MATH 556 - EXERCISES 2: SOLUTIONS

1 We have fr(r) = 6r(1 —r), for 0 < r < 1, and hence
Fr(r)y=7r*3-2r) 0<r<l1
with the usual cdf behaviour outside of this range.

e Circumference: Y = 27R, so Y = (0, 27), and from first principles, for y € Y,
3y© 2y
Fy(y) =P[Y <y|=P[2rR<y|=P[R<y/2r]|=Fr(y/2r)= 5 — 5

Oy

873

e Area: Z = nR?, 50 Z = (0, ), and from first principles, for z € Z, recalling that fg is only
positive when 0 < z < ,

= fyr(y) =-—=@2r—y) 0<y<2m

Fz(z) =P[Z<z]=P[7mR?<2]|=P[R</2/7]=Fg(z/27) = 3z 2{3}3/2

™ 7T

— fz(2) =3n32(Jr—z) 0<z<m.
2 IfX@=(0,1) x (0, 1) is the (joint) range of vector random variable (X,Y"). We have
fxy(z,y) =cx(l—y) 0<z<l,0<y<l1

so that
fxy(z,y) = fx(x)fy(y) and X® =X xY

where X and Y are the ranges of X and Y respectively, and
fx@)=caz and  fy(y) =c(l —y) Q)

for some constants satisfying cic2 = c¢. Hence, the two conditions for independence are satisfied
in (1), and X and Y are independent.

Secondly, we must have

/Z /fo’y(x’y) dody =1 Cl:/ol /Olﬂf(l—y) drdy =1
/01/01$(1—y)d33dy:{/ledaj}{/ol(l—y)dy}:;X;:i

we have ¢ = 4.

and as

Finally, we have A = {(z,y) : 0 < z < y < 1}, and hence, recalling that the joint density is only
non-zero when = < y, we first fix a y and integrate dx on the range (0, y), and then integrate dy
on the range (0, 1), that is

PIX<Y] = /fX,y(:c,y)dmdy:/ol{/Oy4x(1—y)dx}dy
A

N L, 2, 1,]' 1
— / / z dx 4(1—y)dy:/2y 1—y)dy=|>y>—=y*| ==
0 0 0 3 27 ], 6
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3 First sketch the support of the density; this will make it clear that the boundaries of the support
are different for0 < y < land y > 1.

(i) The marginal distributions are given by

> Tl 1 log =
= = 53 =-— -1 = <
px) = [ pxredr= [ soyay= htone —tos/m) = 5 1<a
> 1 1
de = - <y<1
00 ‘/1/31 2.%'2y o 2 0< y=
fr) = [ Fxvloy)do=
- /001 dr = L 1<
y 22ty 2P =Y
(ii) Conditionals:
1
5 1y<zif0<y<1
Ixy(z,y z?y
friylaly) = Lertey)
Ty (y) Y .
s y<wzifl<y
X
1
Frix(ylz) = fxv(@,y) Ve <y<zife>1

fx(x) - 2y log

(iii) Marginal expectation of Y;

1 0 1
Ep[Y]= /—ooooyfy(y) dy:/ g dy+/ 5o dy =00
0 2 12y
as the second integral is divergent.
4 (i) We set
U=X/Y X = Ul/2e-V/2

V=—log(XY) < y=y-1/2V/2

note that, as X and Y lie in (0,1) we have XY < X/Y and XY < Y/X, giving constraints
eV <UandeV <1/U,sothat0 < e”" < min {U,1/U}. The Jacobian of the transforma-

tion is
u—1/2¢-v/2 wl/2e—v/2
22 .
|J(u,v)| = =u e Y/2.
u—3/2e=v/2 4 —1/2-v/2
2 2
Hence
fov(u,v) =u"te™v/2 0<e ™ <min{u,l/u}, u>0
The corresponding marginals are given below: let g(y) = —log(min {u, 1/u}), then
o) o ,—v —v : 1
fow = [ uvtodo= [ S ta = [GE] mE
—o0 o) 2u 2u Jg(y) 2u

eV —wv

fv(v) = / fov(u,v) du = / du = e’ =ve " v>0
o e—v 2U 2 e
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(i) Now let

V+2Z
V=X+Y X =—
—
Z=X-Y Y:V;Z

and the Jacobian of the transformation is 1/2. The transformed variables take values on the
square A in the (V, Z) plane with corners at (0,0), (1,1), (2,0) and (1, —1) bounded by the
linesz=—v,z2=2—9v,z=wvand z = v — 2. Then

fvz(v,z) = % (v,2) € A

and zero otherwise (sketch the square A). Hence, integrating in horizontal strips in the
(V, Z) plane,

24z
/ —dv =142 —1<2<0
_, 2

foo)= | festomyao=q "
/ idv =1—-z 0<z<l1

5 We have Kx(t) = log Mx(t), hence

(1)
R0 = L ARx(0) = 5 o0}, = 35 — k0 = JEE — By [X]

as Mx(0) = 1. Similarly

and hence

wxOMP ()~ {MP0)}
)y — _ _ 2

and hence Kg?) (0) =Vars [ X]

6 (i) PutU = X/Y and V = Y the inverse transformations are therefore X = UV and Y =
V. In terms of the multivariate transformation theorem, we have transformation functions
defined by

gi(t1,t2) =t1/to g7 Ht1, t2) = tita

g2(t1,t2) = t2 g5 ' (t1,t2) = b
and the Jacobian of the transformation is given by

and hence

fov(u,v) = fxy(uv,v) |v] = <217r> exp {;(U%Q + 02} v (u,v) € R?
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and zero otherwise, and so, for any real u,

:/_wa(u,v) dv :/_Z <217r) exp{ ;(u%%u }|v| dv
= (i) /Ooovexp{—v;(l—i—uz)} dv

() e {seenl], -

with the final step following by direct integration. Thus U has a Cauchy distribution.

(i) Now put T' = X/4/S/v and R = S; the inverse transformations are therefore X = T'\/R/v
and S = R. In terms of the multivariate transformation theorem, we have transformation
functions from (X, S) — (7, R) defined by

gl(tl,tQ):tl/\/tQ/l/ gfl(tl,tg):tlx/tg/l/

g2(t1,t2) =t g5 Ht1,t2) = t

and the Jacobian of the transformation is given by
o r
N 14
and hence

frr(t,r) = fxs (t\/j 7“) \/Z fx <t\/z> fs(r) \/Z teR,seR"

and zero otherwise, and so, for any real ¢,

[ st
(&) e D)
(1) A8 [ e
)
i) — :<21W>1/2 (/2 (th)—w/z D+ 1)/2+ 1)

NP A (1/2)0 72

v
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()| = \f 2Vrv
0

after setting

Hence




as the integrand is proportional to a Gamma pdf. Thus

oS0 o

v v 1+ 2 /)02
r(3) o)

which is the Student(v) density.

(iii) We have that X|Y =y ~ N(0,y~ 1) and Y ~ Gamma(v/2,v/2). Now, we have

Ifxy(@,y) = fxy(ely)fr(y)  reRyeR”

and zero otherwise, and so, for any real z,

fx(x) Z/io fxy(z,y) dy

:/‘” Y d U7
0 27'[' 2

Lo ()

= V271 T (%) (; (V+.C62)>(V+l)/2

v/
(g> 2 g2 1evl? gy

r(3)
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as the integrand is proportional to a Gamma pdf. Therefore fx is given by

ECO I

Y 1+ x2/y)(”+1)/2
which is again the Student(v) density.

Exercise 6 give the two alternative ways of specifying the Student-t distribution, either as a func-
tion of independent Normal and Gamma/Chi-squared variables, or as the marginal obtained by
“scale-mixing” a Normal distribution by a Gamma distribution (that is, rather than having a fixed
variance 0% = 1/Y; we regard Y as a random variable having a Gamma distribution, so that (X, Y)
have a joint distribution

Ixy(z,y) = fxpy(@ly) fv(y)

from which we calculate fx (z) by integration.
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