
MATH 545: INTRODUCTION TO TIME SERIES ANALYSIS

WINTER 2025
MODEL-BASED ESTIMATION FOR ARMA MODELS

For a zero mean ARMA(p, q) model, we can make most efficient estimation of the autocovariance and most
accurate forecasting using model-based estimation provided we can correctly specify the model concerned. This
is because the acvf is entirely specified by the p+q+1 parameters ϕ1, . . . , ϕp, θ1, . . . , θq, σ

2
Z , and typically p+q+1

is much smaller than n.

Yule-Walker Estimation: The Yule-Walker method can be applied to zero mean, stationary AR(p) processes;

Xt =

p∑
j=1

ϕjXt−j + Zt.

We multiply both sides by Xt−h for h = 1, . . . , p, and take expectations to get

E[XtXt−h] =

p∑
j=1

ϕjE[Xt−jXt−h] =⇒ γX(h) =

p∑
j=1

ϕjγX(h− j)

for h = 1, . . . , p. Taking these p equations together, we obtain Γpϕ = γp, that is

γX(0) γX(1) γX(2) · · · γX(p− 1)

γX(1) γX(0) γX(1) · · · γX(p− 2)

γX(2) γX(1) γX(0) · · · γX(p− 3)

...
...

...
. . .

...

γX(p− 1) γX(p− 2) γX(p− 3) · · · γX(0)





ϕ1

ϕ2

ϕ3

...

ϕp


=



γX(1)

γX(2)

γX(3)

...

γX(p)


.

We may now substitute in the empirical estimates for the acv values in the matrix and in the vector on the
right-hand side, and solve the resulting equation to obtain the estimates ϕ̂ = (ϕ̂1, . . . , ϕ̂p)

⊤.

EXAMPLE: Consider the AR(4) model given by Φ(B)Xt = Zt, where polynomial Φ(·) is given by

Φ(z) = (1− 0.5z)(1 + 0.4z)(1− 0.2z)2

so that the reciprocal roots are 0.5,−0.4, 0.2 and 0.2. This means that the model is stationary and causal, and the
coefficients are computed as follows

alpha.vals<-c(0.5,-0.4,0.2,0.2)
ar.coefs<-rep(1,length(alpha.vals)+1)
for(j in 1:length(alpha.vals)){

ar.coefs.old<-ar.coefs
if(j > 1){

for(k in 2:j){
ar.coefs[k]<-ar.coefs.old[k]-alpha.vals[j]*ar.coefs.old[k-1]

}
}
ar.coefs[j+1]<--alpha.vals[j]*ar.coefs.old[j]

}
(phi.vec<--ar.coefs[-1]) #These are the AR coefficients

+ [1] 0.500 0.120 -0.076 0.008

that is ϕ1 = 0.5, ϕ2 = 0.12, ϕ3 = −0.076, ϕ4 = 0.008. Numerically we have
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p<-4
gammaX<-ARMAacf(ar=phi.vec,lag.max=p);gammaX

+ 0 1 2 3 4
+ 1.00000000 0.53935940 0.35150039 0.16878820 0.09358283

gammaX.mat<-toeplitz(gammaX[-(p+1)])
solve(gammaX.mat,gammaX[-1]) #Check that the true phi values are a solution

+ [1] 0.500 0.120 -0.076 0.008

Now we repeat the calculation with a simulated data set, replacing Γp by Γ̂p.

n<-500
X<-arima.sim(n,model=list(ar=phi.vec))
gammaX.hat<-acf(X,plot=F,lag.max=p)$acf
gammaX.mat.hat<-toeplitz(gammaX.hat[-(p+1)])
solve(gammaX.mat.hat,gammaX.hat[-1]) #Estimates

+ [1] 0.60113813 0.01834347 -0.09078620 0.05656726

These estimates can be obtained using the ar function:

ar(X,order.max=4,aic=FALSE,method='yule-walker')

+
+ Call:
+ ar(x = X, aic = FALSE, order.max = 4, method = "yule-walker")
+
+ Coefficients:
+ 1 2 3 4
+ 0.6011 0.0183 -0.0908 0.0566
+
+ Order selected 4 sigma^2 estimated as 0.9745

Ordinary Least Squares: We can also obtain parameter estimates for an AR model by ordinary least squares
(OLS) by minimizing

n∑
t=p+1

xt −
p∑

j=1

ϕjxt−j

2

which is a straightforward problem that can be solved analytically using calculus. In R to solve the OLS problem
we may use the lm function. In the example above, if we want to assume that the process is zero mean, then we
proceed as follows:

Y<-X[(p+1):n]
X1<-X[p:(n-1)]
X2<-X[(p-1):(n-2)]
X3<-X[(p-2):(n-3)]
X4<-X[(p-3):(n-4)]
summary(lm(Y~-1+X1+X2+X3+X4))

+
+ Call:
+ lm(formula = Y ~ -1 + X1 + X2 + X3 + X4)
+
+ Residuals:
+ Min 1Q Median 3Q Max
+ -3.2093 -0.6604 0.0323 0.6859 2.9626
+
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+ Coefficients:
+ Estimate Std. Error t value Pr(>|t|)
+ X1 0.59705 0.04503 13.260 <0.0000000000000002 ***
+ X2 0.02003 0.05222 0.384 0.7014
+ X3 -0.09024 0.05220 -1.729 0.0845 .
+ X4 0.05650 0.04483 1.260 0.2081
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
+
+ Residual standard error: 0.9851 on 492 degrees of freedom
+ Multiple R-squared: 0.3507, Adjusted R-squared: 0.3454
+ F-statistic: 66.42 on 4 and 492 DF, p-value: < 0.00000000000000022

The ar function can also be used to obtain the estimates.

ar(X,order.max=4,demean=FALSE,aic=FALSE,method='ols')

+
+ Call:
+ ar(x = X, aic = FALSE, order.max = 4, method = "ols", demean = FALSE)
+
+ Coefficients:
+ 1 2 3 4
+ 0.5971 0.0200 -0.0902 0.0565
+
+ Order selected 4 sigma^2 estimated as 0.9626

We can also proceed by estimating the mean and subtracting it prior to the estimation:

mu.hat<-mean(X)
mu.hat #Estimated mean

+ [1] 0.01769172

Y<-X[(p+1):n]-mu.hat
X1<-X[p:(n-1)]-mu.hat
X2<-X[(p-1):(n-2)]-mu.hat
X3<-X[(p-2):(n-3)]-mu.hat
X4<-X[(p-3):(n-4)]-mu.hat
summary(lm(Y~-1+X1+X2+X3+X4))

+
+ Call:
+ lm(formula = Y ~ -1 + X1 + X2 + X3 + X4)
+
+ Residuals:
+ Min 1Q Median 3Q Max
+ -3.2165 -0.6676 0.0250 0.6784 2.9554
+
+ Coefficients:
+ Estimate Std. Error t value Pr(>|t|)
+ X1 0.59690 0.04503 13.257 <0.0000000000000002 ***
+ X2 0.02001 0.05221 0.383 0.7017
+ X3 -0.09028 0.05220 -1.730 0.0843 .
+ X4 0.05638 0.04483 1.258 0.2091
+ ---
+ Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
+
+ Residual standard error: 0.985 on 492 degrees of freedom
+ Multiple R-squared: 0.3505, Adjusted R-squared: 0.3452
+ F-statistic: 66.37 on 4 and 492 DF, p-value: < 0.00000000000000022
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ar(X-mu.hat,order.max=4,demean=FALSE,aic=FALSE,method='ols')

+
+ Call:
+ ar(x = X - mu.hat, aic = FALSE, order.max = 4, method = "ols", demean = FALSE)
+
+ Coefficients:
+ 1 2 3 4
+ 0.5969 0.0200 -0.0903 0.0564
+
+ Order selected 4 sigma^2 estimated as 0.9624

Burg’s method: Burg’s method for an AR process uses the partial autocorrelations to lag p. Using the ar function:

ar(X,order.max=4,demean=FALSE,aic=FALSE,method='burg')

+
+ Call:
+ ar(x = X, aic = FALSE, order.max = 4, method = "burg", demean = FALSE)
+
+ Coefficients:
+ 1 2 3 4
+ 0.6017 0.0179 -0.0909 0.0567
+
+ Order selected 4 sigma^2 estimated as 0.9644

Maximum likelihood: A maximum likelihood approach requires a further assumption that specifies the con-
ditional probability distribution of each of the Xt. Usually it is assumed that Zt ∼ Normal(0, σ2

Z), so that for
t > p

Xt|X1, . . . , Xt−1 ∼ Normal(ϕ1Xt−1 + ϕ2Xt−2 + · · ·+ ϕpXt−p, σ
2
Z)

from which we can construct the likelihood function in the usual way. For t = 1, . . . , p, we may deduce the
distribution of Xt using the stationarity of the process, and deduce that

X1:n ∼ Normaln(0,Γn)

Here Γ(n) = Γn(ϕ), so that the full likelihood for data x1:n is given by

Ln(ϕ) = f(x1, . . . , xp;ϕ)

n∏
t=p+1

f(xt|x1, . . . , xt−1;ϕ). (1)

Up to a constant the corresponding log-likelihood is

ℓn(ϕ) = −1

2
log |Γn(ϕ)| −

1

2
x⊤
1:n {Γn(ϕ)}−1

x1:n.

To maximize this function, we need to compute the matrix inverse and the determinant. This can be achieved
efficiently using the Levinson-Durbin or Innovations algorithms, or using eigenvalue/singular value decompo-
sitions where we write

ΓX(n;ϕ) = UDU⊤ ∴ {ΓX(n;ϕ)}−1 = UD−1U⊤

with D a diagonal matrix with elements d1, . . . , dn, and

|Γn(ϕ)| ≡ det Γn(ϕ) =

n∏
t=1

dt
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ar(X,order.max=4,demean=FALSE,aic=FALSE,method='mle')

+
+ Call:
+ ar(x = X, aic = FALSE, order.max = 4, method = "mle", demean = FALSE)
+
+ Coefficients:
+ 1 2 3 4
+ 0.6008 0.0178 -0.0906 0.0567
+
+ Order selected 4 sigma^2 estimated as 0.9644

The maximum likelihood method can be used for ARMA(p, q) processes.

EXAMPLE: Consider the ARMA(2, 3) model

Xt = 0.1Xt−1 − 0.56Xt−2 + Zt + 0.2Zt−1 − 0.53Zt−2 + 0.09Zt−3.

In this model, we have
Φ(z) = 1− 0.1z − 0.56z2 = (1− 0.8z)(1 + 0.7z)

so the model is stationary and causal, and

Θ(z) = (1− 0.2z)(1− 0.5z)(1 + 0.9z)

so the model is invertible. The Θ(z) coefficients are computed as

beta.vals<-c(0.2,0.5,-0.9)
ma.coefs<-rep(1,length(beta.vals)+1)
for(j in 1:length(beta.vals)){

ma.coefs.old<-ma.coefs
if(j > 1){

for(k in 2:j){
ma.coefs[k]<-ma.coefs.old[k]-beta.vals[j]*ma.coefs.old[k-1]

}
}
ma.coefs[j+1]<--beta.vals[j]*ma.coefs.old[j]

}
(theta.vec<-ma.coefs[-1])

+ [1] 0.20 -0.53 0.09

The acf of this model shows slow decay

phi.vec<-c(0.1,0.56);true.pars<-c(phi.vec,theta.vec)
acfs<-ARMAacf(ar=phi.vec,ma=theta.vec,lag.max=50)
acfs[1:10]

+ 0 1 2 3 4 5 6
+ 1.00000000 0.31452639 0.17526769 0.26812804 0.12496271 0.16264797 0.08624392
+ 7 8 9
+ 0.09970726 0.05826732 0.06166280

par(mar=c(4,4,1,0))
plot(0:50,acfs,pch=19,cex=0.5,xlab='Lag',ylab='True acf')
for(i in 0:50){lines(c(i,i),c(0,acfs[1+i]))}
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We start with a very large sample of n = 2000:

n<-2000
set.seed(333)
X<-arima.sim(n,model=list(ar=phi.vec,ma=theta.vec))
(ml1<-arima(X,order=c(2,0,3),method='ML',include.mean = FALSE))

+
+ Call:
+ arima(x = X, order = c(2, 0, 3), include.mean = FALSE, method = "ML")
+
+ Coefficients:
+ ar1 ar2 ma1 ma2 ma3
+ 0.1468 0.5169 0.1635 -0.5078 0.1262
+ s.e. 0.0485 0.0508 0.0509 0.0565 0.0349
+
+ sigma^2 estimated as 0.9815: log likelihood = -2819.49, aic = 5650.97

The estimation procedure recovers the true values of the parameters quite accurately. For a smaller sample size,
the estimation is more inaccurate.

n<-200
set.seed(333)
X<-arima.sim(n,model=list(ar=phi.vec,ma=theta.vec))
(ml2<-arima(X,order=c(2,0,3),method='ML',include.mean = FALSE))

+
+ Call:
+ arima(x = X, order = c(2, 0, 3), include.mean = FALSE, method = "ML")
+
+ Coefficients:
+ ar1 ar2 ma1 ma2 ma3
+ 0.6612 -0.1125 -0.2010 -0.0960 0.3342
+ s.e. 0.2991 0.2578 0.2881 0.1464 0.1015
+
+ sigma^2 estimated as 0.8763: log likelihood = -270.88, aic = 553.76
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We can run a simulation study to assess the accuracy of inference for the different sample size, and run 1000
replications. The following code runs the simulation and stores the parameter estimates.

n1<-2000;n2<-200;nreps<-1000
ests.mat1<-ests.mat2<-matrix(0,nrow=nreps,ncol=5)
oldw <- getOption("warn")
options(warn=-1)
for(irep in 1:nreps){

X<-arima.sim(n1,model=list(ar=phi.vec,ma=theta.vec))
ml1<-arima(X,order=c(2,0,3),method='ML',include.mean = FALSE)
ests.mat1[irep,]<-coef(ml1)
X<-arima.sim(n2,model=list(ar=phi.vec,ma=theta.vec))
ml2<-arima(X,order=c(2,0,3),method='ML',include.mean = FALSE)
ests.mat2[irep,]<-coef(ml2)

}
options(warn=oldw)
par(mfrow=c(2,3),mar=c(4,4,2,0),oma=c(0,0,1,0))
tvec<-c(expression(hat(phi)[1]),expression(hat(phi)[2]),

expression(hat(theta)[1]),expression(hat(theta)[2]),expression(hat(theta)[3]))
for(i in 1:5){

hist(ests.mat1[,i],col='gray',main=tvec[i],xlab=' ');abline(v=true.pars[i],col='red')
box()

}
title(substitute(paste('n =',nval),list(nval = n1)), outer=TRUE)
par(mfrow=c(2,3),mar=c(4,4,2,0),oma=c(0,0,1,0))
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for(i in 1:5){
hist(ests.mat2[,i],col='gray',main=tvec[i],xlab=' ');abline(v=true.pars[i],col='red')
box()

}
title(substitute(paste('n =',nval),list(nval = n2)), outer=TRUE)
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The red lines mark the positions of the true values:

Note: In all of the inference methods, it is the information in the autocovariances that determines quality of the
parameter estimation. As different ARMA models can have almost identical acvs, it may be difficult in general
to identify particular parameters.

EXAMPLE: Consider the AR(2) model

Xt = Xt−1 − 0.09Xt−2 + Zt

and the ARMA(3, 2) model

Xt = 1.1Xt−1 − 0.19Xt−2 + 0.009Xt−3 + Zt − 0.25Zt−1 + 0.2Zt−2

phi.vec<-c(1,-0.09)
acf.1<-ARMAacf(ar=phi.vec,lag.max=20)
phi.vec<-c(1.1,-0.19,0.009);theta.vec<-c(-0.25,0.2)
acf.2<-ARMAacf(ar=phi.vec,ma=theta.vec,lag.max=20)
par(mar=c(4,4,1,0))
plot(0:20,acf.1,pch=19,cex=0.5,xlab='Lag',ylab='True acf',col='red',ylim=range(0,1))
points(0:20,acf.2,pch=19,cex=0.5,col='blue')
legend(10,1.0,c("Model 1","Model 2"),pch=19,col=c('red','blue'))
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Model 1
Model 2

Clearly the acf values are almost identical.
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