MATH 545: INTRODUCTION TO TIME SERIES ANALYSIS
WINTER 2025

PARTICLE FILTERING FOR STATE SPACE MODELS

Fort =1,...,n, consider the state space model takes the form
i = f(Xu0)+V;
Xiy1 = g(Xu;0)+ Wy
where only the data y1,...,y,, is observed. Sequences {V;} and {W;} are independent zero mean random
variables. If y1., = (y1,.--, Y1), 1.4 = (21,...,2,) we must carry out for t = 1,2, ..., n the following calculations.

e Filtering: Compute p(z;|y1..): By Bayes theorem

P(ye|ze)p(a \91:(15—1))
p(ys |y1:(t71))

p(xe|yie) = o p(yelwe)p(@e|yi:e—1))

where the function p(y|z) is usually a straightforward conditional density, but the function p(z|y1.(:—1))
is the density computed at the previous time point prediction step.

¢ Prediction: Compute p(x;+1|y1.+): we have that

P(It+1|ylzt) = /p($t+1|$t)p(93t|y1:t)dft

where p(z41|z,) is again a conditional density derived from the state equation, and p(z;|y1.;) is the poste-
rior density computed at the time point filtering step.

We consider simulation-based versions of these calculations. The fundamental idea is that we may approximate
any density p(z) by the discrete approximation

N
pla) = wid,e
i=1

where {5,),i = 1,..., N} is a collection of point masses at the values {z(V,i = 1,..., N} and {w;,i = 1,..., N}
is a collection of probabilities such that 0 < w; < 1 and

n

More generally, we may obtain a kernel approximation in the same fashion: we estimate p(x) as
N
Pla) = 3 wip(elz®)
i=1
where p(z|2(") is a specified conditional density. Note that the selection

w; = Z:L,N

1
N

is legitimate.



For state space model calculations:
¢ In the filtering step, suppose we have a sample

NOILY

from p(x¢|y;..—1)) obtained at the previous prediction step. We can obtain a kernel density estimate of the
target density
~ 1
P(welyie) = N Z;p(yﬂxt)fszii)-
=

We can also produce a sample from the particle approximation to p(x|y1.¢)

N
p(@elyre) = Z (yelas) NG
by performing a weighted resampling from (a;,(gl), .. ,a:gN)) with weights proportional to p(yt|x§i)). That is,

we consider the discrete distribution
Z P(v (5 Ol

where
P(v) = ——— p(ilv) v :;cgl),...,mEN).
k
2wl

This discrete distribution places mass Pt(xgi)) at z; ) for each i, w1th zero mass elsewhere. We produce

an independent sample from this distribution by resampling xt ) with probability P;(z, @ )). Denote the
resampled vector
ne (N)

e, Uy

¢ For the prediction step, the particle approximation to p(z;+1|y1.¢) is obtained as

N
~ 1 i
Plaelyie) = & Zp(xt+1|u§ )
i=1
A sample from this approximation can be obtained by propagating the samples u§1)7 - ,uEN) forward by

sampling the transition densities p(x¢11 \ugi)) for each i. This yields the sample

(1) (V)

Ty
and the recursion continues.
Example: AR(1) plus noise
Suppose
Y, = X+ VW
Xiy1 = ¢Xi+ W

where —1 < ¢ < 1, with V; ~ Normal(0,0?) and W ~ Normal(0,0%), so that
p(yelze) = Normal(xy, 0‘2,)
p(zey1|ze) = Normal(dwy, ody)

For illustration, suppose ¢ = 0.9, oy = 0.1 and oy = 0.2.



set.seed(23)

n<-500

sigV<-0.1; sigW<-0.2; phi<-0.9
Vt<-rnorm(n)*sigV

Wt<-rnorm(n)*sigW

Xt<-rep(0,n)
Xt[1]<-rnorm(1,0,sigV/sqrt(1-phi~2))

for(s in 1:(n-1)){Xt[s+1]<-phi*Xt[s]+Wt[s]}
Yt<-Xt+Vt

par (mar=c(4,4,1,2))
plot(Yt,pch=19,col="red',cex=0.5,xlab="t")
lines(Xt)
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N<-200
Xmat<-Umat<-wmat<-Wmat<-matrix (0,nrow=n,ncol=N)
Xmat [1,]<-rnorm(N,0,sigW/sqrt(1-phi~2))
wmat [1,]<-dnorm(Yt[1],Xmat[1,],sigV)
Wmat[1,]<-wmat[1,]/sum(wmat[1,])
Umat [1,]<-sample(Xmat[1,],size=N,prob=Wmat[1,],rep=T)
for(j in 2:n){
Xmat [j,]<-rnorm(N)*sigW+phi*Umat [j-1,]
wmat [j,]<-dnorm(Yt[j],Xmat[j,],sigV)
Wmat [j,]<-wmat[j,]/sum(wmat[j,])
Umat [j,]<-sample(Xmat[j,],size=N,prob=Wmatl[j,],rep=T)

Vhat<-apply(Umat,1,mean); V.se<-apply(Umat,1,sd)
par (mar=c(4,4,1,2))
plot(Yt,pch=19,col="red',cex=0.5,xlab="t")

polygon(c(1:500,500:1),c(Vhat-2%V.se,rev(Vhat+2xV.se)),col="'lightskyblue',border=NA)
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The blue shaded region is a 95% confidence interval for the unobserved state.

Sequential Importance Sampling: We aim to perform sequential importance sampling (SIS) for the complete

data filtering distribution p(z1.,|y1.n). Note that for j =1,2,...,n,

p(xlzjv ylzj) = P(ﬁflz(j—m y1:(j—1))P($j7 Yj |$1:(j—1)7 ylz(j—l))

= p(331:(j71)7 y1:(j—1))p(33j|331:(j71)’ y1:(j71))p(yj|$j, T1:(j-1)» y1;(j71))

= p(21:(j—1), Y1:G—1)) (2|75 _1)P(Y5|2;5)
by conditional independence. Therefore

p(yl:(jfl))

p($1;j |y1:j) = p($1:(j—1) |y1:(j71)) ) P(Jﬂj |33j—1)p(yj|xj)
p(ym)

p(y;lz;)p(z;lz;_1)
p(yj|yl;(j—1))

= p(331:(j71)|y1:(j71))

= p($1:(j71) |y1:(j71))p($j \l‘j—b yj)

= p(IL(j—z) |y1;(j—2))P(iEj—1 |1'j—27 yj—l)p(l’ﬂxj—l, yj)

j
= p(x1ly) [ p(enlzr—1, ve)
k=2

recursion



Therefore

n n
pn(xl:n) Ep(l‘l:nh/ln = I1|y1 H x]|xj—1vyj p1 T H m]|x1 (57— 1)
=2 =2
say, where
pysles)p(z)lzi—1)
p(yj|y1:(j71))

pi(zjlr_n) = plajlei—1,y;) =

Consider the importance sampling (IS) density
fn(xln fl 1 H x]‘xl (g 1)

with weights given by w1 (21) = p1(21)/ fi(z1) and for j > 2

i ~
Pr(Tk|T1:(h—1)) (CU Z1:(j—1)) p;(21:5)
wj(1) = H (k=1) = w1 (1 1))3—(])=wj,1(a:1:(j,1)) (T

— xk\xl (k— 1)) (33;|$1 (j— 1)) Pj—l(ffh(j—l))fj(wj\xl:(j—l))

say, as by definition
~ Pj(l’lzj) p(xl;j\ylzj)
pi(@jlan-1)) = = .
FTED pj—l(xlz(j—l)) P(ﬂﬂlz(j—1)\y1;(j—1))

If
9;(21:5)
pj (1) = p(T15lY1:5) = jzlj
j
the normalizing constants Z; for the p; for j = 1, ..., n are unknown, these weights can be replaced by
wi(z1) = g1(z1)/p1(21)
95(@1:)

722 wi(ry) = wi—1(T1-1)) = wj-1(21.(j-1));(21:5)

gj—l(xlz(jq))fj(l‘j \xl:(jq))
say. The Monte Carlo computation is carried out as follows:

(i) for j = 1: sample x§1)7 . ,asgN) from p; and compute IS weights wl(mgi)).

(ii) forj > 2: fori=1,..., N, sample x( " from fJ (x; |z1 G 1)) and compute IS weight

wi (@) = w1 (@, (@))

We then have ultimately

where

w@ — wn(xgl)n) 7 - iiw (xgi))
n = n n m
NZ, N &~

in the usual way. In order to assess the effectiveness of the procedure we track the effective sample size (ESS) where
N o\ !
ESS — (Z {w"} )
i=1

We have 1 < ESS < N, and large values of the ESS statistic indicate more effective performance.



In a simple state space model, write
Observation density : py|x (yj]x;)
State density : px(zjlzj_1)
with X; ~ px,. Inlight of the observed data y1., = (y1, ..., yn), the target density is

P(T1:n, Y1: L1y Y1:
pn($1:n) :p(xlzn|y1:n) = ( Lins U1 n) = gn( L, U1 n>

p(yl:n) Zn(ylzn)
say, where
In(@1m, y1n) = px, (1) § [ [ px(@jlei—0) p § ] ovix wilz))
j=2 j=1
and

Zn(yl:n) = /gn(xlznaylzn) dxl:n'
The optimal choice of IS density f;(z; |71:j—1)) 18 Pj (75| 1.(j—1)), given by

e ) = j(2)ly15, @ ) = Py x Wl 21)px (@5171:G-1) _ pyix (Y5le)px (@lei-1)
1:(j-1)) = 3 T1:(j-1)) = B
VAN (i—-1) I\ J G-1) p(yj|171(]_1)) p(y]|xj—1)

__ pyix(ilzy)px (zyle-1)

/ pyix (312)px (zhe; 1) da

as, conditional on z1.(;_1), z; is independent of y,.(;_1). If the optimal choice is not feasible — we need successive
samples from the IS densities

fi(xjler.g_ny) = (@Y1, T1.-1)) = D (T5]y5, 1))

which might not be possible — we might choose instead the transition density as the proposal

Fi(sleron) = px (@l 1)

which typically is straightforward to sample from, and yields the recursive (unnormalized) weight calculation
wj(w1:5) = wj—1(T1.(-1))Py x (Y5]25)
Example: AR(1) plus noise
Y, = X1+ VW
Xiy1 = Xy + W,

where —1 < ¢ < 1, with V; ~ Normal(0,0%) and Wy ~ Normal(0,0%,), so that

p(yslze) = Normal(zy, od)

p(zir1lm) = Normal(dzy, oiy)

In this case, we have that

- 1 1
pj(xj|yj7x(j—l)) X €xp {_%._‘Q/(yj - %‘)2} eXp {—QG‘Q/V(CUJ' - ¢~Tj1)2}

and using the completing-the-square formula

2
Aa+Bb) AB (e

Ao+ B0 = 8 (o= S )+



with A =1/0%,a =y, B=1/0},, and b = ¢z;_1, we have that

~ 171 1 yi /o2 + dai_1 )03\
pj(xj|yj7m(j1))o<exp{—2 {2—&—02] <33j— % j W

o v 1/0%—#1/0%,

which means that

- 2 o 2 1 1 —1
pj(ily;, x(j—1)) = Normal (y’/JV + o2; 1/Uw, { ]

1/ot +1/0%, o2 o2,

o T
Therefore, we can sample forward directly from p;(z;|y;, z(;_1)), and the IS weights are always equal to 1/N.
This calculation follows by the exact same arguments that justify the Kalman Filter recursions.

N<-200

Xmat<-wmat<-Wmat<-matrix(0,nrow=n,ncol=N)

Xmat [1,]<-rnorm(N,Yt[1],sigW/sqrt(1-phi~2))

wmat [1,]<-rep(1,N)

Wmat [1,]<-wmat[1,]/sum(wmat[1,])

ESS.0<-rep(0,n)

ESS.0[1]<-1/sum(Wmat[1,]°2)

sigj<-sqrt(1/(1/sigV-2+1/sigW~2))

for(j in 2:n){
muj<-(Yt[jl/sigV~2+phi*Xmat[j-1,]/sigW~2)/(1/sigV"2+1/sigW~2)

Xmat [j,]<-rnorm(N,muj,sigj)

wmat [j,]<-rep(1,N); Wmat[j,]<-wmat[j,]/sum(wmat[j,])
ESS.0[jl<-1/sum(Wmat[j,]"2)

}

Xhat<-rep(0,n)

for(j in 1:n){Xhat[jl<-sum(Wmat[j,]*Xmat[j,])}

par (mar=c(4,4,2,2))

plot(Xt,type='1l"',xlab='t',main='State reconstruction using optimal IS')

lines(Xhat,col='red')

State reconstruction using optimal 1S
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Now we use the alternative proposal
Fil@jler 1) = px (xjl2,1) = Normal(¢w; 1, ofy)
which yields the recursive (unnormalized) weight calculation

1
20%

(yj — l"j)2} :

In this case, there is numerical underflow in this weight calculation, so for each j the weights are scaled.

wj(21:5) = wj—1(T1:(j-1)) €XP {—

N<-200
Xmat<-wmat<-Wmat<-matrix(0,nrow=n,ncol=N)
Xmat [1,]<-rnorm(N,0,sigW/sqrt(1-phi~2))
wmat [1,]<-dnorm(Yt[1] ,Xmat[1,],sigV)
Wmat [1,]<-wmat[1,]/sum(wmat([1,])
ESS.1<-rep(0,n)
ESS.1[1]<-1/sum(Wmat[1,]"2)
for(j in 2:n){
Xmat [j,]<-rnorm(N)*sigW+phi*Xmat [j-1,]
wv<-log(wmat [j-1,])+dnorm(Yt[j],Xmat[j,],sigV,log=T)
wmat [j,]<-exp(wv-max (wv) )
Wmat [j,]<-wmat[j,]/sum(wmat[j,])
ESS.1[jl1<-1/sum(Wmat[j,]"~2)

par (mar=c(4,4,2,2))
plot(c(1:n),ESS.1,type="1",xlab="t"',ylab="ESS",ylim=range(0,N))
points(c(1:n),ESS.1,pch=19)

title('Effective sample size')

Effective sample size

ESS
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Xhat<-rep(0,n)

for(j in 1:n){Xhat[jl<-sum(Wmat[j,]*Xmat[j,])}
plot(Xt,type='1l"',xlab='t',main='State reconstruction using particle filter')
lines(Xhat,col='red')



State reconstruction using particle filter
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Particle Degeneracy: A problem with this strategy is that the weights start to degenerate as j increases;

e the weights that define the Monte Carlo estimate p,,(x1.,,) are very small for most i, with only a few large
weights.

¢ the empirical variance of the collection of unnormalized weights {wj(:zzgl))} fori=1,..., N increases
e this is mitigated, but not resolved by a better choice of f;(z; |T1:j-1))
Particle degeneracy can be overcome by resampling that removes the particles with low weights. The commonest

form of resampling is to use a non-parametric bootstrap, with multinomial sampling. At step j, the Monte Carlo
estimate of p; is

N
Rj(wrn) = Y Wy(ai)d, 0 (01n)
i=1 ’
This discrete distribution on
(1) (N)
LR TRRRRE

is resampled NV times according to the weights

N
Wi, . wy@()).

After resampling, the new resampled values replace the

(1) (N)

Ty, Ty

collection, and each resampled point carries with it its normalized resampling weight W; (x@)

Each original value ng may appear in the resampled collection more than once. We perform resampling to
preserve particle diversity, but should not resample too often as that introduces excess variability. A common
strategy is to resample only when the observed variance of the weights exceeds some threshold, or the ESS is
too low.



N<-200; index<-c(1:N)
Xmat<-wmat<-Wmat<-Imat<-matrix(0,nrow=n,ncol=N)
Xmat [1,]<-rnorm(N,0,sigW/sqrt(1-phi~2))

wmat [1,]<-dnorm(Yt[1],Xmat[1,],sigV)

Wmat [1,]<-wmat[1,]/sum(wmat[1,])
Imat[1,]<-sample(index,prob=Wmat[1,],size=N,rep=T)
Xmat[1,]<-Xmat[1,Imat[1,]]

wmat [1,]<-Wmat[1,Imat[1,]]

Wmat [1,]<-wmat[1,]/sum(wmat[1,])
ESS.3<-rep(0,n)

ESS.3[1]1<-1/sum(Wmat[1,]"2)

for(j in 2:n){

Xmat [j,]<-rnorm(N)*sigW+phi*Xmat[j-1,]
wv<-log(wmat[j-1,])+dnorm(Yt[j],Xmat[j,],sigV,log=T)
wmat [j,]<-exp(wv-max (wv))

Wmat [j,]<-wmat[j,]/sum(wmat[j,])

ESS.3[jl<-1/sum(Wmat[j,]"2)

if (ESS.3[j1<10){ #Resample

Imat[j,]<-sample(index,prob=Wmat[j,],size=N,rep=T)
Xmat[j,]<-Xmat[j,Imat[j,]]

wmat [j,]<-Wmat [j,Imat[j,]]

Wmat [j,]<-wmat[j,]/sum(wmat[j,])
ESS.3[jl<-1/sum(Wmat[j,]"2)

}

Xhat<-rep(0,n) #Filtering

for(j in 1:n){Xhat[j]<-sum(Wmat([j,]*Xmat[j,])}

par (mar=c(4,4,2,2))

plot(Xt,type='1l"',xlab='t', main='State reconstruction using resampling')
lines(Xhat,col='red')

State reconstruction using resampling
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par (mar=c(4,4,2,1))
plot(c(1:n),ESS.3[1:n],type="1",xlab="'t"',ylab="ESS",ylim=range(0,N))
points(c(1l:n) ,ESS.3[1:n],pch=19)

title('Effective sample size (with resampling)')

Effective sample size (with resampling)

- Dt
i

State equation : px(z;|z;_1) = Normal(p + ¢(z;_1 — p),0?)

with px, (z) = Normal(p,0?/(1 — ¢*)). We regard u, ¢ and o as known constants. In the simulation below,
= —2,¢=095an o = 0.3.

This model is used in the analysis of financial time series: it is a non-linear state space model, due to the non-
linear dependence of the distribution of y; on «;. Here, for j > 2,

—22‘:7‘

1/2
e =T o
prixtste) = (5] ep{-e 2z

and the recursive weight calculation is based on

7 o~

J
P (@161
i(21:5) H LU ) HPY\X (yrlTr)

— $k|$1 (k— 1)) k=1

that is, the likelihood up to observation j.
set.seed(1231)

n<-500
mu<--2; phi<-0.95; sig<-0.3

11



xvec<-yvec<-rep(0,n)

xvec[1]<-rnorm(1,mu,sig/sqrt(1-phi~2))

for(j in 2:n){xvec[jl<-rnorm(1,mu+phi*(xvec[j-1]-mu),sig)}
yvec<-rnorm(n)*exp (xvec)

par (mar=c(4,4,1,2))

plot(l:n,xvec,type="1",xlab="t",col='red',ylab=' ',ylim=range(-5.5,1.5))
lines(1:n,yvec,pch=19,cex=0.5)
legend(0,-4,c(expression(y[t]),expression(x[t])),col=c('black', 'red'),1ty=1)

0 100 200 300 400 500

N<-100

Xmat<-wmat<-Wmat<-matrix(0,nrow=n,ncol=N)

Xmat [1,]<-rnorm(N,mu,sig/sqrt(1-phi~2))

wmat [1,]<-dnorm(yvec[1],0,exp(Xmat[1,]))

Wmat [1,]<-wmat[1,]/sum(wmat[1,])

ESS.1<-rep(0,n)

ESS.1[1]1<-1/sum(Wmat[1,]"2)

for(j in 2:n){
Xmat [j,]<-rnorm(N)*sig+(mu+phi*(Xmat [j-1,]-mu))
wmat [j,]<-wmat [j-1,]*dnorm(yvec[j],0,exp(Xmat[j,]))
Wmat [j,]<-wmat[j,]/sum(wmat[j,])

ESS.1[jl<-1/sum(Wmat[j,]"2)

}

Using this specific proposal, we observe quite poor performance.

par (mar=c(4,4,2,1))
plot(c(1:n),ESS.1[1:n],type="1",xlab="'t',ylab="ESS",ylim=range(0,N))
points(c(1:n),ESS.1[1:n],pch=19)

title('Effective sample size')

12
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We may also estimate the unknown state by z; computed from the sampled points. We compute the estimated
(filtered) state by using the kernel density

N

Plelyr) = 5 D 0l 0,00 {21 ()

i=1

where ¢(x; 1, 0%) is the Normal pdf with parameters 1 and o2, or the mean estimate derived from the particles
1SN ) G
i‘\t = N ZZ; Wt(l) Zgl) .

xv<-yv<-seq(-5,5,by=0.01)
dnsv<-function(yval,xval){

return(dnorm(yval,0,exp(xval)))
}

dnsO<-function(x1,x0){
return(dnorm(x1,mu,sig/sqrt(1-phi~2)))
}

dns<-function(x1,x0){
return(dnorm(x1l,mu+phi*(x0-mu) ,sig))
}

Xhat<-matrix(0,nrow=length(yv) ,ncol=n)
Yhat<-matrix(0,nrow=length(yv) ,ncol=n)
for(j in 1:n){
if(§ == 1){
fmat<-outer(xv,Xmat[1,],dns0)
Xhat [, jl<-apply(fmat,1,function(x){return(sum(x*Wmat[j,]1))})
telse{
fmat<-outer(xv,Xmat[j-1,],dns)

13



Xhat [, jl<-apply(fmat,1,function(x){return(sum(x*Wmat[j,]1))})
}
fmat<-outer(yv,exp(Xmat[j,]),dnsv)
Yhat [, j]1<-apply(fmat,1,function(x){return(sum(x*Wmat[j,]1))})

par (mar=c(4,4,2,1))
plot(xv[apply(Xhat,2,which.max)],xlab="t"',type='1l"',ylab="'State',ylim=range(-5.5,1.5))
lines(xvec,col='red')
legend(0,-4,c(expression(x[t]),expression(hat(x) [t])),col=c('black', 'red'),lty=1)
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Particle Degeneracy: To address this, we seek a better choice of f;(z; |z1.(j—1)). Specifically, we try a normal
approximation of

pi(@ilyrg, v1.—1) <X pyix(yjles)px (x)le;-1)

Y3 1
2
= P\ G g )

where p; = p+ ¢(xj_1 — p). Here the mode of

yi 1 2
g5 (xlyj, wj-1) = exp{ —x — 2¢2r ﬁ(m — Hyj)

can be computed numerically, and the variance of the normal approximation can be computed by inspecting the
curvature at the mode, given by

3210gp($|y‘a55'—1) - 2 2z 211
B o = 277" +1/07]

14



N<-200
Xmat<-wmat<-Wmat<-matrix(0,nrow=n,ncol=N)
pfunc<-function(x,yv,x0,muv,phiv,sigv){
muj<-muv+phiv* (x0-muv)
return(-x-0.5*%yv"2*exp(-2%x)-0.5% (x-muj) “2/sigv"2)

}

fi<-optimize(pfunc,yv=yvec[1],x0=mu,muv=mu,phiv=phi,sigv=sig/sqrt(1-phi~2),
interval=c(-10,10) ,maximum=TRUE)
muO<-f1$maximum
s1g0<-1/sqrt (2xyvec [1] "2*exp (-2*mu0)+1/sig"~2)
Xmat [1,]<-rnorm(N,mu0,sig0)
wmat [1,]<-dnorm(yvec[1],0,exp(Xmat[1,]))*dnorm(Xmat[1,],
mu,sig/sqrt(1-phi~2))/dnorm(Xmat[1,] ,mu0,sig0)
Wmat [1,]<-wmat[1,]/sum(wmat[1,])
ESS.2<-rep(0,n)
ESS.2[1]1<-1/sum(Wmat[1,]1"2)
for(j in 2:n){
for(i in 1:N){
fi<-optimize (pfunc,yv=yvec[j],x0=Xmat[j-1,i],
muv=mu,phiv=phi,sigv=sig,interval=c(-10,10) ,maximum=TRUE)
muO<-f1$maximum
sig0<-1/sqrt (2xyvec[j]"2*exp(-2*mu0)+1/sig"2)
x<-rnorm(1,mu0,sig0)
Xmat[j,i]<-x
wmat [j,i]<-wmat[j-1,i]*dnorm(yvec[j],0,exp(x))*
dnorm(x,mut+phi*(Xmat[j-1,i]-mu),sig)/
dnorm(x,mu0,sig0)
Wmat [j,]<-wmat[j,]/sum(wmat[j,])

ESS.2[jl<-1/sum(Wmat [j,]"2)

par (mar=c(4,4,2,1))
plot(c(1:n),ESS.2[1:n],type="1",xlab="'t"',ylab="ESS",ylim=range(0,N))
points(c(1l:n),ESS.2[1:n],pch=19)

title('Effective sample size')
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Effective sample size
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Xhat<-matrix(0,nrow=length(yv) ,ncol=n)
Yhat<-matrix(0,nrow=length(yv) ,ncol=n)
for(j in 1:n){
if(j == 1){
fmat<-outer (xv,Xmat[1,],dns0)
Xhat [, jl<-apply(fmat,1,function(x){return(sum(x*Wmat[j,]1))})
telse{
fmat<-outer(xv,Xmat[j-1,],dns)
Xhat [, jl<-apply(fmat,1,function(x){return(sum(x*Wmat[j,]1))})
}
fmat<-outer(yv,exp(Xmat[j,]) ,dnsv)
Yhat [, jl1<-apply(fmat,1,function(x){return(sum(x*Wmat[j,]1))})

par (mar=c(4,4,2,1))
plot(xv[apply(Xhat,2,which.max)],xlab="t"',type='1l"',ylab="'State',ylim=range(-5.5,1.5))
lines(xvec,col='red"')
legend(0,-4,c(expression(x[t]),expression(hat(x) [t])),col=c('black', 'red'),lty=1)
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Resampling: We attempt the previous resampling approach.

N<-200

index<-c(1:N)

Xmat<-wmat<-Wmat<-Imat<-matrix(0,nrow=n,ncol=N)

Xmat [1,]<-rnorm(N,mu,sig/sqrt(1-phi~2))

wmat [1,]<-dnorm(yvec[1],0,exp(Xmat[1,]))

Wmat[1,]<-wmat[1,]/sum(wmat[1,])

Imat[1,]<-sample(index,prob=Wmat[1,],size=N,rep=T)

Xmat [1,]<-Xmat[1,Imat[1,]]

wmat [1,]<-Wmat[1,Imat[1,]]

Wmat [1,]<-wmat[1,]/sum(wmat[1,])

ESS.3<-rep(0,n)

ESS.3[1]1<-1/sum(Wmat[1,]"2)

for(j in 2:n){
Xmat [j,]<-rnorm(N)*sig+(mu+phi*(Xmat[j-1,]-mu))
wmat [j,]<-wmat[j-1,]*dnorm(yvec[j],0,exp(Xmat[j,]))
Wmat [j,]<-wmat[j,]/sum(wmat[j,])
ESS.3[jl<-1/sum(Wmat[j,]"2)
if (ESS.3[j1<10){ #Resample

Imat[j,]<-sample(index,prob=Wmat[j,],size=N,rep=T)

Xmat[j,]<-Xmat[j,Imat[j,]]

wmat [j,]<-Wmat [j,Imat[j,]]

Wmat [j,]<-wmat[j,]/sum(wmat[j,])
ESS.3[jl<-1/sum(Wmat[j,]"2)
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par (mar=c(4,4,2,1))
plot(c(1:n),ESS.3[1:n],type="1",xlab="t"',ylab="ESS",ylim=range (0,N))
points(c(1l:n) ,ESS.3[1:n],pch=19)

title('Effective sample size (with resampling)')

Effective sample size (with resampling)
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Xhat<-matrix(0,nrow=length(yv) ,ncol=n)
Yhat<-matrix(0,nrow=length(yv) ,ncol=n)
for(j in 1:n){
if(§ == 1){
fmat<-outer(xv,Xmat[1,],dns0)
Xhat [, j]<-apply(fmat,1,function(x){return(sum(x*Wmat[j,]))})
telse{
fmat<-outer(xv,Xmat[j-1,],dns)
Xhat [, jl1<-apply(fmat,1,function(x){return(sum(x*Wmat[j,]1))})
}
fmat<-outer(yv,exp(Xmat[j,]),dnsv)
Yhat [, j]<-apply(fmat,1,function(x){return(sum(x*Wmat[j,]1))})

par (mar=c(4,4,2,1))
plot(xv[apply(Xhat,2,which.max)],xlab="t"',type='1l',ylab="'State',ylim=range(-5.5,1.5))
lines(xvec,col='red')
legend(0,-4,c(expression(x[t]) ,expression(hat(x) [t])),col=c('black','red'),lty=1)
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