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Chapter 3

ARMA Models




3.0

3. ARMA Models

We study further properties of ARMA(p, q) processes.

Consider the ARMA(p, q) process {X;},

where {Z;} ~ WN(0, 02),
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3.1 Basic Properties

Here
p
®(z) =1—¢rz— - —dpzP = [ [(1 - §2)
j=1
q
O(z)=1+b1z+ -+ 0427 zn(l—wjz)
j=1

We assume that there are no common factors in ®(z) in ©(z).
e {X;} is causal and stationary if and only if |§| < 1,j =
1,...,p
o {X;} is invertible if and only if |wj| < 1,j =1,...,q.

3.1 Basic Properties
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3.1 Basic Properties

Note that by using the power series expansion of the gener-
ating function

we can construct the linear process (MA(o0)) representation

Q0
X = Z VjZi—j
j=0
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3.1 Basic Properties

We must have

(I -1z = —pzP) (Yo + 1z + )
=(1+61z+ -+ 0429

so equating coefficients, we have ¥y = 1, and for 1,2, ..., we
have the recursion

p
Yy =0 + Z drVj—k
k=1

3.1 Basic Properties
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3.1 Basic Properties

By a similar argument, under invertibility, we can construct
an AR(o0) representation

e @]
Zt = 2 7Tth_j
j=0
where g =1,and j =0,1,2,...

q
7Tj = —gbj — Z kaj,k
k=1

3.1 Basic Properties
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3.1 Basic Properties

ACF: The ACF ~x(h) is given by previous results for linear
processes; for integer h

Yx(h) = E[X¢X¢4n] = 2 VjYj i n|

Example: MA(q)

By the linear process representation, ¥o = 1, ¢; = 0; for j =
1,...,q,and ¢; = 0 for j > q, so therefore

2 _]+h 0<h<q

and zero otherwise.
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3.1 Basic Properties

Example: ARMA(1,1)

Consider the ARMA(1, 1) process based on a WN(0,02) pro-
cess, with |¢| < 1. Then recall that

gives the MA(w) representation. Note that for j > 2,

Yj = 1.
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3.1 Basic Properties

Example: ARMA(1, 1) stationary and causal

h =0:

0
’VX(O) = 0-% Z 1/{]2
Jj=0

-2+ 24
| j=1
= o, 1+(9+¢)22¢Zf]
j=0

N J=

-3 fue O8]

1—¢?

3.1 Basic Properties



3.1 Basic Properties

Example: ARMA(1, 1) stationary and causal

h=1:

3.1 Basic Properties

¥x(1) = 0% " iy

=0

J

(0 +9¢)+

0+ ¢)

2 _(9+¢)+

9+¢Ai¢%1]

+w+¢ﬁ¢i¢”]

Jj=0

¢w+¢ﬁ]
1— ¢2
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3.1 Basic Properties

Example: ARMA(1, 1) stationary and causal

Forh > 2

vx(h) = 0% Z VYjYjtn

Jj=0

=026 2 YjYjth—1 Yj+h = OYjrn-1

Jj=0

= ¢yx(h —1)
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3.1 Basic Properties

For a direct computation for the general ARMA case, note that
Xe =1 Xe 1 — = pXy p=Zt +01Zy 1+ +0qZ g
Multiplying through by X; », h =0,1,2,...:

LHS  XXion — $1X—1Xi—n — - — dpXepXen
RHS ZiXien +01Zi 1 Xe—p + -+ qutqutfh-
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3.1 Basic Properties

Taking expectations we have forj =0,1,...,p
E[Xi—jXi—n] = E[Xi4+n—;X;] = 7x(h —j)

so for the left-hand side we have

vx(h) — ¢1yx(h — 1) — -+ — ¢pyx(h — p).

3.1 Basic Properties
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3.1 Basic Properties

For the right hand side, using the MA(0) form

[0 0]
Xi—h = 2 V1Zi—h—1.

Thus forj =0,1,...,q,
(e8]
E[Xi—nZi—j] = [Z Y1 Zi_p IZt—_]] = Zle[Zt—h—IZt—j]
=0

Now

El[Zinh1Zi—j] =

o2 l=j—nh
0 otherwise

3.1 Basic Properties
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3.1 Basic Properties

Therefore, for fixed h, as ¢; = 0 if j < 0, we have

E[X;—nZi—j] = 05¢j_n

forj = h,...,q, and zero otherwise. Hence, writing 6y = 1,
we have
lZ 0; Zt—JXt h] = Uz Z 9177/)] h = Uz Z 9]+bwj
j=0

Note that if h > g, 0j4n = 0 for all j > 0, so in this case the
right hand side is zero.

3.1 Basic Properties
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3.1 Basic Properties

3.1 Basic Properties

If m = max{p, g + 1}, we therefore have the infinite system of
equations

m
p 0% 3 0j+n¥y 0<h<m
Z CZ)J'YX (h —j) Jj=0

0 h>m

This system in the unknowns
7x(0),7x(1),7x(2), . .-
for fixed parameters
G110, Gp,01,...,0q

can be solved using two approaches.
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3.1 Basic Properties

e Direct approach: the equations form a system known
as linear difference equations which has an analytic solu-
tion, expressed via the roots (i, ...,(, of the AR polyno-
mial equation ®(z) = 0

p
w(h)=> 05" hzm-p
j=1
where the initial conditions determine aq,...,ap and

7x(0), ..., x(h —p —1).

3.1 Basic Properties
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3.1 Basic Properties

¢ Recursive approach: The first p+1 equations form a lin-
ear system in the autocovariances vx(0), ..., vx(p), which
can be solved using matrix inversion, Levinson-Durbin, or
innovations algorithm.

The remaining autocovariances vx(p + 1),7x(p + 2),...
can be computed using the recursion.

3.1 Basic Properties
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3.1 Basic Properties

In R, the function ARMAacf computes the ACF for given param-
eter settings

ARMAacf(ar = numeric(0), ma = numeric(0), lag.max = r, pacf = FALSE)

The function ARMAtoMA computes the MA(o0) coefficients.

3.1 Basic Properties
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3.2 Autocovariance Generating Function

The autocovariance generating function (ACVGF) can also be
used for computing the ACV sequences.

For a real sequence {a,}, the generating function

G(z):Zanz“ zeC
n
is defined for |z| in a neighbourhood of 1, that is

1
—<|z|<r
r

forr > 1.

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Suppose that {Z;} ~ WN(0,02%), and

(e8]
Xy = Z ViZi_j

j=—w

Suppose that there exists an r > 1 such that

0

: 1
DEIE —<lzl<r

j=—w

is convergent. Then define the ACVGF for {X;} by

0

Gx(z) = Y. yx(h)z" %<|z|<r

h=—w

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

As polynomials are defined by their coefficients, there is a 1-1
correspondence between vx(h) and Gx(z).

e This means that yx(h) is uniquely identified by Gx(z)

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Recall that ”
vx(h) = 0% 2 Vij 1 ||
j=—
Therefore

o0 a0

GX(z)zo—% Z Z @Djwjﬂh\zh

h=—wj=—w

= o‘% Z Qj)jz + Z 2 wﬂ/JJ'Jrh(Zh + Z_h)]

| j=—00 h=1j=—w

- 3 wjzf] [ > whz—h]

| j=—00 h=—w
= 02U(z)¥(z™Y), say.
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3.2 Autocovariance Generating Function

For the stationary ARMA(p, q) model

where ®(z) # 0 for |z| = 1, we have
X; = {®(B)} ' ©(B)Z, = ¥(B)Z

say, so

z Zﬁ1
Gx(2) = 7z ¥(2)¥(z7") = o7 W

which is well defined and finite as the denominator is non
Zero.

3.2 Autocovariance Generating Function



3.2 Autocovariance Generating Function

Example: WN(0, 0%)
Note that if {Z;} ~ WN(0,0%),

Gz(z) = 0%

and that this is a unique characteristic of white noise pro-
cesses.

In general, the ACVF and ACVGF are not unique: in gen-
eral, different ARMA processes can have the same ACVF and
ACVGFE.
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3.2 Autocovariance Generating Function

We have seen that the ARMA(p, q) process

is

e causal if the AR reciprocal roots satisfy
IKl<1  j=1,2,...,p
¢ invertible if the MA reciprocal roots satisfy

wil<1 j=1,2,...,q

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

If the process is non-causal or non-invertible, we can derive
a causal and invertible process with the same autocovariance
sequence.

The new process is defined with respect to a different white
noise process.

3.2 Autocovariance Generating Function 248



3.2 Autocovariance Generating Function

Example: MA(1)
If {Z;} ~ WN(0,02), and

X =2 —2Z_, = (1 —2B)Z,

so that
O(z) =1 -2z,

as |2| > 1, the process is non-invertible. Define
Z}=(1-B/2)"Y(1-2B)Z.
Then
(1-B/2)Zf = (1 -2B)Z; = X;.

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Example: MA(1)

That is
®(B)Z! = O(B)Z;
where 1
@(z)zl—iz O(z) =1-2z
Thus
Z} =¥ (B)Z;
where

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Example: MA(1)

We have

5, (1-2z)(1-2z71)
~ 21— 2/2)(1 - 1/(22))
_4 2 (1 =22)(z—-2)
Y 2z -1)

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Example: MA(1)
Therefore {Z}} ~ WN(0,402), and

1
X, = ®(B)Z = Z — 52,

has an invertible representation in terms of {Z;}.

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Consider the arbitrary stationary ARMA(p, q) process

and

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Then there exist polynomials

and a white noise process {Z;} such that

3*(B)X, = O*(B)Z}

is a causal and invertible representation.

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Suppose that the reciprocal roots are ordered such that

£r+17"'a£p Ws+1,--+,Wq

lie outside of the unit circle. Then let

and consider
Z; = {6*(B)} ' ®*(B)X,

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

After some algebra, it follows that
2 5 2 1 2
Gz#(z) = 07 H &1 H |
j=r+1 Jj=s+1
and hence that {Z} is a white noise process and
®*(B)X; = ©*(B)Z

By construction, this is a causal and invertible representation
of {Xt}

3.2 Autocovariance Generating Function



3.3 Partial Autocorrelation

The PACF, ax(h), defined by
ax(0) =1
ax(h) = ¢np, h =1
®n.n is the last component of
on =Tyl

We can carry out testing for the estimated PACF sequence as
for ACF sequence.

3.3 Partial Autocorrelation
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3.4 Forecasting

The innovations algorithm can be used for the ARMA(p, q)
model. If m = max{p, g}, the one-step ahead forecasts are

~

Onj(Xn+1-j — Xnt1-j) I<sns<m

ol
+
L
|
—~

Ibgs T

q ~
$jXns1-j + 2 Onj(Xnt1—j — Xn41—j) D >m
=1
j=

.

where the 0, j are the quantities computed via the innovations
algorithm.

3.4 Forecasting
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3.5 Estimation

Estimation of the parameters of ARMA models proceeds using
one of a number of different approaches

e Yule-Walker approach
¢ Burg’s algorithm
¢ Maximum likelihood

Previous approaches use moment-based approaches in a non-
parametric fashion.

3.5 Estimation
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3.5 Estimation

Yule-Walker for AR(p) models: If
®(B)X; = Z;

then using the previous technique, we premultiply by X;_j for
h =0,...,p and take expectations, to yield

Yx(h) =dp1yx(h—1)+...+¢pyx(h—p) h=0,....(p—1)
or equivalently, if &, = (¢1,...,¢p)",
Tpdp =7p

and
oz = vx(0) — b,

3.5 Estimation
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3.5 Estimation

Replacing the theoretical quantities by sample quantities, the
equations yield estimates of ¢, and o% ; using the sample cor-
relations, we have

é, =R,'p,
Asn — o0,

\/ﬁ(d/;p - q)p) ~ 'AN(O’O-%FP)

The estimated parameters yield a stationary and causal pro-
cedure.

Note that to construct a stationary and causal AR(p) process
we may use the relationship to define ¢, from vx(h).

3.5 Estimation
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3.5 Estimation

Note: In the AR(p) case, if the models
AR(1),AR(2),...,AR(p),...

are fitted, then the sequence of estimates
L4 (;51’1 for AR(l),
* ¢21,¢22 for AR(2),

* ¢p1,...,0pp for AR(p)
coincide with the Levinson-Durbin coefficients.

The constants ggmh, h =0,1,2,...yield the PACF ax(h).

3.5 Estimation 262



3.5 Estimation

If {Z;} ~ WN(0,0%), and {X;} is an ARMA(p, q) model

with a causal linear process representation
ee]
X = Z ViZij
j=0

the equivalent calculation yields, for 0 < h < p + q,

q
yx(h) = pryx(h —1) =+ — gpyx(h —p) = 05 Y Ot .

Jj=h

These equations are non-linear in the parameters.

3.5 Estimation
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3.5 Estimation

Burg’s Algorithm for AR(p) models: This algorithm pro-
ceeds via direct computation of the PACF series.

For 0 < i < n, define
Ui(t) = Xnt14i-t — Xpi14it

~

Vi(t) = Xog14it — Xpy14it

where )A(; +14i—¢ and }A(E +1+i—¢ are the forward and backward
forecasts of X, 14—+ based on the preceding/following i ob-
servations.

3.5 Estimation 264



3.5 Estimation

Then Uo(t) = V()(t) = Xp11-t, and
Ui(t) = Ui 1(t — 1) — ¢i: Vi 1(t)
Vi(t) = Viq(t) — ¢i,iUi—1(t — 1).

We then choose ¢; ; to minimize

that is, the sums of forward and backward prediction errors.

This minimization can be achieved analytically, with the com-
putation performed recursively.

3.5 Estimation
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3.5 Estimation

Maximum Likelihood Estimation: In most cases, maxi-
mum likelihood (ML) estimation provides the most efficient
approach, and usually produces estimators have good small
sample properties.

However, outside of the Normal case, the likelihood function
is not often tractable.

3.5 Estimation
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3.5 Estimation

We consider first Gaussian time series {X;}, presumed to be
zero mean, with autocovariance

E[XiX;] = x(i,])
Let
X1 =E[Xea1]X, ..., X =P X t=1,2,...

which is always available for the Gaussian case.

3.5 Estimation
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3.5 Estimation

If X;.e = (X1,...,X;) ", then
}A(Hl = 7tT+1,t:1F;1X11t
where
Ver1,e1 = E[Xpy1Xpa] (tx1)
Ty = E[X1.:X{ ] (t x t)

are derived from the properties of the general multivariate
normal distribution.

3.5 Estimation
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3.5 Estimation

Let
Fn = E[XlanEn]

then the likelihood for the parameters of I';, is

1
(27-(-)11/2

_ 1 _
Ly(Th) = ITx| 1/2 exp{—zxinrnlxlzn}.

If n is large, computation of
ITy| = det T r;!

may not be straightforward numerically. However, the innova-
tions algorithm can be used to compute the determinant and
inverse.

3.5 Estimation
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3.5 Estimation

The innovations algorithm returns the quantities

0ij,i=1,2,...,n—1,j=1,... i

If
[ 1 0 0 0 0 7
011 1 0 0 0
02,2 021 1 0 0
Cn = 033 03,2 031 1 0
L 91171,1171 91171,1172 enfl,nf3 9117171174 1 _

Then, as before Xj., = Cp(X1.n — }A{Ln), with the elements of
the n x 1 vector (X1., — Xj.n) uncorrelated, with covariance
matrix D, = diag(vo, vi,...,Va—1).

3.5 Estimation

270



3.5 Estimation

Therefore

so that

XlT;anXl:n = (Xlzn - j\{1:11)TD;1(X1:11 - Xl:n)

j=1
and
n—1
L] = H Vj-
j=0

and thus the innovations algorithm facilitates the Gaussian
likelihood computation for any n.

3.5 Estimation 271



3.5 Estimation

For ARMA(p, q), we saw that

~

Onj(Xn+1-j — Xn+1-j) I<n<m

§<>
Jr
AN
|

.

it L=

q ~
¢an+lfj + Z QDJ(XHJrl*j - n+1fj)
j=1

.

where m = max(p, q), and
vn = E[(Xp+1 — }A(n+1)2] = U%rn

say.

3.5 Estimation

n>m
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3.5 Estimation

ML estimation requires that the likelihood is maximized, so
the innovations algorithm is run for each function evalua-
tion in the iterative optimization algorithm (Newton-Raphson,
Quasi-Newton etc.).

The properties of the ML estimators are well-established.

3.5 Estimation 273



3.5 Estimation

We have that

£(0.6.0%) = (l)m (1)m (RG.01 e - 50,0}

where

R(¢a 0) = Hl’j,l S(¢7 9) = Z
j=1

Note that estimation of 02 and (¢, ) can be separated.

3.5 Estimation 274



3.5 Estimation

Notes:

1. There is no guarantee that the resulting estimates will
lead to a causal or invertible process. These constraints
can be imposed during the optimization, or a reparame-
terization to the reciprocal roots can be performed.

2. The identical optimization can be carried out for non-
Gaussian processes, leading to maximum pseudo likeli-
hood estimates.

3.5 Estimation
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3.5 Estimation

Conditional Likelihood for AR(p): A conditional likelihood
approach conditions on the first p data points to facilitate
ease of likelihood construction. We have that

f(Yl:n|¢7 U%) = f(Y1:p|¢70%)f(Yp+1 |y1p7¢7 UZ)
= L1(¢, U%)£2(¢7 Uz)

say, where

n

( p+1 |¢a UZ) H f(.Vj|Y(j—p—1):(j—l)7¢a O-%)

Jj=p+1

The conditional likelihood approach uses only £,(¢, a%) as the
objective function.

3.5 Estimation
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3.5 Estimation

Least-squares: A least-squares procedure based on S(¢,6),

that is L
(¢,0) = argmin S(¢, 0)
with A
32 — S(¢7 6)
n—-—p-—-gq

can be used.

A conditional least-squares approach can also be used for
AR(p) models.

3.5 Estimation
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3.5 Estimation

In R the main function for ARMA estimation is arima:
For example

arima(x,order=c(1,0,1))

fits an ARMA(1, 1) model to the data in x.

3.5 Estimation
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3.5 Estimation

The library fArma contains the armaFit function, which pro-
vides a number of alternative fitting approaches.

Other functions for AR models include:
ar

ar.burg

ar.yw

ar.mle

3.5 Estimation
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3.5 Estimation

Example: Lake Huron data (de-trended)

Four potential models:
e AR(1) arima(Lake.Yt,order=c(1,0,0))
e AR(2) arima(Lake.Yt,order=c(2,0,0))
e MA(1) arima(Lake.Yt,order=c(0,0,1))
e ARMA(1,1) arima(Lake.Yt,order=c(1,0,1))

3.5 Estimation
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3.5 Estimation

ample: Lake Huron data (de-trended)

Huron<-scan("https://www.math.mcgill.ca//dstephens//545//Data//huron.txt")
Huron<-Huron+570

n.H<-length(Huron); t.H<-c(1l:n.H); x<-c(1875:1972)
Lake.Yt<-residuals(lm(Huron~t.H))

arima(Lake.Yt,order=c(1,0,0))

##

## Call:

## arima(x = Lake.Yt, order = c(1, 0, 0))
##

## Coefficients:

## arl intercept

## 0.7823 0.0794

## s.e. 0.0635 0.3174

##

## sigma”2 estimated as 0.4986: log likelihood = -105.43, aic = 216.86

3.5 Estimation
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3.5 Estimation

Example: Lake Huron data (de-trended)

arima(Lake.Yt,order=c(2,0,0))

##

## Call:

## arima(x = Lake.Yt, order = c(2, 0, 0))
##

## Coefficients:

## arl ar2 intercept

## 1.0026 -0.2901 0.0198

## s.e. 0.0977 0.1005 0.2352

##

## sigma™2 estimated as 0.4589: log likelihood = -101.44, aic = 210.89

3.5 Estimation



3.5 Estimation

Example: Lake Huron data (de-trended)

arima(Lake.Yt,order=c(0,0,1))

##

## Call:

## arima(x = Lake.Yt, order = c(0, 0, 1))
##

## Coefficients:

## mal intercept

## 0.7821 -0.0037

## s.e. 0.0646 0.1391

##

## sigma”2 estimated as 0.602: log likelihood = -114.66, aic = 235.33

3.5 Estimation



3.5 Estimation

Example: Lake Huron data (de-trended)

arima(Lake.Yt,order=c(1,0,1))

##

## Call:

## arima(x = Lake.Yt, order = c(1, 0, 1))
##

## Coefficients:

## arl mal intercept

## 0.6508 0.3567 0.0330

## s.e. 0.0948 0.1156 0.2607

##

## sigma™2 estimated as 0.4589: log likelihood = -101.44, aic = 210.87

3.5 Estimation



3.5 Estimation

Example: Lake Huron data (de-trended)

AR(1) residuals AR(2) residuals
2 2
b B 3
z <7 < °7
S 7T T T 8 r T
? T T <
: z % i : : i T
- -
MA(1) residuals ARMA(L1) residuals
2 2
b B 3
z <7 < o7
N <
AN ! = \
E e E A
¢ - 3
: z % i : : i T
- -

3.5 Estimation



3.6 Model selection

A series of ARMA models might be fitted, and then compared
with reference to different aspects:

¢ fidelity to the data
¢ model complexity
e residuals

¢ forecasting performance

3.6 Model selection
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3.6 Model selection

Akaike Information Criterion (AIC)
The AIC model selection method is widely used; it trades off

¢ fidelity to the observed data (goodness of fit)

e model complexity (number of parameters fitted)

3.6 Model selection
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3.6 Model selection

For model M with parameters 3 yielding likelihood Ly(/3), the
AIC is defined as

AIC(M, B) = —2log Ly (B) + 2d
where d is the dimension of .

For the ARMA(p, q) model, there are p + q + 1 parameters
(d)p I 9 q> 0—%)

3.6 Model selection
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3.6 Model selection

For the ARMA(p, q) model,
AIC( pq76):_2€M(¢p79Q7S(¢pv )/H)+2(p+q+ )
where /) is the log-likelihood, and
JZ - (¢p7 )

The model with the smallest (ie most negative) AIC is se-
lected.

3.6 Model selection
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3.6 Model selection

Notes

e The AIC is a “within sample" criterion, and fits to the ob-
served data. This might not always reflect the objective
of the analysis we might be more interested in forecast-
ing performance.

e The AIC is sometimes regarded to give an insufficient
penalty for complexity, and chooses models that are too
complex.

e As n — oo, the AIC will choose the best approximating
model to the data generating model

3.6 Model selection
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3.6 Model selection

Corrected AIC
To fix the small sample issue, a correction was suggested:

2p+qg+1)n

that is the penalty 2d is replaced by 2dn/(n — p — g — 2). This
uses a bias-corrected estimator of 2.

For large n, the criterion reverts to the AIC.

3.6 Model selection
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3.6 Model selection

Bayesian Information Criterion (BIC)
The BIC (or Schwarz criterion) uses a different penalty

BIC(Mp q, ) = —20rm(dp,04, S(p,04)/n) + (p +q + 1)logn

that is the penalty 2d is replaced by d log n.

For large n, the criterion correctly selects the true model
(provided the true model is one that has been fitted).

3.6 Model selection
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3.7 Residual checking

The residual sequence {/Vl\/t} estimated by

~ Xt—i\ft
W =

I't—1

(that is, the one-step ahead prediction errors standardized by
their standard deviation) should have the property that {W;}
is an approximate white noise sequence.

3.7 Residual checking
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3.7 Residual checking

In fact, if the model fitted is the correct model
W, 2% 7, ~ WN(0, 02)

so the observed residual sequence should be approximately

uncorrelated, zero mean and variance o%.

We can also compute
~ W,
Rt = =
oz

which should be a unit variance white noise process.
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Chapter 4

Non-Stationary and Seasonal
Models




4.1 Non-Stationary and Seasonal Models

Models with non-stationary components can be constructed
as straightforward extensions to ARMA models

e Integrated Models: ARIMA
e Seasonal Models: SARIMA

It is also possible to specify time-varying or stochastic mean
or variance models.

4.1 Non-Stationary and Seasonal Models

296



4.2 ARIMA Models

If d is a non-negative integer, then {X;} is an ARIMA(p, d, q)
process if {Y;} defined by

Y; = (1 — B)4X;
is a (causal) ARMA(p, q) process, that is
®(B)(1 — B)4X, = ©(B)Z;
where {Z;} ~ WN(0, 0%); {X;} is stationary only if d = 0.

The ARIMA(p, d, q) process can be made stationary by dth
order differencing.

4.2 ARIMA Models
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4.2 ARIMA Models

Example: ARIMA(1, 1, 0) vs ARIMA(2, 0, 0)

If {Z;} ~ WN(O, 02):
e Stationary ARIMA(2,0,0) = ARMA(2,0) = AR(2)

(1 —0.6B)(1 — 0.99B)X; = Z;
e Non-stationary ARIMA(1,1,0)

(1-0.6B)(1 —B)X; = Z

4.2 ARIMA Models
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4.2 ARIMA Models

n<-200;set.seed(164664)

r1<-0.6;r2<-0.99

xl<-arima.sim(n,model=list(ar=c(rl+r2,-rlxr2),order=c(2,0,0)))
x2<-arima.sim(n,model=1list(ar=c(rl),order=c(1,1,0)))

par(mar=c(4,4,3,2))
plot(x1,xlab=expression(t),type='p',pch=19,cex=0.6,ylim=range(c(x1,x2)),ylab="'X")
lines(x1);

points(x2,pch=19,cex=0.6,col="'red"');lines(x2,col="red")

4.2 ARIMA Models
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4.2 ARIMA Models
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4.2 ARIMA Models

par(mfrow=c(2,2),mar=c(3,4,3,2))
acf(x1,main="ACF",lag.max=50)
pacf(x1,main="PACF", lag.max=50)
acf(x2,main="ACF",lag.max=50)
pacf(x2,main="PACF", lag.max=50)

4.2 ARIMA Models
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4.2 ARIMA Models

[[[




4.2 ARIMA Models

Consider the stationary AR(2) model with complex reciprocal

roots
(1-¢B)(1 —€B)X; = Z;

and the corresponding AR polynomial
®(z) = (1 - £2)(1 — €2) = 1 — 2Re(§)z + [¢[*2?

Suppose that £ = exp{—iw}/r, where r > 1 and —7 < w < 7.

Then
d(z)=1-— 2 z+ 1) 2
= z°.
= Cos w 2

4.2 ARIMA Models
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4.2 ARIMA Models

It follows that

px(h) = <1>h sin(hw + \)

r

r’+1
A = arctan ——— | tanw| .
r-—1

In the limitasr |1

sin A

where

px(h) — cos(hw).

4.2 ARIMA Models

304



4.2 ARIMA Models

We examine this model as
e r takes values tending to 1 from above
e w fixed.

and compare with the pure cos function.

4.2 ARIMA Models
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4.2 ARIMA Models

Example: r=1.1,w = 7/3

px(h)
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4.2 ARIMA Models

Example: r = 1.01,w = 7/3

ox(n)
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4.2 ARIMA Models

Example: r = 1.001,w = 7/3

r=1.001
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4.2 ARIMA Models

Example: r = 1.0001,w = 7/3

r=1,0001

ox(n)
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4.2 ARIMA Models

Example: r=1.1,w = 7/3
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4.2 ARIMA Models

Example: r = 1.001,w = 7/3
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4.2 ARIMA Models

This demonstrates that we can construct non-stationary pro-
cesses with different behaviour from the random walk model

(1-B)X; =Z,

that is, we can construct a periodic non-stationary model by
choosing
€l —1

with £ having an imaginary part.
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4.3 Unit Roots

The presence of a unit root of the AR polynomial equation
®(z) =0

that is, a solution where |¢| = 1, renders the resulting AR or
ARMA process non-stationary.

Therefore it is crucial to be able to identify processes where

a unit root is present, and to distinguish this from a root near
to, but not equal to, one in modulus.

4.3 Unit Roots
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4.3 Unit Roots

The Dickey-Fuller Test: Suppose {Z;} ~ WN(0, 02), and
Xi = ¢Xi 1+ Z

with |¢| < 1. Then, by standard asymptotic theory, ML or
moment-based estimators ¢ satisfy

Va(b—¢) -5 N(0,1 — ¢?)
as n — 0.

If || = 1, the asymptotic result does not hold.

4.3 Unit Roots
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4.3 Unit Roots

We may study the distribution of the statistic

V(9 — )

Noera
in simulation for any value of ¢, which should be standard
Normally distributed when n is large.
In the following simulations, we use n = 500 for

e =09

e ¢ =0.99

e ¢ =0.999

4.3 Unit Roots
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4.3 Unit Roots
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4.3 Unit Roots

©®=0.99
© '
S !
0 1
Ch s
_ A
2>
‘@ ™
g ©° 7
o
[gV)
g
o
S -
T T T T f
-8 -6 -4 -2 0

4.3 Unit Roots

Test statistic

317



4.3 Unit Roots
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4.3 Unit Roots

The Dickey-Fuller Test: Suppose {Z;} ~ WN(0, 0%), and
Xe =p+ o(Xe1 — p) + Zy.
Then
(1-B)X; =Xt —Xt—1 =p(l —¢)+ (¢ — 1) X1 + Z4
= ¢o + 1Xe-1 + Z

where
¢ = (1l —9¢) 1 =¢—1.

can be estimated by OLS, regressing X; on X; 1.
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4.3 Unit Roots

To test the hypothesis
Hyo:¢7 =0
which is equivalent to
Hy:¢1 =1
the Dickey-Fuller test statistic
3
e.s.e(¢7)

can be used. Numerator and denominator are available from
the linear regression.

t:

4.3 Unit Roots

320



4.3 Unit Roots

However, if Hyp is true, and {X;} is non-stationary, the null
distribution is non-standard.

In this simple case, the form of the null distribution can be
computed, but it is not available in closed form. It is straight-
forward to compute using simulation.
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4.3 Unit Roots

n<-10

Zt<-rnorm(n)

Xt<-cumsum(Zt)

X<-Xt[1:(n-1)
tvals<-summary (lm(diff (Xt)~-1+X))$coef
tvals

## Estimate Std. Error t value Pr(>|t|)
## X 0.1527851 0.1101742 1.386759 0.2029315

tstat<-(tvals[1,1]-1)/tvals[1,2]
tstat

## [1] -7.689774

4.3 Unit Roots
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4.3 Unit Roots

nreps<-5000 #5000 replications
n<-10
tstatlO<-rep(0,nreps)
for(irep in l:nreps){
Zt<-rnorm(n)
Xt<-cumsum(Zt)
X<-Xt[1:(n-1)]
tvals<-summary (lm(diff (Xt)~-1+X))$coef
tstat<-tvals[1,1]/tvals[1,2]
tstatlO[irepl<-tstat
}
tstatlO<-tstatlO[tstatld > -8 & tstatld < 4]
par(mar=c(4,4,3,2))
hist(tstatl0, freq=FALSE,breaks=seq(-8,4,by=0.2),ylim=range(0,0.6),
main='Null distribution n=10',6xlab='Test statistic')
box ()
abline(v=0,1ty=2,col="'red"')

4.3 Unit Roots
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4.3 Unit Roots

Null distribution n=10

©

o

0w |

o

N __\

2 M
3 o |
o ©
[a]

N

o

o |

o

Test statistic

4.3 Unit Roots

324



4.3 Unit Roots

nreps<-5000 #5000 replications
n<-20
tstat20<-rep(0,nreps)
for(irep in l:nreps){
Zt<-rnorm(n)
Xt<-cumsum(Zt)
X<-Xt[1:(n-1)]
tvals<-summary (lm(diff (Xt)~-1+X))$coef
tstat<-tvals[1,1]/tvals[1,2]
tstat20[irepl<-tstat
}
tstat20<-tstat20[tstat20 > -8 & tstat20 < 4]
par(mar=c(4,4,3,2))
hist(tstat20, freq=FALSE,breaks=seq(-8,4,by=0.2),ylim=range(0,0.6),
main='Null distribution n=20',xlab='Test statistic')
box ()
abline(v=0,1ty=2,col="'red"')

4.3 Unit Roots
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4.3 Unit Roots

Null distribution n=20
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4.3 Unit Roots

Null distribution n=50
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4.3 Unit Roots

Null distribution n=500
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4.3 Unit Roots

Null distribution n=5000
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4.3 Unit Roots

The test can be extended to AR(p) processes: if

p
Xp—p= Z¢j(Xt—j — 1)+ Z
j=1

then for p > 2,
p
(1—-B)X; = ¢g + p1Xe—1 + Z &7 (Xe—jr1 — Xe—j) + Zt
j=2

where
bo = (1 —d1 — 2 — -+ — ¢p)

and

p p
k=j

J=1
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4.3 Unit Roots

If {X;} ~ AR(p) with one unit root, then
(1-B)X; ~AR(p—1)

therefore a unit root test can be carried out by examining the
hypothesis
H() : qbik =0

by fitting a regression of (1 — B)X; on
1L, X1, Xem1 — Xe—2, ., Xe—p+1 — Xe—p

The null distribution of the test statistic changes with p.

4.3 Unit Roots

331



4.3 Unit Roots

The general procedure is the Augmented Dickey-Fuller test.

R Code: The library tseries contains the function adf.test

4.3 Unit Roots
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4.3 Unit Roots

library(tseries)

## Registered S3 method overwritten by ’quantmod’:
##  method from
## as.zoo.data.frame zoo

X <- rnorm(1000)
adf.test(x,k=0)

## Warning in adf.test(x, k = 0): p-value smaller than printed p-value
##

## Augmented Dickey-Fuller Test

##

## data: x

## Dickey-Fuller = -33.086, Lag order = 0, p-value = 0.01
## alternative hypothesis: stationary

adf.test(cumsum(x),k=0)

##

## Augmented Dickey-Fuller Test

##

## data: cumsum(x)

## Dickey-Fuller = -1.6625, Lag order = 0, p-value = 0.7212
## alternative hypothesis: stationary

4.3 Unit Roots



4.3 Unit Roots

The series of length n, x, is a white noise process, but the
vector constructed by cumsum(x) is a random walk.

The lag order, p, can be specified by using a k=p+1 argument
to the function.

4.3 Unit Roots
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4.3 Unit Roots

Example: S&P 500: Oct 03, 2001 - Oct 03, 2011

S&P500
1200 1400 1600

1000

800

T T T T T T
2002 2004 2006 2008 2010 2012
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4.3 Unit Roots

sp500<-read.csv("https://www.math.mcgill.ca//dstephens//545//Data//sp500.csv")
head (sp500)

## Date Open High Low Close Volume Adj.Close
## 1 30/09/2011 1159.93 1159.93 1131.34 1131.42 4416790000 1131.42
## 2 29/09/2011 1151.74 1175.87 1139.93 1160.40 5285740000 1160.40
## 3 28/09/2011 1175.39 1184.71 11560.40 1151.06 4787920000 1151.06
## 4 27/09/2011 1163.32 1195.86 1163.32 1175.38 5548130000 1175.38
## 5 26/09/2011 1136.91 1164.19 1131.07 1162.95 4762830000 1162.95
## 6 23/09/2011 1128.82 1141.72 1121.36 1136.43 5639930000 1136.43

xt<-rev(sp500([,5])
adf.test(xt, k=0)

##

## Augmented Dickey-Fuller Test

##

## data: xt

## Dickey-Fuller = -2.0111, Lag order = 0, p-value = 0.5736
## alternative hypothesis: stationary

4.3 Unit Roots



4.3 Unit Roots

Example: S&P 500: log returns y; = log(x;.1/x;)

0.05 0.10
I I

S&P500 returns
0.00
I
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4.3 Unit Roots

Example: S&P 500: ACF of y?

ACF of !
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4.3 Unit Roots

Unit Roots in MA processes: If {X;} ~ ARMA(p, q) is causal
and invertible, then

Y, = (1 - B)X;

is an ARMA(p, g + 1) process. This follows as

with if {Z;} ~ WN(0,02), then

®(B)Y; = ®(B)(1 — B)X; = (1 — B)O(B)Z,.

4.3 Unit Roots
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4.3 Unit Roots

The MA polynomial for {Y;} is
Oy(z) = (1 - 2)0(2)

Thus a test for a unit root in the MA polynomial for {Y;}
is equivalent to a test for over-differencing of a stationary,
causal and invertible ARMA process.

The asymptotic null distribution of the (likelihood-ratio) test
is non-standard in this setting.

4.3 Unit Roots
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4.4 Forecasting ARIMA

For the general ARIMA(p, d, q) model

(1—B)®(B)X; = O(B)Z
we perform first forecasting of

dy _
(1 - B)IX, = Y,
where {Y;} is a causal ARMA(p, q) process. Then
d /4 ‘
Xp =Y — ) (_)(—1)1Xt_j
=R

fort > 0.

4.4 Forecasting ARIMA
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4.4 Forecasting ARIMA

Therefore, for h = 1,2,...,, given X;.,, we have that
. ~ d /4 .
PnXn+h = PnYnih — Z (J ) (_1)JPan+h*J'
j=1
for which

. 13n Y, n is computed using the methods devised earlier
for stationary processes

. 13an+ n—j is computed recursively, noting that
PanJrlfj = Xn+1fj

forj = 1.
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4.5 Seasonal ARIMA Models

Recall the lag-s difference operator, B, s > 1,
(1 -B)Xe =Xt — Xi—s
A seasonal ARIMA model utilizes this operator: for example
(1 —B®)®(B)X; = O(B)Z;

applies a seasonal differencing with period s.

4.5 Seasonal ARIMA Models
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4.5 Seasonal ARIMA Models

If d and D are non-negative integers, then {X;} is a seasonal
ARIMA (SARIMA) process with period s

{Xt} ~ ARIMA(p7d7q) X (P7DyQ)S

of
Y; = (1 - B)4(1 — BS)PX;

is a causal ARMA process determined by
®(B)Ps(B®)Y: = O(B)Os(B*®)Z;

where {Z;} ~ WN(0, 0%).

4.5 Seasonal ARIMA Models
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4.5 Seasonal ARIMA Models

In this formulation

O(z) = 1—prz—--—Ppz?
ds(z) = 1 —(bgs)z—--- —(b%s)zp
O(z) = 14+601z+---+ 0429
Os(z) = 146z +... 406529

Note that
Y, = (1-B)Y(1 - B®)"xX,

is an ARMA(p + sP, q + sQ) process with AR and MA polyno-
mials
(B)ds(B°) O(B)Os (B°)

4.5 Seasonal ARIMA Models
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4.5 Seasonal ARIMA Models

Example: US Accidental Deaths: Jan 1973 - Dec 1978

9000 10000 11000

Monthly Accidental Deaths

8000

7000

T
1973 1974 1975 1976 1977 1978 1979

Time.
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4.5 Seasonal ARIMA Models

Example: US Accidental Deaths: Jan 1973 - Dec 1978

Monthly Accidental Deaths: ACF

ACF
0.
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4.5 Seasonal ARIMA Models

Example: US Accidental Deaths: Jan 1973 - Dec 1978

Consider two SARIMA models:
A. ARIMA(1,0,1) x(0,1,0)12: This model fits an ARMA(1, 1)
model to the seasonally-differenced data with s = 12.
B. ARIMA(1,0,1) x (1,0,0);2 This model fits a SARIMA
modelwithp=qgq=1,P=1,Q =0,and s = 12.
Model A posits a non-stationary model, and requires first dif-
ferencing at lag 12. Model B posits a stationary model.

4.5 Seasonal ARIMA Models
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4.5 Seasonal ARIMA Models

model.a<-arima(USAccDeaths, order = ¢(1,0,1),

seasonal = list(order=c(0,1,0),period=12))
model.b<-arima(USAccDeaths, order = ¢(1,0,1),

include.mean=FALSE, seasonal = list(order=c(1,0,0),period=12))
res.a<-residuals(model.a)
res.b<-residuals(model.b)
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4.5 Seasonal ARIMA Models

Example: Model A: Residuals
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4.5 Seasonal ARIMA Models

Example: Model A: Residuals ACF
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4.5 Seasonal ARIMA Models

Example: Model B: Residuals

Residuals
500 1000
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4.5 Seasonal ARIMA Models

Example: Model B: Residuals ACF
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4.5 Seasonal ARIMA Models

Model A:

model.a

##

## Call:

## arima(x = USAccDeaths, order = c(1, 0, 1), seasonal = list(order = c(0,
## period = 12))

##

## Coefficients:

## arl mal
## 0.9421 -0.4328
## s.e. 0.0583 0.1445
##

## sigma™2 estimated as 123848: log likelihood = -437.61,

4.5 Seasonal ARIMA Models

aic = 881.23
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4.5 Seasonal ARIMA Models

Model B:

model.b

##

## Call:

## arima(x = USAccDeaths, order = c(1, 0, 1), seasonal = list(order = c(1, 0, 0),
## period = 12), include.mean = FALSE)
##

## Coefficients:

## arl mal sarl

## 0.9852 -0.3342 0.9098

## s.e. 0.0127 0.1368 0.0395

##

## sigma”2 estimated as 121834: Tlog likelihood = -537.14, aic = 1082.29
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4.6 Non-stationarity in Mean

Non-stationarity in mean arises when there is a time-varying
mean or trend structure, as described in earlier sections. Pre-
viously OLS was used to estimate parameters in a parametric
trend, m;; OLS assumes that the residual errors are uncorre-
lated.

More efficient estimation can be used to take into account the
correlation present if the residual error process is stationary,
but exhibits autocorrelation.

4.6 Non-stationarity in Mean
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4.6 Non-stationarity in Mean

Suppose
Yt = Iy +Xt :W;Fﬁ"i‘Xt

where
e w; is a vector of (exogenous) covariates
e (is a vector of (fixed effects) coefficients
e {X;} ~ ARMA(p, q), with parameters (¢, 0)

We wish to estimate

B (¢1a--'7¢p)T (017"-79q)T
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4.6 Non-stationarity in Mean

Suppose
Cov[X1.n] = E[X1.nX{ ] = Tu(,6).

If (¢, 6) are known, then we may estimate [ using
Weighted Least Squares (WLS)

as
B=(X"Th(¢,0) X)X T (9,0)71Y

with variance
(X' Ta(e,0) ')
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4.6 Non-stationarity in Mean

This suggests an iterative procedure
e Initialize ¢(®,4(©)
o Compute 3(°) using WLS setting (¢, 6) = (¢(©), (0)).

e Compute the residuals
Xt = Yt — WtTB(O)

and then fit an ARMA(p, q) model to {X;} to update esti-
mates (¢, 9(1).

e Continue iterations r = 1, 2, ... until iterates at step r
(BT, ™) o))

cease to change.
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