Chapter 6

Spectral Methods




6.1 Spectral Analysis of Time Series

The spectral or frequency domain representation of time se-
ries {X;} focusses on stationary processes, and constructs an
alternative view to the time domain representation studied
previously.

The focus on time domain methods is paramount in statistics
because observed data are typically collected sequentially in
time.

For stationary processes, the non-negative definite autoco-
variance function admits a spectral decomposition which fa-
cilitates alternative inference approaches.

6.1 Spectral Analysis of Time Series
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6.2 Spectral Representation

The ACVF of a (zero-mean) stationary process {X;}
Yx(h) = E[XtXt+n]

is a symmetric, non-negative definite function of the discrete
argument
h=0,+1,+2,....

We exploit the fact that vx(h) has a unique representation in
terms of frequency contributions.

6.2 Spectral Representation
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The Spectral Density Function

Let {X;} be stationary and zero-mean, with ACVF ~x(.), with

0

Y, hx(h)] <o

h=—w

Then the spectral density function (SDF) of {X;} is the func-
tion fx(.) defined by
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The Spectral Density Function

Note that fx()\) is well-defined, as |e M| = 1, so

0 ) 0 ) 0

Y, lemhax(h)l < Y le"Mhx(h) = ) hx(h)| <o
h=—w h=— h=—w
and fx(\) is periodic as

e~ M = cos(A\h) — isin(\h)

so we can restrict attention to A € (—m, 7]

6.2 Spectral Representation
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The Spectral Density Function

Example: AR(1)

Consider the stationary AR(1) model
(1 -¢B)X; = Z

so that for h > 0
7X(h)

1—&¢
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The Spectral Density Function

Example: AR(1)

Then
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The Spectral Density Function

Example: AR(1)
Thus

03 2-ge~ — gei — (1 - ge=N)(1 — gei)
2n(1— ) (1—deP)(1 - geP)

2
_ 9z 1

© 27 (1 — ge=MN) (1 — peir)

fx(A) =

2
oz 1

= D 11— gpe—iA|2

6.2 Spectral Representation
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The Spectral Density Function

phi<-0.6

hvec<-0:30

acvf.vals<-1/(1-phi~2)#*phi~hvec

lamvec<-seq(-pi,pi,by=0.001)

sdf.vec<-lamvecx0

hvec<-0:30

for(j in 1:length(lamvec)){
sdf.vec[j]l<-sum(exp(-lixlamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1l]+

sum(exp(lixlamvec[j]xhvec[-1])*acvf.vals[2:31])

sdf.vec<-sdf.vec/(2xpi)

exact.sdf<-1/(2xpi)*(1/Mod(1-phixexp(-1lixlamvec))”"2)

6.2 Spectral Representation
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='1"',xlab=expression(lambda),

ylab=expression(f[X](lambda)), ylim=range(0,1),main = 'SDF');lines(lamvec,exact.sdf,col="'red")
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486



The Spectral Density Function

Example: ARMA(1,1)
Consider the stationary ARMA(1, 1) model

(1—0.8B)X; = (1 + 0.5B)Z;

We may inspect
e the ACVF
e the SDF

6.2 Spectral Representation
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The Spectral Density Function

library(ltsa)
acvf.vals<-tacvfARMA(phi = 0.8, theta = -0.5, maxLag = 30)
par(mar=c(4,4,2,2));plot(0:30,acvf.vals,xlab="h', ylab='ACVF', main = 'ACVF',pch=19)
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The Spectral Density Function

lamvec<-seq(-5%pi,5*pi,by=0.001)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1:length(lamvec)){
sdf.vec[j]l<-sum(exp(-1lixlamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1l]+
sum(exp(lixlamvec[j]l*hvec[-1])*acvf.vals[2:31])

sdf.vec<-sdf.vec/(2*pi)

6.2 Spectral Representation

489



The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='1"',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,10),main = 'SDF')
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The Spectral Density Function

Example: ARMA(1,1)

It can be shown that

We plot on the range
e [—5m,57]
o [-m 7]

* [0,7]

6.2 Spectral Representation
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The Spectral Density Function

lamvec<-seq(-5xpi,5*pi,by=0.001)
sdf.vec<-(1/(2*pi))*Mod((1+0.5*exp(-1lixlamvec))/(1-0.8%exp(-1lixlamvec)))"2

6.2 Spectral Representation

492



The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='1"',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,10),main = 'SDF')
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The Spectral Density Function
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The Spectral Density Function
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The Spectral Density Function

library(astsa)
par(mar=c(4,4,2,2))
arma.spec(ar = 0.8, ma = 0.5, var.noise = 1, n.freq = 500, main='SDF', frequency=1, plot=TRUE)
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The Spectral Density Function

This computes the scaled version in terms of ¢, where

—)\ so that 1< <1
Y=o 2 S¥PS)

in which case

e}
Filp) = Y e ™My (h)
h=—w0
or more explicitly
; 2
1+ 0.5e727%
5(0) = 2|1 g o s
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The Spectral Density Function

vvecO<-seq(-0.5,0.5,by=0.001)

sdf.vecO<-vvecO*0

hvec<-0:30

for(j in 1:length(vvecO)){
sdf.vecO[]j]<-sum(exp(-1lix2*pixvvecO[j]lxhvec[-1])=*acvf.vals[2:31])+acvf.vals[1]+

sum(exp (1i*2*pixvvecO[jlxhvec[-1])*acvf.vals[2:31])

}

vvecl<-seq(0,0.5,by=0.001)

sdf.vecl<-Mod((1+0.5%exp(-1i*2*pixvvecl))/(1-0.8%exp(-1lix2*pixvvecl)))”"2

6.2 Spectral Representation
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(vvecod,sdf.vecO,type='1"',xlab=expression(varphi),
ylab=expression(f[X](varphi)), ylim=range(0,60),main = 'SDF'); lines(vvecl,sdf.vecl,col='red")
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The Spectral Density Function

We have that
(1) fx()\) = fx(—)\) and

f(N) = 2171:00 ~Ayx(h)
= % lvx(O) - hi(e‘m + ey (h)] 7(=h) = »(h)
- [«mm ézcos@hm( >]
_ Ztrh_ioocos()\hhx(h) as cos(—Ah) = cos(\h)

(i) fx(\) >0, -7 < A <.

6.2 Spectral Representation
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The Spectral Density Function

(iii) Inversion formula:

I

vy

1
d\ = —

2m J_,

eih)\fX(A)

0

2

k=—0o0

vx (h).

1
27

7x (k) {f;

6.2 Spectral Representation
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( 5 oot
k=—w0

}dA

eiA(B—k) d)\}
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The Spectral Density Function

The last result follows as if k # h, settingj =h — k

J A dA:J [cos(Aj) + i sin(Aj)] dA

—T

= f cos(Aj) dX + LJ sin(\j) dA

—T —T

= 0.

6.2 Spectral Representation
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The Spectral Density Function

Note: The summability condition

o0]

Y, hx(m)] <o

h=—w0

is not a necessary condition for the existence of a SDF.
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The Spectral Density Function

There is a 1-1 correspondence between ACVFs and spectral
density functions; if

(i) fx(\) =0, for all A € (0, 7).
(i) For h = 0,+1,+2,.. ., if

vx(h) = f e A e (N) dX
then fx is the SDF of {X;} with ACVF ~x(h). Note that

x(B) = f " [cos(hA)+isin(B )] (A)dA = f " cos(hA) (A dA.

—T —T

6.2 Spectral Representation

504



The Spectral Density Function

A real-valued function f defined on (—m, ] is the SDF of a
stationary process if and only if

(i) fiseven: f(\) = f(—\) for all A.
(i) f(\) > 0
(iii)

6.2 Spectral Representation
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The Spectral Density Function

Suppose f satisfies (i)-(iii), then
vx(h) = f e P () dA

is even. Let a € R™. Then

a'Ta= i i aryx(r —s)as = i i i arasei’\(r_s)f(A) d\

r=1s=1 T r=1s=1

Jﬂ'
so vx(.) is non-negative definite, and hence the ACVF for a
stationary process.
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The Spectral Density Function

Note:
e fx is the Fourier transform of ~vyx

e ~x is the inverse Fourier transform of fx.

The properties of the SDF fx are similar to a pdf, with the ad-
ditional condition that fx must be symmetric about zero, and
with the integrability relaxed to

f f(\) d\ = C < o

rather than having C = 1.

6.2 Spectral Representation
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Spectral Representation Theorem

Theorem: Uniqueness

A function v(.), v : Z — R, is an autocovariance function
if and only if there exists a right continuous, non-decreasing
bounded function F on [—m, 7| with F(—7) = 0, and for all
heZ

~(h) = f(_ | eihX GF()).

As the corresponding series {vy(h)} is real-valued, F satisfies

f dF(x) = dF (x)
(a,b] (=b,—a]

6.2 Spectral Representation
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Spectral Representation Theorem

F is a generalized distribution function as F(\)/F(n) is a dis-
tribution function on [—, 7].

F is termed the spectral distribution function; it can be purely
discrete, absolutely continuous, or mixed. If F is absolutely
continuous

F(\) = f " fwdx Ae(oma]

—T

then f is the spectral density function.

6.2 Spectral Representation
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Example

Example: Harmonic process

Suppose
Xt = U cos(wt) + Vsin(wt)

where U and V are uncorrelated, with
E[U] =E[V]=0 Var[U] = Var[V] =1
Then by a previous result

vx(h) = cos(wh) helZ

6.2 Spectral Representation
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Example

Example: Harmonic process

Now
Q0

>, hx(m)] =

h=—0w0

However, let

6.2 Spectral Representation

0

Z | cos(wh)| = o0

h=—w

N+~



Example

Example: Harmonic process

Then ]
> A= —w
fx(A) = 1 A=uw
2
0 otherwise
and

f e™ dFx(\) = e 1% 1 Ze'% = cos(hw)
(777771-)

6.2 Spectral Representation
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Example: Extension

Example: Superposition of harmonic processes

Suppose
k
2 [Uj cos(wjt) + Vj sin(wjt)]
where Uy,..., U and Vq,..., Vi are uncorrelated, with
E[U;] = E[Vj] =0 Var[Uj] = Var[V}] = o}

and where 0 < wy < -+ < wg < 7. Then

= Z sz cos(wjh)  heZ.

6.2 Spectral Representation



Example: Extension

Example: Superposition of harmonic processes

Then
Fx(A) = Y| 0a?F;(})
j=1

where

0 A < —wj

1

FA =9 5 ~wsA<y

1 wj < A

Note that

6.2 Spectral Representation
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Spectral decomposition

This result shows that the variance of {X;} can be decomposed
into the variances contributed by the harmonic components at
different frequencies

Wi1,...,Wk

In the limit as kK — o
X, = f e dz(\)
(771-»77]

where {Z()\) : —m < A < 7} is a non-decreasing stochastic
process.

In general, Z is a complex-valued process which has uncorre-
lated increments.

6.2 Spectral Representation
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Spectral decomposition

A complex-valued process, {X;}, is a stochastic process with
complex-valued elements

Xi =X+ X
say, where
E[X;] = E[X1] + E[Xo]
E[XiXivn] = E[(X1,t + iX2.t) (X1 t4+h + X2t 1n)
=E[X1,:X1,t4n — X2,6 X0t 41 ]
+ (E[X1,: X2 t4n + X2,6 X1 t+1]

etc.

6.2 Spectral Representation
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Spectral decomposition

We have

X, = f e dz(\)
(771-771-]

_ f( | leos(en) + sin(ex)] 4z

where Z()) is a random process on (—m, 7]. By symmetry, we
need only consider Z(\) for 0 < A < 7.
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Spectral decomposition

For finite k,

UJ’J;W} A= —w,j=1,....k
dZ(A) = L;Wf N—wyj=1,.. .k
0 otherwise
Here 2
E[dz(\)dZ(V)] = B[(U? + V?)/4] = -+
for A = +wj, j = 1,..., k and zero otherwise.

6.2 Spectral Representation
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Example: White noise process

Example: Z; ~ WN(0,02)

If Z; ~ WN(0,0%), then 7z(0) = 02, 7z(h) = 0 for all h # 0.
Then, for —m < A <,

IR
() = 5 Y, e yz(h)
h=—0o0
= i[cos(O)—ésin(O)] 2
T 27 oz
oz

6.2 Spectral Representation
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Spectral decomposition

A is an angular frequency:

e For a time series with dominant high frequency compo-
nents, fx(A) is large when A is near 7, and the series ex-
hibits rapid variation.

e For a time series with dominant low frequency compo-
nents, fx(\) is large when \ is near zero, and the series
exhibits slow variation.

6.2 Spectral Representation
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Spectral decomposition

Often we use the scaled frequency ¢,

= A so that 1 <p < 1
Y= o 2 ~¥S3
so that
w .
F(p) = Y e Mg (h)
h=—w0
and

6.2 Spectral Representation 521



6.3 Representation of ARMA processes

Suppose ¥ = {¢; : j = 0,41, +2,...} is a linear filter with

oe]

Z Y| < o0.

Jj=—w
and suppose {X;} is zero mean with SDF fx(.).
Let
w .
U(z) = Z Yiz2 zeC.

Jj=—

and note that

6.3 Representation of ARMA processes 522



6.3 Representation of ARMA processes

If
0¢]
Yi= > ¢Xij = U(B)X:.

Jj=—w
then {Y;} is stationary and zero mean, with

yy(h) = )] Yitkrx(h + k — )

j=—wk=—w©

by the previous result for ACVFs

6.3 Representation of ARMA processes 523



6.3 Representation of ARMA processes

Then

fY()\) _ i e—L)\h

=% > e—‘”{ > vitkx(h +k—j)}

h=—w j=—wk=—w0

j=—wk=—0

=2 ijk{zlﬂ 2 e—i“”f—")w(l)}

j=—wk=—w0 I=—0

=—00

settingl = h + k —j.

6.3 Representation of ARMA processes

> D] %ﬁﬂ/fk{zlﬂ > e A x(h +k—j)}
h
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6.3 Representation of ARMA processes

Therefore
oo) 0 o 1 0 .
fyr(\) = Z Z ?/Jﬂ/)ke_”\(-’_k){z Z e Myx(I)
j=—w k=—00 lefw

0 0

= > DL tike PUTHR ()

j=—wk=—0

(/Z u}Je—L)\J> ( Z wkei)\k> fX()\)
=—00 k=—o0

= U(e™M)¥(e™)fx(N)

Il
>€<

(e=M)T(e=M)fx(N)

6.3 Representation of ARMA processes



6.3 Representation of ARMA processes

Therefore, the SDF of Y is
fr(A) = [W(e™)[Pfx(A) = ¥(e™)(e™)fx(N)
e U(e ™) is the transfer function.

o |U(e~)|? is the power transfer function.

The transfer function defines the action of the filter on the
process {X;}.

6.3 Representation of ARMA processes
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Low Pass filter

Example: Low Pass filter

A low pass filter removes high frequency components. To re-
move frequency components beyond threshold \¢, we would
require a transfer function taking the value 1 for —A¢ < A <
Ac, that is,

w( 75)\) 1 —de<A< )¢
e =
0 otherwise

We term this filter the ideal low pass filter.

6.3 Representation of ARMA processes
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Low Pass filter

Example: Low Pass filter

Let )
C .
1 Ac - ? J= 0
Vj = — et d\ =
21 J_ in(i\
Ac m J %0
jm
and define

q
\Ilq(e_"’\) _ Z ,(/)je—ij)\
j=—q
for integer g. This filter is a finite Fourier series approxima-
tion to the ideal low pass filter.

6.3 Representation of ARMA processes
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ARMA models

Example: X; ~ ARMA(p, q)
Suppose {Z;} ~ WN(0, %), and define {X;} by

Thus

()
() = 5%

and as X; = {®(B)}1O(B)Z;, we have

2

o
fx(\) = ﬁ

2 B é‘@(e,é,\)‘z

27 |B(e=i)[?

@(eﬂ')\)
P(e—N)

by the general result.

6.3 Representation of ARMA processes
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6.4 Model-free estimation

The SDF can be estimated from time-domain samples.
X1.n be the time-domain data, and let

21k
wg = ——
n

S ]

The set {wx} are termed the Fourier frequencies.

for k equal to

6.4 Model-free estimation

Let
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6.4 Model-free estimation

For each k, define the n x 1 vector ey by

1

Y

w 2w niwg\ T
ex (etk ek ... eMK)

so that
el

Jek=0

unless j = k, in which case E,Iek =1.

6.4 Model-free estimation
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6.4 Model-free estimation

{e1,...,en} form an orthonormal basis for C?, that is, for any
n-dimensional complex number x, we have

[n/2]
X = Z agegk
k=—|(n—-1)/2]
where
ay — €, X = —— er twk
The vector (ag,...,a,)" is the discrete Fourier transform of x.
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6.4 Model-free estimation

Note that

[n/2]
Xy = Z ak [cos(wit) + isin(wit)]
k=—[(n-1)/2]

is the discrete version of the spectral representation theorem.

6.4 Model-free estimation
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The Periodogram

The periodogram, I,(\) is defined by

2

n
Tn(\) =% the’“’\ —T<A<T.
=1
Note that T, (wk) = |ak|?, and
In/2) na
X'x = 2 lag|* = 2 In(wi)
k=—|(n-1)/2] k=—|(n-1)/2]

which gives a decomposition of the total variation in x via
components at the wg.

6.4 Model-free estimation
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The Periodogram

Note that

In(wg) = (

[y

n ) 1 & .
2 Xte—btwk> ( Z Xsetswk>
\/H s=1

= 5=

n
_ 1 EXth i(t—s)wi
n t=1s=1
1 n n .
= = Z Z X; — X) X)e_L(t_S)“’k
n t=1s=1
n—1 '
- Z An(h)e~hwr  (h =s—1t)
h=—(n-1)

n .
s Y ek =0 ifwg # 0.
=1
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The Periodogram

Thus I,()\) is a sample-based estimate of 27fx()\); it is not
consistent, however. For0 < \; < ... < Ap <,

@A), TaOm)) T =5 (Vi V)T
as n — oo, where
V; ~ Exponential (1/(27fx(}A;j))).
That is, as n —
E[In()j)] — 27fx())

SO TH(AJ) is asymptotically unbiased, but fn(/\j) converges in
distribution, not in probability or almost surely.

6.4 Model-free estimation
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The Periodogram

ample: ARMA(1,1)

acvf.vals<-tacvfARMA(phi = 0.8, theta = -0.5, maxLag = 30)
lamvec<-seq(0,0.5,by=0.001)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1l:length(lamvec)){
sdf.vec[j]<-sum(exp(-1li*2xpixlamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1l]+
sum(exp(lix2xpixlamvec[j]xhvec[-1])*acvf.vals[2:31])

6.4 Model-free estimation

537



The Periodogram

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='1"',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,60),main = 'SDF')
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The Periodogram

par(mar=c(4,4,2,2));plot(lamvec,logl0(sdf.vec),type='1l"',xlab=expression(lambda),
ylab=expression(log[10] (f[X](lambda))), ylim=range(-4,2),main = expression(log[10](SDF)))

10g10(SDF)
~
o
o
=
~<
-
5 U
3
(=)
g o
1
o _]
1
<
1
T T T T T I
0.0 0.1 0.2 0.3 0.4 0.5
A

6.4 Model-free estimation 539



The Periodogram

set.seed(3); Xt<-arima.sim(n=5000,model=1list(ar=0.8,ma=0.5))
par(mar=c(4,4,2,2));spectrum(Xt, main='Periodogram (loglO scale)', taper=0,detrend=FALSE)

Periodogram (log10 scale)
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The Periodogram

par(mar=c(4,4,2,2));spectrum(Xt, main='Periodogram & SDF (logl@® scale)', taper=0,detrend=FALSE)
lines(lamvec,sdf.vec,col='red', lwd=2)

Periodogram & SDF (log10 scale)
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The Periodogram

Periodogram & SDF (log10 scale, n=50000)
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The Periodogram

sdf.hat<-spectrum(Xt, taper=0,detrend=FALSE,plot=FALSE)$spec

nO<-length(sdf.hat)

lamvec<-c(1:n0)/(2*n0)

sdf.vec<-lamvec*0

hvec<-0:30

for(j in 1:length(lamvec)){
sdf.vec[j]<-sum(exp(-1lix2+pixlamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+

sum(exp(lix2+pixlamvec[j]*hvec[-1])*acvf.vals[2:31])
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The Periodogram

par( =c(4,4,2,2));plot(lamvec,logl@(sdf.hat), ='1")
lines(lamvec,logl0(sdf.vec), ='red', =2)

log10(sdf.hat)
-2 1

-3

0.0 0.1 0.2 0.3 0.4 0.5

lamvec
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The Periodogram

If in the above notation,
V; ~ Exponential (1/(27fx(}))).
then
Vi
2mfx(Aj)

which we can verify in the sample.

~ Exponential (1)

Note that in the previous calculations, the factor of 27 is al-
ready incorporated to account for the output of spectrum.
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The Periodogram

Vvec<-as.numeric(sdf.hat/sdf.vec)
mean (Vvec); var(Vvec)

## [1] 1.0135
## [1] 1.025988

par(mar=c(4,4,2,2))

hist(Vvec,nclass=100, main='Histogram of V', xlab='V', freq=FALSE)
xv<-seq(0,10,by=0.001)

lines(xv,dexp(xv),col="red"',lwd=2)

legend(8,0.8,c('Density of Exp(1)'),lwd=2,col="red")

box ()
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The Periodogram

Histogram of V
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The Periodogram

To obtain a consistent estimator, a local averaging process is
used: define

BO) = Y wa()a(g(n,A) + 27j/n)

27 il <ms

where bandwidths m,, satisfy m, — o, m,/n — 0O asn —
o0, and weights wy, (j) satisfy w,(j) = wp(—j) =0,

D1 wa(i) =1

ljl<mn

and w2(j) — 0 as n — 0.

Example: m, = \/n, wy(j) = 1/(2my, + 1) for |j| < mj.
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6.5 Likelihood-based estimation

For parametric models such as ARMA models with Gaussian
errors, likelihood-based inference can be carried out using
a large sample approximation to the time domain likelihood
known as the Whittle likelihood.

Recall that for the periodogram, for any A, as n —
T,(\) =% V ~ Exponential (1/(2rfx())))
If Aq,..., Ap are chosen to be the Fourier frequencies, then

Vi,...,Vy

are approximately independent.
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6.5 Likelihood-based estimation

The Whittle likelihood is then
1 In(wy)
L(0) = - —
() lj__[zﬂfx(wj;e) eXp{ 27f (w3 0)
where wj = 27j/n, and

iel-15 57150

This (asymptotic) likelihood can then be maximized to esti-
mate 6.
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6.6 Long memory models

For a stationary ARMA model, recall that the decay in ACF is
asymptotically exponentially fast: for h large enough,

px(h) ~ Cl&lt

for some constant C, say, where £ is reciprocal root of the AR
polynomial with modulus closest to 1.
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6.6 Long memory models

Let {X;} be a stationary process such that for some a € (0, 1)
and constant ¢ > 0 such that

lim h%x(h)=c
h—0

That is, the decay rate is polynomial in h, and therefore rela-
tively slow.

{X;} is a long memory or long range dependent process.
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Fractional Integration

Recall the ARIMA(p, d, g) model, ford =1,2,...,

(1 - B)4®(B)X; = O(B)Z;

Now suppose that —0.5 < d < 0.5 is a non-integer value.

6.6 Long memory models

553



Fractional Integration

We have the binomial expansion for —0.5 < d < 0.5
a) .
(1-B)? = > 4B
j=0

where, forj =1,2,...

J (k—1-d I'(j—d)
%’:H( k >:ro+1>r<—d>

k=1

where I'(+) is the Gamma function.
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Fractional Integration

Let {Z;} ~ WN(0,0?), and W; = (1 — B)~9Z;, so that
®(B)X; = ©(B)W;
gives an ARMA(p, q) model driven by {W,}.

{W,} is fractionally integrated white noise. It is a stationary
process with

o2l'(1 —2d)
WO = -y
and
(h + d) hok—1 + d
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Fractional Integration

The ACVF of {X;} can be computed using the usual approach

o0 o0
222 Yryw(h +j — k)
j=0k=0

where {1);} are the linear process coefficients corresponding
to the ARMA process with polynomials ®(B) and O(B).
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Spectral density for Fractional ARIMA

If {X;} ~ ARIMA(p,d, q) with —1/2 < d < 1/2, then

—i\y 2
by = 20T 1
Ifp=q=0,
o 1
fx(\) = =2

T or 11— e—iA2d

andas A\ — 0 )

~_ %2
T 2w A2

that is, the SDF is unbounded at zero.

fx(A)
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Fractional White Noise

If {W;} ~ ARIMA(0, d, 0), that is,
W; = (1-B)"9z

then

e MA(w) representation

= I(j+d)
Wi =) ¥iZij V= Fmr
' JZO I YT+ 1)I(d)
e AR(o0) representation
I'G—d)

3

0
Zy=) MW =t
= T( +1)0(—d)
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Fractional White Noise

For large j

e MA(o0) representation

e AR(w) representation
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Fractional White Noise

If {X;} ~ ARIMA(p,d, q), write
(1 - B)Y®(B)X; = O(B)Z;
and suppose 0 < d < 0.5. Then for large h

vx(h) ~ C|h[?d~1.
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