taking the i — 1 outer computations together yields

Gi—1(Gn (1))
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