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0.0

Time Series: Prerequisites

¢ Basic distribution theory
e Expectations and other moments

e Basics of statistical theory (ie estimation, testing, large
sample theory)

e Linear algebra (matrix manipulations and decomposition)
¢ Basic knowledge of complex numbers

e Computing an advantage (knowledge of R).



0.0

Time Series: Objectives

The basic objective is to construct models for observed data
X1,X2, .., Xty

with t indexing time, with the goals of
¢ explaining the underlying data generating mechanism
e forecasting future values of the underlying process.

We will mainly focus on discrete time modelling, and denote
the underlying stochastic (random) process {X;}.



0.0

Time Series: Objectives

The stochastic process can be (partly) characterized via its

¢ finite dimensional distributions, that is the joint distribu-
tions of
Xty Xty)

for each index set {t,...,ty}

e moment properties (expectation, variance, covariance)

Typically {X;} will not be independent, and inference about
the parameters of the joint distribution will be of central in-
terest.



0.0

Time Series: Forecasting

Given observed values X; = x1,Xp = x2,..., X7 = X7, we aim
to predict or forecast future values of the process

XT+17 s 7XT+K

say.
For example, could use a simple linear predictor

T

Xry1 = 2 arXy
t=1

that is, a linear combination of past values of the process. The
objective then is to choose the optimal values for the a;.
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Introduction




1.1 Introduction

A time series is a sequence of random variables
{Xiti—1,..r = (X1,...,X7) = X1.T
or a realization
{xt}t=1,.. 7= (x1,...,X1) = X1.T

collected over time index t representing some unit time pe-
riod (hours, days, months etc.).

1.1 Introduction



1.2 Simple Stochastic Models

A time series model is a probability model specifying
e the joint distribution

e the second-order moment structure (mean, variance, co-
variance)

of {X;}.

The joint distribution specifies the moment structure.

1.2 Simple Stochastic Models



1.2 Simple Stochastic Models

Recall that for any two random variables, the covariance is
defined as

Cov[Xi, Xj| = E[(Xi — 1) (Xj — py)]
where p; = E[X;] and pj = E[X]], and the correlation is

Cov|X;, X;|
Var|X;|Var|X;]|

Corr[X;, Xj| =

1.2 Simple Stochastic Models



1.2 Simple Stochastic Models

For a d-dimensional random vector X = (Xi,...,Xq)", we
form the covariance matrix, ¥, so that the (i,j)th element of
Y is

[¥]i; = Cov[X;, Xj].
This matrix is symmetric, and non-negative definite. We may

write
Y = VRV'

where
V = diag(y/Var[Xi], . .., v/Var[Xa])

and R is the matrix of correlations.

1.2 Simple Stochastic Models

10



1.2 Simple Stochastic Models

Special Case: Independence

~

T
Fx.r(xur) = | [ Fx(x0) = | [ Pr{X; < x]
t=1 t=1

or equivalently, for each t,
P[X; < Xt|X1:(t—1) = Xl:(t—l)] = Pr(X; < x¢]

where the past values of X contain no information about fu-
ture X.

Note: If two variables are independent, then they are also
uncorrelated; however, in general uncorrelatedness does not
imply independence.

1.2 Simple Stochastic Models
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1.2 Simple Stochastic Models

For the specification via moments, interest focusses on
Expectation pe = E[X¢]
Variance 0%, = Var[X;]
Covariance vx(t,s) = E[(X; — pe)(Xs — us)]

for any indices t,s. As the X; usually represent repeated
measurements of the same phenomenon over time, the term
autocovariance is used.

1.2 Simple Stochastic Models
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1.2 Simple Stochastic Models

Example: IID Process

Let 0 < p < 1, and suppose

with the X; mutually independent. Then {X;} is an IID (inde-
pendent, identically distributed) process.

1.2 Simple Stochastic Models

13



1.2 Simple Stochastic Models

Example: IID Process

We have that
pe=p+(1-p)(-1)=2p -1
ot =[p(1)* + (1 - p)(-1)’] - (2p — 1)* = 1 — (1 — 2p)?
v(t,s) =0 t#s

and these quantities do not depend non t or s.

1.2 Simple Stochastic Models

14



1.2 Simple Stochastic Models

Example: Random Walk
Suppose {X;} is an IID process, and let

t
St=>X=S_1+X
i=1

Then {S;} is a random walk. Also, setting Sp = 0, we have
Xy =St — St

that is, {X;} can be obtained from {S;} by differencing.

1.2 Simple Stochastic Models
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1.2 Simple Stochastic Models

Example: Random walk

Suppose {X;} is an IID process with

P[X, = 1] = P[X; = —1] = %

and zero otherwise, and let

Then both {X;} and {S;} are zero-mean processes.

If p # 1/2, then E[X;], E[S;] are non-zero; if p < 1/2, then
E[S:] < 0 and we have a downward drift.

1.2 Simple Stochastic Models



1.2 Simple Stochastic Models

Example: Random walk

Note that for any (time-homogeneous) random walk

t t
Var[S;] = Var [2 Xj] = 2 Var [Xj] = tVar [Xi]

i=1 i=1
by the independence of the X;, so the variance grows linearly
with t.

Thus even if E[S;] = 0, the probability distribution of S; has
increasing variability around zero, and will (almost surely) di-
verge to an infinite value.

1.2 Simple Stochastic Models
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1.3 Gaussian processes

Suppose, for all finite collections Xi,...,X,, n = 1, the joint
distribution is multivariate Gaussian (Normal) with

E[Xt] = px
and covariance defined for X;, X as
Cov[X;, Xs] =vx(|t —s|) t,se{l,...,n}.
for some function of a single argument ~x. We have that

Var[X;] = vx(0).

1.3 Gaussian processes 18



1.3 Gaussian processes

Note that the autocovariance only depends on the value of
|t —s|

This version imposes extra conditions, which corresponds to a
structured covariance matrix which has fewer than n(n+1)/2
different elements.

1.3 Gaussian processes
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1.3 Gaussian processes

Let I'x(n) denote the (n x n) matrix with

[Cx(n)]es = x(|t = s)).
Then I'x(n) is a symmetric, positive definite matrix so that

x' Tx(n)x>0 xeRI

1.3 Gaussian processes 20



1.3 Gaussian processes

The matrix I'x(n) has Toeplitz structure, constant among di-

agonals,
[ x(0)  x(1) - o x(n—1)]
1x(1)  x(0) x(1) '
x(n) =] 4x(2) x(1) -
()
| x(n—=1) - e x(1) 0 x(0)

We write the vector
Xy =X ~ Nn(ﬂXln; FX(H))-

where 1 = (1,1,...,1)T isan n x 1 vector.

1.3 Gaussian processes



1.3 Gaussian processes

We have the decomposition
X, = puxly + 2, (n x1)

where
Z, ~ Ny(0p,Tx(n)).

1.3 Gaussian processes
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1.3 Gaussian processes

In general, if

2

X1
X = ~ PN
|~V
with X; and X3 being k; x 1 and k; x respectively, where
2 Y11 X2 ]
= E =
H [Nz] [ Y1 X2
then

X1 ~ Ny (B, 211)

Xo[X1 = X1 ~ N (g + 2157 (x1 — p1), T2 — 21577 T12) -

1.3 Gaussian processes



1.3 Gaussian processes

Specifically, if we consider the one-step-ahead (conditional)
probability distribution

Xn1 |X1:n = X1:n

it follows by standard properties that

Xo41/Xtn = Xt ~ N (a1 0 1n)

1.3 Gaussian processes 24



1.3 Gaussian processes

Write 7x = vx(k) for each k > 0.

Xi:(n+1) I8

Fx(II + 1) =

where

75; = [7117’711*17’711*17 ‘e

1.3 Gaussian processes
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1.3 Gaussian processes

Applying the previous formula, we have
fnsnin = kx + {7a} {Tx(@)} " (X1 — px1a),

and
olasnyn = Y0 — {¥a} {Tx(n)} 715
Note therefore that
J(zn+1)|n <70

as I'x(n) is positive definite.

1.3 Gaussian processes
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1.4 Stationarity

Suppose {X;} is a time series process, where for all t
E[X?] < co.
Define

Mean function : ux(t) = E[X¢]

Covariance function : vx(t,s) = E[(X; — pux(t))(Xs — ux(s))]
for integers t, s. Note that

VX(tv S) = PYX(Sa t)'

1.4 Stationarity
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1.4 Stationarity

The process {X;} is weakly stationary if
(i) pux(t) does not depend on t

(ii) vx(t + h,t) does not depend on t for each integer h, so
that we may write

Yx(t,t + h) = yx(h).
Note also that we must have
Vx(=h) = yx(t,t — h) = yx(t — h,t) = yx(h).
forh > 1.

Note: The quantity h is often referred to as the lag.

1.4 Stationarity
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1.4 Stationarity

{X;} is strongly stationary if
Xi:(t4n) = (Xt+1, -+ Xt4n)

and
X(t+h+1):(t+h+n) = (Xt+n+1,--->Xt+htn)

have the same joint distribution for all t, h, n.

In practice, the (multivariate) distributions required to model
such strongly stationary processes are limited in number.

1.4 Stationarity 29



1.4 Stationarity

If {X;} is weakly stationary process define

e the autocovariance function (ACVF), vx(h), by

vx(h) =vx(h,0) = yx(t + h, t)

e the autocorrelation function (ACF), px(h), by

That is
vx(h) = Cov[X¢+n, Xt] px(h) = Corr[X;ip, Xt].

The fundamental concept of stationarity is that the stochastic
structure does not change though time

1.4 Stationarity
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1.4 Stationarity

Example: IID Process

An IID process {X;} ~ IID(0, 0%), is characterized by

Var[X;] = E[X?] 0% < 0.

with the X; mutually independent. This process is stationary:

0)2( h=0
’VX(h) = COV[Xt+haXt] =

0O h>0

1 h=0
px(h) = COIT[XHh,Xt] =

0O h>0

1.4 Stationarity
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1.4 Stationarity

Example: White Noise Process

A white noise process {X;} ~ WN(0, 0%) is characterized by

Var[X;] = E[X?] 0% < 0.

with the X; uncorrelated. This process is stationary:

0)2( h=0

’VX(h) = COV[Xt+haXt] =
0O h>0
1 h=0

px(h) = COIT[XHh,Xt] =
0O h>0

1.4 Stationarity
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1.4 Stationarity

Example: Random Walk
If {X;} ~ WN(0,02%), then the process {S;} defined by

is non-stationary as, by properties of uncorrelated rvs,
E[S¢]=0
Var[S;] = to%

which does depend on t.

1.4 Stationarity
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1.4 Stationarity

Example: Random Walk

For the ACVF:

"}/S(t + h, t) = COV[SH_h, St]
= COV[St + Xip1 4+ -+ Xian, St]
h
= Cov[St, St] + > Cov[Xiyi, S
i=1
= COV[St, St]
= Var[St]

= ta)z(.

1.4 Stationarity



1.4 Stationarity

Example: Moving Average

Let {Z;} ~ WN(0,02%), and define process {X;} by
X; :Zt+912t—l teZ

where 0; is a real-valued parameter. As E[Z;] = 0, we also
have E[X;] = 0, and by uncorrelatedness of the {Z;} compo-
nents

Var[X;| = Var[Z;] + 67Var[Z; 1] = (1 + 6%)0%

which does not depend on t.

1.4 Stationarity
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1.4 Stationarity

Example: Moving Average

We have

yx(t +h,t) = Cov[Xiin, X;] = E[X:Xisn]
=E[(Zt + 01Zt-1)(Zi4n + 01Zt41-1)]
=E[Zi1nZt] + 01 (E[Zt1n Zt—1] + E[Zr4n-1Z¢])
+ 0TE[Z 1 Z;n-1]

Now,

02 j=k

E[zjzk]:{o iam

1.4 Stationarity



1.4 Stationarity

Example: Moving Average

Hence

o2(1+62) h=0

vx(t +h,t) =< o6 h=+1
0 otherwise
1 h=0
px(t+h,t) =< 61/(1+67) h=+1
0 otherwise

These functions do not depend on t, so {X;} is a stationary
process

{Xe} ~ MA(1)

1.4 Stationarity



1.4 Stationarity

Example: Autoregression

Let {Z;} ~ WN(0,02), and define process {X;} by
X = 1 Xe 1+ Z; teZ

where ¢; is a real-valued parameter with |¢1] < 1.

Assume for the moment that {X;} is stationary, and that
Cov[Z;,Xs] =0 t>s.

that is, future values of the Z series are uncorrelated with
past values of the X series.

1.4 Stationarity
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1.4 Stationarity

Example: Autoregression

Then
E[Xt] = 1E[X¢—1] + E[Z¢] = 1 E[X¢-1]

so therefore by the stationarity assumption E[X;] = 0.

1.4 Stationarity
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1.4 Stationarity

Example: Autoregression

We have forall h > 0

VX(h) = COV[Xt+h,Xt] = COV[Xt_h7Xt]
= COV[gb]thl,thh] ale COV[Zt,Xt,h]
= ¢1COV[Xt,1,Xt7h] + 0

= p1yx(h — 1)
= ¢iyx(h — 2)
= ¢ vx(0)

by recursion.

1.4 Stationarity 40



1.4 Stationarity

Example: Autoregression

Note that
E[X:Xi—n] = E[X¢+nXt]

by the stationarity assumption. Therefore

Vx(=h) = yx(h)

and so
px(h) = ¢l h=0,+1,+2

that is, a geometrically decaying ACF.

1.4 Stationarity

41



1.4 Stationarity

Example: Autoregression

Note also that

vx(0) = Cov[X, X¢]
= Cov[(¢1Xi—1 + Zi) (1 Xi—1 + Z¢)]
= QS%COV[thl;thl] + Cov[Z;, Zt]
= ¢17x(0) + 0%

so therefore

2

g
vx(0) = —%—
1—¢?

{X;} is the autoregressive process of order 1: {X;} ~ AR(1).

1.4 Stationarity
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1.4 Stationarity

Example: Autoregression

From the definition, we have

Xi

1.4 Stationarity

1 X1+ Zy

$1(01Xe—2 + Ze—1) + Zo = 1 Xe—2 + (Ze + $1Z4-1)
3 (01 Xe—3 + Zt2) + (Z¢ + $1Zi1)

D1Xe—3 + (Ze + )1Ze—1 + 1 Z¢2)

h—1
S Xi—n + Y, 2

Jj=0

43



1.4 Stationarity

Example: Autoregression

If we allow h — oo, provided |¢1| < 1, we can continue the
recursion indefinitely to obtain

2 .
X =) ¢z

Jj=0

as the first term converges to zero.

1.4 Stationarity
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1.4 Stationarity

Note: when we write
Xi =Zy + 01244

or
Xi =01 Xi1 + Z;

we need to be precise about the meaning of the symbol ’'=

1.4 Stationarity

’
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1.4 Stationarity

For random variables we have (for example)

¢ equality in distribution
x 2y,

(i.e. the distribution of X; is the same as the distribution
of Yt)

e equality in probability

(i.e. Pr[|X; — Y| < €] =1 forall e > 0)

1.4 Stationarity
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1.4 Stationarity

e equality with probability 1 (almost sure equality)

(i.e. For each w, Pr[|X;(w) — Yi(w)| < €] =1 forall e > 0.)

e mean-square equality

(.e. E[(X; — Y;)?] = 0)

1.4 Stationarity
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1.4 Stationarity

In the case of an explicit formula, we can interpret the equal-
ity as a definition
Xe =2 + 012

but for an implicit formula
Xp =01 Xe—1 +Z;

we may need to use the other definitions.

1.4 Stationarity
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1.4 Stationarity

For a stationary process, moment estimators can be used to
estimate the mean/covariance structure. The estimates are

1 n
Ta

n
th ) (Xe 4 |n| — 12) —n<h<n

b\H

These are consistent estimators of the two functions. The n x
n matrix estimate

Tn = [ )]y

is non-negative definite.

1.4 Stationarity
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1.5 Trends and Seasonality

The models from the previous section are purely stochastic.
It is also possible to incorporate deterministic components.

We focus on
e trends,

e seasonality.

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Trends: Suppose that for each t,
X; = my + E;

where
e m; is a deterministic function of t,
e E; is a purely stochastic, zero mean time series.

For example, might have
m; = ag + ait

that is, a linear trend in time. Constants ag, a; are in general
unknown and must be estimated.

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Ordinary Least-Squares (OLS): estimate ag, a; by minimiz-
ing the sum of squared errors

T
= argmin{Z(xt — ag —alt)z}.

t=1

)

Provided E[E;] = 0, OLS estimators are consistent estimators
of the true parameters (if the trend truly is linear)

a—a

as n — o0. OLS is easily applied for many types of determin-
istic trend (e.g. polynomial trend).

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Lake Huron data

Annual level (in ft) of Lake Huron 1875-1972 (T = 98).

3

# 4|
3

580

579

578

577

576

Years since 1872

1.5 Trends and Seasonality



1.5 Trends and Seasonality

Example: Lake Huron data

Fitted linear trend: ap, = 580.204, a; = —0.024.

()

80 =580.204
£ &=-0024

0 20 40 60 80 100

1.5 Trends and Seasonality



1.5 Trends and Seasonality

Example: Lake Huron data

After fitting the linear trend model
Xy =ap + a1t + E;
by OLS to obtain ag, a;, we may examine the residual series

ét:Xt—ao—alt

1.5 Trends and Seasonality 55



1.5 Trends and Seasonality

Example: Lake Huron data

Residual series: e; = x; — a9 — ai t.

AN
IR AV

1.5 Trends and Seasonality



1.5 Trends and Seasonality

Example: Lake Huron data

The residual series is approximately zero mean. However,
there is some structure:

e the variance is not constant over time ?

e successive residuals (€; 1,€;) are positively correlated.
The sample correlation is

corr[é;_1, €] ~ 0.775

That is, the residual series does not appear to be a realization
of an IID process.

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Lake Huron data: e; vs €;_1.

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Lake Huron data

The positive dependence is potentially useful for forecasting;
if
693, 6947 ) é98

are positive, it is likely that
€99

will also be positive. That is, conditional on the available data,
the prediction for the next data point Xgg9 will be different if
the residuals apparently exhibit correlation.

1.5 Trends and Seasonality
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R Code

Huron<-scan("https://www.math.mcgill.ca//dstephens//545//Data//huron.txt")
Huron<-Huron+570
n.H<-length(Huron); t.H<-c(1l:n.H); x<-c(1875:1972)
par(mar=c(4,4,2,2))
plot(t.H,Huron, type="1",
xlab="Years since 1872",ylab=expression(X[t]))
points(t.H,Huron,pch=19,cex=0.7)
abline(lm(Huron~t.H))

1.5 Trends and Seasonality
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R Code

580
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|

1.5 Trends and Seasonality
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R Code

a0<-1m(Huron~t.H)$coeff[1]; al<-lm(Huron~t.H)$coeff[2]

mt.H<-a0+alxt.H; et.H<-Huron-mt.H

par(mar=c(4,4,2,2))

plot(t.H,et.H,type="1",xlab="Years since 1872",
ylab=expression(hat(e)[t]))

points(t.H,et.H,pch=19,cex=0.7); abline(h=0,lty=2)

1.5 Trends and Seasonality
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R Code

€
0
|

0 20 40 60 80 100

Years since 1872

1.5 Trends and Seasonality

63



R Code

yl<-et.H[2:98];y2<-et.H[1:97];cor(yl,y2)

par(mar=c(5,4,2,2),pty="'s")

plot(yl,y2,xlab=expression(hat(e)[t-1]),
ylab=expression(hat(e)[t]),pch=19,cex=0.7)

1.5 Trends and Seasonality
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R Code

1.5 Trends and Seasonality

Corr. = 0.776
L
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1.5 Trends and Seasonality

Example: Lake Huron data

Recall that the model
X = my + E;

was fitted using a linear trend m; = ag + a; t leaving residuals
that were positively correlated (see plot on page 58). We may
also model

E; ~ AR(1),

that is, assume
Ei = p1Et 1+ 2

and estimate ¢; using OLS from the fitted residuals e;. This
assumes that {Z;} ~ WN(0,02).

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Lake Huron data

This procedure yields ggl = 0.791. By inspecting the fitted
values, we may construct the residual quantities

Zi = e — p1et—1

we may estimate a% via the sample variance of the Z;. This
yields 5% = 0.502.

If the AR(1) model were correct, then the residual quantities
Z: should resemble a realization of a white noise process; how-
ever, they do not - there is still positive correlation between
successive z;s.

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Trend ?

100 observations

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Trend ?

1000 observations

T
0 200 400 600 800 1000

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Trend ?

10000 observations

T T
2000 4000 6000 8000 10000

o

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Temperature Anomaly: 1850-2006

05

Temperature Anomaly (C)
(relative to 1961 Temp)

0.0

Temperature Anomaly (C)

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Seasonality: Many time series are influenced by seasonally-
varying factors

e calendar
e climate

e economic cycles

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

A deterministic seasonal model can be constructed. Suppose
that for each t,
X; = st + E;

where s; is a periodic function with period d say, so that
St—d = St

forall t.

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

For example, could use a harmonic regression

k
St = ap + Z [aj cos(Ajt) + bjsin(\jt)]
j=1
where ag, ai,...,ax and by, ..., by are unknown coefficients

to be estimated, and
Aly vy Ak

are known constants that define the periodic nature of the
function.

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Accidental Deaths in the US

Accidental Deaths in the US: Monthly totals
Jan 1973 - Dec 1978

11000
I

10000
I

-
8
8

8000
I

7000
I

T T T T
1973 1974 1975 1976 1977 1978 1979

Time.

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Accidental Deaths in the US
For this data set T = 72, for monthly data. To fit a model with
k=2
¢ 12 month cycle
e 6 month cycle
set \y = 2m/12, Ay = 27/6. Then fit using OLS.

1.5 Trends and Seasonality 76



1.5 Trends and Seasonality

Example: Accidental Deaths in the US

9000 10000 11000 12000
I I I I

Monthly Accidental Deaths

8000

7000
I

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Accidental Deaths in the US: Harmonics

8000 9000 10000 11000 12000
I I I I

7000
I

1.5 Trends and Seasonality
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1.5 Trends and Seasonality

Example: Accidental Deaths in the US: Residuals

Standardized Residuals

1973 1974 1975 1976 1977 1978 1979

Time

1.5 Trends and Seasonality
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R Code

library(datasets)

t.v<-c(1:72)

Cl<-cos(2*pixt.v/12); Sl<-sin(2*pixt.v/12)

C2<-cos(2*pixt.v/6); S2<-sin(2xpixt.v/6)

USA.ACC<-data.frame(as.numeric (USAccDeaths),S1,C1,52,C2)

USA.ACC. fit<-lm(USAccDeaths~S1+C1+S2+C2, data=USA.ACC)$fitted

USA.ACC.coef<-lm(USAccDeaths~S1+C1+S2+C2,data=USA.ACC)$coef

t.c<-seq(from=1,to=72,by=0.01)

Cl.c<-cos(2xpixt.c/12); Sl.c<-sin(2xpixt.c/12)

C2.c<-cos(2xpixt.c/6); S2.c<-sin(2xpixt.c/6)

y.c<-USA.ACC.coef[1]+USA.ACC.coef[2]*S1.c+
USA.ACC.coef[3]*Cl.c +USA.ACC.coef[4]%S2.c+
USA.ACC.coef[5]*C2.c

1.5 Trends and Seasonality
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R Code

par(mar=c(4,4,2,2))

plot(1:72,as.numeric(USAccDeaths),pch=19,cex=0.7,xaxt="n",
xlab='Time',ylab="'Monthly Accidental Deaths')

lines(1:72,as.numeric(USAccDeaths), 1ty=2)

lines(t.c,y.c)

axis(1,at=12xc(0:6),c(1973:1979))

1.5 Trends and Seasonality
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R Code
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1.6 A Decomposition Strategy

Recap: We seek to decompose an observed series {Y;} as
Y =m; +5: + X;

where
e m; is a deterministic trend
e s; is a seasonal component with period d
e X; is a zero mean stationary process.

It may be necessary to replace the global model for trend (lin-
ear, polynomial etc.) by a local model

1.6 A Decomposition Strategy
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1.6 A Decomposition Strategy

Smoothing by averaging: Suppose

1 q
m; = i
t 2q 1 iZth-H

with x; = 1 for s < 1 and s > T. More generally,
q
m; = Z ajXt4j
i=—q

for constants a_g, ..., aq.

This is a form of low-pass filter.
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1.6 A Decomposition Strategy

Exponential Smoothing: Suppose m; = x;, and for t > 2
I/I\lt = Xt + (1 — a)l/ﬁt_l

for 0 < o < 1. It follows that
my = (1—a) tx + Z a(l —aYxi_j + ax;

If « is near one, there is strong dependence on recent x val-
ues.
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1.6 A Decomposition Strategy

General Strategy: For series {Y;}
Y =m; +5s: + X

where s; has period d.
1. If d is even, set ¢ = d/2, else set ¢ = (d — 1)/2.

2. Use moving average for detrending respecting the sea-

sonality
g+ 1 9
R j=—q+1
me = <
1 g
v D7 Visj d odd
j=-q

1.6 A Decomposition Strategy
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1.6 A Decomposition Strategy

3. Remove seasonality: for k = 1,...,d, compute
Wi = — S (Visja — Firssa)
k = ng - Yk+jd k+jd

J

where ng is the number of terms in the sum (essentially
the number of cycles in the series). Fork = 1,...,d, set

d
~ 1
Sk:wk_EEWJ'
j=1

andset Sy =Sk gfork =d +1,d +2,...,T. The desea-
sonalized data are y; = y; — S;.

1.6 A Decomposition Strategy
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1.6 A Decomposition Strategy

4. Recompute the deseasonalized trend m; from the dea-
sonalized data y; using the procedure in Step 2.

5. Compute the residual series
~ A% A
Xt =YVt — mt — St.

The resulting process X; should be a zero mean, but poten-
tially autocorrelated process.

1.6 A Decomposition Strategy
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1.7 Differencing

Differencing: Another method for removing non-stationarity
is differencing. The lag-1 difference operator, V, acts on X;

as follows
VX =Xt —Xt-1 = (1 - B)X;

where B is the backshift operator

BX:y = Xi_1.

Note that
B?X, = B(BX;) = BX; 1 = X;_»

etc.

1.7 Differencing
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1.7 Differencing

Similarly

VX, = (
(
(
(Xp — Xe-1) — (Xe-1 — Xt2)

= Xp —2Xp 1+ Xt 2

Note that k times differencing removes a polynomial trend of
order k.

1.7 Differencing
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1.7 Differencing

Seasonal Differencing: The lag-d difference operator, Vg,
acts on X; as follows

VaXe = (1 —BYHYX; = Xy — Xy g
This operator removes a seasonality with period d.
V and V4 can be applied consecutively; they commute

VVaX: = VaVXe

1.7 Differencing
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1.7 Differencing

Elementary algebraic properties:
(@) |
B/X, = X; j=BX; j11=B*% ji2=-
(i) VWX, = V(V/1X;). So for example,

V2X; = (1 — B)(1 — B)X;
= (1 - 2B + B?)X;
=X; —2X; 1 +X¢ 2
= (Xt — Xp—1) — (Xp—1 — X —2)

1.7 Differencing
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1.7 Differencing

(iii) If X; = m; + Y;, applying the first-difference operator to
X;, then

VX =Xi — Xe—1 = (mpy —mp—1) + (Y — Vi)

soif my = By + B1t, then my — my_1 = 5.

That is, V removes a linear trend.
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1.7 Differencing

The stochastic term
Yy = (Y — Y1)

is obtained by differencing.

This is different from our first approach to detrending,
which used a linear parametric formulation for m;.

e If Y; is white-noise, then Y} is no longer white noise,
but MA(1).
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1.7 Differencing

(iv) To remove a polynomial trend of order k, one may apply
k™ order differencing, that is we look at V¥X;.

Note that if {Y;} ~ WN(0,0%), then VXY; is not white-
noise, but is still stationary.
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1.7 Differencing

(v) Commutativity

VVaX; = (1-B)(1-BY)X, = (1-BY)(1-B)X; = VqVX,

(vi) If
Xy = my + s¢ + Yy,
then
VdXt = (mt — mt_d) + (St — St—d) + (Yt — Yt—d)
and

St — St—d = 0.

That is, V4 removes a seasonality with period d.

1.7 Differencing
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Chapter 2

Stationary processes




2.1 Stationary Processes

The objective of the previous section was to remove (system-
atic) deterministic components from an observed series to
leave only the stochastic part. In this section, we study the
basic properties of stationary processes: such processes are
inherently stable (in the long run), and form natural models
for the stochastic component of observed series.

In the main, we will focus on weakly stationary processes,
where the mean and covariance structure is stable over time;
in general we will not make distributional assumptions.

Initially, we focus on forecasting, and demonstrate the utility
of utilizing the covariance structure of the process.

2.1 Stationary Processes
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2.2 Properties of Stationary Processes

Consider first a stationary Gaussian process {X;}, where for
all t and n,

(XtJrlu .. 7Xt+n)

is jointly normally distributed, with E[X;] = p, Var[X;] = 0%,
and for s > t.

s—t
Cov[Xt, Xs] = vx(s—t) Corr[ X, Xs] = px(s—t) = Lz)

Ox
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2.2 Properties of Stationary Processes

Then it follows that
Xnin|Xn = Xp ~ N(mh (Xn), Vh(Xn))
where

mp(x) = p+px(h)(x—p)
vi(x) = ox(1—px(h))
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2.2 Properties of Stationary Processes

To define “optimal” forecasting, we need to define a criterion
via which to assess the quality of predictions.

We use a minimum mean-square error (minimum MSE) crite-
rion, and attempt to to make the prediction X, = X, such
that

E[(Xnﬂl - §n+b)2|Xn = Xn]

is minimized. Here the expectation is taken with respect to
the conditional distribution Xy p|Xn = Xp.

2.2 Properties of Stationary Processes
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2.2 Properties of Stationary Processes

This minimization can be carried out analytically to yield
Xnt+h = E[Xnih|Xn = Xn] = mp(x) = p + px(h)(xn — )

that is, the best prediction (measured in minimum prediction
MSE terms) is the conditional expectation. The prediction
MSE corresponding to this prediction is

va(x) = o%(1 — pk(h))

In this case, we could deduce the appropriate form for the
optimal predictor from properties of the Gaussian process.

2.2 Properties of Stationary Processes

102



2.2 Properties of Stationary Processes

Best Linear Prediction: For a non-Gaussian process, we
seek the again seek the minimum MSE predictor. We restrict
attention to linear predictors, that is, predictors of the form

}?nJrh = Ih(Xn) =aX,+b

for some a and b. Under this restriction, and stationarity, it
again transpires that the optimal predictor takes the form

Ruin = E[XarnlXa = %] = mi(x) = 1+ px(B) (%0 — 1)

with the same prediction MSE as before.

2.2 Properties of Stationary Processes
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2.2 Properties of Stationary Processes

Non-negative definite functions: A scalar function g is
non-negative definite if, for all n, and vectors a = (ai,...,an)

n n
Z 2 ajg(i —j)a; = 0.
i=1j=1

If the summation is strictly greater than zero, the function is
termed positive definite.

If G is the n x n matrix formed as G = [g(i — j)];, then the
above definition becomes that

a'Ga > 0.

and G is a non-negative/positive definite matrix.

2.2 Properties of Stationary Processes
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2.2 Properties of Stationary Processes

Theorem:

A function g is the autocovariance function (ACVF) for a sta-
tionary stochastic process if and only if g is even, that is

g(h)=g(—h) forallheZ

and g is non-negative definite.

Note: by elementary properties of covariance, for all h,

~0) = 0
lv(h)] < ~(0)
v(=h) = ~(h)

2.2 Properties of Stationary Processes
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Characterizing the ACVF

Proof. Suppose that g is the ACVF of a stationary stochastic
process, {X;} say. By definition of covariance, g is an even
function, as

g(=h) = E[X;X;_pn] = E[X;11X:] = E[X; X;4n] = g(h).
Let a € R™ be an n x 1 vector, and let Xp.1 = (xu,...,x1)".
Then a' X,,.; is a scalar random variable, and

n
Var[a'X,.1] = a' Var[Xp.1]a = Z Z ajg(i—j)aj =0
i=1j=1

so g is non-negative definite.

2.2 Properties of Stationary Processes
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Characterizing the ACVF

Now suppose that g is non-negative definite and even. For
each n > 1, define the n x n matrix ¥ by

(%15 = gli —J)

and consider the multivariate Normal distribution with mean
zero and variance-covariance matrix . This distribution is
the finite dimensional distribution arising from a stationary
Gaussian process with the specified covariance structure. [

Note that an autocorrelation function has the same proper-
ties, except that p(0) = 1.

2.2 Properties of Stationary Processes
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2.2 Properties of Stationary Processes

Example: Simple harmonic process

Suppose U and V are zero mean and uncorrelated random
variables with variance 1. Let {X;} be defined by

X: = U cos(wt) + Vsin(wt)

where w is a fixed constant.

U and V define random amplitudes.

2.2 Properties of Stationary Processes
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2.2 Properties of Stationary Processes

Example: Simple harmonic process

Then E[X;] = 0 for all ¢, and

Cov[X;, Xitn) = E[ X Xi1n]
= E[(U cos(wt) + Vsin(wt))
(U cos(w(t + h)) + Vsin(w(t + h)))]
= E[U?] cos(wt) cos(w(t + h))+
E[V?] sin(wt) sin(w(t + h))
= cos(wt) cos(w(t + h)) + sin(wt) sin(w(t + h))
h)

)

= cos(wh) = cos(w(—

2.2 Properties of Stationary Processes



2.2 Properties of Stationary Processes

omega<-pi/3

set.
xt<-
yl<-
y2<-
y3<-

seed(2343)

seq(0,6,by=0.1)
rnorm(1)*cos(omegaxxt)+rnorm(1)*sin(omegaxxt)
rnorm(1)*cos(omegaxxt)+rnorm(1)*sin(omegaxxt)
rnorm(1)*cos(omegaxxt)+rnorm(1)*sin(omegaxxt)

ymin<-min(yl,y2,y3)
ymax<-max(yl,y2,y3)
par(mar=c(4,4,2,2))
plot(xt,yl,xlab="t"',ylab=expression(X[t]),

main=expression(paste('Three independent series:

ylim=range(ymin,ymax),pch=19, cex=0.8)

points(xt,y2,col="'red',pch=19, cex=0.8)
points(xt,y3,col="blue',pch=19,cex=0.8)

2.2 Properties of Stationary Processes

', omega==pi/3)),
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2.2 Properties of Stationary Processes

Three independent series: w=T1/3
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2.3 Construction of stationary processes

Let {Z;} be an IID process, and let {X;} be defined by
Xy =f(Zt,Z¢ 1, .., Zt—q)

for some q > 0. {X;} is a filtered version of {Z;}.
e {X;} is strictly stationary as {Z;} is strictly stationary.

e X; and X; are independent if |t — s| > q; {X;} is termed
g-dependent, and yx(h) = 0 if |h| > q.
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2.3 Construction of stationary processes

Example: Moving average processes

Let {Z;} ~ WN(0,02) be a white noise process, and let {X;}
be defined by

Xe =Zi +01Zt 1 +02Zt 2+ -+ 0qZ; g
for some q > 0, where 01,6, ...,04 are real-valued constants.

{X:} is zero mean, stationary and g-dependent; it is termed a
moving average process of order g (MA(q)).

2.3 Construction of stationary processes
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2.4 Linear Processes

{X:} is a linear process if for all t

0
Xp = Z ViZyj

j=—0o
where
o {Z:} ~ WN(0,0%)
e {1} is a real sequence with

e}

D7 Iyl < o0

j=—o0
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2.4 Linear Processes

Using the backshift operator notation
X; = ¥(B)Z

where

W(z) = > 7.

j==o0

The process is termed non-anticipating or causal if ¢); = 0 for
all j < 0, so that

o 0]
&ZZ%aﬁ
Jj=0

2.4 Linear Processes
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2.4 Linear Processes

Note that for the linear process to be sensible we need the
sum

Z YiZtj

Jj=—®

to converge in some appropriate fashion; in this context we
require mean-square convergence, denoted

o0
X" 7.
j=0
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2.4 Linear Processes

We require for the definition

2
n
nh—n>100E (Xt - Z ijtJ) =0

j=-n

For finite n > 0O,

n 2 n n
(Z %ZtJ) = 2 Wz YL D iUz jZe k

j=—n j=—nk#j

2.4 Linear Processes
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2.4 Linear Processes

Taking expectations, as {Z;} is a white noise process so that
E|Z; jZ; | =0ifj #k

n 2 n
E (zjwaﬂ) =03 > Y.

j=—n
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2.4 Linear Processes

Now
e8]

Dgl<o = > <o

j=— j=—

so therefore the partial sums (with limits +n) are also finite
for all n.

If

ee}

D1 Il < o0

Jj=—®

then we term the sequence {¢;} absolutely summable.

2.4 Linear Processes
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2.4 Linear Processes

Note also that by the Cauchy-Schwarz inequality

E[|Z|] < \/E[Z¢] = o,

therefore
0 0
E[IX:|] < > [[E[Zi] <o D> |¢] <o
Jj=—w© j=—©
so that
o0
Dz
Jj=—®

is convergent (almost surely).

2.4 Linear Processes
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2.4 Linear Processes

The operator ¢ (B) is termed a linear filter; it acts on the sta-

tionary (white noise) process {Z;} to produce the stationary
(autocorrelated) process {X;}.

The operator can also be applied to any stationary process.

2.4 Linear Processes
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2.4 Linear Processes

Suppose that {Y;} is a weakly stationary, zero mean process
with ACVF vy, and ¢(B) is the above linear filter with abso-
lutely summable coefficients. Then the process

Xe =9(B)Y = Z VY
j=—0

is also weakly stationary with mean zero. The ACVF of {X;} is

e o] e 0]

w(h)= > > dbiyy(h +j - k).

j=—wk=—w0

2.4 Linear Processes
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2.4 Linear Processes

If {Y;} is a white noise process, so that {X;} is a linear process,
then

yx(h) = Y oy

j=—0
To see this, note that
o
E[X] <E[X[ < ), [lE[Ye]] <o
j=—0

so that E[X;]| = 0 for all t. Then

E[XiXi+n] = E[(/i 'l/Jth—j) ( i kat+h—k)]
j=—00 k=—o0

2.4 Linear Processes
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2.4 Linear Processes

Multiplying out yields

E[X:Xi1n] = Z Z Vi E Y Yiyn—k]

j=—wk=—0w

DT> v+ h — k).

j=—0owk=—00

If {Y;} is white noise, then vy(h) = 0% if h = 0 and zero
otherwise, in which case

vx(h) = E[Xt Xt 4n] = Z ijjJrhUY

j=—00
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2.4 Linear Processes

If a(B) and (B) are two linear filters, each of which has ab-
solutely summable coefficients, and

then ¢ (B) is also a linear filter, with

Y= > axBik= ). Brojk

k=—o0 k=—w0

and if {Y;} is a stationary process, then

defines a stationary process {X;}. Note that W; = §(B)Y; is
also stationary, and X; = «(B)W;.

2.4 Linear Processes
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2.4 Linear Processes

Example: AR(1) process
Let {Z;} ~ WN(0,02),

¢| <1, and
Xt = ¢Xe1+ Zt

with E[ZsX;] = O for s > t. That is, {X;} is the solution of the
equation
Xe —¢Xp 1 = Z4

or
(1 — ¢B)X; = Z,.

2.4 Linear Processes
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2.4 Linear Processes

Example: AR(1) process

Consider the linear process
w -
Xp =Y ¢Z .
j=0

Note that
0 _ 1
Do = g < o0
ST 1T g

hence the conditions of absolute summability hold.

2.4 Linear Processes
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2.4 Linear Processes

Example: AR(1) process

This is a solution to the equation above as

Xi = ¢Xe 1+ Z;
= ¢(pXe—2+ Zi—1) + Z; recursion

n—1
= nligloo {¢nXt—n + Z ¢]Zt—j}

j=0

w .
= 2 & Zy_j
j=o

2.4 Linear Processes



2.4 Linear Processes

Example: AR(1) process
Also, for h > 0,
vx(h) = Y Gano = S JP o = 02 N gHth
j=— Jj=0 Jj=0

that is

2 1h
vx(h) = 1o-i¢g[)2
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2.4 Linear Processes

Example: AR(1) process

If {Y:} is another stationary solution to the AR(1) equation,
then, for any k > 0

(EEDIR L)

o] 2
=F (Z ¢l+k+lztk11) ]

1=0

e [(ZM . )]

— @2+ DR [(thkfl)z]

2.4 Linear Processes

130



2.4 Linear Processes

Example: AR(1) process

The right hand side of this equation converges to zero as
k— o, as|¢| <1, and E[YZ ,_,] < 0.

Therefore Y; and X; are equal in mean square
Y, = X,

and therefore {X;} is essentially the unique stationary solu-
tion to the AR(1) equation

X; — ¢Xe1 = Z

with |¢| < 1 and {Z;} ~ WN(0, 02).

2.4 Linear Processes
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2.4 Linear Processes

Example: AR(1) process

Therefore for any stationary AR process there is an essentially
unique MA(o0) representation, with ¢); = ¢/ for j > 0, and
;= 0forj < 0.

2.4 Linear Processes

132



2.4 Linear Processes

Example: Non-stationary AR(1) process
If || =1, say

Xe =Xy 1+2Z or Xp=-Xp1+24
then X; is not stationary. Clearly
Var[X;| = Var[+X; 1] + Var|Z;]| > Var[X; 1]

forall t.

2.4 Linear Processes
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2.4 Linear Processes

Non-causal AR(1): In the AR(1) formulation, suppose |¢p| >

1, that is
Xi = ¢0Xe 1+ Z;
so that
1X Xi_1 + 1Z
—Xt = X1+ <4t
o ¢
or

Xt—l = ¢*Xt + Zt*
where {Z}} ~ WN(0, 0%/¢?) is defined by

N 1
Zt = —521;

and ¢, = 1/¢, so that |¢.| < 1.

2.4 Linear Processes
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2.4 Linear Processes

Therefore, by considering a reverse time formulation, we can
construct a stationary solution to the AR(1) equation. It takes
the linear process form

(e 0] o8]
X = 2 GeZig = — Z ¢70+1)Zt+1+j
j=0 j=0

that is, X; is defined in terms of future values of {Z;}.

The ACVF can be computed by the usual methods. Such a
process is termed non-causal.

2.4 Linear Processes
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2.4 Linear Processes

Note: we have for the AR(1) process that
1-¢B)X; =2 .. X;=(1-¢B)"'Z

and by a geometric series expansion,

X = {Z qbeJ} Zi=) 07
j=0 j=0

as before.

2.4 Linear Processes
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2.5 Autoregressive Processes

Suppose that {Z;} ~ WN(0, ¢%), and that the equation
Xe — ;1 Xe 1 — - —0pXe—p=2Z;

is used to define (implicitly) {X;}. This definition does not
ensure (or even suggest) that the solution can be found, or is
unique or stationary.

This process is termed the autoregressive process of order p
(AR(p)). We have that

E[X;] = E[Z] = 0.

2.5 Autoregressive Processes
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2.5 Autoregressive Processes

Example: AR(2) process
If p = 2 we have

— ¢1Xt—1 — ¢2Xt—2 = Zt or @(B)Xt = Zt'
where ®(B) = (1 — ¢1 B — ¢ B?), and the following linear pro-

cess representation obtained by noting that

X, =(1—¢1B—¢2B*)7'Z; = 2 ViZej
j=—0w

where 1) is the coefficient of B/ in the series expansion of

(1 —¢1B — ¢B?)!

2.5 Autoregressive Processes
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2.5 Autoregressive Processes

Example: AR(2) process

Consider the factorization
®(z) = (1 - g1z — $22%) = (1 — &12)(1 — &2).

where z is an arbitrary complex number, and (£;,&;) are a
complex conjugate pair. In general,

(1-¢€2)7"

has radius of convergence [{| < 1 when |z| = 1.

2.5 Autoregressive Processes
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2.5 Autoregressive Processes

Example: AR(2) process

(&1,&2) are the reciprocal roots (that is, the reciprocals of the

roots) of the equation
®(z) =0

then the series expansion of
{1-a2)(1-&2)}"
is convergent for |z| = 1 if and only if

61| = &2 < 1.
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2.5 Autoregressive Processes

Example: AR(2) process

We have that

®B)X;=2Z .. X ={®B)} 'z = Z ViZe_j
j=—00
where ); is the coefficient of z/ in the series expansion of

{2} ' ={1-az2)(1-&2)} ' =) ) gtk
j=0k=0
that is

J .
Y=y "
k=0

2.5 Autoregressive Processes



2.5 Autoregressive Processes

Example: AR(2) process
Note that

J
il < D lalflel ™ = G + )M
k=0

where M = max{|1], |€2]|} < 1. Therefore

o0 0 ] ] 1
J§|¢j| <J;)(J +1)M = e <>

Hence {X;} is a linear process with absolutely summable co-
efficients.
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2.5 Autoregressive Processes

The extension to the AR(p) case is straightforward: write

p
O(z) =1—¢1z— oz’ — - = ¢pzP = [ [(1 - §2)

j=1

and by an identical argument to above, to ensure stationarity,
we require that the reciprocal roots

51’527'-"519

all satisfy |¢| < 1.
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2.5 Autoregressive Processes

Equivalently, if we let 7 = fjfl denote the roots of ®(z) = 0,
then we have

p
®(z) = [ [( - 2)
j=1

J

and require |n;| > 1 for each j.
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2.5 Autoregressive Processes

If |&| > 1 for at least one j, then no causal stationary solution
to the AR(p) equation exists, but a similar approach to the
AR(1) case allows us to define a (unique) non-causal station-
ary solution.
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2.5 Autoregressive Processes

Hence the only case that leads to non-stationary solutions is
when |{j| = 1 for at least one j. In the simplest case & = 1,
which corresponds to the factor (1 — B) in the AR polyno-
mial; however any complex root with modulus 1 yields a non-
stationary solution, that is

gj _ eiw

for —m < w < 7, where ; = /—1.
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2.5 Autoregressive Processes

Example: AR(2) process

Suppose
;(t 1 ;(tfl 1;(t72 - Zt-

Then = 5

P(z)=1-— 22t Zz2 = (1 -32)(1 — z/4)
Therefore the reciprocal roots are 3 and 1/4. Therefore no
causal stationary solution exists.
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2.5 Autoregressive Processes

Example: AR(2) process

Suppose
Xi— 2%, 1 42X, 5= 2
t 20 t—1 5 t—2 — 4t
Then
31 3
®(z) =1 - 252+ gz2 = (1 —4z/5)(1 — 3z/4)

Therefore the reciprocal roots are 4/5 and 3/4. Therefore a
causal stationary solution does exist.
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2.5 Autoregressive Processes
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2.5 Autoregressive Processes

Code: we can use the functions in R to perform key calcula-
tions

e polyroot to compute the roots of ®(z) = 0.
e arima.sim to simulate a time series.

o ARMAtoMA to compute the 1); values in the MA(c0) linear
process formulation

e ARMAacf to compute the theoretical ACF.

In these functions, the representation
Xt =01Xe 1+ 9Xe 2+ 7

is used, so that the coefficients in the above model are ¢; =
31/20 and ¢, = —3/5.
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2.5 Autoregressive Processes

polyroot(c(3/5,-31/20,1)) #Finding the roots (coefs in increasing term order)
## [1] 0.75+2.041443e-141 0.80-2.041443e-14i

#Numerical solutions for roots are in complex number form, but imaginary part is negligible.

#Using the roots of a quadratic formula

aval<-1

bval<--31/20

cval<-3/5
root.vals<-(-bval+c(-1,1)*sqrt(bval”2-4xavalx*cval))/(2+aval)
root.vals

## [1] 0.75 0.80

1/root.vals

## [1] 1.333333 1.250000

set.seed(32)
X<-arima.sim(n=500,model=list(ar=c(31/20,-3/5)))
par(mar=c(4,4,2,2))

plot(1:500,X,pch=19,cex=0.8,xlab="t")
lines(1:500,X)
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ARMAtoMA (ar=c(31/20,-3/5),lag.max=20) #Linear Process representation (first 20 coefs)

## [1] 1.5500000 1.8025000 1.8638750 1.8075063 1.6833097 1.5246263 1.3531849
## [8] 1.1826608 1.0212134 0.8732842 0.7408625 0.6243663 0.5232503 0.4364182
## [15] 0.3624980 0.3000210 0.2475338 0.2036647 0.1671601 0.1368993

par(mar=c(4,4,1,2))
true.acf<-ARMAacf(ar=c(31/20,-3/5),lag.max=50)
acf(X,main="ACF of X', lag.max=50)
points(0:50,true.acf,col="red',pch=19, cex=0.8)
legend(25,1,c('True ACF'),pch=19,col="red')

2.5 Autoregressive Processes

154



2.5 Autoregressive Processes

il ——
I [N RERA N LA "I

2.5 Autore gressive Processes

155
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Larger sample size: n = 5000.

set.seed(32)
X<-arima.sim(n=5000,model=list(ar=c(31/20,-3/5)))
par(mar=c(4,4,1,2))
true.acf<-ARMAacf(ar=c(31/20,-3/5),lag.max=50)
acf(X,main="ACF of X', lag.max=50)
points(0:50,true.acf,col="red',pch=19,cex=0.8)
legend(25,1,c('True ACF'),pch=19,col="red")
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2.6 ARMA Processes

If {Z;} ~ WN(0,02%), we have

e Moving Average:
Xe =Zt + 01 Zp 1+ + Qth,q

» stationary
» g-dependent; yx(h) = 0for h > q

2.6 ARMA Processes
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2.6 ARMA Processes

e Autoregression:
Xe — 1 Xe 1 — - —0pXe—p =7Z;

» stationary provided the roots of the AR polynomial

p

B(z) =1 -1z~ —¢pz’ = [[(1 - §2)

Jj=1

satisfy || # 1 for each j; causal if |§j| < 1 for each j.
» yields an MA(o0) representation.
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2.6 ARMA Processes

{X;} is an ARMA(p, q) process if it is stationary and satisfies

p
®z) = 1-dr1z—-—dpzP =[[(1 - g2)
=1
Jq
O(z) = 1+b1z+-+0gz7 =] [(1 - wz)
j=1
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2.6 ARMA Processes

Example: ARMA(1,1)

Suppose {X;} satisfies
(1 —¢B)X; = (1 + 0B)Z,

This is the ARMA(1, 1) process. Suppose that |¢| < 1, and let

o(B) = {®(B)} ' = ) ¢/B/
j=0
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2.6 ARMA Processes

Example: ARMA(1,1)
Then

where

U(z) = a(2)0(z) = (1 + ¢z + ¢*z* +---)(1 + 02)
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2.6 ARMA Processes

Example: ARMA(1,1)
Therefore
o = 1
Y o= @+ j=1

SO

X =Zi+(0+¢) >, ¢ 'Z
j=1

Note: if |¢| > 1, can construct a stationary non-causal version.
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2.6 ARMA Processes

Invertibility: If
®(B)X; = ©(B)Z;

then we may also write
{6(B)} '2(B)X: = Z
provided the expansion

B(B)={0(B)}' =} 5B
Jj=0

converges.
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2.6 ARMA Processes

From above, we have

q
H (1 —wJ
j=1

so therefore expansion exists provided |wj| < 1 converges.

Such a process is termed invertible.
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2.6 ARMA Processes

Example: ARMA(1,1)

In this case

O(B)=1+6B B(B)=1-6B+6*B* — ...

and we require |0| < 1. Let n(B) = 5(B)®(B), where
m =1
m=—00+¢)(—0Y " =1

We then have an AR(o0) representation

W(B)Xt = Zt.
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2.7 ARMA processes: Estimation

Estimation for ARMA processes, and indeed all stationary pro-
cesses, can be achieved in a non-parametric fashion using
moment-based estimation.

For example, we may estimate expectation u = E[X;] using
estimator
n

.’:s\»—\

2.7 ARMA processes: Estimation
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2.7 ARMA processes: Estimation

Recall that we require an estimator to have good statistical
properties. In the non IID case, properties of this estimator
are more difficult to study; it is clear that, under stationarity,

E[X] =

so we have an unbiased estimator, but the variance of this
estimator must be computed with care.

2.7 ARMA processes: Estimation
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2.7 ARMA processes: Estimation

Var[X] = 5 D7 D Cov[X, X] = 5 D1 Dol — )
i=1j=1 i=1j=1
= 5 > (n— |nlx(n)
h=-n
_1y h|
-2 (-

As n — oo, this variance should stay finite, otherwise the
performance of the estimator will be poor.
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2.7 ARMA processes: Estimation

A necessary condition is that
vx(h) — 0 as h — oo,

but this is not sufficient, for example if yx(h) ~ 1/h as h —
o0, the sum diverges.

2.7 ARMA processes: Estimation
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2.7 ARMA processes: Estimation

If Var[X] — 0, then X —  in mean square. If

0

S (b)) < o0

h=—w

the asymptotic variance is the probability limit of nVar[X],

o}

nVar[X] 2> ) x(h)

h=—w

Note that it is not necessarily the case that

0

> hx(h)] < oo

h=—w0
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2.7 ARMA processes: Estimation

For a Gaussian series {X;}
VaX —p) ~ N (o,hEH ( - 'ﬁ') 7X<h>>

whereas for non-Gaussian stationary series this result holds
as an asymptotic approximation, provided the autocovariance
series is absolutely summable.
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2.7 ARMA processes: Estimation

In practice, yx(h) must be estimated from the data, and in the
asymptotic case, the infinite sum must be truncated;

5 (1- )5

h=-1I

commonly this is done at I = 1/n.

2.7 ARMA processes: Estimation
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2.7 ARMA processes: Estimation

Example: AR(1) process

Suppose that {Z;} ~ WN(0,02), and
Xe —p=¢Xe1—p) +7Z

with |¢| < 1. Then

2 plh|
Yx(h) = (172_ b2
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2.7 ARMA processes: Estimation

Example: AR(1) process

Then
> hx@) = ) x(h)
h=—o h=—w
_ % {142y ¢h]
1-¢2 [ hz=]l
oz
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2.7 ARMA processes: Estimation

Estimation of the autocovariance function vx(h) can also be
achieved by moment-based methods

n—|h|

(Xt+n — X)(x¢ — X).

1
o3

This is a biased estimator of yx(h), but the bias is low (order

o(1/n).
Note that the k x k symmetrix matrix f‘k with
[Cily = 3(li =i

is non-negative definite for each k > 1.
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2.7 ARMA processes: Estimation

The autocorrelation function px(h) can be estimated by

Ry = — I,

2
—

=)
~—

The properties of this estimator can be established, and can
be used to construct hypothesis tests for each h that px(h) is
zero based on a z-score approach.

2.7 ARMA processes: Estimation
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2.7 ARMA processes: Estimation

In particular, under the null hypothesis that the process is a
white-noise process, we have approximately that

vVn[Rglin = +v/np(h) ~N(0,1)  h>1

Global (or portmanteau) tests, that assess multiple h can be
constructed based on a Chi-squared distribution approxima-
tion. See for example the Box-Ljung test (Box.test in R).
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2.7 ARMA processes: Estimation

Note: The matrices I‘k,f‘k and other related matrices are
symmetric Toeplitz matrices (that is, they are constant along

diagonals).
[ ~(0) (1) 7(2) 7(3) (k= 1)]
v(1) 7(0) v(1) 7(2) v(k —2)
7(2) (1) 7(0) (1) v(k = 3)
Te=1 43 1(2) (1) ~(0) v(k —4)
Wk=1) y(k-2) A(k—3) y(k—4) +0) |
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2.7 ARMA processes: Estimation

Note: The matrices I‘k,f‘k and other related matrices are
symmetric Toeplitz matrices (that is, they are constant along

diagonals).
[ ~(0) (1) 73) e Ak =1)]
v(1) 7(0) v(1) ok —2)
(1) 7(0) (1) o y(k=3)
Te=1 43 v(1) (0) - y(k—4)
Wk=1) A(k—2) A(k—-3) y(k—4) 2(0) ]
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2.8 Forecasting for Stationary Processes

Forecasting for stationary processes utilizes the autocovari-
ance structure of the process to optimize predictions. Sup-
pose we wish to forecast X, given the observed data

X1:n = (le"' 7XH)'

We focus on linear predictors, that is, linear combinations of
past values.

We will focus on model-free procedures, and utilize moment
properties rather distributional properties of {X;}.

2.8 Forecasting for Stationary Processes
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2.8 Forecasting for Stationary Processes

We utilize the minimum Mean-Square Error (MSE) criterion,
and choose constants ap., = (ao, a1, ...,a,)' to minimize

2
n
E <Xn+h —ap — Z aan1+1)
i=1

where the expectation is over the joint distribution of all the
random quantities.

We denote the linear predictor using the n-data prediction
operator notation

n
Pan+h =ao + Z aanfiJrl
i=1
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2.8 Forecasting for Stationary Processes

By differentiation, we need to solve simultaneously

n
E [(Xn+h —ap — Z aani+1>] =0
i=1

and, forj=1,...,n
n
E [(XnJrh —ap — Z anni+1> an+1] =0
i=1

From the first equation, we see that we must choose

n
apg = [ (1 — Zaj>
i=1

where p = E[X¢].

2.8 Forecasting for Stationary Processes
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2.8 Forecasting for Stationary Processes

In vector notation, the resulting system of n simultaneous
equations is written

I'na = Yn:(h+n-1) (1)
where
Tn = [ywx(i-jly (nxn)
a = (ay,...,ap) (nx1)
Ynihan-1) = (x(h),...ox(h+n-1)"  (ax1)
with ap = ap(ai,...,an) given by the previous expression.
This is a linear system in (aj,...,ap); in general the solution

will also depend on h.

2.8 Forecasting for Stationary Processes
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Denote the solution to (1) by
a(n7h) = (a(lvh)v- . 'aa(nvh))T

so that

n
PpXnyh = p+ Z a(jyh)(Xn—H-l - M)‘
i=1

Note that, by construction
E[(XHJrh - Pan+h)] =0
E[(Xa+n — PuXp4n)Xj] = 0 J=1...,n
The minimum value of the MSE achieved by a(n, h) is

E[(Xn+n — PoXntn)*] = 7x(0) — a(n, h)T’Yh:(thn—l)

2.8 Forecasting for Stationary Processes

185



2.8 Forecasting for Stationary Processes

The formula
I'na = Yh:(h+n—1)

depends only on the autocovariance function. Direct solution
of this equation is possible for most practical situations

a(n,h) = FI:l’Yh:(thnfl)

can be computed using solve in R. However, the form of I',
(symmetric, Toeplitz) can make it relatively easy to invert.

2.8 Forecasting for Stationary Processes
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2.8 Forecasting for Stationary Processes

Example: AR(1)

Recall that
[Tl — ¢

so that
7h:(h+n—1) = (¢h7¢h+17 sy ¢h+n71)—r

Then the matrix inversion can be carried out analytically,
yielding
a(n,h) = (¢",0,0,...,0)"

which is an intuitively reasonable result. It follows that
Pan+1 = ¢Xn Pan+2 = ¢2Xn

and so on.

2.8 Forecasting for Stationary Processes
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2.8 Forecasting for Stationary Processes

Let Y, Wy,..., W, be random variables with
E[Y] = py E[Wi] = p

and
Var[Y], Var[W;], Cov[Y, W;], Cov[W;, W] < .

Write Wy.1 = (Wy,...,W;)T, and

v =Cov(Y,Wp1) (nx1)
I' = Cov(Whp.1, Wh.1) (n x n)
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2.8 Forecasting for Stationary Processes

Denote the best linear predictor of Y, given Wy,..., W, by
P(Y|W) = puy +a' (Wa1 — pin1)
where a solves I'a = «v. The minimum MSE is then

E[(Y — P(Y|W))?] = Var[Y] — a ' ~.
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2.8 Forecasting for Stationary Processes

Let U and V be random variables with E[U?], E[V?] < o0, and
B,a1,...,an be constants. Then

1. P(U|Wpa) = E[U] +a" (Wpi — fin:1).

2. E[U — P(U|Wya)] = E[(U — P(U|Wy.1))Wn] = 0.
3.
4

. P is alinear operator

E[(U — P(U|Wp.1))?] = Var[U] — a .

P(ayU+aaV+B|Wai) = a1 P(U|Wait ) + a2 P(V|Wpip) + 8.

2.8 Forecasting for Stationary Processes
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2.8 Forecasting for Stationary Processes

5. f’(OZTanl + /8|an1) = aTWn:l + ﬁ
6. If v = 0, P(U|Wy1) = E[U].
7. Coherent iterated prediction: If W = (Wy.1, W), then

P(U|W) = P(P(U|Wpa1, W) | W)
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2.8 Forecasting for Stationary Processes

Example: AR(p) process
If {Z;} ~ WN(0, 02), and

®(B)X; = Z;
such that {X;} is stationary and causal. Then for each n
Poo1Xy = Po[¢1Xn_1+ -+ ¢pXap + Zn]
= ¢1Xn-1+ -+ PpXnp

by 4., 5. and 6.

2.8 Forecasting for Stationary Processes
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2.9 Levinson-Durbin Algorithm

For a stationary process {X;}, suppose we write
n
Pan+1 = 2 ¢nJXn—j+1 = d)]l— Xin
j=1
say as the general form of a linear predictor, where

d)n = (¢H,1a" . 7¢H7H)T (I] X 1)

is the coefficient vector resulting from n data.
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2.9 Levinson-Durbin Algorithm

By the arguments above, the optimal MSE choice for ¢, is
¢, = 1—‘1:1'711

where

[Tl = (i —jl) 2= (x(1),...,9x(0))".
Let the minimum MSE be denoted

Vo = E[(Xn41 — PaXni1)2] = 7x(0) — b1,
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2.9 Levinson-Durbin Algorithm

We seek a recursion for ¢ ,; suppose ¢,_; and v,_1 have been
computed, and define ¢, by setting the nth component as

1
$nn = v [’YX(H) - d);—zr—l’Y(n—l):l]

n—1

and the first n — 1 components via

(I)n,l:(nfl) = q)nfl - ¢n,n¢?1—1

where

O 1 = (Pn—tn—1,---sbn_11)"

is the reversed version of ¢,_;. Finally, set

Vn = vp-1(1l — ¢121,n)
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2.9 Levinson-Durbin Algorithm

To initialize the recursion, set

$1,1 = px(1) = vo=7x(0)  vi=7x(0)(1—¢7,)

To see that the recursion produces a valid solution, first set R,
to be the autocorrelation matrix R, = I', /vx(0), and define

P o = (ox(L).px()

7x(0
We verify the inductive step

Rpd, = pp = Ro+1®ni1 = Pnt1
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2.9 Levinson-Durbin Algorithm

Clearly the relation holds for n = 1, as
Ri=1 ¢ =0¢11=px(1) p;=px(1).

We assume the relation holds for n = k, and verify that it
holds for n = k + 1. Now

Rx Pk
Rii1 = [ {pi}T 1

where
pi = (px(k),...,px(1))" = 0k

2.9 Levinson-Durbin Algorithm
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2.9 Levinson-Durbin Algorithm

Recall that

7x(0) ¥x(1) 7x(2) 7x (k)
7x(1) 7x(0) 7x(1) x(k —1)
R = — | w(@ (1) (0 - x(k—2)
7x(0)
| wx(k) w(k—=1) w(k—=2) -+ wx(0) ]

and note that

Ridy = py = Ry = pk-
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2.9 Levinson-Durbin Algorithm

Rer1Ppy1 =

Ry p} [ b — dk+1,k+1Dk ]
| {p3}T 1 P11 k+1
_ [ Ridy — dr1 k1 Red + Pt kr1py ]
T T
| {pL} bk — Prr1 k1 {PE} Ok + ki1 k1

Rydy ]
| {Pi}bek + Ok41,k4+1(1 — {Pi}Td)i)

as Rxd} = p}.
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2.9 Levinson-Durbin Algorithm

Now by definition

1
Pkilkil = 7k [VX(k +1) — (1)1}7%]

and by definition
N T _ R1T R
vk = 7x(0) —bxvx = x(0) — {dk} 7k

1 (0)(1 = {pi} " &})

so therefore

1 R R\ _
ka(l —{pi} T 0}) = % (0)
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2.9 Levinson-Durbin Algorithm

Therefore

1
Pkr1k+1 = — [yx(k+1) — ¢1I’Yi] = px(k +1) — diph
7x(0)

and hence

Rir10p11 =

[ Ridy ]
| {p3} bp +pox(k+ 1) — dpph

_ | Pk
| px(k +1)
= Pk+1

and the recursion holds.
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2.9 Levinson-Durbin Algorithm

For the prediction MSE recursion: using the recursion for ¢,

E[(Xnt1 — &y Xn1)?] = 7x(0) — bpvn

= x(0) =&y 1¥n 1+ Gnn {O3 1} Va1 — bnnrx(n)
Va—1+ $nn ({d)ﬁfl}T Yoo1— 7x(ﬂ)>

Vn1 — 05, (7x(0) — &) 1vn_1)

= Vﬂfl(l - ¢?1,n)'

Vn

where line 2 follows from line 1 by substituting in the formula
for ¢, given by the recursion.

2.9 Levinson-Durbin Algorithm
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2.10 Partial Autocorrelation Function (PACF)

Define the function ax(h) by ax(0) = 1 and
O‘X(h):éh,h h:1727"'7n

where ¢p, j is the value returned as the coefficient on the hth
step of the Levinson-Durbin recursion.

This function is termed the partial autocorrelation function,
or PACF, which is uniquely determined by the ACF ~x.
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2.10 Partial Autocorrelation Function (PACF)

Note also that as v, is non-negative, and
_ 2
Vn = Vﬂfl(l - ¢n,n)
we must have that gzbrzm < 1 for all n, and hence that

Van < Vo1

so the optimal prediction MSEs form a decreasing sequence.

2.10 Partial Autocorrelation Function (PACF)
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2.10 Partial Autocorrelation Function (PACF)

For random variables X, Y, Z, the partial correlation of X and
Y, given Z is defined by

Corr[(X — E[X|Z]), (Y — E[Y]Z])]

that is, the correlation between the residuals from a regres-
sion of X on Z with those from a regression of Y on Z.
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2.10 Partial Autocorrelation Function (PACF)

For process {X:}, if we let X = X;, Y = Xiyp, and Z =
X(t+1):(t+h—1)-

ax(h) = énn

= Corr[(X; — 13(Xt|X(t+1):(t+h—1)))7

(Xt+n — P(XenlX(e41):(t+h-1))]

The PACF computes the correlation between prediction resid-
uals for X; and X¢1p, using X(;41),(t+n—1) to make the predic-
tions.

2.10 Partial Autocorrelation Function (PACF)
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2.10 Partial Autocorrelation Function (PACF)

Example: AR(p)

Suppose {X;} ~ AR(p), with parameters ¢1,...,¢,, and con-
sider h > p. Then

~

P(Xevn|Xp41):(t+n-1)) = #1Xe4n—1+ -+ &pXernp
and
P(X¢|X(t41):(t4+n-1)) = Xt = ¢1Xe 11 + - + ¢pXetp

so therefore

~

Xi+h — P(Xe4n|X(t41):(t40-1) = Zi+n
Xt — P(Xe|X(t11):t40-1) = Zt

and as Corr[Z;, Z;1p] = 0, the PACF is zero for h > p.

2.10 Partial Autocorrelation Function (PACF)



2.10 Partial Autocorrelation Function (PACF)

The Levinson-Durbin algorithm provides a method for solving
the linear system

an)n = Pn

by recursion, for arbitrary n, and given ACF ~x(h) without
the need for large matrix inversion. It exploits the symmetric
Toeplitz nature of an autocovariance matrix, and is an order
n? algorithm.

Other algorithms for inverting this type of matrix are typically
higher order; the Cholesky decomposition

R, = L,L}

with L, lower triangular is order n3

Toeplitz nature of R;,.

. It does not exploit the

2.10 Partial Autocorrelation Function (PACF)
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2.11 The Innovations Algorithm

Another approach to forecasting proves feasible even for the
non-stationary case. Suppose that {X;} is zero mean process
with E[|X¢|?], and E[X;X;] = (i, j). Denote

~ 0 n=1
Xn:
Pyo1Xa n=2,3,....

and let
Un = Xn - Xn

denote the one step prediction error. Then
Uin = ApXip

where A, contains the coefficients a;; that appear in the op-
timal linear predictor.

2.11 The Innovations Algorithm
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2.11 The Innovations Algorithm

[ 1 0 0
ail
A, = az? az 1
| dn—-1,n—1 @dn—-1,n—2 @dn—-1n-3 " 1 ]

This lower triangular matrix is non-singular and let
A;l = Cn

where C, is also lower triangular.
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2.11 The Innovations Algorithm

Let
_ . 0 _
011
C, = 022 021
| enfl,nfl anl,an anl,nfS e 1 ]

Then, recalling that X;., = C,Uj.p,
X1:n = CpUn = Cn(X1n — X1:n)-
Also
Xin = Xin — Utn = CaUin — Utip = O (X1 — Xion)

2.11 The Innovations Algorithm
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2.11 The Innovations Algorithm

0 0 0 |
9171 0 0
e, = 022 021
| 91171,1171 91171,1172 enfl,nf3 - 0 ]
Therefore
0 n=0
Xn+1 = s

n
> Onj(Xng1—j —Xny1-5) n=1,2,....
j=1
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2.11 The Innovations Algorithm

Therefore the one-step predictions
X1,Xo, ..., Xn, ...

can be computed as weighted sums of previous prediction er-
rors

~

X1 —X1,X —Xo, ..., Xn — Xn, ...

provided the entries in the matrix ®, are known. Note that
by the previous results, the sequence {D,} defined by

Dy = Xn — Xi
is an uncorrelated sequence.

Another recursive approach avoids the need to carry out ma-
trix inversion.

2.11 The Innovations Algorithm
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2.11 The Innovations Algorithm

Initialize vp = x(1,1) = E[X?], then for each n set

k—1
1
Onpn-k = — |k(n+1,k+1)— E Ok, k—jOn,n—;Vj
Vi j=o

for 0 < k < n, and
vp=k(n+1,n+1)— Zennj

That is, we compute

Vo

)

boo 01 W2

)

033 632 631 V3

)

and so on.
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2.11 The Innovations Algorithm

For h-step ahead prediction

n+h-1
PpXnin = Z en—i—j—l,j(Xn—&-h—j - n+j—j)
j=h
and
n+h-—1
Vn+h—/<;(n+h 1’1+h Z 0n+] 1,jVn+h—j—1

In this case, the innovations algorithm must be run forward
h — 1 steps.

2.11 The Innovations Algorithm
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2.11 The Innovations Algorithm

Note: It is possible to extend the idea of optimal linear pre-
diction from the finite case to the infinite, that is, to find con-
stants {fj} such that

Q0
PXnin = 2 BiXni+1-j-
j=1

The infinite system of moment constraints
E[(Xpsn — PXpen)Xai1—i] =0 i=1,2,...

yield the infinite system of equations

0
Z DB =x(h+i—1) i=1,2,

2.11 The Innovations Algorithm
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2.12 The Wold Decomposition

Any process {X;} where
Xp — Py 1Xp =0
in mean square, that is

E[(Xn — Pa_1X2)?] =0

for all n is termed deterministic

2.12 The Wold Decomposition
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2.12 The Wold Decomposition

Example: Simple Deterministic Process
Suppose U, V are zero mean and uncorrelated variables with
variance o2, and let

Xt = U cos(wt) + Vsin(wt)

for some w € (0, 7). Then for each integer n,

~

Xn = ZCOS(w)Xn_l — Xn—2 = PH_1XH

say, and hence
Xn - Pn_1Xn S 0

2.12 The Wold Decomposition
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2.12 The Wold Decomposition

The Wold Decomposition gives a fundamental representation
of stationary processes.

If {X;} is stationary and non-deterministic, then {X;} has the
representation

ee}
Xp= > Z j+ Vi (Wold)
Jj=0
where
e {Z} ~ WN(0,0?)
o {V;} is deterministic

e {Z;} and {V;} are uncorrelated

0
. ¢0:1, ZwJ2<OO
j=1

2.12 The Wold Decomposition
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2.12 The Wold Decomposition

We also have that
o 7, = INZ’tZt forallt
o V; = INDSVt for all s, t.
and that the representation in (Wold) is unique. Furthermore
e foreacht, Z; = X; — 1~3t,1Xt;
e for each j, 1); satisfies
o = E[XtZt_j];
E[Z}]

0
e foreacht, V; = Xy — >; ViZy—j.
j=0

2.12 The Wold Decomposition
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Chapter 3

ARMA Models




3.0

3. ARMA Models

We study further properties of ARMA(p, q) processes.

Consider the ARMA(p, q) process {X;},

where {Z;} ~ WN(0,02),
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3.1 Basic Properties

Here
p
®(z) =1—¢rz— - —dpzP = [ [(1 - §2)
j=1
q
O(z)=1+b1z+ -+ 0427 zn(l—wjz)
j=1

We assume that there are no common factors in ®(z) in ©(z).
e {X;} is causal and stationary if and only if |§| < 1,j =
1,...,p
o {X;} is invertible if and only if |wj| < 1,j =1,...,q.

3.1 Basic Properties
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3.1 Basic Properties

Note that by using the power series expansion of the gener-
ating function

we can construct the linear process (MA(o0)) representation

Q0
X = Z VjZi—j
j=0
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3.1 Basic Properties

We must have

(I —¢1z = —¢pzP) (Yo + 1z + )
=(1+b1z+ -+ 0429

so equating coefficients, we have ¥y = 1, and for 1,2, ..., we
have the recursion

p
Yy =0 + Z drVj—k
k=1

3.1 Basic Properties
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3.1 Basic Properties

By a similar argument, under invertibility, we can construct
an AR(o0) representation

e @]
Zt = 2 7Tth_j
j=0
where g =1,and j =0,1,2,...

q
7Tj = —gbj — Z kaj,k
k=1

3.1 Basic Properties
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3.1 Basic Properties

ACF: The ACF ~x(h) is given by previous results for linear
processes; for integer h

Yx(h) = E[X¢X¢4n] = 2 VjYj 1 n|

Example: MA(q)

By the linear process representation, ¢o = 1, ¢); = 0; for j =
1,...,q,and ¢; = 0 for j > q, so therefore

2 _]+h 0<h<q

and zero otherwise.
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3.1 Basic Properties

Example: ARMA(1,1)

Consider the ARMA(1, 1) process based on a WN(0,02) pro-
cess, with |¢| < 1. Then recall that

gives the MA(w) representation. Note that for j > 2,

Y = 1.
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3.1 Basic Properties

Example: ARMA(1, 1) stationary and causal

h =0:

0
’VX(O) = 0-% Z 1/{]2
Jj=0

-2+ 24
| j=1
= o, 1+(9+¢)22¢Zf]
j=0

N J=

-3 fue O8]

1—¢?

3.1 Basic Properties



3.1 Basic Properties

Example: ARMA(1, 1) stationary and causal

h=1:

3.1 Basic Properties

yx(1) = 0% " i

=0

J

(0 +9¢)+

0+ ¢)

2 _(9+¢)+

9+¢Ai¢%1]

+w+¢ﬁ¢i¢”]

Jj=0

¢w+¢ﬁ]
1— ¢2
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3.1 Basic Properties

Example: ARMA(1, 1) stationary and causal

Forh > 2

vx(h) = 0% Z VYjYjtn

Jj=0

=026 2 YjYjth—1 Yj+h = OYjrn-1

Jj=0

= ¢yx(h —1)

3.1 Basic Properties 231



3.1 Basic Properties

For a direct computation for the general ARMA case, note that
Xe =01 Xe 1 — - —pXpe p=Zt +01Zy 1+ +0qZ g
Multiplying through by X; », h =0,1,2,...:

LHS  XXion — 611 Xi-n — - — dpXepXen
RHS ZiXen +01Zi 1 Xe—p + -+ qutqutfh-
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3.1 Basic Properties

Taking expectations we have forj =0,1,...,p
E[Xi—jXi—n] = E[Xi4+n—;X;] = 7x(h —j)

so for the left-hand side we have

vx(h) — ¢1yx(h — 1) — -+ — ¢pyx(h — p).

3.1 Basic Properties
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3.1 Basic Properties

For the right hand side, using the MA(0) form

[0 0]
Xi—h = 2 V1Zt—h—1.

Thus forj =0,1,...,q,
(e8]
E[Xi—nZi—j] = [Z U1 Zi_p IZt—_]] = Zle[Zt—h—IZt—j]
=0

Now

E[Zinh1Zij] =

o2 l=j—nh
0 otherwise

3.1 Basic Properties
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3.1 Basic Properties

Therefore, for fixed h, as ¢; = 0 if j < 0, we have

E[X;—nZi—j] = 05¢j_n

forj = h,...,q, and zero otherwise. Hence, writing 6y = 1,
we have
lZ 0; Zt—JXt h] = Uz Z 9177/)] h = Uz Z 9]+bwj
j=0

Note that if h > q, 0j4n = 0 for all j > 0, so in this case the
right hand side is zero.

3.1 Basic Properties
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3.1 Basic Properties

3.1 Basic Properties

If m = max{p, g + 1}, we therefore have the infinite system of
equations

m
p 0% 3 0j+n¥y 0<h<m
Z CZ)J'YX (h —j) Jj=0

0 h>m

This system in the unknowns
7x(0),7x(1),7x(2), - ..
for fixed parameters
G150, Gp,01,...,0¢

can be solved using two approaches.
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3.1 Basic Properties

e Direct approach: the equations form a system known
as linear difference equations which has an analytic solu-
tion, expressed via the roots (i, ...,(, of the AR polyno-
mial equation ®(z) = 0

p
w(h)=> ;" hzm-p
j=1
where the initial conditions determine aq,...,ap and

7x(0),- .., x(h —p —1).

3.1 Basic Properties
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3.1 Basic Properties

¢ Recursive approach: The first p+1 equations form a lin-
ear system in the autocovariances vx(0), ..., vx(p), which
can be solved using matrix inversion, Levinson-Durbin, or
innovations algorithm.

The remaining autocovariances vx(p + 1),7x(p + 2),...
can be computed using the recursion.

3.1 Basic Properties
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3.1 Basic Properties

In R, the function ARMAacf computes the ACF for given param-
eter settings

ARMAacf(ar = numeric(0), ma = numeric(0), lag.max = r, pacf = FALSE)

The function ARMAtoMA computes the MA(o0) coefficients.

3.1 Basic Properties
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3.2 Autocovariance Generating Function

The autocovariance generating function (ACVGF) can also be
used for computing the ACV sequences.

For a real sequence {a,}, the generating function

G(z):Zanz“ zeC
n
is defined for |z| in a neighbourhood of 1, that is

1
—<|z|<r
r

forr > 1.

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Suppose that {Z;} ~ WN(0,02%), and

(e8]
Xy = Z ViZi_j

j=—w

Suppose that there exists an r > 1 such that

0

: 1
DEIE —<lzl<r

j=—o0

is convergent. Then define the ACVGF for {X;} by

0

Gx(z) = Y. yx(h)z" %<|z|<r

h=—w

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

As polynomials are defined by their coefficients, there is a 1-1
correspondence between vx(h) and Gx(z).

e This means that yx(h) is uniquely identified by Gx(z)

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Recall that ”
vx(h) = 0% 2 Vij 1 ||
j=—
Therefore

o0 a0

GX(z)zo—% Z Z @Djwjﬂh\zh

h=—wj=—w

= o‘% Z Qj)jz + Z 2 wﬂ/JJ'Jrh(Zh + Z_h)]

| j=—00 h=1j=—w

- 3 wjzf] [ > whz—h]

| j=—00 h=—w
= 02U(z)¥(z™Y), say.
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3.2 Autocovariance Generating Function

For the stationary ARMA(p, q) model

where ®(z) # 0 for |z| = 1, we have
X; = {®(B)} ' ©(B)Z, = ¥(B)Z

say, so

z Zﬁ1
Gx(2) = 7z ¥(2)¥(z"") = o7 252335213

which is well defined and finite as the denominator is non
Zero.

3.2 Autocovariance Generating Function



3.2 Autocovariance Generating Function

Example: WN(0, 0%)
Note that if {Z;} ~ WN(0,0%),

Gz(z) = 0%

and that this is a unique characteristic of white noise pro-
cesses.

In general, the ACVF and ACVGF are not unique: in gen-
eral, different ARMA processes can have the same ACVF and
ACVGFE.
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3.2 Autocovariance Generating Function

We have seen that the ARMA(p, q) process

is

e causal if the AR reciprocal roots satisfy
IKl<1  j=1,2,...,p
¢ invertible if the MA reciprocal roots satisfy

wil<1 j=1,2,...,q

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

If the process is non-causal or non-invertible, we can derive
a causal and invertible process with the same autocovariance
sequence.

The new process is defined with respect to a different white
noise process.
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3.2 Autocovariance Generating Function

Example: MA(1)
If {Z} ~ WN(0,02), and

X =2 —2Z_, = (1 —2B)Z,

so that
O(z) =1 -2z,

as |2| > 1, the process is non-invertible. Define
Z}=(1-B/2)(1-2B)Z.
Then
(1-B/2)Zf = (1 -2B)Z; = X;.

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Example: MA(1)

That is
®(B)Z! = ©(B)Z;
where 1
@(z)zl—iz O(z) =1-2z
Thus
Z} =¥(B)Z;
where
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3.2 Autocovariance Generating Function

Example: MA(1)

We have

5, (1-2z)(1-2z71)
~ 21— 2/2)(1 - 1/(22))
_4 2 (1 =22)(z—-2)
Y 2z -1)

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Example: MA(1)
Therefore {Z} ~ WN(0,402), and

1
X, = ®(B)Z = Z — 52,

has an invertible representation in terms of {Z;}.

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Consider the arbitrary stationary ARMA(p, q) process

and

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Then there exist polynomials

and a white noise process {Z;} such that

3*(B)X, = O*(B)Z}

is a causal and invertible representation.

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

Suppose that the reciprocal roots are ordered such that

£r+17"'a£p Ws+1,y--+,Wq

lie outside of the unit circle. Then let

and consider
Z; = {6*(B)} ' ¢*(B)X,

3.2 Autocovariance Generating Function
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3.2 Autocovariance Generating Function

After some algebra, it follows that
2 5 2 1 2
Gz#(z) = 07 H &1 H |
j=r+1 Jj=s+1
and hence that {Z} is a white noise process and
®*(B)X; = ©*(B)Z

By construction, this is a causal and invertible representation
of {Xt}

3.2 Autocovariance Generating Function



3.3 Partial Autocorrelation

The PACF, ax(h), defined by
ax(0) =1
ax(h) = ¢np, h =1
®n.n is the last component of
on =Ty

We can carry out testing for the estimated PACF sequence as
for ACF sequence.

3.3 Partial Autocorrelation
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3.4 Forecasting

The innovations algorithm can be used for the ARMA(p, q)
model. If m = max{p, g}, the one-step ahead forecasts are

~

Onj(Xn+1-j — Xnt1-j) I<sn<m

ol
+
5
|
~

Ibgs T

q ~
GjXnt1-j + 2 Onj(Xnt1—j — Xn41—j) D >m
=1
j=

.

where the 0, j are the quantities computed via the innovations
algorithm.

3.4 Forecasting
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3.5 Estimation

Estimation of the parameters of ARMA models proceeds using
one of a number of different approaches

e Yule-Walker approach
e Burg’s algorithm
¢ Maximum likelihood

Previous approaches use moment-based approaches in a non-
parametric fashion.

3.5 Estimation
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3.5 Estimation

Yule-Walker for AR(p) models: If
®(B)X; = Z;

then using the previous technique, we premultiply by X;_; for
h =0,...,p and take expectations, to yield

x(h) =dp1yx(h—1)+...+¢pyx(h—p) h=0,....(p—1)
or equivalently, if &, = (¢1,...,¢p) ",
Tpdp =7p

and
oz = vx(0) — b,

3.5 Estimation
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3.5 Estimation

Replacing the theoretical quantities by sample quantities, the
equations yield estimates of ¢, and o% ; using the sample cor-
relations, we have

é, =R,'p,
Asn — o0,

\/ﬁ(d/;p - q)p) ~ 'AN(O’O-%FP)

The estimated parameters yield a stationary and causal pro-
cedure.

Note that to construct a stationary and causal AR(p) process
we may use the relationship to define ¢, from vx(h).

3.5 Estimation
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3.5 Estimation

Note: In the AR(p) case, if the models
AR(1),AR(2),...,AR(p),...

are fitted, then the sequence of estimates
L4 (;51’1 for AR(l),
* ¢21,¢22 for AR(2),

* ¢p1,...,0pp for AR(p)
coincide with the Levinson-Durbin coefficients.

The constants ggmh, h =0,1,2,...yield the PACF ax(h).
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3.5 Estimation

If {Z;} ~ WN(0,0%), and {X;} is an ARMA(p, q) model

with a causal linear process representation
ee}
X = Z ViZij
j=0

the equivalent calculation yields, for 0 < h < p + q,

q
yx(h) = pryx(h —1) =+ — gpyx(h —p) = 05 ) Ot .

Jj=h

These equations are non-linear in the parameters.

3.5 Estimation
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3.5 Estimation

Burg’s Algorithm for AR(p) models: This algorithm pro-
ceeds via direct computation of the PACF series.

For 0 < i < n, define
Ui(t) = Xnt14i—t — Xpi1 it

~

Vi(t) = Xog14i-t — Xpy14it

where )A(; +14i—¢ and }A(E +1+i—¢ are the forward and backward
forecasts of X, 14—+ based on the preceding/following i ob-
servations.
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3.5 Estimation

Then Uo(t) = V()(t) = Xp11-t, and
Ui(t) = Ui 1(t — 1) — ¢i: Vi 1(t)
Vi(t) = Viq(t) — ¢i,iUi—1(t — 1).

We then choose ¢, ; to minimize

that is, the sums of forward and backward prediction errors.

This minimization can be achieved analytically, with the com-
putation performed recursively.

3.5 Estimation
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3.5 Estimation

Maximum Likelihood Estimation: In most cases, maxi-
mum likelihood (ML) estimation provides the most efficient
approach, and usually produces estimators have good small
sample properties.

However, outside of the Normal case, the likelihood function
is not often tractable.

3.5 Estimation
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3.5 Estimation

We consider first Gaussian time series {X;}, presumed to be
zero mean, with autocovariance

E[XiX;] = x(i,])
Let
X1 =E[Xea1]X, ..., X ] =P X t=1,2,...

which is always available for the Gaussian case.

3.5 Estimation
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3.5 Estimation

If X = (X1,...,X;) ", then
}A(Hl = 7tT+1,t:1F;1X11t
where
Ver1,e1 = E[Xp41Xea] (tx1)
Ty = E[X1.:X{ ] (t x t)

are derived from the properties of the general multivariate
normal distribution.

3.5 Estimation
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3.5 Estimation

Let
Fn = E[XlanEn]

then the likelihood for the parameters of I';, is

1
(27-(-)11/2

_ 1 _
Ly(Ty) = ITx| 1/2 exp{—zxinrnlxlzn}.

If n is large, computation of
ITy| = det T r;!

may not be straightforward numerically. However, the innova-
tions algorithm can be used to compute the determinant and
inverse.

3.5 Estimation
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3.5 Estimation

The innovations algorithm returns the quantities

0ij,i=1,2,...,n—1,j=1,... i

If
[ 1 0 0 0 0 7]
011 1 0 0 0
9272 9271 1 0 0
Cn = 033 03,2 031 1 0
L 91171,1171 91171,1172 enfl,nf3 91171,1174 1 _

Then, as before Xj., = Cp(X1.n — }A{Ln), with the elements of
the n x 1 vector (X1., — Xj.n) uncorrelated, with covariance
matrix D, = diag(vo, vi,..., Va—1).

3.5 Estimation
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3.5 Estimation

Therefore

so that

XlT;anXl:n = (Xlzn - j\{1:11)TD;1(X1:11 - Xl:n)

j=1
and
n—1
L] = H Vj-
j=0

and thus the innovations algorithm facilitates the Gaussian
likelihood computation for any n.
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3.5 Estimation

For ARMA(p, q), we saw that

~

Onj(Xn+1-j — Xn+1-j) I<n<m

§<>
Jr
AN
|

.

it L=

q ~
¢an+lfj + Z QDJ(XHJrl*j - n+1fj)
j=1

.

where m = max(p, q), and
vn = E[(Xp+1 — }A(n+1)2] = U%rn

say.

3.5 Estimation

n>m
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3.5 Estimation

ML estimation requires that the likelihood is maximized, so
the innovations algorithm is run for each function evalua-
tion in the iterative optimization algorithm (Newton-Raphson,
Quasi-Newton etc.).

The properties of the ML estimators are well-established.
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3.5 Estimation

We have that

£(0.6,0%) = (l)m (1)m e e )

where

R(¢a 0) = Hl’j,l S(¢>7 0) = Z
j=1

Note that estimation of 02 and (¢, ) can be separated.
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3.5 Estimation

Notes:

1. There is no guarantee that the resulting estimates will
lead to a causal or invertible process. These constraints
can be imposed during the optimization, or a reparame-
terization to the reciprocal roots can be performed.

2. The identical optimization can be carried out for non-
Gaussian processes, leading to maximum pseudo likeli-
hood estimates.

3.5 Estimation
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3.5 Estimation

Conditional Likelihood for AR(p): A conditional likelihood
approach conditions on the first p data points to facilitate
ease of likelihood construction. We have that

f(Yl:n|¢7 U%) = f(Y1:p|¢70%)f(Yp+1 |y1p7¢7 UZ)
= L1(¢, U%)£2(¢7 Uz)

say, where

n

( p+1 |¢a UZ) H f(.Vj|Y(j—p—1):(j—l)7¢a O-%)

Jj=p+1

The conditional likelihood approach uses only £,(¢, a%) as the
objective function.

3.5 Estimation
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3.5 Estimation

Least-squares: A least-squares procedure based on S(¢,6),

that is L
(¢,0) = argmin S(¢, 0)
with A
82 — S(¢7 6)
n—-—p-—-gq

can be used.

A conditional least-squares approach can also be used for
AR(p) models.

3.5 Estimation
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3.5 Estimation

In R the main function for ARMA estimation is arima:
For example

arima(x,order=c(1,0,1))

fits an ARMA(1, 1) model to the data in x.

3.5 Estimation
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3.5 Estimation

The library fArma contains the armaFit function, which pro-
vides a number of alternative fitting approaches.

Other functions for AR models include:
ar

ar.burg

ar.yw

ar.mle

3.5 Estimation
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3.5 Estimation

Example: Lake Huron data (de-trended)

Four potential models:
e AR(1) arima(Lake.Yt,order=c(1,0,0))
e AR(2) arima(Lake.Yt,order=c(2,0,0))
e MA(1) arima(Lake.Yt,order=c(0,0,1))
e ARMA(1,1) arima(Lake.Yt,order=c(1,0,1))

3.5 Estimation
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3.5 Estimation

ample: Lake Huron data (de-trended)

Huron<-scan("https://www.math.mcgill.ca//dstephens//545//Data//huron.txt")
Huron<-Huron+570

n.H<-length(Huron); t.H<-c(1l:n.H); x<-c(1875:1972)
Lake.Yt<-residuals(lm(Huron~t.H))

arima(Lake.Yt,order=c(1,0,0))

##

## Call:

## arima(x = Lake.Yt, order = c(1, 0, 0))
##

## Coefficients:

## arl intercept

## 0.7823 0.0794

## s.e. 0.0635 0.3174

##

## sigma”2 estimated as 0.4986: log likelihood = -105.43, aic = 216.86

3.5 Estimation
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3.5 Estimation

Example: Lake Huron data (de-trended)

arima(Lake.Yt,order=c(2,0,0))

##

## Call:

## arima(x = Lake.Yt, order = c(2, 0, 0))
##

## Coefficients:

## arl ar2 intercept

## 1.0026 -0.2901 0.0198

## s.e. 0.0977 0.1005 0.2352

##

## sigma™2 estimated as 0.4589: log likelihood = -101.44, aic = 210.89

3.5 Estimation



3.5 Estimation

Example: Lake Huron data (de-trended)

arima(Lake.Yt,order=c(0,0,1))

##

## Call:

## arima(x = Lake.Yt, order = c(0, 0, 1))
##

## Coefficients:

## mal intercept

## 0.7821 -0.0037

## s.e. 0.0646 0.1391

##

## sigma”2 estimated as 0.602: log likelihood = -114.66, aic = 235.33
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3.5 Estimation

Example: Lake Huron data (de-trended)

arima(Lake.Yt,order=c(1,0,1))

##

## Call:

## arima(x = Lake.Yt, order = c(1, 0, 1))
##

## Coefficients:

## arl mal intercept

## 0.6508 0.3567 0.0330

## s.e. 0.0948 0.1156 0.2607

##

## sigma™2 estimated as 0.4589: log likelihood = -101.44, aic = 210.87
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3.5 Estimation

Example: Lake Huron data (de-trended)

AR(1) residuals AR(2) residuals
2 2
b B 3
z <7 < °7
S 7T T T 8 r T
? T T <
: z % i : : i T
- -
MA(1) residuals ARMA(L1) residuals
2 2
b B 3
z <7 < o7
N <
AN ! = \
E e E A
¢ - 3
: z % i : : i T
- -
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3.6 Model selection

A series of ARMA models might be fitted, and then compared
with reference to different aspects:

¢ fidelity to the data
¢ model complexity
e residuals

¢ forecasting performance

3.6 Model selection
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3.6 Model selection

Akaike Information Criterion (AIC)
The AIC model selection method is widely used; it trades off

¢ fidelity to the observed data (goodness of fit)

e model complexity (number of parameters fitted)

3.6 Model selection
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3.6 Model selection

For model M with parameters 3 yielding likelihood Ly(/3), the
AIC is defined as

AIC(M, B) = —2log Ly () + 2d
where d is the dimension of .

For the ARMA(p, q) model, there are p + q + 1 parameters
(d)p I 9 q> 0—%)

3.6 Model selection

287



3.6 Model selection

For the ARMA(p, q) model,
AIC( pq76):_2€M(¢p79Q7S(¢pv )/H)+2(p+q+ )
where /) is the log-likelihood, and
JZ - (¢p7 )

The model with the smallest (ie most negative) AIC is se-
lected.

3.6 Model selection
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3.6 Model selection

Notes

e The AIC is a “within sample" criterion, and fits to the ob-
served data. This might not always reflect the objective
of the analysis we might be more interested in forecast-
ing performance.

e The AIC is sometimes regarded to give an insufficient
penalty for complexity, and chooses models that are too
complex.

e As n — oo, the AIC will choose the best approximating
model to the data generating model

3.6 Model selection
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3.6 Model selection

Corrected AIC
To fix the small sample issue, a correction was suggested:

2p+qg+1)n

that is the penalty 2d is replaced by 2dn/(n — p — g — 2). This
uses a bias-corrected estimator of 2.

For large n, the criterion reverts to the AIC.

3.6 Model selection
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3.6 Model selection

Bayesian Information Criterion (BIC)
The BIC (or Schwarz criterion) uses a different penalty

BIC(Mp q, ) = —20rm(dp,04, S(p,04)/n) + (p +q + 1) logn

that is the penalty 2d is replaced by d log n.

For large n, the criterion correctly selects the true model
(provided the true model is one that has been fitted).

3.6 Model selection
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3.7 Residual checking

The residual sequence {/Vl\/t} estimated by

~ Xt—i\ft
W =

I't—1

(that is, the one-step ahead prediction errors standardized by
their standard deviation) should have the property that {W;}
is an approximate white noise sequence.

3.7 Residual checking
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3.7 Residual checking

In fact, if the model fitted is the correct model
W, 2% 7, ~ WN(0, 02)

so the observed residual sequence should be approximately

uncorrelated, zero mean and variance o%.

We can also compute
~ W,
Rt = =
oz

which should be a unit variance white noise process.

3.7 Residual checking 293



Chapter 4

Non-Stationary and Seasonal
Models




4.1 Non-Stationary and Seasonal Models

Models with non-stationary components can be constructed
as straightforward extensions to ARMA models

e Integrated Models: ARIMA
e Seasonal Models: SARIMA

It is also possible to specify time-varying or stochastic mean
or variance models.

4.1 Non-Stationary and Seasonal Models
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4.2 ARIMA Models

If d is a non-negative integer, then {X;} is an ARIMA(p, d, q)
process if {Y;} defined by

Y; = (1 — B)4X;
is a (causal) ARMA(p, q) process, that is
®(B)(1 — B)4X, = ©(B)Z;
where {Z;} ~ WN(0, 0%); {X;} is stationary only if d = 0.

The ARIMA(p, d, q) process can be made stationary by dth
order differencing.

4.2 ARIMA Models
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4.2 ARIMA Models

Example: ARIMA(1, 1, 0) vs ARIMA(2, 0, 0)

If {Z;} ~ WN(O, 02):
e Stationary ARIMA(2,0,0) = ARMA(2,0) = AR(2)

(1 —0.6B)(1 — 0.99B)X; = Z;
e Non-stationary ARIMA(1,1,0)

(1-0.6B)(1 —B)X; = Z

4.2 ARIMA Models
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4.2 ARIMA Models

n<-200;set.seed(164664)

r1<-0.6;r2<-0.99

xl<-arima.sim(n,model=list(ar=c(rl+r2,-rlxr2),order=c(2,0,0)))
x2<-arima.sim(n,model=1list(ar=c(rl),order=c(1,1,0)))

par(mar=c(4,4,3,2))
plot(x1,xlab=expression(t),type='p',pch=19,cex=0.6,ylim=range(c(x1,x2)),ylab="'X")
lines(x1);

points(x2,pch=19,cex=0.6,col="'red"');lines(x2,col="red")

4.2 ARIMA Models
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4.2 ARIMA Models
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4.2 ARIMA Models

par(mfrow=c(2,2),mar=c(3,4,3,2))
acf(x1,main="ACF",lag.max=50)
pacf(x1,main="PACF", lag.max=50)
acf(x2,main="ACF",lag.max=50)
pacf(x2,main="PACF", lag.max=50)

4.2 ARIMA Models
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4.2 ARIMA Models
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4.2 ARIMA Models

Consider the stationary AR(2) model with complex reciprocal

roots
(1-¢B)(1 —€B)X; = Z;

and the corresponding AR polynomial
®(z) = (1 - £2)(1 — €2) = 1 — 2Re(§)z + [¢[*2?

Suppose that £ = exp{—iw}/r, where r > 1 and —7 < w < 7.

Then
d(z)=1-— 2 z+ 1) 2
= z°.
= COS w 2

4.2 ARIMA Models
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4.2 ARIMA Models

It follows that

px(h) = <1>h sin(hw + \)

r

r’+1
A = arctan ——— | tanw| .
r-—1

In the limitasr |1

sin A

where

px(h) — cos(hw).

4.2 ARIMA Models
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4.2 ARIMA Models

We examine this model as
e r takes values tending to 1 from above
e w fixed.

and compare with the pure cos function.

4.2 ARIMA Models
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4.2 ARIMA Models

Example: r=1.1,w =7/3

px(h)
° 05
‘ |
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0.5

<M‘ A -
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4.2 ARIMA Models

Example: r = 1.01,w = 7/3

ox(n)
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4.2 ARIMA Models

Example: r = 1.001,w = 7/3

r=1.001
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4.2 ARIMA Models

Example: r = 1.0001,w = 7/3

r=1,0001

ox(n)
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4.2 ARIMA Models

Example: r=1.1,w =7/3
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4.2 ARIMA Models

Example: r = 1.001,w = 7/3
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4.2 ARIMA Models

This demonstrates that we can construct non-stationary pro-
cesses with different behaviour from the random walk model

(1-B)X; =2,

that is, we can construct a periodic non-stationary model by
choosing
gl —1

with £ having an imaginary part.
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4.3 Unit Roots

The presence of a unit root of the AR polynomial equation
®(z) =0

that is, a solution where |¢| = 1, renders the resulting AR or
ARMA process non-stationary.

Therefore it is crucial to be able to identify processes where

a unit root is present, and to distinguish this from a root near
to, but not equal to, one in modulus.

4.3 Unit Roots
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4.3 Unit Roots

The Dickey-Fuller Test: Suppose {Z;} ~ WN(0, 02), and
Xi = 9Xi 1+ Z;

with |¢| < 1. Then, by standard asymptotic theory, ML or
moment-based estimators ¢ satisfy

Va(b—¢) -5 N(0,1 — ¢?)
as n — 0.

If || = 1, the asymptotic result does not hold.

4.3 Unit Roots
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4.3 Unit Roots

We may study the distribution of the statistic

V(9 — )

Vie#
in simulation for any value of ¢, which should be standard
Normally distributed when n is large.
In the following simulations, we use n = 500 for

e =09

e ¢ =0.99

e ¢ =0.999

4.3 Unit Roots
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4.3 Unit Roots
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4.3 Unit Roots
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4.3 Unit Roots
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4.3 Unit Roots

The Dickey-Fuller Test: Suppose {Z;} ~ WN(0,0%), and
Xe = p+ o(Xe1 — p) + Zy.
Then
(1-B)X;=X¢ —Xp—1 =p(l —¢)+ (¢ — 1) X1 + Z4
= ¢o + 1Xe-1 + Z

where
¢ = (1l —¢) o7 =¢—1.

can be estimated by OLS, regressing X; on X; 1.
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4.3 Unit Roots

To test the hypothesis
Hyo:¢7 =0
which is equivalent to
Hy:¢1 =1
the Dickey-Fuller test statistic
3
e.s.e(¢7)

can be used. Numerator and denominator are available from
the linear regression.

t:

4.3 Unit Roots
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4.3 Unit Roots

However, if Hyp is true, and {X;} is non-stationary, the null
distribution is non-standard.

In this simple case, the form of the null distribution can be
computed, but it is not available in closed form. It is straight-
forward to compute using simulation.
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4.3 Unit Roots

n<-10

Zt<-rnorm(n)

Xt<-cumsum(Zt)

X<-Xt[1:(n-1)
tvals<-summary (lm(diff (Xt)~-1+X))$coef
tvals

## Estimate Std. Error t value Pr(>|t|)
## X 0.1527851 0.1101742 1.386759 0.2029315

tstat<-(tvals[1,1]-1)/tvals[1,2]
tstat

## [1] -7.689774

4.3 Unit Roots
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4.3 Unit Roots

nreps<-5000 #5000 replications
n<-10
tstatl@<-rep(0,nreps)
for(irep in l:nreps){
Zt<-rnorm(n)
Xt<-cumsum(Zt)
X<-Xt[1:(n-1)]
tvals<-summary (lm(diff (Xt)~-1+X))$coef
tstat<-tvals[1,1]/tvals[1,2]
tstatlO[irepl<-tstat
}
tstatlO<-tstatlO[tstatld > -8 & tstatld < 4]
par(mar=c(4,4,3,2))
hist(tstatl0, freq=FALSE,breaks=seq(-8,4,by=0.2),ylim=range(0,0.6),
main='Null distribution n=10',6xlab='Test statistic')
box ()
abline(v=0,lty=2,col="'red"')

4.3 Unit Roots
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4.3 Unit Roots

Null distribution n=10

©

o

0w |

o

N __\

2 M
3 o |
o ©
[a]

N

o

o |

o

Test statistic

4.3 Unit Roots

323



4.3 Unit Roots

nreps<-5000 #5000 replications
n<-20
tstat20<-rep(0,nreps)
for(irep in l:nreps){
Zt<-rnorm(n)
Xt<-cumsum(Zt)
X<-Xt[1:(n-1)]
tvals<-summary (lm(diff (Xt)~-1+X))$coef
tstat<-tvals[1,1]/tvals[1,2]
tstat20[irepl<-tstat
}
tstat20<-tstat20[tstat20 > -8 & tstat20 < 4]
par(mar=c(4,4,3,2))
hist(tstat20, freq=FALSE,breaks=seq(-8,4,by=0.2),ylim=range(0,0.6),
main='Null distribution n=20',xlab='Test statistic')
box ()
abline(v=0,lty=2,col="'red"')
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4.3 Unit Roots

Null distribution n=20
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4.3 Unit Roots

Null distribution n=50
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4.3 Unit Roots

Null distribution n=500
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4.3 Unit Roots

Null distribution n=5000
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4.3 Unit Roots

The test can be extended to AR(p) processes: if

P
Xp—p= Z¢j(Xt—j — 1)+ Z
j=1

then for p = 2,
p
(1—-B)X; = ¢g + 1 Xe—1 + Z b7 (Xe—jr1 — Xe—j) + Zt
j=2

where
bo = (1 —d1 — 2 — -+ — ¢p)

and

p p
k=j

J=1
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4.3 Unit Roots

If {X;} ~ AR(p) with one unit root, then
(1-B)X; ~AR(p—1)

therefore a unit root test can be carried out by examining the
hypothesis
H() : qbik =0

by fitting a regression of (1 — B)X; on
1, X1, Xe—1 — Xe—2, o, Xe—p+1 — Xe—p

The null distribution of the test statistic changes with p.

4.3 Unit Roots
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4.3 Unit Roots

The general procedure is the Augmented Dickey-Fuller test.

R Code: The library tseries contains the function adf.test

4.3 Unit Roots
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4.3 Unit Roots

library(tseries)

## Registered S3 method overwritten by ’quantmod’:
##  method from
## as.zoo.data.frame zoo

X <- rnorm(1000)
adf.test(x,k=0)

## Warning in adf.test(x, k = 0): p-value smaller than printed p-value
##

## Augmented Dickey-Fuller Test

##

## data: x

## Dickey-Fuller = -33.086, Lag order = 0, p-value = 0.01
## alternative hypothesis: stationary

adf.test(cumsum(x),k=0)

##

## Augmented Dickey-Fuller Test

##

## data: cumsum(x)

## Dickey-Fuller = -1.6625, Lag order = 0, p-value = 0.7212
## alternative hypothesis: stationary

4.3 Unit Roots



4.3 Unit Roots

The series of length n, x, is a white noise process, but the
vector constructed by cumsum(x) is a random walk.

The lag order, p, can be specified by using a k=p+1 argument
to the function.

4.3 Unit Roots
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4.3 Unit Roots

Example: S&P 500: Oct 03, 2001 - Oct 03, 2011

S&P500
1200 1400 1600

1000

800

T T T T T T
2002 2004 2006 2008 2010 2012
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4.3 Unit Roots

sp500<-read.csv("https://www.math.mcgill.ca//dstephens//545//Data//sp500.csv")
head (sp500)

## Date Open High Low Close Volume Adj.Close
## 1 30/09/2011 1159.93 1159.93 1131.34 1131.42 4416790000 1131.42
## 2 29/09/2011 1151.74 1175.87 1139.93 1160.40 5285740000 1160.40
## 3 28/09/2011 1175.39 1184.71 11560.40 1151.06 4787920000 1151.06
## 4 27/09/2011 1163.32 1195.86 1163.32 1175.38 5548130000 1175.38
## 5 26/09/2011 1136.91 1164.19 1131.07 1162.95 4762830000 1162.95
## 6 23/09/2011 1128.82 1141.72 1121.36 1136.43 5639930000 1136.43

xt<-rev(sp500([,5])
adf.test(xt, k=0)

##

## Augmented Dickey-Fuller Test

##

## data: xt

## Dickey-Fuller = -2.0111, Lag order = 0, p-value = 0.5736
## alternative hypothesis: stationary
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4.3 Unit Roots

Example: S&P 500: log returns y; = log(x;.1/x;)

0.05 0.10
I I

S&P500 returns
0.00
I
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4.3 Unit Roots

Example: S&P 500: ACF of y?

ACF of !
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4.3 Unit Roots

Unit Roots in MA processes: If {X;} ~ ARMA(p, q) is causal
and invertible, then

Y, = (1 - B)X;

is an ARMA(p, g + 1) process. This follows as

with if {Z;} ~ WN(0,02), then

®(B)Y; = ®(B)(1 — B)X; = (1 — B)O(B)Z,.

4.3 Unit Roots
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4.3 Unit Roots

The MA polynomial for {Y;} is
Oy(z) = (1 - 2)0(2)

Thus a test for a unit root in the MA polynomial for {Y;}
is equivalent to a test for over-differencing of a stationary,
causal and invertible ARMA process.

The asymptotic null distribution of the (likelihood-ratio) test
is non-standard in this setting.

4.3 Unit Roots
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4.4 Forecasting ARIMA

For the general ARIMA(p, d, q) model

(1—B)®(B)X; = O(B)Z
we perform first forecasting of

dy _
(1 - B)IX, = Y,
where {Y;} is a causal ARMA(p, q) process. Then
d /4 ‘
Xp =Y - ) (_)(—1)1Xt_j
=R

fort > 0.

4.4 Forecasting ARIMA
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4.4 Forecasting ARIMA

Therefore, for h = 1,2,...,, given X;.,, we have that
. ~ d /4 .
PnXn+h = PnYnin — Z (J ) (_1)JPan+h*J'
j=1
for which

. 13n Y, n is computed using the methods devised earlier
for stationary processes

. 13an+ n—j is computed recursively, noting that
PanJrlfj = Xn+1fj

forj = 1.
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4.5 Seasonal ARIMA Models

Recall the lag-s difference operator, B, s > 1,
(1 -B%)Xe =Xt — X¢—s
A seasonal ARIMA model utilizes this operator: for example
(1 - B®)®(B)X; = O(B)Z;

applies a seasonal differencing with period s.

4.5 Seasonal ARIMA Models
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4.5 Seasonal ARIMA Models

If d and D are non-negative integers, then {X;} is a seasonal
ARIMA (SARIMA) process with period s

{Xt} ~ ARIMA(p7d7q) X (P7DyQ)S

of
Y; = (1 - B)4(1 — BS)PX,

is a causal ARMA process determined by
®(B)Ps(B®)Y: = O(B)Os(B®)Z;

where {Z;} ~ WN(0, 0%).

4.5 Seasonal ARIMA Models

343



4.5 Seasonal ARIMA Models

In this formulation

(z) = 1—prz—---— PppzP
ds(z) = 1 —(bgs)z—--- —(b%s)zp
O(z) = 14601z+---+ 0429
Os(z) = 146z +... 406529

Note that
Y, = (1-B)Y(1 - B)"X,

is an ARMA(p + sP, g + sQ) process with AR and MA polyno-
mials
(B)ds(B°) O(B)Os (B°)

4.5 Seasonal ARIMA Models
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4.5 Seasonal ARIMA Models

Example: US Accidental Deaths: Jan 1973 - Dec 1978

9000 10000 11000

Monthly Accidental Deaths

8000

7000

T
1973 1974 1975 1976 1977 1978 1979

Time.
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4.5 Seasonal ARIMA Models

Example: US Accidental Deaths: Jan 1973 - Dec 1978

Monthly Accidental Deaths: ACF

ACF
0.
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4.5 Seasonal ARIMA Models

Example: US Accidental Deaths: Jan 1973 - Dec 1978

Consider two SARIMA models:
A. ARIMA(1,0,1) x(0,1,0)12: This model fits an ARMA(1, 1)
model to the seasonally-differenced data with s = 12.
B. ARIMA(1,0,1) x (1,0,0);2 This model fits a SARIMA
modelwithp=qgq=1,P=1,Q =0,and s = 12.
Model A posits a non-stationary model, and requires first dif-
ferencing at lag 12. Model B posits a stationary model.

4.5 Seasonal ARIMA Models
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4.5 Seasonal ARIMA Models

model.a<-arima(USAccDeaths, order = ¢(1,0,1),

seasonal = list(order=c(0,1,0),period=12))
model.b<-arima(USAccDeaths, order = ¢(1,0,1),

include.mean=FALSE, seasonal = list(order=c(1,0,0),period=12))
res.a<-residuals(model.a)
res.b<-residuals(model.b)
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4.5 Seasonal ARIMA Models

Example: Model A: Residuals
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4.5 Seasonal ARIMA Models

Example: Model A: Residuals ACF

ACF
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4.5 Seasonal ARIMA Models

Example: Model B: Residuals

Residuals
500 1000
| |

0
|

-500

T T T T T T I
1973 1974 1975 1976 1977 1978 1979

Time

4.5 Seasonal ARIMA Models

351



4.5 Seasonal ARIMA Models

Example: Model B: Residuals ACF
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4.5 Seasonal ARIMA Models

Model A:

model.a

##

## Call:

## arima(x = USAccDeaths, order = c(1, 0, 1), seasonal = list(order = c(0,
## period = 12))

##

## Coefficients:

## arl mal
## 0.9421 -0.4328
## s.e. 0.0583 0.1445
##

## sigma™2 estimated as 123848: log likelihood = -437.61,

4.5 Seasonal ARIMA Models

aic = 881.23

1, 0),
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4.5 Seasonal ARIMA Models

Model B:

model.b

##

## Call:

## arima(x = USAccDeaths, order = c(1, 0, 1), seasonal = list(order = c(1, 0, 0),
## period = 12), include.mean = FALSE)
##

## Coefficients:

## arl mal sarl

## 0.9852 -0.3342 0.9098

## s.e. 0.0127 0.1368 0.0395

##

## sigma”2 estimated as 121834: Tlog likelihood = -537.14, aic = 1082.29
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4.6 Non-stationarity in Mean

Non-stationarity in mean arises when there is a time-varying
mean or trend structure, as described in earlier sections. Pre-
viously OLS was used to estimate parameters in a parametric
trend, m;; OLS assumes that the residual errors are uncorre-
lated.

More efficient estimation can be used to take into account the
correlation present if the residual error process is stationary,
but exhibits autocorrelation.

4.6 Non-stationarity in Mean
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4.6 Non-stationarity in Mean

Suppose
Yt = IM; +Xt :W;Fﬁ"i‘Xt

where
e w; is a vector of (exogenous) covariates
e (is a vector of (fixed effects) coefficients
o {X;} ~ ARMA(p, q), with parameters (¢, 0)

We wish to estimate

B (¢1a--'7¢p)T (017"-79q)T
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4.6 Non-stationarity in Mean

Suppose
Cov[X1.n] = E[X1.nX{ ] = Tu(,6).

If (¢, 6) are known, then we may estimate [ using
Weighted Least Squares (WLS)

as
B=(X"Tn(¢,0) ' X)X T (¢,0)71Y

with variance
(X' Ta(e,0) 'X) !
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4.6 Non-stationarity in Mean

This suggests an iterative procedure
e Initialize ¢(®,4(©)
o Compute 3(°) using WLS setting (¢, 6) = (¢(©), (0)).

e Compute the residuals
Xt = Yt — WtTB(O)

and then fit an ARMA(p, q) model to {X;} to update esti-
mates (¢, 9(1).

e Continue iterations r = 1, 2, ... until iterates at step r
(BT, ™) o))

cease to change.
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Chapter 5

Multivariate and State Space
Models




5.1 Vector Time Series

Univariate methods of time series analysis can be extended to
study parallel series.

Data may comprise
e stocks in a sector, indices, foreign exchange rates
¢ prices of bonds of different maturities
¢ biomedical measurements of different features
e counts of different disease occurrences across time

all which may exhibit evolution in time in some dependent
fashion.

5.1 Vector Time Series
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5.2 Stationarity and Correlation

LetX; = (Xi4,...,Xk,t)' bea K-dimensional time series: {X;}
is weakly stationary if

E[X,]=p  Var[X;] = E[(X; — p)(X; — p) '] = T

and p and I'g are a constant (K x 1) vector and (K x K) matrix
respectively.

As usual, the diagonal elements of I'y give the variances of
the K elements of the time series. They will be denoted

F11(0), e FKK(O)
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Cross-Correlation

Let D be a (K x K) diagonal matrix
D = diag(y/T11(0),. .., 4/Tkx(0))
The lag-zero cross-correlation matrix (K x K) is
po =DyD!
with (i,j)th element

I';(0)

pij(o) = Ty (O)Fjj (0)

This matrix gives the instantaneous correlation between the
elements of the vector.

5.2 Stationarity and Correlation
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Cross-Correlation

Now consider the covariance across series at non-zero lags:
Th =E[(Xe — )Xt n— )]

be the lag-h cross-covariance matrix.

The (i,j)th element of this matrix is

Lyj(h) = E[(Xi,e — pi) (X e—n — 14)]-
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Cross-Correlation

Define the lag-h cross-correlation matrix as
pp =D IyD!

with (i, j)th element

L' (h)

pij(h) = N0

This matrix gives the instantaneous correlation between the
elements of the vector. For stationarity, these quantities can
depend on h but not t.

5.2 Stationarity and Correlation
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Cross-Correlation

e pjj(h) measures the (linear) dependence of X; ; on Xj ;_p
which occurred prior to time t.

e pii(h) is the lag-h autocorrelation for {X; ;}.
¢ Note that in general

pij(h) # pji(h)
so I', and p;, are not symmetric, but
[jj(h) = Tji(=h)

sol'y = I‘jh.

For h > 0, p;j measures the dependence of X; ; on Xj ; p.

5.2 Stationarity and Correlation
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Cross-Correlation: Lead-lag relationships

In summary

o if pjj(h) = pji(h) = 0 for all h > 0O, then {X;;} and {Xj }
have no linear relationship.

o if p;j(0) # 0 then {X; .} and {Xj;} are cross-correlated at
the same time point.

o if pjj(h) = 0 and pji(h) = 0 for all h > 0, then {X;;} and
{Xj +} have no lead-lag relationship.

o if pjj(h) = 0 for all h > 0 but pji(h) # 0 for some h > 0,
then {X;;} does not depend on past values of {X;}, but
{X; ¢} does depend on past values of {X; ;}.

e if pjj(h) # 0 for some h > 0 and pji(h) # 0 for some h > 0,
then {X;;} and {X; ;} exhibit a feedback relationship.
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Sample cross-correlation

We estimate the cross-correlation matrices by the usual mo-
ment estimators: for h > 0,

~

Ty — % S - D) -%)

t=h+1
where
1 n
X =— 2 Xt
ni4
and
L alim Al
ph = D I‘hD
where

D = diag (M o fKK(0)>

5.2 Stationarity and Correlation
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Sample cross-correlation

Example: Cardiac Mortality Data

Cardiovascular Mortality

0w

5.2 Stationarity and Correlation
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Sample cross-correlation

Example: Cardiac Mortality Data

Series 1 Sis1ass2 Se185s3

5.2 Stationarity and Correlation
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5.3 Vector Autoregression Models

A simple model for X; takes the form
p
Xt = ¢)0 + Z QJXL-_J + Zt
j=1

where
e ¢y isa K x 1 vector
e ®;isa K x K matrix

e 7. is zero mean vector white noise process with
E[Z:Z/] =%

X; follows a vector autoregression (VAR) model of order p.

5.3 Vector Autoregression Models 370



5.3 Vector Autoregression Models

Usually
Z, ~ N(0,%)

is a suitable assumption. In this case, the resulting process is
a multivariate Gaussian process.

Estimation of the model can proceed using the usual likeli-
hood methods.

Restrictions on the model are required to preserve stationar-
ity.

5.3 Vector Autoregression Models
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Example: VAR(1)

Consider the model
Xit = o0+ onXi—1+ 012X01-1 +Z1t
Xor = 20+ PnX1 -1+ P22Xop1+ 2oy

Then the elements of

| P11 12
®= [ P21 922 }

define the dependence of current elements of X; on past ele-
ments.

> defines the concurrent relationship between X ; and X ;.
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Example: VAR(1)

Let
> = LGL'

be a Cholesky decomposition where G is a diagonal matrix,
and L is a lower-triangular matrix. Define U; = L™'Z;. Then

E[Ut] =0 Var[Ut] =G
so that the elements of U; are uncorrelated. Then
L !X, =L ¢+ L 1®X, ; + L 2,

so that
L 'X; = ¢* + ®*X;_1 + U,

say.

5.3 Vector Autoregression Models
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Example: VAR(1)

Thus, as L is lower-triangular, the Kth row of this vector equa-
tion is

K—1 K
Xkt + Z LriXit = dxo + Z OraXi -1 + Uk
k=1 k=1

As the elements of U; are uncorrelated, this equation shows
explicitly the concurrent dependence of Xx ; on Xj ¢, for k =
1,...,K—1.

This is termed the structural equation for Xx ;. A similar ex-
pression can be found for each of the elements of X;.

5.3 Vector Autoregression Models
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Example: K = 2

Let
Xe | [ 02, [ 02 03[ X | [ Zue
Xr | |04 —0.6 1.1 || X241 Zot
with
2 1
E:
1o
Then
1.0 0.0 2.0 0.0
-1 _ _7-1 Ty—=1 _
L _[—0.5 1.0} G=L"2() _{0.0 0.5}
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Example: K = 2 - cross-correlations

Series 1 Series 1 & Series 2

"
5
2 = ]
o 117 ; ° HM\MHH
s T L8 L L L ST I
T T T T T T T T T T T T
0 5 10 15 20 25 0 5 10 15 20 25
Lag Lag
Series 2 & Series 1 Series 2
o o
"
5
2 = ]
""""""""""""""""""" o i H‘H\hu
i — L L ST T
T T T T T T T T T T T T
-25 -20 -15 -10 -5 0 0 5 10 15 20 25
Lag Lag

5.3 Vector Autoregression Models



Example: VAR(1)

Using the above structural equation formulation:

Xpt = 03+405X;;—-0.7X1t1+0.95Xp; 1+ Usp
and

Xt = —02+41.0X3;—0.8X3t 1 +0.8X1t 1+ Uy

where Uy ; ~ N(0,0.5) and U;; ~ N(0,1) are independent
random variables.

These equations demonstrate the concurrent linear depen-
dence between X; ; and Xp ;.

5.3 Vector Autoregression Models
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Stationarity for VAR(1)

It follows from
Xt = ¢0 + (I)]_thl + Zt

that, taking expectations, from stationarity
p=e¢o+®ip . p=(Ix—®1) "¢
provided (Ix — ®1) is non-singular. Then
Xe —p=®1(Xpm1 —p) +Z;
IfY; = X; — u, then by recursion

Yi=2Zi+ ®1Z; 1 + PTZ; 5 + -

and hence Cov[Z;,Y: ] = Cov[Z;,X;_»] =0, for all h > 0.

5.3 Vector Autoregression Models
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Stationarity for VAR(1)

In addition,

Y.Z =7,Z2] + ®Z; 1Z] + $?7, 7] +---

and taking expectations yields
Cov[Y:, Z:] = E[Y:Z]] = E[2;Z]] = %

as {Z;} is a white-noise process.

5.3 Vector Autoregression Models
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Stationarity for VAR(1)

In the representation, X; depends on Z;_; with coefficient ma-
trix <I>]1 ; this dependence must converge to zero. Therefore,
using the eigendecomposition

®; =AAB;

with A1B1 = Ig and A] = diag()\ll, .. .,)\11(), we have in the
usual way
P = A A B;.

5.3 Vector Autoregression Models
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Stationarity for VAR(1)

Thus, for each j,
® —0 <— |\kl<1,k=1,...,K
as in the univariate case. Note that
det( Mg — ®1) = AXdet(Ix — A\ 1®)
and hence A11,..., A1k are found via the solutions of

det(IK — '1’12) = 0.
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Stationarity for VAR(1)

Similar to the univariate case, X; is stationary if and only if
the roots of
det(zIK — fI)l) = 0.

are greater than 1 in modulus.

Finally

Ty = Var[X;] = Var[Z;] + ). Var[®{Z; ;] = ¥ + ) &/ %(®])
Jj=1 j=1
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Stationarity for VAR(1)

Using the equation
Xe —p=81 (X1 —p) + Z;
we have for h > 0,

E[(X: — p)(Xe—n — p) ']
= BE[(Xes — )Xo — )]+ E[Ze(Ken — )]

or equivalently, as the final expectation is zero
Iy, =&y =&y

by recursion.

5.3 Vector Autoregression Models
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Stationarity for VAR(1)

Thus
P = D_1<I>1I‘h,1D_1
={D '®D}{D 'T;,_;D '}

=Y1pn_1
= Tlllpo

Note: D = diag(4/I'11(0),...,4/T'kk(0)) so square root al-

ready taken.

5.3 Vector Autoregression Models
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Results for VAR(p) models

We have
p
Xp—p=) ®Xij—p)+Z

j=1

and
COV[Xt,Zt] =X COV[Xt,h,Zt] =0, h>0
Also, for h > 0,
p p
Ty =) ®Th pn =2, Yipn |

Jj=1 j=1

where Y; = D1/28;D~1/2

5.3 Vector Autoregression Models
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Results for VAR(p) models

As for the VAR(1),
Xe=pu+2Zi+W1Zy 1 +VyZ, 5+ ---
by the usual moving average type construction, where
(Ix —®B —---— ®,BP)(Ig + ¥1B + ¥,B% +...) = Ig

The matrix ¥; is the effect of Z; on X;j; it is termed the
impulse response function of X;.

The same trick to orthogonalize the system by writing
¥ =LGL'

and pre-multiplying by L' can be used.

5.3 Vector Autoregression Models
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Vector MA Models

Let
X; =00 +Z; +O1Z; 1 +---+0OgZ; g =6¢+ O(B)Z;

where the ®; are K x K matrices, and 6 is K x 1. Then
[ COV[Xt, Zt] =X
e Ip=3+030] +---+60;X0]

q
> @%@, 1<h<gq
T, =< Ji=1

0 h>q

where Q¢ = Ik.
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Vector ARMA Models

Let
®(B)X, = ¢, + ©(B)Z,
where
®B) = Ix—®B—---— ®,BP
OB) = Ix+0O1B+---+0yB?

This describes a vector ARMA(p, q) (VARMA(p, q)) model.

The marginal processes are ARMA(Kp,(K — 1)p + q) pro-
cesses.

5.3 Vector Autoregression Models
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5.4 Cointegration

Consider the VARMA(1, 1) model

with
1—-0.5B
®(B) = ®u(B) = [ 0.25B
1-0.2B
with

Var[Z;] =X

5.4 Cointegration

B
1-0.5B
0.4B
1-0.2B

|
|
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5.4 Cointegration

That is
Xie | 0.5 —17[ X1¢t-1
Xor | | 025 0.5 || Xo1
Z -02 04
|zl

Zot 0.1 —0.2

or
X =®X; | +Z; +OZ; ;.

say.

5.4 Cointegration

I

Zit1
Zy i1

|
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5.4 Cointegration

Then

1-0.5B B _[1-02B o04B ],
025B 1-05B |°t 01B 1-02B |t

Filtering on both sides by

1-0.5B —B
—-0.25B 1-0.5B

we obtain on the left and right hand sides respectively
1—0.5B -B 1—0.5B B [1-B 1
—0.25B 1-0.5B 025B 1—0.5B | 0 1-B

1—-0.5B —B 1—-0.2B 0.4B | 1-0.7B —0.6B
—0.25B 1—-0.5B 0.1B 1-02B | —0.15B 1—-0.7B

5.4 Cointegration

|
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5.4 Cointegration

Therefore

1-B 0 |y _[1-07B -06B ],
o0 1-B |7'" | —015B 1-0.7B |t

That is

[ (1 —B)X1; } _ [ Z1t—0.7Z14 1 —0.6Z0¢ 1 }
(1 —B)Xa, Zot—015Z1; 1 —0.7Z54 1

Procesess X; ; and Xp ; have unit roots, specifically

Xy, Xa.s ~ ARIMA(0,1,1).
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5.4 Cointegration

However, let

1 -2
L_[0.5 1]

Y, = LX, U, =17,

and let

Then
Y, =1LX;, = L®X; ; +LZ, +LOZ, ,
= L®L Y(IX; ;) +LZ; + LOL (LZ; )
= L®L7'Y, ; +U; +LOLU, ;4
or equivalently
Y - @Y, =U; + ©O'U;_,;

5.4 Cointegration
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5.4 Cointegration

In this equation

* 1 0 N -04 O
voloo] e [0l
so that
Yie—Yii1 = Ut —04U;
Yor = Ut

Hence {Y1:} ~ ARIMA(0,1,1) and {Y>;} is a white noise pro-
cess, and there is no dependence between the two series.

Hence, the unit roots in {Xj ;} and {X; ;} result from the unit
root in {Y; ;} and a subsequent linear transformation.

5.4 Cointegration
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5.4 Cointegration

This phenomenon is known as cointegration.

Cointegration can be used to analyze co-movements in raw
series (asset prices, exchange rates or yields).

The modelling strategy allows the detection of stable or sta-
tionary long-run relationships between non-stationary vari-
ables; it allows the underlying relationships between the se-
ries to be discovered.

5.4 Cointegration
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5.4 Cointegration

The components of K—vector X; are said to be cointegrated
of order (d, b), denoted

X, ~ CI(d,b)
if

(a) the components of X; are I(d) (stationary after d-times
differencing),

5.4 Cointegration
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5.4 Cointegration

(b) there exists a linear combination of X, }N(t say, where
Xt = aTXt a#0

such that X; ~ I(d — b) for some b > 0.

The vector « is termed the cointegrating vector.

Time series that cointegrate indicate that stable long-run re-
lationships (equilibria) between the series exist, irrespective
of the behaviour of the individual series.

5.4 Cointegration
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Estimation of Cointegrating Series

Consider {V;}, {X;} = {(X1t,...,Xkt)'} ~ I(1) that are coin-
tegrated. Suppose that

Y: — (041X171; + ...+ OZKXK7t) ~ I(O)

that is, this process of ‘residuals’ is stationary.

We seek a statistical procedure to analyze this system.

5.4 Cointegration
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Estimation of Cointegrating Series

1. Fit the regression model
Yi=oaXi+... +axXg + Z;
with (cointegrating) vector
a=(1,-a,..., —OéK)T

and estimate the parameters in the model (using OLS or
maximum likelihood).

It can be shown that the estimators are consistent with
convergence rate op(n~1).

5.4 Cointegration
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Estimation of Cointegrating Series

2. Under cointegration, residuals z; should be I(0) (station-
ary); this can be tested using Dickey-Fuller procedures.

If zf ~ I(0) is acceptable (that is, the unit root hypoth-
esis in the Dickey-Fuller test is rejected) then a second
regression model known as an Error Correction Model
(ECM) can be specified.

5.4 Cointegration

400



Estimation of Cointegrating Series

For K = 1: Suppose X;,Y; ~ I(1), and we conclude from the
previous analysis that z; ~ I(0). Let

X = (1—-B)X; ~ I(0)
Y? = (1— B)Y; ~ I(0)

be the differenced series, which are stationary.

5.4 Cointegration
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Estimation of Cointegrating Series

Consider the regression models

p m
Y=o +mziy + Z P X + Z Y Yy +ery
j-1 =1

D m
XF =0+l g+ DY+ D EuXl +eay
j=1 =1

with estimated using standard OLS/ML techniques.

5.4 Cointegration
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Estimation of Cointegrating Series

The ECM in the first equation states that changes in the series
Y; are explained by

e the residual in the long-run equilibrium from previous
time point (coefficient v4),

¢ lagged changes in the differenced X; series, via coeffi-
cients v¢;),

¢ their own history via coefficients 1,.
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Estimation of Cointegrating Series

Furthermore

¢ -1 determines the rate of re-adjustment; should have
"/)\/1 < 0.

e Model orders p and m need to be selected; typically start
with p, m large, and drop variables according to hypoth-
esis tests or using model selection criteria

e Can extend to systems of cointegrated variables

5.4 Cointegration
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Two cointegrating series

Example: Cointegrating series

Suppose that

X ~ 1(1)
Y: = 0.6X; + ZZJ

where Z; ; ~ N(0, 1) is an IID series. This implies that
Y; — 0.6X; = Zy

is a cointegrating system with a = (1,—0.6) .

5.4 Cointegration
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Two cointegrating series

Example: Cointegrating series

To estimate the system parameters, we regress Y; on X;, and
then form the error correction models.

Regressions are based on the differenced series
Y =vo+mzZ{_y +YuXi + ¥ Yo +eny
XF =& +mZi_ +En Y +&uX’ +ex

where {Z}} are the residuals from the regression of Y; on X;.

5.4 Cointegration
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Simulated Example: R code

Suppose

X =Xp—1+ 21
Y, = 0.6X; + Zy,

where {Z; ;},{Z,} ~ IID(0,1).

set.seed(123456)

n<-1000

zl<-rnorm(n)

z2<-rnorm(n)

X<-cumsum(zl);

y<-0.6xx+22

1r.reg<-1lm(y~x)

error<-residuals(lr.reg)
error.lagged<-error[-c(n-1,n)]
xstar<-diff(x);ystar<-diff(y)
diff.dat<-data.frame(embed(cbind(xstar,ystar),2))
colnames(diff.dat)<-c("xstar","ystar","xstar.1","ystar.1")

5.4 Cointegration
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Simulated Example: R code

ecm.reg<-lm(ystar~error.lagged+xstar.l+ystar.1,data=diff.dat)
summary (ecm. reg)

##

## Call:

## lm(formula = ystar ~ error.lagged + xstar.l + ystar.1l, data = diff.dat)
##

## Residuals:

## Min 1Q Median 3Q Max

## -4.1545 -0.8358 -0.0354 0.8193 3.5954

##

## Coefficients:

## Estimate Std. Error t value Pr(>|t])

## (Intercept) 0.005528 0.037437 0.148 0.883

## error.lagged -0.936862 0.051442 -18.212 <2e-16 *¥x*

## xstar.l 0.602592 0.043770 13.767 <2e-16 *xx

## ystar.1l -0.972102  0.036773 -26.436 <2e-16 **x*

#H -

## Signif. codes: 0 's**x' 0.001 'sx' 0.01 'x' 0.05 '.' 0.1 ' ' 1
##

## Residual standard error: 1.183 on 994 degrees of freedom
## Multiple R-squared: 0.4129, Adjusted R-squared: 0.4112
## F-statistic: 233.1 on 3 and 994 DF, p-value: < 2.2e-16

5.4 Cointegration



Simulated Example: R code

30
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X
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Simulated Example: R code

25
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1
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Simulated Example: R code

20
1

15
1

Yt
10

Xt
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Results

Example: Cointegrating series

## Estimate Std. Error t value Pr(>|t|)
## (Intercept) 0.005528 0.037437 0.147668 0.882635
## error.lagged -0.936862 0.051442 -18.212078 0.000000

## xstar.1l 0.602592 0.043770 13.767172 0.000000
## ystar.l -0.972102 0.036773 -26.435535 0.000000
That is

Yo = 0.0055 A; = —0.9369 )11 = 0.6026 1) = —0.9721

5.4 Cointegration
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5.5 State Space Models

A state space model can better represent the actual dynamics
of a data generation process.

The principle is that an observed series is in fact generated
as the marginal process derived from a multivariate time se-
ries model, structured so that the model is specified via two
equations

e the state equation

e the observation equation

5.5 State Space Models
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5.5 State Space Models

The general (Markov) state equation takes the form
Xy = g(xt-1;0t1) + Wy
and the general observation equation takes the form
Y: = £(x4;6;) + Vi

The process {Y;} is observed, the process {X;} is latent or
unobserved, and one focus of inferential interest.

Lety: = {y1, ce ,Yt}-

5.5 State Space Models
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Inference in General State Space Models

Inference goals for state space models are

¢ filtering/tracking: estimate state at time t from observa-
tions up to time t

p(xt|Y1:t)

¢ smoothing: estimate state at time t from past and possi-
bly some future observations

p(x: |YI:(t+s))

e prediction/forecasting: estimate state at time t from ob-
servations up to a previous time point t — s

p(xt |Y1:(tfs))

5.5 State Space Models
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Inference in General State Space Models

The inference mechanism is probabilistic; we compute the
quantities of interest sequentially in the following recursive
calculation:

e Prediction
P(Xtly1:(t—1)) = Jp(thxt—l)p(Xt—1|Y1:(t1)) dx;—1

¢ Filtering

p(y: |Xt)P(Xt|Y1:(tf1))
P(ytlyi:(t-1))

p(Xtly1:t) =

Initially, we assume that the system parameters 6, are known.

5.5 State Space Models
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Inference in General State Space Models

The above equations have an analytical solution if all densities
in the state and observation equation are Gaussian, and both
the state and the observation equation are linear.

e Ifthese conditions are met, the Kalman filter provides the
optimal (Bayesian) solution to the tracking problem.
¢ If these conditions are not met:
» Extended Kalman filter: analytical approximation.
» Particle filter: sampling-based approximation.

5.5 State Space Models
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Linear Gaussian State Space Models

The general form of a linear Gaussian state space model is
given by the equations
(2a)

Y: = FX;+d; +V;
(2b)

Xir1 = G X;+e +W;

where
° Yt is (K X 1)
e X;is (L x1).

418
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Linear Gaussian State Space Models

In (2)
e Fiis (K x L),
e d;is (K x 1),
e Gyis (L x L),
e e is (L x1).

These system matrices are assumed to be non-stochastic.
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Linear Gaussian State Space Models

We may write

Vi
= H;Z
[wJ Z,
where
Z, ~ N(0,1)

is a Gaussian IID process, and H; induces covariance between
the components of V; and W;.
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Linear Gaussian State Space Models

The formulation is completed by the assumption that the ini-
tial state vector X; is independent of Z; at all times t and has
unconditional mean and variance a;|o and Py respectively.

The state space model is characterized by the properties that
the system matrices, the disturbance terms {Z;} and initial

state vector X; possess.

If the system matrices do not evolve with time, the state space
model is called time-invariant or time-homogeneous.

5.5 State Space Models
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Linear Gaussian State Space Models

Example: AR(2) Model

Let {X;} be a zero-mean, Gaussian AR (2) process given by
Xi+1 = 01Xt + 2 Xe—1 + Wy

where W; ~ NV (0,0%,).

Suppose also that we observe the process {Y;} with noise, so
that
Yi =X+ V;

with Vi ~ N (0,0%) and independent of W;.

5.5 State Space Models
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Linear Gaussian State Space Models

Example: AR(2) Model

A state space representation has K =1 and L = 2

v = [1 o][Xffl]an o][zi]

X1 b1 P2 Xi N 0 ow Zy
Xt 1 0 Xt,1 0 0 ZZ,t

where Z; = (Z1¢,Z2¢) ' ~ N (0,1).

The state space model is time-homogeneous and Gaussian,
and the observation and state equations are uncorrelated.

5.5 State Space Models
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5.6 Kalman Filter

In the linear Gaussian case, the Kalman filter is used for

¢ Filtering: computes for all t
E[X;|Y1.: = y1:t]  Var[X¢|Yie = yi.e].
e Smoothing: computes forall t < n
E[X:|Y1.n =y1:n]  Var[X¢|Yin = Vil
e Prediction: computes for all t
E[X;1|Y1e =yie]  Var[Xe 1Yo = yie]

The Kalman filter consists of a set of recursions that compute
these quantities.

5.6 Kalman Filter
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5.6 Kalman Filter

For simplicity, we assume that
dt = et = 0

and assume that the processes {V.} and {W;} are uncorre-
lated, with

Var[Vt] = Et Var[Wt] = Qt.

5.6 Kalman Filter
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5.6 Kalman Filter

The Kalman filter recursively computes the quantities
¢ a;; = E[X¢|y1:t],
® A; i)t = E[Xi+1]y1:t],
o P;; = MSE[X|y1:t],
® Piyq; = MSE[X¢11]y1:t].

where MSE is the mean square error which is equivalent to
the one-step ahead prediction variance.

5.6 Kalman Filter
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5.6 Kalman Filter

Then, starting with a;|o and Py)o, a;;, a;,q)¢ and their MSEs

are obtained by running for t = 1,...,n, the recursions are
r. =y: — Fray (3a)
M; = FtPt\t—lFtT + X (3b)
Ay = a1 + Pt|t—1FtTMt_11‘t (3¢)
Py =Pyp1 — Pt\t—lFtTMt_lFtPt\t—l (3d)
ari1e = Gray, (3e)
Piige = GtPt|thT + 8 (36)

5.6 Kalman Filter
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5.6 Kalman Filter

Notes:

e quantities r; and M; in (3b) are the one-step-ahead er-
ror in forecasting Y; conditional on the information set at
time t—1 and its MSE. This facilitates computation of the
likelihood function.

e the quantities a;; and a;; ; are optimal estimators of
X; conditional on the available information, in terms of
minimum mean square.

e the latter property holds under Gaussianity, otherwise,
a;; and a;;_; are optimal only within the class of linear
estimators (the minimum mean square linear estimators)
of X; conditional on yi1.; and yy.(;_1)-

5.6 Kalman Filter
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5.6 Kalman Filter

¢ Equations (3c) and (3e) can be combined to yield recur-
sions that compute the one-step-ahead prediction esti-
mates of X1 given yi ;.

Similarly, by taking together (3d) and (3f), a single set of
recursions for the MSE is obtained, which goes directly
fI‘OIn Pt|t—1 tO Pt-i—].‘t'

¢ The resulting recursions, along with (3b), are

a1 = Grag— + Ky (4a)
K, = GPy_F/M," (4b)
Pio = Gi:Pt|t—1L;r + (4c)

L: = Fi—KG;. (4d)

5.6 Kalman Filter
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Parameter Estimation

The Kalman filter may be used for estimation of unknown pa-
rameters 0 that appear in the system matrices.

The likelihood for data y = (yi,...,yn) can be constructed as

p(yi,---,¥1) = P (Yal¥(n-1)) - P (V2ly1) P (y1)

n
H p(yelye—1)
t=1
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Parameter Estimation

For a Gaussian model, by taking conditional expectations on
both sides of the observation equation, with d; = 0, then

E[Y¢|y1:i—1)] = Fragi—1 Var[Yi|yi.;—1)] = M.

The one-step-ahead prediction density is a multivariate nor-
mal distribution

P(yVtlVii-1)) = N(Frag;_1, M)

5.6 Kalman Filter
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Parameter Estimation

Thus, the log-likelihood function is given by

1 1 _
—3 Z log (det M) — 3 Z /M, 'r;
t=1

t=1

where as before
ry = (y: — Fray 1)

Typically, numerical procedures are used in order to maximize
the log-likelihood to obtain the ML estimates of the parame-
ters O which are consistent and asymptotically normal.
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Smoothing

We may compute
Atn = E[Xt |YI:n]

along with its MSE, Py, recursively, forallt =1,...,n —1.

The latter quantities are computed via a set of backward re-
cursions and use the quantities a;, ¢, a;; and the MSE ma-
trices Py;, Py, 1), which are obtained from (3).

5.6 Kalman Filter
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Smoothing

In particular, to obtain a;, and Py,, we start with a,, and
P,, and we run backwards fort =n-—1,...,0

ay, = ag; + P (at+1\n - at+1\t)
P, =Py + P} (Pt+1|n - Pt+1|t) Py

Tp-1
Pi =Py G, P

5.6 Kalman Filter
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Non-Linear Non-Gaussian Models

If the state space model is not Gaussian, the likelihood can
still be constructed in the same way using the minimum mean
square linear estimators of the state vector.

However, the estimators that maximize the likelihood are the
quasi-maximum likelihood (QML) estimators of the parame-
ters, which are also consistent and asymptotically normal.

5.6 Kalman Filter
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Particle Filtering

The particle filter uses Monte Carlo methods, in particular
importance sampling, to construct the approximations. If

Er(g(X)] = f g(x)f(x) dx
then

Edg(0] = B | TG | = [ R0 ax

fo(X) fo(x)

for some importance sampling density fj.

5.6 Kalman Filter
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Particle Filtering

We then approximate the integral by sampling x1, . ..

fo for large N, and constructing the approximation

- g Xl
]EfN = 2 X1 = Z wig Xl
i=1 1 1
say, where, if f; is chosen carefully

s — Erg(X)]

as N — oo.

5.6 Kalman Filter
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Particle Filtering

If the function f is known only up to proportionality, the same
procedure can work if the weights w; are suitably normalized
to sum to one, that is, if above

is replaced by
X n
o ith W= i
w, W wi IZ; Wi

as W approximates the integral

Jf(x) dx = Jff)((};)) fo(x) dx
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Particle Filtering

Given a non-linear and non-Gaussian state space model, the
goal is to compute the filtering and prediction densities

p(Xelyi:e) P(Xer1lyi:e)

at each time t via a Monte Carlo approximation.

We aim to maintain a sample of particles

(tha'”7XtN)

for each t that can be used to approximate these distributions.

5.6 Kalman Filter
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Particle Filtering

At each time point t, we perform the
Sequential Importance Sampling

(or SIS) procedure:

5.6 Kalman Filter
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Particle Filtering

¢ Draw random samples from a chosen importance density
that can be sampled directly.

e Compute a normalized weight for each particle

e Approximate the target density at time t by the weighted
sum of the particles.

Given sufficiently large numbers of particles, this IS charac-
terization converges to the target density.

5.6 Kalman Filter
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Particle Filtering

In the filtering problem, we approximate p(x;|yi.t) by

e particles x; = (x¢1,...,Xn), sampled from density f.
e normalized weights w} = (w};,..., wjy)
via the discrete distribution {(w;, xs),i =1...,N}.
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Particle Filtering

Two key questions are
e What importance density fy can or should be chosen?

e How do we compute the weights efficiently (in a recursive
fashion) such that for a given weight wy;, we just need a
new observation y; to get an approximation to p(x¢|yi.¢).

A simple but effective choice for fy sampling density at time t
is the transition density: fo(x¢|X¢—1,¥1:t) = p(X¢|x¢—1) as then

Wi oC W?—l,ip(Yt|X;1)-
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Particle Degeneracy

A problem with sequential importance sampling is that typi-
cally, after a few iterations, all but one particle have negligible
weights. This phenomenon is termed degeneracy.

The degree of degeneracy is represented by the quantity

N 1
N = (Z(W§)2>
i=1

which is the effective sample size.
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Particle Degeneracy

Possible solutions to overcome degeneracy effects:

e brute force: very large N
¢ optimized choice of importance density

e resampling

5.6 Kalman Filter
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Resampling

The goal of resampling is to eliminate particles with small
weights and replace by new particles drawn from the vicinity
of particles with larger weights

e concentrate on particles with large weights
e model important parts of the distribution more precisely
Various efficient algorithms exist for resampling.

¢ eg Sampling Importance Resampling (SIR)
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5.7 Hidden Markov Models

If the unobserved state X; is discrete, then state space mod-
els are often called hidden Markov models (HMMs).

In this case, the state equation is replaced by a Markov chain
model: if {X;} can take values on {1,2,...,S} say, then for
t>1

p(Xt|X1:(t—1)) = p(xt|xt-1)

where
Pr(X; = 1|X;—1 = k] = pu

The S x S transition matrix P, along with the (marginal) dis-
tribution of Xj (Pr[X; = k|, k = 1,...,S) characterize the na-
ture of the state evolution. Note that P is a stochastic matrix
whose rows sum to 1.

5.7 Hidden Markov Models
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5.7 Hidden Markov Models

All of the previous types of calculation
o filtering p(x¢|y1.t)
e prediction p(Xt|y1:(t—l))
e smoothing p(x¢|yi.n)
e parameter estimation

are required. The main difference is that the filtering, predic-
tion and smoothing distributions are discrete, and therefore
somewhat more straightforward to compute.

The observation variable y; can be either discrete or continu-
ous.

5.7 Hidden Markov Models
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5.7 Hidden Markov Models

Example: S =2
Suppose fort =1,2,...,n
Ye = u(Xe) + e

and {X;} follows a Markov chain with transition matrix

0.3 0.7
P= [ 04 0.6 ]

and the distribution of X; is the stationary (or equilibrium)
distribution, 7, of the chain defined as the solution of

w=mP

5.7 Hidden Markov Models
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5.7 Hidden Markov Models

Example: S =2

We compute 7 (a 1 x 2 vector) by

[1,1]" 7 = lim P! =

t—0

4 3]

som = (4/11,7/11).

Suppose

1 x=1
u(X)Z{
2 X =2

and {e;} ~ N(0,1), IID.

5.7 Hidden Markov Models
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5.7 Hidden Markov Models

Example: S = 2

5.7 Hidden Markov Models
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5.7 Hidden Markov Models

Example: S =2, u; = 5, up = —1

5.7 Hidden Markov Models
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5.7 Hidden Markov Models

Example: S = 2

5.7 Hidden Markov Models
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5.7 Hidden Markov Models

Example: S =2, u; =1,y = —1

5.7 Hidden Markov Models
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5.7 Hidden Markov Models

Filtering: By Bayes theorem

p(xt|y1:t) = p(xt|yt, y1:(t-1))

_ p(Yt |Xt7 Yl:(t—l))p(xt |.V1:(t—l))
p(yt |Y1:(t71))

(Yt|Xt)p(Xt|Y1:(t—1))

b
S
21 p(Yt|X)p(X|Y1:(t71))
X=

o p(Yt|Xt)p(Xt|Y1:(t—1))

This is a discrete distribution on {1,...,S} that we can com-
pute exactly.
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5.7 Hidden Markov Models

Prediction: By the theorem of total probability

9]

P(Xei1lyre) = Z (Xt+1(X)P(x]y1:t)

e p(xt41]x) is determined the xth row of P, for each x =
1,2,...,S

e p(x|y1.t) is the previous filtering distribution.
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5.7 Hidden Markov Models

Smoothing: By the theorem of total probability, we can com-

pute backwards t =n,n—1,...,1,
S
p(xtlytn) = Y, P(Xe|xts1,¥1:0)P(Xe11[y1n)
Xt+1=1

P(Xt41|y1:n) is the previous smoothing distribution.
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5.7 Hidden Markov Models

For the first term

P(Xt|Xt11,Y1:0) = P(X¢|Xe 11, Yi:t)

_ P(Xt|y1:6)P (Xe41|%t, Vi:t)
p(Xt+1ly1:t)

_ P(Xt|y1:6)P(Xe11|x¢)
p(Xt41|y1:t)

which can be computed from the filtering and prediction dis-
tributions.
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Discrete HMMs

The HMM structure is commonly implemented when the ob-
servation is also discrete.

As usual let x;., denote the hidden state sequence, and yi.j
denote the observed data sequence.

5.7 Hidden Markov Models
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Discrete HMMs

Then the model is specified by

¢ transition probabilities
Pkl = Pr [Xt = 1|Xt,1 = k]

with initial distribution Pr[X; = k], k=1,...,S.

e emission probabilities
ex (m) = Pr|Y; = m|X; = k|

ex(m) can be specified for a finite set (m € {1,2,...,M}), or
on the integers.

5.7 Hidden Markov Models
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Discrete HMMs: Inference Tasks

We seek the most probable state path, that is, the most prob-
able sequence of states in light of the data:

®
X1.n = a’rgr}r{laXp(Xlznv}’l:n)
1:n

= argmaxp (X1:n|y1:n)

e D (X1.n,¥1.n) is the joint probability or joint likelihood
e p(x1.n|y1:n) is the posterior probability
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Discrete HMMs: The Viterbi Algorithm

(i) Initialize vector vx(0) = Pr[X; = k|, k=1,...,S.

(ii) Recursion: fort =1, ..., n, compute

vi (t) = ey (ye) max (vi (t — 1) pia)

point; (1) = arg ml?x(vk (t —1)pu)

foreachl1 =1,2,...,S
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Discrete HMMs: The Viterbi Algorithm

(iii) Termination

P (Yi:n; X1:p) = max (vi(n))

Xy = arg max (vi(n))
(iv) Trace back the optimal path

x{_, = point; (x]) t=nn-—1,...,2.
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Discrete HMMs: The Forward Algorithm

The probability of an observed sequence (or likelihood) is

b (Y1:n) = Z b (.V1:11aX1:11)

X1:n

However, the direct computation of this sum is not possible,
so a recursive calculation is needed.
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Discrete HMMs: The Forward Algorithm

(i) Initialize vector fi(1) = ex(y1)mx fork =1,2...,S

(ii) Recursion: fort =2,....,n,and 1 =1,2,...,S,

s
) =er( Z (t—1) pu

(iii) Final calculation:

S
y1n Z
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Discrete HMMs: The Backward Algorithm

We seek the posterior (smoothing) probabilities

p(X; = Kk,y1.1)
p (y1:11)

1Y (Xt = k|y1:n) =

_ D (Y17 "‘7yt7Xt = k)p (Yt-s-l, -‘-7Yn|Xt = k)
p(y1:n)

fork =1,2,...,S.

Direct computation is not possible, so a recursive calculation
is needed, after completing the Forward Algorithm.
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Discrete HMMs: The Backward Algorithm

The backward algorithm works in reverse order through the
data:

(i) Initialize element bk (n) = fx(n) fork =1,...,S.

(ii) Backwards recursion: fort = n —1,...,1 compute

S

bi (t) = Z puer (yev1) by (t + 1)
=1

fork=1,2,...,S.
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Discrete HMMs: The Backward Algorithm

The forward and backward probabilities, fi(t) and bi(t), are
in fact the probabilities

fk(t) p(Yl??Yl'aXt :k)
bk(t) =D (yt+17 "'ayn|Xt = k)

Thus we have
P (X: = k,y1.n) = fir(t) bk (t)

and hence, fork =1,...,S,

p (Xt = kly1m) = W

5.7 Hidden Markov Models
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Discrete HMMs: Estimation

The algorithms above are all expressed in terms of known
transition and emission probabilities. These probabilities can
be pre-specified, estimated from observed sequences, or esti-
mated during the state sequence reconstruction.

If the state sequence is known, let ny; be the number of tran-
sitions from state k to state I, and let rx (b) be the number
of times character b is emitted from state k. Then we may
estimate the transition and emission probabilities as follows
I'y (b)

w0 =S ) ©
>

Nk

Z Ny
1/

Pkl =
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The Baum-Welch Algorithm

The Baum-Welch algorithm estimates ng and rx (b) as the
expected number of transitions and emissions, which are com-
puted using the forward and backward algorithms.
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The Baum-Welch Algorithm

The probability of a transition k — I at time t is

fi (t) prer (ye+1) by (£ + 1)
b (y1:11)

p (Xt = k, X1 = I|y1n) =
Suppose that N replicate observed sequences

1 N
Yins---»Yin

are available. Then the expected number of times this transi-
tion will be observed (in light of the data) is

N (X5 (t)amer(yi )b (t+1)
t

mia = ),

“ p(¥i,)
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The Baum-Welch Algorithm

In this formula
. y{:n is the i*? observed sequence

e fl(t) is the forward probability from the forward algo-
rithm implemented for sequence i

e bi (t) is the backward probability from the backward al-
gorithm implemented for sequence i

Similarly, ' A
2 fi () bi(t)

N
I’k(b) _ tebB; .
1-21 P (Vi)

where B; is the set of indices of locations in replicate se-
quence i where character b is emitted.
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The Baum-Welch Algorithm

(i) Initialize parameter values to some arbitrary values

(ii) Recursion: Set nlg?), T1(< )(b) to be some small count value,
then for i = 1,...,N: calculate fi(t) using the Forward
Algorithm, and b}{ (t) using the Backward Algorithm, then

set

gy =nj™ {Z fi (i) prer (vi41) bi (£ + 1)}

:11

r(b) =, ”’<b>+ {Z filt bk(t)}
:H teB;
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The Baum-Welch Algorithm

(iii) Estimate py and ex(b) using (5), and compute the likeli-
hood

P(¥in)

1=

i=1
(iv) Terminate the recursion if the computed likelihood value

is virtually unchanged compared to the previous itera-
tion.
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Computation for continuous response HMMs

Note that most of the above calculations carry through to the
continuous emission case, that is if the emission probabilities

ex(m) = Pr[Y; = m|x; = k]
are replaced by densities
ex(y) = p(y|X; = k)

The forward and backward quantities become unnormalized
joint densities

5.7 Hidden Markov Models
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Computation for continuous response HMMs

To avoid underflow in the computation, the computations can
either be computed on the log scale, or with continual rescal-
ing of the calculation. For example, in the Viterbi algorithm,
the computation of the v (t) quantities will underflow quickly
without rescaling, but rescaling by

Ct = Vk(t)

e

k=1
will prevent this.

The constants c¢; should be stored for future use; if the for-
ward and backward probabilities are computed after rescal-
ing, then this rescaling must be undone when, for example,
p(¥1.n) is computed.
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Chapter 6

Spectral Methods




6.1 Spectral Analysis of Time Series

The spectral or frequency domain representation of time se-
ries {X;} focusses on stationary processes, and constructs an
alternative view to the time domain representation studied
previously.

The focus on time domain methods is paramount in statistics
because observed data are typically collected sequentially in
time.

For stationary processes, the non-negative definite autoco-
variance function admits a spectral decomposition which fa-
cilitates alternative inference approaches.

6.1 Spectral Analysis of Time Series

478



6.2 Spectral Representation

The ACVF of a (zero-mean) stationary process {X;}
Yx(h) = E[XtXt4n]

is a symmetric, non-negative definite function of the discrete
argument
h=0,+1,4+2,....

We exploit the fact that vx(h) has a unique representation in
terms of frequency contributions.

6.2 Spectral Representation
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The Spectral Density Function

Let {X;} be stationary and zero-mean, with ACVF ~x(.), with

0

Y, hx(h)] <.

h=—o0

Then the spectral density function (SDF) of {X;} is the func-
tion fx(.) defined by
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The Spectral Density Function

Note that fx()\) is well-defined, as |e M| = 1, so

e¢] . e¢] . ©¢]

Y, lemtx(m) < D) [e"M () = Y, hx(h)] <o
h=—w h=—-o h=—w
and fx(\) is periodic as

e~ — cos(\h) — isin(\h)

so we can restrict attention to A € (—m, 7]
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The Spectral Density Function

Example: AR(1)

Consider the stationary AR(1) model
(1-¢B)X; =Z

so that for h > 0
7X(h)

1—&¢
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The Spectral Density Function

Example: AR(1)
Then

h=—x0
2 —1
0z 1 —i\h ,—h
= + e 10)
27(1 — ¢?) I 1— e h_Z:% ]
2 oo}
0z i iAh 4 h
= -+ eMo
27(1 — ¢?) I 1— e hz=:1 ]
B (T% 1 1
27(1 — @2) [1 —ge=ir 1 — gei?
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The Spectral Density Function

Example: AR(1)
Thus

o2 2o~ gei — (1 - ge=)(L — ge™)
27m(1 — ¢?%) (1 —pe A)(1— pei)
. 0'% 1
— 27 (1 — e (1 — peit)

fx(A) =

2
oz 1

~ D |1 — gpe—iA2
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The Spectral Density Function

phi<-0.6

hvec<-0:30

acvf.vals<-1/(1-phi~2)#*phi~hvec

lamvec<-seq(-pi,pi,by=0.001)

sdf.vec<-lamvecx0

hvec<-0:30

for(j in 1:length(lamvec)){
sdf.vec[j]l<-sum(exp(-lixlamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1l]+

sum(exp(lixlamvec[j]xhvec[-1])*acvf.vals[2:31])

sdf.vec<-sdf.vec/(2xpi)

exact.sdf<-1/(2xpi)*(1/Mod(1-phixexp(-1lixlamvec))”"2)
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='1"',xlab=expression(lambda),

ylab=expression(f[X](lambda)), ylim=range(0,1),main = 'SDF');lines(lamvec,exact.sdf,col="'red")

SDF

1.0

fx(A)
0.6

0.4

0.2
1
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The Spectral Density Function

Example: ARMA(1,1)
Consider the stationary ARMA(1, 1) model

(1—0.8B)X; = (1 + 0.5B)Z;

We may inspect
e the ACVF
e the SDF

6.2 Spectral Representation
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The Spectral Density Function

library(ltsa)
acvf.vals<-tacvfARMA(phi = 0.8, theta = -0.5, maxLag = 30)
par(mar=c(4,4,2,2));plot(0:30,acvf.vals,xlab="h', ylab='ACVF', main = 'ACVF',pch=19)

ACVF
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< 4 °
w °
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o °
°
°
“ .o.
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The Spectral Density Function

lamvec<-seq(-5%pi,5*pi,by=0.001)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1:length(lamvec)){
sdf.vec[j]l<-sum(exp(-1lixlamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1l]+
sum(exp(lixlamvec[j]l*hvec[-1])*acvf.vals[2:31])

sdf.vec<-sdf.vec/(2*pi)

6.2 Spectral Representation
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='1"',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,10),main = 'SDF')
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The Spectral Density Function

Example: ARMA(1,1)

It can be shown that

1+05e |

1—0.8e

2
g
(V) = 22

We plot on the range
e [-5m,57]
o [-m 7]

* [0,7]
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The Spectral Density Function

lamvec<-seq(-5xpi,5*pi,by=0.001)
sdf.vec<-(1/(2*pi))*Mod((1+0.5*exp(-1lixlamvec))/(1-0.8%exp(-1lixlamvec)))"2
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='1"',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,10),main = 'SDF')
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The Spectral Density Function
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The Spectral Density Function
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The Spectral Density Function

library(astsa)
par(mar=c(4,4,2,2))
arma.spec(ar = 0.8, ma = 0.5, var.noise = 1, n.freq = 500, main='SDF', frequency=1, plot=TRUE)

SDF

spectrum
20 30 40 50

10

0.0 0.1 0.2 0.3 0.4 0.5
frequency
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The Spectral Density Function

This computes the scaled version in terms of ¢, where

—)\ so that 1< <1
L 2 S¥PS)

in which case

e}
fx(p) = Z e Ty (h)
h=—w
or more explicitly
; 2
1 +0.5e727%
5(0) =2 |1 g gomrs
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The Spectral Density Function

vvecO<-seq(-0.5,0.5,by=0.001)

sdf.vecO<-vvecO*0

hvec<-0:30

for(j in 1:length(vvecO)){
sdf.vecO[]j]<-sum(exp(-1lix2*pixvvecO[j]lxhvec[-1])=*acvf.vals[2:31])+acvf.vals[1]+

sum(exp (1i*2*pixvvecO[jlxhvec[-1])*acvf.vals[2:31])

}

vvecl<-seq(0,0.5,by=0.001)

sdf.vecl<-Mod((1+0.5%exp(-1i*2*pixvvecl))/(1-0.8%exp(-1lix2*pixvvecl)))”"2
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(vvecod,sdf.vecO,type='1"',xlab=expression(varphi),
ylab=expression(f[X](varphi)), ylim=range(0,60),main = 'SDF'); lines(vvecl,sdf.vecl,col='red")

SDF

50 60
1 1

40

fx(9)
30
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The Spectral Density Function

We have that
(1) fx()\) = fx(—)\) and

(i) fx(\) =0, —m < A < 7.
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The Spectral Density Function

(iii) Inversion formula:

T . T 0 .
J e () dr— - { > e“\(hk)yx(k)}d/\

- 2m ) [

LS w{[ el

k=—o0 -

= yx(h).
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The Spectral Density Function

The last result follows as if k # h, settingj =h — k

J eMh—k) g\ — J [cos(Nj) + isin(N\j)] A

—T

= J cos(Aj) dX + LJ sin(\j) dA

—T —T

=0.
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The Spectral Density Function

Note: The summability condition

0

Y, hx(h)] <

h=—w

is not a necessary condition for the existence of a SDF.
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The Spectral Density Function

There is a 1-1 correspondence between ACVFs and spectral
density functions; if

(i) fx(\) =0, forall A€ (0, 7].
(i) Forh = 0,+1,+2,.. ., if

vx(h) = f e A fe(N) dX
then fx is the SDF of {X;} with ACVF ~x(h). Note that

x(h) = r lcos(hA)+i sin(BA)]Fe(\)dA = fr cos(hA)Fg(\)dA.

—T —T
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The Spectral Density Function

A real-valued function f defined on (—m, x| is the SDF of a
stationary process if and only if

(i) fiseven: f(A\) = f(—\) for all A.
(ii) f(\) >0
(iii)
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The Spectral Density Function

Suppose f satisfies (i)-(iii), then
™ .
vx(h) = J e P () dA
-
is even. Let a € R™. Then

a'T'a= i i aryx(r —s)as = i i i arase”‘(r_s)f(A) d

r=1s=1 T r=1s=1

o~ | n
_ J S aei™
T r=1

so vx(.) is non-negative definite, and hence the ACVF for a
stationary process.

2
f(A) dX =0
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The Spectral Density Function

Note:
e fx is the Fourier transform of ~vyx

e ~x is the inverse Fourier transform of fx.

The properties of the SDF fx are similar to a pdf, with the ad-
ditional condition that fx must be symmetric about zero, and
with the integrability relaxed to

f f(\) dA = C < o

rather than having C = 1.
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Spectral Representation Theorem

Theorem: Uniqueness

A function v(.), v : Z — R, is an autocovariance function
if and only if there exists a right continuous, non-decreasing
bounded function F on [—m, 7| with F(—7) = 0, and for all
heZ

~(h) = J(_ | eihX GF()).

As the corresponding series {v(h)} is real-valued, F satisfies

J(a’b] dF(x) = f(b,a] dF(x)

6.2 Spectral Representation
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Spectral Representation Theorem

F is a generalized distribution function as F(\)/F(n) is a dis-
tribution function on [—, 7].

F is termed the spectral distribution function; it can be purely
discrete, absolutely continuous, or mixed. If F is absolutely
continuous

FO\) = r fx)dx  Ae (—m 7]

—T

then f is the spectral density function.
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Example

Example: Harmonic process

Suppose
Xt = U cos(wt) + Vsin(wt)

where U and V are uncorrelated, with
E[U] =E[V]=0 Var|U| = Var[V] =1
Then by a previous result

vx(h) = cos(wh) heZ

6.2 Spectral Representation
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Example

Example: Harmonic process

Now
o8]

o}

Z [vx(h)| = 2 | cos(wh)| = o0

h=—o

However, let

6.2 Spectral Representation
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0 A< —w
1
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Example

Example: Harmonic process

Then ]
> A= —w
fx(A) = 1 A=uw
2
0 otherwise
and

J e'P dFx(\) = Ee*“”" + ~e'h% = cos(hw)
(777771-)
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Example: Extension

Example: Superposition of harmonic processes

Suppose
k
2 [Uj cos(wjt) + V] sin(w;jt)]
where Uy,..., U and Vq,..., Vi are uncorrelated, with
E[Uj] = E[V;] =0 Var|[Uj| = Var[V;] = gjz

and where 0 < wy < ++- < wg < w. Then

= 2 sz cos(wjh)  heZ.
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Example: Extension

Example: Superposition of harmonic processes

Then
Fx(A) = Y 0?F;(})
j=1

where

1

Fj(A) = 2 —Wj S A<

1 wj <A

Note that

6.2 Spectral Representation



Spectral decomposition

This result shows that the variance of {X;} can be decomposed
into the variances contributed by the harmonic components at
different frequencies

Wi1,...,Wk

In the limit as k — o
X, J e dz(\)
(771-777]

where {Z()\) : —m < A < w} is a non-decreasing stochastic
process.

In general, Z is a complex-valued process which has uncorre-
lated increments.
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Spectral decomposition

A complex-valued process, {X;}, is a stochastic process with
complex-valued elements

Xi =Xt +iXo;
say, where
E[X;] = E[X1] + E[Xo.(]
E[XiXivn] = E[(X1,t + iX2,t) (X1 t4+h + (X2t 4n]
= E[X1,:X1 t+n — X2,6X2 141
+ iE[X1,:X2 t+n + X2,: X1 141

etc.
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Spectral decomposition

We have

X; = J e dz(\)
(771-771-]

_ J( | feos(en) + Esin(ex)] 4z

where Z()) is a random process on (—m, 7]. By symmetry, we
need only consider Z()\) for 0 < A < 7.
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Spectral decomposition

For finite k,

w A=-—wj,j=1,...,k
dz()\) = @ A=wj,j=1,....k
0 otherwise
Here 2
E[dZ(\)dZ(N)] = E[(U? + V?)/4] = 7J
for A = +wj, j = 1,..., k and zero otherwise.
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Example: White noise process

Example: Z; ~ WN(0, 0%)

If Z; ~ WN(0,0%), then vz(0) = 02, 7z(h) = 0 for all h # 0.
Then, for —m < A < 7,

1 &
200 = o > em Pz (h)
h=—w
= i[cos(O)—ésin(O)] 2
- 27 oz
%

27
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Spectral decomposition

A is an angular frequency:

e For a time series with dominant high frequency compo-
nents, fx(A) is large when A is near 7, and the series ex-
hibits rapid variation.

e For a time series with dominant low frequency compo-
nents, fx()\) is large when A is near zero, and the series
exhibits slow variation.

6.2 Spectral Representation
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Spectral decomposition

Often we use the scaled frequency ¢,

= A so that 1 <p< 1
Y= o 2 S¥S3
so that
w .
Flp) = Y e ™hx(h)
h=—w
and
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6.3 Representation of ARMA processes

Suppose ¥ = {¢; : j = 0,41, £2,...} is a linear filter with

oe]

DTl < .

Jj=—w
and suppose {X;} is zero mean with SDF fx(.).
Let
w .
U(z) = Z Yjiz2 zeC.

Jj=—00

and note that
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6.3 Representation of ARMA processes

If
0¢]
Yi = > X = U(B)X;.

Jj=—w
then {Y;} is stationary and zero mean, with

0

wh)= > biverx(h + k — )

j=—wk=—0w

by the previous result for ACVFs
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6.3 Representation of ARMA processes

Then

1 0¢]
fY()\) - = Z efL)\h

) e—“{ 2 2 Uitwox(h +k—j>}
J

j=—00 k=—00

vx(h + k —j)}

Il
s
s
&
<
=
—
S’\H
‘\‘MS
D
!
=
&

=D ijk{zlﬂ > e—i“”f—kHX(l)}
j 1

settingl = h + k —j.
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6.3 Representation of ARMA processes

Therefore

(V)= ) D) dke 0T {ZW Z e Myx 1)}

j=—wk=—w

o0 o0

= >0 D) die AR ()

j=—wk=—w

(lz 1!}]6—0\]) ( 2 wkei)\k> fX()\)
=—a0 k=—

= U(e M) ¥(e™)fx(N)

Il
>€<

(e=M)¥(e M) fx(N)
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6.3 Representation of ARMA processes

Therefore, the SDF of Y is
fr(A) = [T(e™ M) fx () = W(e M) W(e™)fx())
o U(e ) is the transfer function.

o |U(e~)|? is the power transfer function.

The transfer function defines the action of the filter on the
process {X;}.

6.3 Representation of ARMA processes
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Low Pass filter

Example: Low Pass filter

A low pass filter removes high frequency components. To re-
move frequency components beyond threshold \¢, we would
require a transfer function taking the value 1 for —A¢c < A <
Ac, that is,

u( ﬂ.)\) 1 XA )
e =
0 otherwise

We term this filter the ideal low pass filter.
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Low Pass filter

Example: Low Pass filter

Let )
“e j=0
y=2 [ emar={ "
i = 5= e = o
2w J_ A
Ao st c) i %0
jm
and define
—L>\ 2 ,(/) e—LJ)\
j=—q

for integer g. This filter is a finite Fourier series approxima-
tion to the ideal low pass filter.
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ARMA models

Example: X; ~ ARMA(p, q)
Suppose {Z;} ~ WN(0, %), and define {X;} by

Thus

g
fz(A) = ﬁ

and as X; = {®(B)}~1O(B)Z;, we have

2

o
fx(\) = ﬁ

2 B é‘g(e,»\)‘z

27 p(e—N)

@(eﬂ')\)
(I)(e—L')\)

by the general result.
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6.4 Model-free estimation

The SDF can be estimated from time-domain samples.
X1.n be the time-domain data, and let

_27rk
 n

S ]

The set {wx} are termed the Fourier frequencies.

Wk

for k equal to

6.4 Model-free estimation

Let
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6.4 Model-free estimation

For each k, define the n x 1 vector ey by

!
RV

w 20w niwg\ T
ex (et ek .. ek

so that
—T

ejekzo

unless j = k, in which case e, e; = 1.

6.4 Model-free estimation
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6.4 Model-free estimation

{e1,...,en} form an orthonormal basis for C”, that is, for any
n-dimensional complex number x, we have

[n/2]
X = 2 dx ek
k=—|(n-1)/2]
where
1 n
_aly — —itwg
ax =€, X=—— Y Xie
k k «\/ﬁ ; t
The vector (a1, ...,ay,)' is the discrete Fourier transform of x.
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6.4 Model-free estimation

Note that

|n/2]
Xy = Z ak [cos(wit) + isin(wit)]
k=—|(n—1)/2]

is the discrete version of the spectral representation theorem.

6.4 Model-free estimation
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The Periodogram

The periodogram, fn(/\) is defined by

2

T,(\) = % theﬂ.w‘ —T <AL,
t=1
Note that T, (wi) = lak|?, and
1n/2) 2
x'x = Z |lak|* = 2 In(wi)
k=—|(n-1)/2] k=—[(n-1)/2]

which gives a decomposition of the total variation in x via
components at the wg.

6.4 Model-free estimation
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The Periodogram

Note that

Tn(wk) = (

RIE

. 1 & .
Xtefbtwk 2 XSestk
\/n =

—i(t—s)wk

D= S~
M= T

XtXs€

S|
o~
I
N
w0
I
N

(x; — X)(xs — X)eHt=5)wk

Il
S
NgE
NgE

o+
I
-
)
I
-

= > Au(h)e™™x  (h=s—t)
h=—(n-1)

=
—_

n .
as Y etk =0 if wy # 0.
=1
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The Periodogram

Thus I,()\) is a sample-based estimate of 27fx()\); it is not
consistent, however. For 0 < \; < ... < Ap <,

(Ta(M)s - T Om) T =5 (i, V)T
as n — oo, where
V; ~ Exponential (1/(27fx(}A;j))).
That is, as n — o
E[In(A)] — 27 ())

o) TH()\j) is asymptotically unbiased, but fn(/\j) converges in
distribution, not in probability or almost surely.
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The Periodogram

ample: ARMA(1,1)

acvf.vals<-tacvfARMA(phi = 0.8, theta = -0.5, maxLag = 30)
lamvec<-seq(0,0.5,by=0.001)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1l:length(lamvec)){
sdf.vec[j]<-sum(exp(-1li*2xpixlamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1l]+
sum(exp(lix2xpixlamvec[j]xhvec[-1])*acvf.vals[2:31])

6.4 Model-free estimation
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The Periodogram

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='1"',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,60),main = 'SDF')

SDF
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The Periodogram

par(mar=c(4,4,2,2));plot(lamvec,logl0(sdf.vec),type='1l"',xlab=expression(lambda),
ylab=expression(log[10] (f[X](lambda))), ylim=range(-4,2),main = expression(log[10](SDF)))
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The Periodogram

set.seed(3); Xt<-arima.sim(n=5000,model=1list(ar=0.8,ma=0.5))
par(mar=c(4,4,2,2));spectrum(Xt, main='Periodogram (loglO scale)', taper=0,detrend=FALSE)

Periodogram (log10 scale)

le+01
l

spectrum
le-01

1le-03

0.0 0.1 0.2 0.3 0.4 0.5

frequency
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The Periodogram

par(mar=c(4,4,2,2));spectrum(Xt, main='Periodogram & SDF (logl@® scale)', taper=0,detrend=FALSE)
lines(lamvec,sdf.vec,col='red', lwd=2)

Periodogram & SDF (log10 scale)
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1e-03

0.0 0.1 0.2 0.3 0.4 0.5

frequency

6.4 Model-free estimation

541



The Periodogram

Periodogram & SDF (log10 scale, n=50000)
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frequency
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The Periodogram

sdf.hat<-spectrum(Xt, taper=0,detrend=FALSE,plot=FALSE)$spec

nO<-length(sdf.hat)

lamvec<-c(1:n0)/(2*n0)

sdf.vec<-lamvec*0

hvec<-0:30

for(j in 1:length(lamvec)){
sdf.vec[j]<-sum(exp(-1lix2+pixlamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+

sum(exp(lix2+pixlamvec[j]*hvec[-1])*acvf.vals[2:31])
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The Periodogram

par( =c(4,4,2,2));plot(lamvec,logl@(sdf.hat), ='1")
lines(lamvec,logl0(sdf.vec), ='red', =2)

log10(sdf.hat)
-2 1

-3

0.0 0.1 0.2 0.3 0.4 0.5

lamvec
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The Periodogram

If in the above notation,
V; ~ Exponential (1/(27fx(}\j))).
then
Vi
2mfx(Aj)

which we can verify in the sample.

~ Exponential(1)

Note that in the previous calculations, the factor of 27 is al-
ready incorporated to account for the output of spectrum.

6.4 Model-free estimation
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The Periodogram

Vvec<-as.numeric(sdf.hat/sdf.vec)
mean (Vvec); var(Vvec)

## [1] 1.0135
## [1] 1.025988

par(mar=c(4,4,2,2))

hist(Vvec,nclass=100, main='Histogram of V', xlab='V', freq=FALSE)
xv<-seq(0,10,by=0.001)

lines(xv,dexp(xv),col="red"',lwd=2)

legend(8,0.8,c('Density of Exp(1)'),lwd=2,col="red")

box ()
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The Periodogram

Histogram of V
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The Periodogram

To obtain a consistent estimator, a local averaging process is
used: define

B = Y wa()ia(g(n, ) + 27j/n)

27 i<

where bandwidths m, satisfy m, — o0, mp/n — 0 asn —
oo, and weights wy, (j) satisfy wy(j) = wn(—j) >0,

D wa(i) =1

lj|<mn

and w2(j) — 0 as n — 0.

Example: m, = \/n, wy(j) = 1/(2my, + 1) for |j| < mj.

6.4 Model-free estimation

548



6.5 Likelihood-based estimation

For parametric models such as ARMA models with Gaussian
errors, likelihood-based inference can be carried out using
a large sample approximation to the time domain likelihood
known as the Whittle likelihood.

Recall that for the periodogram, for any A, as n — o
T.(\) =% V ~ Exponential (1/(27fx())))
If Aq,..., Ap are chosen to be the Fourier frequencies, then

Vi,...,Vy

are approximately independent.
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6.5 Likelihood-based estimation

The Whittle likelihood is then
1 In(wy)
L(0) = - _—
(©) U 27f(w;; 0) eXp{ 2mfe(w;; 0)
where wj = 27j/n, and

je{_[ﬂ;J,...,[gJ}

This (asymptotic) likelihood can then be maximized to esti-
mate 6.

6.5 Likelihood-based estimation



6.6 Long memory models

For a stationary ARMA model, recall that the decay in ACF is
asymptotically exponentially fast: for h large enough,

px(h) ~ Clélt

for some constant C, say, where £ is reciprocal root of the AR
polynomial with modulus closest to 1.

6.6 Long memory models
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6.6 Long memory models

Let {X;} be a stationary process such that for some « € (0, 1)
and constant ¢ > 0 such that

lim h%x(h)=rc
h— 0

That is, the decay rate is polynomial in h, and therefore rela-
tively slow.

{X;} is a long memory or long range dependent process.

6.6 Long memory models
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Fractional Integration

Recall the ARIMA(p, d, q) model, ford = 1,2,...,

(1 — B)4®(B)X; = O(B)Z;

Now suppose that —0.5 < d < 0.5 is a non-integer value.

6.6 Long memory models
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Fractional Integration

We have the binomial expansion for —0.5 < d < 0.5
w .
(1-B)* =) ;B
j=0

where, forj =1,2,...

J (k—1-d T( —d)
Wn( K >:ro+1>r<—d>

k=1

where I'(+) is the Gamma function.
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Fractional Integration

Let {Z;} ~ WN(0,0?), and W; = (1 — B)~9Z;, so that
®(B)X; = ©(B)W;
gives an ARMA(p, q) model driven by {W;}.

{W;} is fractionally integrated white noise. It is a stationary
process with

o2l'(1 —2d)
WO = -y
and
T'(h + d)I( b (k—1+d
pw(h) = T(h — d+1 11:[1( )

6.6 Long memory models
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Fractional Integration

The ACVF of {X;} can be computed using the usual approach

(e8] o8]
:ZZ Yxyw(h +j — k)
j=0k=0

where {1);} are the linear process coefficients corresponding
to the ARMA process with polynomials ®(B) and ©(B).

6.6 Long memory models
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Spectral density for Fractional ARIMA

If {X;} ~ ARIMA(p,d, q) with —1/2 < d < 1/2, then

—ixn 2
ey = 22190 1
Ifp=qg=0,
o 1
fx(\) = =2

T or |1 —e-iM2d

andas A\ — 0 )

~_ Y2
T 27| A2

that is, the SDF is unbounded at zero.

fx(A)

6.6 Long memory models
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Fractional White Noise

If {W;} ~ ARIMA(0, d, 0), that is,
W; = (1-B)"9z

then

e MA() representation

= I(j+d)
Wi =) ¥iZij V=" Fmr
' ng I W T TG+ )I(d)
¢ AR(o0) representation
I'G—d)

3

e}
Zy =Y \mWij m=o e
= TG+ 1)I(—d)
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Fractional White Noise

For large j

e MA(w) representation

e AR(o0) representation

6.6 Long memory models




Fractional White Noise

If {X;} ~ ARIMA(p,d, q), write
(1 — B)4®(B)X; = O(B)Z;
and suppose 0 < d < 0.5. Then for large h

vx(h) ~ C|h[?d-1.
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Chapter 7

Financial Time Series Models




7.1 Volatility Modelling

One form of non-stationarity not yet examined is the relax-
ation of the constant variance assumption.

We use the general term volatility to capture the concept of
time-varying variance of a process. This could be considered
to arise in
e the unconditional or marginal model of the observation
process
¢ the conditional model for the process (eg in a state space
setting).

7.1 Volatility Modelling
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7.1 Volatility Modelling

It has long been recognized that financial time series exhibit
changes in volatility over time that are serially correlated.

In particular, financial returns demonstrate
volatility clustering

that is, large changes tend to be followed by large changes
and vice versa.

Models need to be developed to capture this behaviour.

7.1 Volatility Modelling
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S & P 500 : 1990-2009
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S & P 500 : 1990-2009 log Returns
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S & P 500 : 2020-2025

my.url<-'https://www.math.mcgill.ca/dstephens/545/Data/HistoricalData_1743471926857.csv"'
sp25<-read.csv(my.url,header=T)

dvec<-rev(as.character(sp25[,1]))

date.vec<-as.Date(dvec, format="%m/%d/%Y")

Yt<-rev(sp25[,2])

Yt.ret<-diff(log(Yt))

par(mar=c(4,4,2,2))

plot(date.vec,Yt,type='1"',xlab="'Date',ylab="'S& 500 Close')

7.1 Volatility Modelling
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S & P 500 : 2020-2025
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S & P 500 : 2020-2025

100 x log returns
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S & P 500 : 2020-2025

S ACF of log returns
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S & P 500 : 2020-2025
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S & P 500 : 2020-2025

Histogram of log returns
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7.2 Types of Volatility Models

Volatility models fall into two classes:

¢ Observation-driven models allow the variance of the ob-
served series to depend on its lagged values

e Parameter-driven models specify that the variance of the
observations is a function of some unobserved or latent
process.

These models have the general form of state-space models.

7.2 Types of Volatility Models
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7.2 Types of Volatility Models

In a parameter-driven model

p(.Vt|Xt7Xl:(tfl)v}’l:(tfl)) =
p(Xt+1|XtaX1:(t71)7y1:t) =

so that

n
P(X2:n, y1n|x1) = {Hp (ye]xt) }{
t=1

7.2 Types of Volatility Models

p(yelxt)

P(Xt+1|Xt)

HP(Xt|Xt—1)

t=2

}
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7.2 Types of Volatility Models

In an observation-driven model

p(Yt|XtaXl:(t—l)7Yl:(t—l)) = p(yelxt)

p(Xty1lxe, X1 i—1), Y1:t) = P(Xet1]y1:e)

so that
n
p(Xl:n7Y1:n|X1 Hp .Vt|Xt Xt|.V1:(t—l))
t=1

where p(x1|yo0) = p(x1), say.

7.2 Types of Volatility Models
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7.2 Types of Volatility Models

Example: Model for Count Data

Suppose that fort =2,...,n

p(yt|xt) = Poisson(¢xy)
1 ifxpy1 = ax;
0 otherwise

p(xt1|xt) = {

and that where p(x;) = Gamma(a, \), for some constants
57 a? a? A'

7.2 Types of Volatility Models
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7.2 Types of Volatility Models

Example: Model for Count Data

We need to compute the filtering and prediction distributions:
Suppose that

p(Xt|y1:t) = Gamma(at, >\t)

P(Xty1|y1r) = Gamma(ay, A¢/a)

P(Vetr1ly1:e) = NegBinomial(ag, 1 — /)
where
t —
1—at
- ' oy al-t l—a"
at—a+J;yJ At = Aa +€<1—a—1>
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7.2 Types of Volatility Models

Example: Model for Count Data

Then

«o
E[Yt+1|Y1:t = Y1:t] = >\tit_§
and
fat)\t
Var[Yei1|Yie = y1:e] = st — €)2

7.2 Types of Volatility Models

577



7.2 Types of Volatility Models

Example: AR(1) as an observation-driven model

Suppose that
p(xt41|y1t) = 1if x¢41 = yt, 0 otherwise
p(yilxt) = fz(yr — ¢x¢)
for some pdf f;. Then
Y,— X, 22, or Y=¢X+2Z

so with X; = Y;_1 we have an AR(1) model.

7.2 Types of Volatility Models
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7.2 Types of Volatility Models

A standard model for financial times series is based on the
Stochastic Differential Equation (SDE)

dS; = uSidt + oS dW;

where {W,} is a continuous time process with Gaussian incre-
ments dW;.

The equivalent equation for Y; = log S; is

dYt = /,Ldt + O'th
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7.2 Types of Volatility Models

Consider the discrete time process where we replace dY; by
Yi11 — Y:, and dt by A, with observation times

N2 3N, L
to yield data y1,¥2,¥3,. ... Note that
Yii1 — Yy =log S¢1 — log S¢ = log(St41/St)
=ulA +oZ;
where {Z;} ~ N(0,1), so that

Yei1|Ye =y ~ N(ye + Dp,0%).

7.2 Types of Volatility Models
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7.2 Types of Volatility Models

A better model is based on the SDE
dY; = pdt + o(t)dW;
Thus, in the discrete approximation
Yiv1 — Y = plA + o0 Z;
where again {Z;} ~ N (0, 1), so that
Yer|Ye = yie ~ Nyt + Dp, 0f)
This is referred to as a conditional heteroscedastic model with

time-varying variance.

7.2 Types of Volatility Models

581



7.2 Types of Volatility Models

The most popular examples of observation-driven models in
finance are the

e Autoregressive Conditional Heteroscedasticity (ARCH)
e Generalized ARCH (GARCH).

models.
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7.2 Types of Volatility Models

In particular, let y; be a realization, at time t, of the time
series of interest. Typically, y; is taken to be the compounded
return of the underlying asset, so that

YVt = 100 IOg (St/Stfl)

where s; denotes the observed price of the asset.

ARCH type models specify the distribution of the current ob-
servation as a one-step-ahead prediction density.

7.2 Types of Volatility Models
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Microsoft : 1990-2009 log Returns
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7.3 Observation Driven Models

For the observation-driven models,
Yi | Yi(t—1) ~ N (070-?)

so that
Yy = 014y,

where {Z;} is a sequence of independent N (0, 1) random vari-
ables.

7.3 Observation Driven Models
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7.3 Observation Driven Models

The ARCH(p) model allows the conditional variance o2 of Y;
to be a linear combination of previous squared observations,
so that

p
2 2
Ut = OKO + Z Oéth,j-
i=1
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Properties of the ARCH(1) model

The simplest ARCH model is the ARCH(1)
U? =g + 0415’?71-

Parameters oy and a1 are non-negative, and by iterated ex-
pectation, the process is stationary if and only if oy < 1, with

a0

Var[Yy] = E[Y}] = —

7.3 Observation Driven Models 588



Properties of the ARCH(1) model

All the odd moments of Y; are zero by symmetry, while the
fourth moment exists if and only if 303 < 1 and is

Sa(z) (1 — a%)
(1—a1)* (1 - 30})

B[y -

and the kurtosis (a measure of distributional heavy tailedness)

E|Y¢]
E[v?)*

is greater than zero and hence the marginal distribution of Y;
is leptokurtic (that is, has fat tails).

7.3 Observation Driven Models
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Stationarity in ARCH(1) Variance

The ACF of {Y?} is given by

pyz2(h) = «

h
1>
where h = 0,1,2,.... Note that

e {Y:} is a white noise process,

e {Y?} is an autoregressive process that exhibits volatility
clustering controlled by «;.

e {Y?} is not necessarily covariance stationary; its variance
will be finite only if 302 < 1.
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Likelihood Function For ARCH(1) Model

Let yp be a fixed constant used to seed the recursion for o;.
The likelihood for ARCH(1) takes the form

n 1 % 72
t
b (Y1:n|Y(),Oéo,a1) = H (M) exp <_M> 7
so the log-likelihood is

n
10gp(Y1:n|y0>a07a1) = Zlogp(ytLYt*l?aOaal)
t=1
n

const L Z 1 2+Yt2
= . — = og o — | .
2t:1 &7t a?
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GARCH(p, g) model

The GARCH(p, q) process is an extension to the ARCH(p)
model which models a? as dependent on its lagged values;

14 q
2 2 2
Ut :ao—i_Zantfj—i_ZﬁjUtfj'
i=1 i=1

The most widely used GARCH model is that of order (1,1).
Sufficient conditions for 02 > Oare a; > 0,i = 0,1 and $; > 0.

The GARCH(1, 1) process has zero mean, and is second order
stationary if and only if oy + 81 < 1, with

Qo

(1—a1—p51)

and all the odd moments equal to zero.

Var|Y:]| =

7.3 Observation Driven Models
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GARCH(p, g) model

If in addition,

302 + 20161 + B3 < 1

the fourth moment exists and is equal to

303 (1 + a1 + B1)
(1 — Q1 — 61) (1 - 30(% - 2041ﬁ1 — B%)

E[Y;] =
and again Y; exhibits leptokurtosis.

A special case of the GARCH(1,1) model has a3 + 1 = 1,
which is called the Integrated GARCH(IGARCH) model.

7.3 Observation Driven Models
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GARCH models

The moments of the GARCH(1,1) model are:
(i) E[Y:] =E[YZ] =0

(i) o< + 61 <1,

Qg

(1—o— )

(i) If0 < oy + B1 < 1and 302 + 20181 + 2 < 1

E[Y/] =

304(2) (1 + aq +,81)
(1 -1 —p1)(1—BF — 20161 — 3a?)’

The fourth moment does not exist when the sum of a1 + 31
is close to one, and the value of «; is not close to zero.

E[v{] =

7.3 Observation Driven Models
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GARCH models

(iv) If 302 + 2a1 61 + B% < 1, the kurtosis is

_ 304+ +p)(I—a1—p)
(1 —5% - 2&151 — 30&%) ’

When g1 = 0, this condition is the same as the ARCH(1)
model, but when ; > 0, a; has to be less than 4/1/3. For
example, in the typical case where «; is not close to zero
and f; is near to one, k does not exist.

7.3 Observation Driven Models
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GARCH models

(v) The ACF of {Y?} is given by

a1 (1 — B — a1 )
(1—B% —20161)

py2(h) = (a1 +pP1)py2(h —1), for h = 2.

py2(1) =

The ACF declines geometrically at the rate of a; + 5.

7.3 Observation Driven Models
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GARCH models

GARCH(p, q) is stationary if the coefficients in the conditional
variance equation sum to less than one

a1+ ... toap+ P+ ...+ 6g <1,

in which case the unconditional variance of Y,

o))
1—(a1+...+ap+p1+...4+08g)

is a finite constant.

7.3 Observation Driven Models
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GARCH models

For the GARCH(1, 1) model: if a; + 81 < 1, under normality
of the residual errors,

Qo

Var|Y; = const.—
[ t] 1-— (al + ﬁ1)

and Cov[Y;, Ys] = 0, but Cov[Y?, Y2] # 0.
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ARCH/GARCH model extenstions

There exist many other versions of the ARCH type models,
e Exponential GARCH(EGARCH)
¢ ARCH-in-Mean (ARCH-M)
¢ TGARCH
¢ MGARCH
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7.4 Stochastic Volatility Models

The stochastic volatility (SV) model is a form of non-linear
state space and parameter-driven model where the variance
of the observations to be an unobserved random process.
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7.4 Stochastic Volatility Models

The simplest SV model takes the form

Y = exp (X;/2) Z;
Xi = ¢+ 0Xi1 + W,

where Y; is the observation at time t, Z; ~ AV/(0,1), and Wy ~
N (0,0%,) are IID series.

The latent process X; ~ AR(1) is interpreted as the random
and uneven flow of new information into the market, and ¢ is
the persistence in the volatility.

7.4 Stochastic Volatility Models 601



7.4 Stochastic Volatility Models

The SV model with leverage has

Yt = exp (Xt/Z) Zt
Xy = @o + pXp1 + W,

but now the two processes {Z;} and {W,} are correlated.

We could have that one of
Corr[Zi, Wi| = p Corr|[Zi11, W] = p Corr[Zy, Wiia] = p

holds.

7.4 Stochastic Volatility Models
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7.4 Stochastic Volatility Models

The parameter ¢ captures the persistence in the volatility, and
the restriction
o] <1

is typically imposed to ensure that the series X; of the log-
volatilities is stationary.

However, X; can also be allowed to follow a random walk by
setting ¢ = 1.

7.4 Stochastic Volatility Models
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Properties of the Stochastic Volatility Model

Suppose {Z;} and {W;} are independent. Under stationarity,
the mean and variance of {X;} given respectively by

®o
1-9¢

g
px = E[X] = 0% = Var [X;] = #
Since
Y: = Zyexp (X;/2)

and {Z;} is always stationary, {Y;} will also be stationary if and
only if {X;} is stationary. If the distribution of Z; is symmetric,
then all the odd moments of Y; are zero.

7.4 Stochastic Volatility Models
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Properties of the Stochastic Volatility Model

By iterated expectation
E[Y:] =E[E[Y: | Yi.—1)]] =0
so that Y; is zero mean and the ACF of Y; is

vy (h) = E[Y;Yi_p] = E [exp (‘zt n Xf;)] E[Z:Zi_n] = 0

for h > 1, as {Z;} is an uncorrelated process.

7.4 Stochastic Volatility Models
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Properties of the Stochastic Volatility Model

By assumption, exp (X;) has a log-normal distributed, and
j . 1 .2 2
E [exp (Xt) ] = exp yjux + i ok ¢,

so that, if r = 2s is even and {X;} is stationary, all the even
moments of Y; exist and are given by the formula

2
B[¥/] = E[fexp(%0) | E 2] = exp {sx + ok } 220

Then
1
Var[Y;] = E[Y?] = exp {ux + 20_;2(}

Hence if {X;} is stationary, {Y:} is an uncorrelated process.

7.4 Stochastic Volatility Models
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Properties of the Stochastic Volatility Model

Also
E [Y;l] = 3exp {ZMX + 20;2(}

and so the kurtosis for Y; is
—3+E[Y!]/E[¥?]? =3 (exp (03) - 1),

which is greater than O if 0)2( is positive. Thus, Y; has a lep-
tokurtic, symmetric distribution.
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Linearization

If we square Y; and take logarithms, then
log Y2 = X; + log Z2.

If Z; has a standard normal distribution, then log th has a log-
chi-square distribution with mean ¢ (1) —log2 ~ —1.2704 and
variance 72/2 = 4.9348, where ¢ (-) is the digamma function

-

(z

~—

U(z) = < logT(z) =

—~

(z

~—

7.4 Stochastic Volatility Models
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Linearization

Thus, if V; = log Z2 + 1.2704, then {V;} is IID with mean zero
and variance 72/2, we may rewrite the model as

log Y2 = —1.2704 + X; + V;.

7.4 Stochastic Volatility Models
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Linearization

Hence {log Y7} is a linear process which is the sum of
e the AR(1) process {X;}
¢ a white noise process.

and log Yt2 behaves (approximately) as an ARMA(1, 1) process,
with ACF given by

¢h

———~, h=12....
1+ (72/20%)’ o

plog Yt2 (h) =
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7.5 Inference for the SV Model

No analytic expression exists for the densities p (y: | y1.(t-1)).
and this makes the likelihood function hard to evaluate; the
distribution of Y: conditional on past information y;.; 1) does
not possess an analytic expression.

The likelihood can be computed by integrating the latent log-
volatilities out of the joint probability distribution.
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7.5 Inference for the SV Model

The likelihood is

p(Yl:n§9) = JP(YLHaXl:n;e)Xm:n

= Jp(ytn | Xl:n;e)p(xl:n;e)d—xl:n-

This last integral requires the use of numerical procedures
and this makes the estimation 0 quite involved.

7.5 Inference for the SV Model
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Generalized Method-of-Moments (GMM)

The generalized method of moments (GMM) requires the con-
struction of a vector g, whose elements will be the differences
between the unconditional expectations and the sample mo-
ments.

For the SV model there are three parameters we need to esti-

mate, namely 0 = (¢o, ¢, o%,v), and a large number of moments
to use.

7.5 Inference for the SV Model

613



Generalized Method-of-Moments (GMM)

For example, we could define g via

1
HZYtZ_E ¢
12 4

*EYth 1 Y Ytz—l]

*ZYth h— Yt Ytth]

where the theoretical values of E[Y?Y? ,], for h >

found analytically.

7.5 Inference for the SV Model

1, can be
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Generalized Method-of-Moments (GMM)

The objective function to be minimized is then
Q=g'Wg

where W is a positive definite, symmetric weighting matrix.

GMM estimators are consistent if the observed process {Y:}
is stationary. However,
o when |¢| is near 1, the GMM estimator can work poorly.

e the method does not deliver filtered or smoothed esti-
mates of X;.
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7.6 Quasi-Maximum Likelihood estimation

The Quasi-Maximum Likelihood (QML) method is based on
the linearization approach described earlier.

Let Y; = log Y2. Then the SV model can be written as

Y =-1.2704 + X; + V¢
Xi = ¢o +Xi1 + Wy

where
Vi = log Z} — E [log Z¢]

with 02 = Var [V;] = 72/2.

7.6 Quasi-Maximum Likelihood estimation
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7.6 Quasi-Maximum Likelihood estimation

This is a linear but non-Gaussian state-space model. The QML
approach treats the observation errors as if

Vi ~ N (0,7°/2)

and applies the standard Kalman filter

Given transformed data {y7,...,ys}, the Kalman recursions
can be used to construct the approximate Gaussian likelihood.
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7.7 Bayesian Inference

In a Bayesian procedure, we update our prior belief about 6
and obtain a posterior distribution of the parameters, which
is denoted 7, (0]y1.n) and is given by

1Y (Y1:n|e) ™0 (9)
D (y1:n|t) mo (t) dt

mn (y1:0]0) = f < p (y1:n|0) 70 ),

In the SV case, we can explore the posterior distribution using
Markov chain Monte Carlo (MCMC).

7.7 Bayesian Inference
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7.7 Bayesian Inference

Let
o 0 = (¢, 9, U%‘,)T denote the vector of parameters,
e Xi.n = (X1,...,X,) | denote the vector of log-volatilities
® Viin = (y1,--- ,yn)T denote the vector of observations,

then the model is specified by the sequence of three condi-
tional distributions.

7.7 Bayesian Inference
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7.7 Bayesian Inference

Key elements are

e the distribution of the observations conditional on the
log-volatilities, p (y1.n|X1:n),

e the distribution of the log-volatilities conditional on the
hyperparameters, p (X1.,(0)

e the prior distribution of the parameters, m(0).

The joint posterior distribution of the log-volatilities and hy-
perparameters is

Tn (Xlznae |y1:n) oLp (y1:n|X1:n)p (X1:n|0) 770(9)‘

7.7 Bayesian Inference 620



7.7 Bayesian Inference

The estimation of the SV model via MCMC considers the hier-
archical structure of conditional distributions.

MCMC samples iteratively from the conditional posterior dis-
tributions: we initialize the values

1) g

Xl:n’

and then for iteration s = 2, 3,..., sample
e 00 from 7n(0|X1.0, ¥1.n), assuming Xj., = Xffl:l)
. stl)] from 7,(X1.1|0,y1.n), @assuming 6 = IS

and store the samples {6 (%), X](.SI)I} over many iterations.
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7.7 Bayesian Inference

Particle filtering methods may also be used to perform filter-
ing based inference;

e see previous knitr sheet.

It is also possible to integrate particle methods into MCMC:
e particle methods are used to estimate the likelihood
¢ the estimated likelihood used in the MCMC calculations

e can be effective if the number of particles is large.
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