
Chapter 6

Spectral Methods



6.1 Spectral Analysis of Time Series

The spectral or frequency domain representation of time se-
ries tXtu focusses on stationary processes, and constructs an
alternative view to the time domain representation studied
previously.

The focus on time domain methods is paramount in statistics
because observed data are typically collected sequentially in
time.

For stationary processes, the non-negative definite autoco-
variance function admits a spectral decomposition which fa-
cilitates alternative inference approaches.

6.1 Spectral Analysis of Time Series 478



6.2 Spectral Representation

The ACVF of a (zero-mean) stationary process tXtu

γX phq “ ErXtXt`h s

is a symmetric, non-negative definite function of the discrete
argument

h “ 0,˘1,˘2, . . . .

We exploit the fact that γX phq has a unique representation in
terms of frequency contributions.
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The Spectral Density Function

Let tXtu be stationary and zero-mean, with ACVF γX p.q, with

8
ÿ

h“´8

|γX phq| ă 8.

Then the spectral density function (SDF) of tXtu is the func-
tion fX p.q defined by

fX pλq “
1

2π

8
ÿ

h“´8

e´ 9ιλhγX phq λ P R
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The Spectral Density Function

Note that fX pλq is well-defined, as |e´ 9ιλh | “ 1, so

8
ÿ

h“´8

|e´ 9ιλhγX phq| ď

8
ÿ

h“´8

|e´ 9ιλh ||γX phq| “

8
ÿ

h“´8

|γX phq| ă 8.

and fX pλq is periodic as

e´ 9ιλh “ cospλhq ´ 9ι sinpλhq

so we can restrict attention to λ P p´π, πs
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The Spectral Density Function

Example: AR(1)

Consider the stationary ARp1q model

p1 ´ ϕBqXt “ Zt

so that for h ě 0

γX phq “
σ2
Z

1 ´ ϕ2
ϕh
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The Spectral Density Function

Example: AR(1)

Then

fX pλq “
σ2
Z

1 ´ ϕ2

1

2π

8
ÿ

h“´8

e´ 9ιλhϕ|h |

“
σ2
Z

2πp1 ´ ϕ2q

«

1

1 ´ ϕe´ 9ιλ
`

´1
ÿ

h“´8

e´ 9ιλhϕ´h

ff

“
σ2
Z

2πp1 ´ ϕ2q

«

1

1 ´ ϕe´ 9ιλ
`

8
ÿ

h“1

e 9ιλhϕh

ff

“
σ2
Z

2πp1 ´ ϕ2q

„

1

1 ´ ϕe´ 9ιλ
`

1

1 ´ ϕe 9ιλ
´ 1

ȷ
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The Spectral Density Function

Example: AR(1)

Thus

fX pλq “
σ2
Z

2πp1 ´ ϕ2q

2 ´ ϕe´ 9ιλ ´ ϕe 9ιλ ´ p1 ´ ϕe´ 9ιλqp1 ´ ϕe 9ιλq

p1 ´ ϕe´ 9ιλqp1 ´ ϕe 9ιλq

“
σ2
Z

2π

1

p1 ´ ϕe´ 9ιλqp1 ´ ϕe 9ιλq

“
σ2
Z

2π

1

|1 ´ ϕe´ 9ιλ|2
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The Spectral Density Function

phi<-0.6
hvec<-0:30
acvf.vals<-1/(1-phi^2)*phi^hvec
lamvec<-seq(-pi,pi,by=0.001)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1:length(lamvec)){

sdf.vec[j]<-sum(exp(-1i*lamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+
sum(exp(1i*lamvec[j]*hvec[-1])*acvf.vals[2:31])

}
sdf.vec<-sdf.vec/(2*pi)

exact.sdf<-1/(2*pi)*(1/Mod(1-phi*exp(-1i*lamvec))^2)
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='l',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,1),main = 'SDF');lines(lamvec,exact.sdf,col='red')
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The Spectral Density Function

Example: ARMA(1,1)

Consider the stationary ARMAp1,1q model

p1 ´ 0.8BqXt “ p1 ` 0.5BqZt

We may inspect

‚ the ACVF

‚ the SDF
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The Spectral Density Function

library(ltsa)
acvf.vals<-tacvfARMA(phi = 0.8, theta = -0.5, maxLag = 30)
par(mar=c(4,4,2,2));plot(0:30,acvf.vals,xlab='h', ylab='ACVF', main = 'ACVF',pch=19)
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The Spectral Density Function

lamvec<-seq(-5*pi,5*pi,by=0.001)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1:length(lamvec)){

sdf.vec[j]<-sum(exp(-1i*lamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+
sum(exp(1i*lamvec[j]*hvec[-1])*acvf.vals[2:31])

}
sdf.vec<-sdf.vec/(2*pi)
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='l',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,10),main = 'SDF')
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The Spectral Density Function

Example: ARMA(1,1)

It can be shown that

fX pλq “
σ2
Z

2π

ˇ

ˇ

ˇ

ˇ

1 ` 0.5e´ 9ιλ

1 ´ 0.8e´ 9ιλ

ˇ

ˇ

ˇ

ˇ

2

We plot on the range

‚ r´5π,5πs

‚ r´π, πs

‚ r0, πs
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The Spectral Density Function

lamvec<-seq(-5*pi,5*pi,by=0.001)
sdf.vec<-(1/(2*pi))*Mod((1+0.5*exp(-1i*lamvec))/(1-0.8*exp(-1i*lamvec)))^2
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='l',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,10),main = 'SDF')
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The Spectral Density Function
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The Spectral Density Function
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The Spectral Density Function

library(astsa)
par(mar=c(4,4,2,2))
arma.spec(ar = 0.8, ma = 0.5, var.noise = 1, n.freq = 500, main='SDF', frequency=1, plot=TRUE)
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The Spectral Density Function

This computes the scaled version in terms of φ, where

φ “
λ

2π
so that ´

1

2
ă φ ď

1

2

in which case

f˚
X pφq “

8
ÿ

h“´8

e´ 9ι2πφhγX phq

or more explicitly

f˚
X pφq “ σ2

Z

ˇ

ˇ

ˇ

ˇ

1 ` 0.5e´ 9ι2πφ

1 ´ 0.8e´ 9ι2πφ

ˇ

ˇ

ˇ

ˇ

2
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The Spectral Density Function

vvec0<-seq(-0.5,0.5,by=0.001)
sdf.vec0<-vvec0*0
hvec<-0:30
for(j in 1:length(vvec0)){

sdf.vec0[j]<-sum(exp(-1i*2*pi*vvec0[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+
sum(exp(1i*2*pi*vvec0[j]*hvec[-1])*acvf.vals[2:31])

}
vvec1<-seq(0,0.5,by=0.001)
sdf.vec1<-Mod((1+0.5*exp(-1i*2*pi*vvec1))/(1-0.8*exp(-1i*2*pi*vvec1)))^2
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(vvec0,sdf.vec0,type='l',xlab=expression(varphi),
ylab=expression(f[X](varphi)), ylim=range(0,60),main = 'SDF'); lines(vvec1,sdf.vec1,col='red')
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The Spectral Density Function

We have that

(i) fX pλq “ fX p´λq and

fX pλq “
1

2π

8
ÿ

h“´8

e´ 9ιλhγX phq

“
1

2π

«

γX p0q `

8
ÿ

h“1

pe´ 9ιλh ` e 9ιλh qγX phq

ff

γp´hq “ γphq

“
1

2π

«

γX p0q `

8
ÿ

h“1

2 cospλhqγX phq

ff

“
1

2π

8
ÿ

h“´8

cospλhqγX phq as cosp´λhq “ cospλhq

(ii) fX pλq ě 0, ´π ă λ ď π.
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The Spectral Density Function

(iii) Inversion formula:

ż π

´π
e 9ιhλfX pλq dλ “

1

2π

ż π

´π

#

8
ÿ

k“´8

e 9ιλph´kqγX pkq

+

dλ

“
1

2π

8
ÿ

k“´8

γX pkq

"
ż π

´π
e 9ιλph´kq dλ

*

“ γX phq.
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The Spectral Density Function

The last result follows as if k ‰ h , setting j “ h ´ k

ż π

´π
e 9ιλph´kq dλ “

ż π

´π
rcospλjq ` 9ι sinpλjqs dλ

“

ż π

´π
cospλjq dλ` 9ι

ż π

´π
sinpλjq dλ

“ 0.
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The Spectral Density Function

Note: The summability condition

8
ÿ

h“´8

|γX phq| ă 8

is not a necessary condition for the existence of a SDF.
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The Spectral Density Function

There is a 1-1 correspondence between ACVFs and spectral
density functions; if

(i) fX pλq ě 0, for all λ P p0, πs.

(ii) For h “ 0,˘1,˘2, . . ., if

γX phq “

ż π

´π
e 9ιhλfX pλq dλ

then fX is the SDF of tXtu with ACVF γX phq. Note that

γX phq “

ż π

´π
rcosphλq` 9ι sinphλqsfX pλqdλ “

ż π

´π
cosphλqfX pλqdλ.
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The Spectral Density Function

A real-valued function f defined on p´π, πs is the SDF of a
stationary process if and only if

(i) f is even: fpλq “ fp´λq for all λ.

(ii) fpλq ą 0

(iii)
ż π

´π
fpλq dλ ă 8
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The Spectral Density Function

Suppose f satisfies (i)-(iii), then

γX phq “

ż π

´π
e 9ιhλfX pλq dλ

is even. Let a P Rn . Then

aJΓa “

n
ÿ

r“1

n
ÿ

s“1

arγX pr ´ sqas “

ż π

´π

n
ÿ

r“1

n
ÿ

s“1

arase
9ιλpr´sqfpλq dλ

“

ż π

´π

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

r“1

are
9ιλr

ˇ

ˇ

ˇ

ˇ

ˇ

2

fpλq dλ ě 0

so γX p.q is non-negative definite, and hence the ACVF for a
stationary process.
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The Spectral Density Function

Note:

‚ fX is the Fourier transform of γX

‚ γX is the inverse Fourier transform of fX .

The properties of the SDF fX are similar to a pdf, with the ad-
ditional condition that fX must be symmetric about zero, and
with the integrability relaxed to

ż π

´π
fX pλq dλ “ C ă 8

rather than having C “ 1.
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Spectral Representation Theorem

Theorem: Uniqueness

A function γp.q, γ : Z ÝÑ R, is an autocovariance function
if and only if there exists a right continuous, non-decreasing
bounded function F on r´π, πs with Fp´πq “ 0, and for all
h P Z

γphq “

ż

p´π,πs

e 9ιhλ dFpλq.

As the corresponding series tγphqu is real-valued, F satisfies

ż

pa,b s

dFpxq “

ż

p´b ,´as

dFpxq
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Spectral Representation Theorem

F is a generalized distribution function as Fpλq{Fpπq is a dis-
tribution function on r´π, πs.

F is termed the spectral distribution function; it can be purely
discrete, absolutely continuous, or mixed. If F is absolutely
continuous

Fpλq “

ż λ

´π
fpxq dx λ P p´π, πs

then f is the spectral density function.
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Example

Example: Harmonic process

Suppose
Xt “ U cospωtq ` V sinpωtq

where U and V are uncorrelated, with

ErU s “ ErV s “ 0 VarrU s “ VarrV s “ 1

Then by a previous result

γX phq “ cospωhq h P Z
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Example

Example: Harmonic process

Now
8
ÿ

h“´8

|γX phq| “

8
ÿ

h“´8

| cospωhq| “ 8

However, let

FX pλq “

$

’

’

’

’

’

’

&

’

’

’

’

’

’

%

0 λ ă ´ω

1

2
´ω ď λ ă ω

1 ω ď λ
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Example

Example: Harmonic process

Then

fX pλq “

$

’

’

’

’

’

&

’

’

’

’

’

%

1

2
λ “ ´ω

1

2
λ “ ω

0 otherwise

and
ż

p´π,πq

e 9ιhλ dFX pλq “
1

2
e´ 9ιhω `

1

2
e 9ιhω “ cosphωq
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Example: Extension

Example: Superposition of harmonic processes

Suppose

Xt “

k
ÿ

j“1

rUj cospωj tq ` Vj sinpωj tqs

where U1, . . . ,Uk and V1, . . . ,Vk are uncorrelated, with

ErUj s “ ErVj s “ 0 VarrUj s “ VarrVj s “ σ2
j

and where 0 ă ω1 ă ¨ ¨ ¨ ă ωk ă π. Then

γX phq “

k
ÿ

j“1

σ2
j cospωjhq h P Z.
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Example: Extension

Example: Superposition of harmonic processes

Then

FX pλq “

k
ÿ

j“1

σ2
j Fj pλq

where

Fj pλq “

$

’

’

’

’

&

’

’

’

’

%

0 λ ă ´ωj

1

2
´ωj ď λ ă ωj

1 ωj ď λ

Note that

VarrXt s “ γX p0q “

k
ÿ

j“1

σ2
j
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Spectral decomposition

This result shows that the variance of tXtu can be decomposed
into the variances contributed by the harmonic components at
different frequencies

ω1, . . . , ωk

In the limit as k ÝÑ 8

Xt
m.s.
“

ż

p´π,πs

e 9ιtλdZpλq

where tZpλq : ´π ă λ ď πu is a non-decreasing stochastic
process.

In general, Z is a complex-valued process which has uncorre-
lated increments.
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Spectral decomposition

A complex-valued process, tXtu, is a stochastic process with
complex-valued elements

Xt “ X1,t ` 9ιX2,t

say, where

ErXt s “ ErX1,t s ` 9ιErX2,t s

ErXtXt`h s “ ErpX1,t ` 9ιX2,t qpX1,t`h ` 9ιX2,t`h s

“ ErX1,tX1,t`h ´ X2,tX2,t`h s

` 9ιErX1,tX2,t`h ` X2,tX1,t`h s

etc.
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Spectral decomposition

We have

Xt “

ż

p´π,πs

e 9ιtλdZpλq

“

ż

p´π,πs

rcosptλq ` 9ι sinptλqs dZpλq

where Zpλq is a random process on p´π, πs. By symmetry, we
need only consider Zpλq for 0 ď λ ď π.
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Spectral decomposition

For finite k ,

dZpλq “

$

’

’

’

’

’

&

’

’

’

’

’

%

Uj ` 9ιVj

2
λ “ ´ωj , j “ 1, . . . , k

Uj ´ 9ιVj

2
λ “ ωj , j “ 1, . . . , k

0 otherwise

Here

ErdZpλqdZpλqs “ ErpU2
j ` V2

j q{4s “
σ2
j

2

for λ “ ˘ωj , j “ 1, . . . , k and zero otherwise.
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Example: White noise process

Example: Zt „ WNp0, σ2
Z q

If Zt „ WNp0, σ2
Z q, then γZ p0q “ σ2

Z , γZ phq “ 0 for all h ‰ 0.
Then, for ´π ă λ ď π,

fZ pλq “
1

2π

8
ÿ

h“´8

e´ 9ιhλγZ phq

“
1

2π
rcosp0q ´ 9ι sinp0qsσ2

Z

“
σ2
Z

2π
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Spectral decomposition

λ is an angular frequency:

‚ For a time series with dominant high frequency compo-
nents, fX pλq is large when λ is near π, and the series ex-
hibits rapid variation.

‚ For a time series with dominant low frequency compo-
nents, fX pλq is large when λ is near zero, and the series
exhibits slow variation.
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Spectral decomposition

Often we use the scaled frequency φ,

φ “
λ

2π
so that ´

1

2
ă φ ď

1

2

so that

f˚
X pφq “

8
ÿ

h“´8

e´ 9ι2πφhγX phq

and

γX phq “

ż 1{2

´1{2
e 9ι2πφh f˚

X pφq dφ
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6.3 Representation of ARMA processes

Suppose Ψ ” tψj : j “ 0,˘1,˘2, . . .u is a linear filter with

8
ÿ

j“´8

|ψj | ă 8.

and suppose tXtu is zero mean with SDF fX p.q.

Let

Ψpzq “

8
ÿ

j“´8

ψjz
j z P C.

and note that

Ψpzq “ Ψpzq.
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6.3 Representation of ARMA processes

If

Yt “

8
ÿ

j“´8

ψjXt´j “ ΨpBqXt .

then tYtu is stationary and zero mean, with

γY phq “

8
ÿ

j“´8

8
ÿ

k“´8

ψjψkγX ph ` k ´ jq

by the previous result for ACVFs
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6.3 Representation of ARMA processes

Then

fY pλq “
1

2π

8
ÿ

h“´8

e´ 9ιλhγY phq

“
1

2π

8
ÿ

h“´8

e´ 9ιλh

#

8
ÿ

j“´8

8
ÿ

k“´8

ψjψkγX ph ` k ´ jq

+

“

8
ÿ

j“´8

8
ÿ

k“´8

ψjψk

#

1

2π

8
ÿ

h“´8

e´ 9ιλhγX ph ` k ´ jq

+

“

8
ÿ

j“´8

8
ÿ

k“´8

ψjψk

#

1

2π

8
ÿ

l“´8

e´ 9ιλpl`j´kqγX plq

+

setting l “ h ` k ´ j .
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6.3 Representation of ARMA processes

Therefore

fY pλq “

8
ÿ

j“´8

8
ÿ

k“´8

ψjψke
´ 9ιλpj´kq

#

1

2π

8
ÿ

l“´8

e´ 9ιλlγX plq

+

“

8
ÿ

j“´8

8
ÿ

k“´8

ψjψke
´ 9ιλpj´kqfX pλq

“

˜

8
ÿ

j“´8

ψje
´ 9ιλj

¸˜

8
ÿ

k“´8

ψke
9ιλk

¸

fX pλq

“ Ψpe´ 9ιλqΨpe 9ιλqfX pλq

” Ψpe´ 9ιλqΨpe´ 9ιλqfX pλq
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6.3 Representation of ARMA processes

Therefore, the SDF of Y is

fY pλq “ |Ψpe´ 9ιλq|2fX pλq “ Ψpe´ 9ιλqΨpe 9ιλqfX pλq

‚ Ψpe´ 9ιλq is the transfer function.

‚ |Ψpe´ 9ιλq|2 is the power transfer function.

The transfer function defines the action of the filter on the
process tXtu.
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Low Pass filter

Example: Low Pass filter

A low pass filter removes high frequency components. To re-
move frequency components beyond threshold λC , we would
require a transfer function taking the value 1 for ´λC ď λ ď

λC , that is,

Ψpe´ 9ιλq “

#

1 ´λC ď λ ď λC

0 otherwise

We term this filter the ideal low pass filter.
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Low Pass filter

Example: Low Pass filter

Let

ψj “
1

2π

ż λC

´λC

e 9ιjλ dλ “

$

’

’

&

’

’

%

λC
π

j “ 0

sinpjλC q

jπ
j ‰ 0

and define

Ψqpe´ 9ιλq “

q
ÿ

j“´q

ψje
´ 9ιjλ

for integer q. This filter is a finite Fourier series approxima-
tion to the ideal low pass filter.
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ARMA models

Example: Xt „ ARMApp,qq

Suppose tZtu „ WNp0, σ2
Z q, and define tXtu by

ΦpBqXt “ ΘpBqZt .

Thus

fZ pλq “
σ2
Z

2π

and as Xt “ tΦpBqu´1ΘpBqZt , we have

fX pλq “
σ2
Z

2π

ˇ

ˇ

ˇ

ˇ

Θpe´ 9ιλq

Φpe´ 9ιλq

ˇ

ˇ

ˇ

ˇ

2

“
σ2
Z

2π

ˇ

ˇΘpe´ 9ιλq
ˇ

ˇ

2

|Φpe´ 9ιλq|
2

by the general result.
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6.4 Model-free estimation

The SDF can be estimated from time-domain samples. Let
x1:n be the time-domain data, and let

ωk “
2πk

n

for k equal to

´

Z

n ´ 1

2

^

, . . . ,
Yn

2

]

The set tωku are termed the Fourier frequencies.
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6.4 Model-free estimation

For each k , define the n ˆ 1 vector ek by

ek “
1

?
n

pe 9ιωk , e2 9ιωk , . . . , en 9ιωk qJ

so that

eJ
j ek “ 0

unless j “ k , in which case eJ
k ek “ 1.
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6.4 Model-free estimation

te1, . . . ,enu form an orthonormal basis for Cn , that is, for any
n-dimensional complex number x, we have

x “

tn{2u
ÿ

k“´tpn´1q{2u

akek

where

ak “ eJ
k x “

1
?
n

n
ÿ

t“1

xte
´ 9ιtωk

The vector pa1, . . . , anqJ is the discrete Fourier transform of x.
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6.4 Model-free estimation

Note that

xt “

tn{2u
ÿ

k“´tpn´1q{2u

ak rcospωk tq ` 9ι sinpωk tqs

is the discrete version of the spectral representation theorem.
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The Periodogram

The periodogram, pInpλq is defined by

pInpλq “
1

n

ˇ

ˇ

ˇ

ˇ

ˇ

n
ÿ

t“1

xte
´ 9ιtλ

ˇ

ˇ

ˇ

ˇ

ˇ

2

´ π ă λ ď π.

Note that pInpωk q “ |ak |2, and

xJx “

tn{2u
ÿ

k“´tpn´1q{2u

|ak |2 “

tn{2u
ÿ

k“´tpn´1q{2u

pInpωk q

which gives a decomposition of the total variation in x via
components at the ωk .
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The Periodogram

Note that

pInpωk q “

˜

1
?
n

n
ÿ

t“1

xte
´ 9ιtωk

¸˜

1
?
n

n
ÿ

s“1

xse
9ιsωk

¸

“
1

n

n
ÿ

t“1

n
ÿ

s“1

xtxse
´ 9ιpt´sqωk

“
1

n

n
ÿ

t“1

n
ÿ

s“1

pxt ´ xqpxs ´ xqe´ 9ιpt´sqωk

“

n´1
ÿ

h“´pn´1q

pγnphqe´ 9ιhωk ph “ s ´ tq

as
n
ř

t“1
e´ 9ιtωk “ 0 if ωk ‰ 0.
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The Periodogram

Thus pInpλq is a sample-based estimate of 2πfX pλq; it is not
consistent, however. For 0 ă λ1 ă . . . ă λm ă π,

ppInpλ1q, . . . ,pInpλmqqJ d
ÝÑ pV1, . . . ,VnqJ

as n ÝÑ 8, where

Vj „ Exponentialp1{p2πfX pλj qqq.

That is, as n ÝÑ 8

ErpInpλj qs ÝÑ 2πfX pλj q

so pInpλj q is asymptotically unbiased, but pInpλj q converges in
distribution, not in probability or almost surely.
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The Periodogram

Example: ARMA(1,1)

acvf.vals<-tacvfARMA(phi = 0.8, theta = -0.5, maxLag = 30)
lamvec<-seq(0,0.5,by=0.001)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1:length(lamvec)){

sdf.vec[j]<-sum(exp(-1i*2*pi*lamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+
sum(exp(1i*2*pi*lamvec[j]*hvec[-1])*acvf.vals[2:31])

}
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The Periodogram

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='l',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,60),main = 'SDF')
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The Periodogram

par(mar=c(4,4,2,2));plot(lamvec,log10(sdf.vec),type='l',xlab=expression(lambda),
ylab=expression(log[10](f[X](lambda))), ylim=range(-4,2),main = expression(log[10](SDF)))
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The Periodogram

set.seed(3); Xt<-arima.sim(n=5000,model=list(ar=0.8,ma=0.5))
par(mar=c(4,4,2,2));spectrum(Xt, main='Periodogram (log10 scale)', taper=0,detrend=FALSE)
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The Periodogram

par(mar=c(4,4,2,2));spectrum(Xt, main='Periodogram & SDF (log10 scale)', taper=0,detrend=FALSE)
lines(lamvec,sdf.vec,col='red',lwd=2)
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The Periodogram
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The Periodogram

sdf.hat<-spectrum(Xt, taper=0,detrend=FALSE,plot=FALSE)$spec
n0<-length(sdf.hat)
lamvec<-c(1:n0)/(2*n0)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1:length(lamvec)){

sdf.vec[j]<-sum(exp(-1i*2*pi*lamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+
sum(exp(1i*2*pi*lamvec[j]*hvec[-1])*acvf.vals[2:31])

}
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The Periodogram

par(mar=c(4,4,2,2));plot(lamvec,log10(sdf.hat),type='l')
lines(lamvec,log10(sdf.vec),col='red',lwd=2)
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The Periodogram

If in the above notation,

Vj „ Exponentialp1{p2πfX pλj qqq.

then
Vj

2πfX pλj q
„ Exponentialp1q

which we can verify in the sample.

Note that in the previous calculations, the factor of 2π is al-
ready incorporated to account for the output of spectrum.
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The Periodogram

Vvec<-as.numeric(sdf.hat/sdf.vec)
mean(Vvec); var(Vvec)

## [1] 1.0135
## [1] 1.025988

par(mar=c(4,4,2,2))
hist(Vvec,nclass=100, main='Histogram of V', xlab='V', freq=FALSE)
xv<-seq(0,10,by=0.001)
lines(xv,dexp(xv),col='red',lwd=2)
legend(8,0.8,c('Density of Exp(1)'),lwd=2,col='red')
box()
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The Periodogram
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The Periodogram

To obtain a consistent estimator, a local averaging process is
used: define

pfnpλq “
1

2π

ÿ

|j |ďmn

wnpjqpInpgpn, λq ` 2πj{nq

where bandwidths mn satisfy mn ÝÑ 8, mn{n ÝÑ 0 as n ÝÑ

8, and weights wnpjq satisfy wnpjq “ wnp´jq ě 0,

ÿ

|j |ďmn

wnpjq “ 1

and w2
n pjq ÝÑ 0 as n ÝÑ 0.

Example: mn “
?
n, wnpjq “ 1{p2mn ` 1q for |j | ď mn .
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6.5 Likelihood-based estimation

For parametric models such as ARMA models with Gaussian
errors, likelihood-based inference can be carried out using
a large sample approximation to the time domain likelihood
known as the Whittle likelihood.

Recall that for the periodogram, for any λ, as n ÝÑ 8

pInpλq
d

ÝÑ V „ Exponentialp1{p2πfX pλqqq

If λ1, . . . , λn are chosen to be the Fourier frequencies, then

V1, . . . ,Vn

are approximately independent.
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6.5 Likelihood-based estimation

The Whittle likelihood is then

Lpθq “
ź

j

1

2πfxpωj ; θq
exp

#

´
pInpωj q

2πfxpωj ; θq

+

where ωj “ 2πj{n, and

j P

"

´

Z

n ´ 1

2

^

, . . . ,
Yn

2

]

*

This (asymptotic) likelihood can then be maximized to esti-
mate θ.
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6.6 Long memory models

For a stationary ARMA model, recall that the decay in ACF is
asymptotically exponentially fast: for h large enough,

ρX phq « C |ξ1|h

for some constant C , say, where ξ1 is reciprocal root of the AR
polynomial with modulus closest to 1.
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6.6 Long memory models

Let tXtu be a stationary process such that for some α P p0,1q

and constant c ą 0 such that

lim
hÝÑ8

hαρX phq “ c

That is, the decay rate is polynomial in h , and therefore rela-
tively slow.

tXtu is a long memory or long range dependent process.
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Fractional Integration

Recall the ARIMApp,d ,qq model, for d “ 1,2, . . .,

p1 ´ BqdΦpBqXt “ ΘpBqZt

Now suppose that ´0.5 ă d ă 0.5 is a non-integer value.
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Fractional Integration

We have the binomial expansion for ´0.5 ă d ă 0.5

p1 ´ Bqd “

8
ÿ

j“0

ψjB
j

where, for j “ 1,2, . . .

ψj “

j
ź

k“1

ˆ

k ´ 1 ´ d

k

˙

“
Γpj ´ dq

Γpj ` 1qΓp´dq

where Γp¨q is the Gamma function.
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Fractional Integration

Let tZtu „ WNp0, σ2q, and Wt “ p1 ´ Bq´dZt , so that

ΦpBqXt “ ΘpBqWt

gives an ARMApp,qq model driven by tWtu.

tWtu is fractionally integrated white noise. It is a stationary
process with

γW p0q “
σ2
ZΓp1 ´ 2dq

tΓp1 ´ dqu2

and

ρW phq “
Γph ` dqΓp1 ´ dq

Γph ´ d ` 1qΓpdq
“

h
ź

k“1

ˆ

k ´ 1 ` d

k ´ d

˙
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Fractional Integration

The ACVF of tXtu can be computed using the usual approach

γX phq “

8
ÿ

j“0

8
ÿ

k“0

ψjψkγW ph ` j ´ kq

where tψju are the linear process coefficients corresponding
to the ARMA process with polynomials ΦpBq and ΘpBq.
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Spectral density for Fractional ARIMA

If tXtu „ ARIMApp,d ,qq with ´1{2 ă d ă 1{2, then

fX pλq “
σ2
Z

2π

ˇ

ˇΘpe´ 9ιλq
ˇ

ˇ

2

|Φpe´ 9ιλq|
2

1

|1 ´ e´ 9ιλ|2d

If p “ q “ 0,

fX pλq “
σ2
Z

2π

1

|1 ´ e´ 9ιλ|2d

and as λ ÝÑ 0

fX pλq «
σ2
Z

2π|λ|2d

that is, the SDF is unbounded at zero.
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Fractional White Noise

If tWtu „ ARIMAp0,d ,0q, that is,

Wt “ p1 ´ Bq´dZt

then

‚ MAp8q representation

Wt “

8
ÿ

j“0

ψjZt´j ψj “
Γpj ` dq

Γpj ` 1qΓpdq

‚ ARp8q representation

Zt “

8
ÿ

j“0

πjWt´j πj “
Γpj ´ dq

Γpj ` 1qΓp´dq
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Fractional White Noise

For large j

‚ MAp8q representation

ψj «
jd´1

Γpdq

‚ ARp8q representation

πj «
j´d´1

Γp´dq
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Fractional White Noise

If tXtu „ ARIMApp,d ,qq, write

p1 ´ BqdΦpBqXt “ ΘpBqZt

and suppose 0 ă d ă 0.5. Then for large h

γX phq « C |h |2d´1.
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