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Time Series: Prerequisites


 Basic distribution theory


 Expectations and other moments


 Basics of statistical theory (ie estimation, testing, large
sample theory)


 Linear algebra (matrix manipulations and decomposition)


 Basic knowledge of complex numbers


 Computing an advantage (knowledge of R).
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Time Series: Objectives

The basic objective is to construct models for observed data

x1, x2, . . . , xt , . . .

with t indexing time, with the goals of


 explaining the underlying data generating mechanism


 forecasting future values of the underlying process.

We will mainly focus on discrete time modelling, and denote
the underlying stochastic (random) process tXtu.
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Time Series: Objectives

The stochastic process can be (partly) characterized via its


 finite dimensional distributions, that is the joint distribu-
tions of

pXt1 , . . . ,Xtn q
for each index set tt1, . . . , tnu


 moment properties (expectation, variance, covariance)

Typically tXtu will not be independent, and inference about
the parameters of the joint distribution will be of central in-
terest.
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Time Series: Forecasting

Given observed values X1 � x1,X2 � x2, . . . ,XT � xT , we aim
to predict or forecast future values of the process

XT�1, . . . ,XT�K

say.

For example, could use a simple linear predictor

pXT�1 �
Ţ

t�1

atxt

that is, a linear combination of past values of the process. The
objective then is to choose the optimal values for the at .
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Introduction



1.1 Introduction

A time series is a sequence of random variables

tXtut�1,...,T � pX1, . . . ,XT q � X1:T

or a realization

txtut�1,...,T � px1, . . . , xT q � x1:T

collected over time index t representing some unit time pe-
riod (hours, days, months etc.).
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1.2 Simple Stochastic Models

A time series model is a probability model specifying


 the joint distribution


 the second-order moment structure (mean, variance, co-
variance)

of tXtu.
The joint distribution specifies the moment structure.
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1.2 Simple Stochastic Models

Recall that for any two random variables, the covariance is
defined as

CovrXi ,Xj s � ErpXi � µi qpXj � µj qs

where µi � ErXi s and µj � ErXj s, and the correlation is

CorrrXi ,Xj s � CovrXi ,Xj sa
VarrXi sVarrXj s
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1.2 Simple Stochastic Models

For a d -dimensional random vector X � pX1, . . . ,Xd qJ, we
form the covariance matrix, Σ, so that the pi , jqth element of
Σ is

rΣsi ,j � CovrXi ,Xj s.
This matrix is symmetric, and non-negative definite. We may
write

Σ � VRVJ

where

V � diagp
a

VarrX1s, . . . ,
a

VarrXd sq
and R is the matrix of correlations.
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1.2 Simple Stochastic Models

Special Case: Independence

FX1:T px1:T q �
T¹

t�1

FX pxt q �
T¹

t�1

PrrXt ¤ xt s

or equivalently, for each t ,

PrXt ¤ xt |X1:pt�1q � x1:pt�1qs � PrrXt ¤ xt s

where the past values of X contain no information about fu-
ture X .

Note: If two variables are independent, then they are also
uncorrelated; however, in general uncorrelatedness does not
imply independence.
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1.2 Simple Stochastic Models

For the specification via moments, interest focusses on

Expectation µt � ErXt s
Variance σ2

Xt � VarrXt s
Covariance γX pt , sq � ErpXt � µt qpXs � µsqs

for any indices t , s. As the Xt usually represent repeated
measurements of the same phenomenon over time, the term
autocovariance is used.
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1.2 Simple Stochastic Models

Example: IID Process

Let 0   p   1, and suppose

PrXt � 1s � p PrXt � �1s � 1� p

with the Xt mutually independent. Then tXtu is an IID (inde-
pendent, identically distributed) process.
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1.2 Simple Stochastic Models

Example: IID Process

We have that

µt � p � p1� pqp�1q � 2p � 1

σ2
t � rpp1q2 � p1� pqp�1q2s � p2p � 1q2 � 1� p1� 2pq2

γpt , sq � 0 t � s

and these quantities do not depend non t or s.
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1.2 Simple Stochastic Models

Example: Random Walk

Suppose tXtu is an IID process, and let

St �
ţ

i�1

Xi � St�1 � Xt

Then tStu is a random walk. Also, setting S0 � 0, we have

Xt � St � St�1

that is, tXtu can be obtained from tStu by differencing.
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1.2 Simple Stochastic Models

Example: Random walk

Suppose tXtu is an IID process with

PrXt � 1s � PrXt � �1s � 1

2

and zero otherwise, and let

St �
ţ

i�1

Xi .

Then both tXtu and tStu are zero-mean processes.

If p � 1{2, then ErXt s,ErSt s are non-zero; if p   1{2, then
ErSt s   0 and we have a downward drift.
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1.2 Simple Stochastic Models

Example: Random walk

Note that for any (time-homogeneous) random walk

VarrSt s � Var

�
ţ

i�1

Xi

�
�

ţ

i�1

Var rXi s � tVar rX1s

by the independence of the Xt , so the variance grows linearly
with t .

Thus even if ErSt s � 0, the probability distribution of St has
increasing variability around zero, and will (almost surely) di-
verge to an infinite value.
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1.3 Gaussian processes

Suppose, for all finite collections X1, . . . ,Xn , n ¥ 1, the joint
distribution is multivariate Gaussian (Normal) with

ErXt s � µX

and covariance defined for Xt ,Xs as

CovrXt ,Xs s � γX p|t � s|q t , s P t1, . . . ,nu.

for some function of a single argument γX . We have that

VarrXt s � γX p0q.
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1.3 Gaussian processes

Note that the autocovariance only depends on the value of

|t � s|

This version imposes extra conditions, which corresponds to a
structured covariance matrix which has fewer than npn�1q{2
different elements.
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1.3 Gaussian processes

Let ΓX pnq denote the pn � nq matrix with

rΓX pnqst ,s � γX p|t � s|q.

Then ΓX pnq is a symmetric, positive definite matrix so that

xJΓX pnqx ¡ 0 x P Rn .
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1.3 Gaussian processes

The matrix ΓX pnq has Toeplitz structure, constant among di-
agonals,

ΓX pnq �

���������

γX p0q γX p1q � � � � � � γX pn � 1q
γX p1q γX p0q γX p1q � � � ...

γX p2q γX p1q . . .
. . .

...
...

. . .
. . .

. . . γX p1q
γX pn � 1q � � � � � � γX p1q γX p0q

���������
We write the vector

Xn � X1:n � NnpµX1n ,ΓX pnqq.

where 1 � p1,1, . . . ,1qJ is an n � 1 vector.
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1.3 Gaussian processes

We have the decomposition

Xn � µX1n � Zn pn � 1q

where

Zn � Nnp0n ,ΓX pnqq.
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1.3 Gaussian processes

In general, if

X �
�
X1

X2

�
� N pµ,Σq

with X1 and X2 being k1 � 1 and k2� respectively, where

µ �
�
µ1

µ2

�
Σ �

�
Σ11 Σ12

Σ21 Σ22

�
then

X1 � Nk1 pµ1,Σ11q
X2|X1 � x1 � Nk2

�
µ2 � Σ21Σ

�1
11 px1 � µ1q,Σ22 � Σ21Σ

�1
11 Σ12

�
.
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1.3 Gaussian processes

Specifically, if we consider the one-step-ahead (conditional)
probability distribution

Xn�1|X1:n � x1:n

it follows by standard properties that

Xn�1|X1:n � x1:n � N
�
µpn�1q|n , σ

2
pn�1q|n
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1.3 Gaussian processes

Write γk � γX pkq for each k ¥ 0. The covariance matrix of
X1:pn�1q is

ΓX pn � 1q �

�����������

γ0 γ1 γ2 � � � γn�2 γn�1 γn
γ1 γ0 γ1 � � � γn�3 γn�2 γn�1

γ2 γ1 γ0 � � � γn�4 γn�3 γn�2

...
...

...
. . .

...
...

...
γn�2 γn�3 γn�4 � � � γ0 γ1 γ2

γn�1 γn�2 γn�3 � � � γ1 γ0 γ1

γn γn�1 γn�2 � � � γ2 γ1 γ0

�����������
�

�
ΓX pnq γR

n

tγR
nu

J γ0

�
where

γR
n � rγn , γn�1, γn�1, . . . , γ2, γ1sJ

1.3 Gaussian processes 25



1.3 Gaussian processes

Applying the previous formula, we have

µpn�1q|n � µX � tγR
nuJtΓX pnqu�1px1:n � µX1nq,

and

σ2
pn�1q|n � γ0 � tγR

nuJtΓX pnqu�1γR
n .

Note therefore that

σ2
pn�1q|n   γ0

as ΓX pnq is positive definite.
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1.4 Stationarity

Suppose tXtu is a time series process, where for all t

ErX2
t s   8.

Define

Mean function : µX ptq � ErXt s
Covariance function : γX pt , sq � ErpXt � µX ptqqpXs � µX psqqs

for integers t , s. Note that

γX pt , sq � γX ps, tq.
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1.4 Stationarity

The process tXtu is weakly stationary if

(i) µX ptq does not depend on t

(ii) γX pt � h , tq does not depend on t for each integer h , so
that we may write

γX pt , t � hq � γX phq.

Note also that we must have

γX p�hq � γX pt , t � hq � γX pt � h , tq � γX phq.

for h ¥ 1.

Note: The quantity h is often referred to as the lag.
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1.4 Stationarity

tXtu is strongly stationary if

Xt :pt�nq � pXt�1, . . . ,Xt�nq

and
Xpt�h�1q:pt�h�nq � pXt�h�1, . . . ,Xt�h�nq

have the same joint distribution for all t ,h ,n.

In practice, the (multivariate) distributions required to model
such strongly stationary processes are limited in number.
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1.4 Stationarity

If tXtu is weakly stationary process define


 the autocovariance function (ACVF), γX phq, by

γX phq � γX ph ,0q � γX pt � h , tq


 the autocorrelation function (ACF), ρX phq, by

ρX phq � γX phq
γX p0q

That is

γX phq � CovrXt�h ,Xt s ρX phq � CorrrXt�h ,Xt s.

The fundamental concept of stationarity is that the stochastic
structure does not change though time
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1.4 Stationarity

Example: IID Process

An IID process tXtu � IIDp0, σ2
X q, is characterized by

ErXt s � 0

VarrXt s � ErX2
t s � σ2

X   8.

with the Xt mutually independent. This process is stationary:

γX phq � CovrXt�h ,Xt s �
#
σ2
X h � 0

0 h ¡ 0

ρX phq � CorrrXt�h ,Xt s �
#

1 h � 0

0 h ¡ 0
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1.4 Stationarity

Example: White Noise Process

A white noise process tXtu � WNp0, σ2
X q is characterized by

ErXt s � 0

VarrXt s � ErX2
t s � σ2

X   8.

with the Xt uncorrelated. This process is stationary:

γX phq � CovrXt�h ,Xt s �
#
σ2
X h � 0

0 h ¡ 0

ρX phq � CorrrXt�h ,Xt s �
#

1 h � 0

0 h ¡ 0
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1.4 Stationarity

Example: Random Walk

If tXtu � WNp0, σ2
X q, then the process tStu defined by

St �
ţ

i�1

Xi

is non-stationary as, by properties of uncorrelated rvs,

ErSt s � 0

VarrSt s � tσ2
X

which does depend on t .
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1.4 Stationarity

Example: Random Walk

For the ACVF:

γS pt � h , tq � CovrSt�h ,St s
� CovrSt � Xt�1 � � � � � Xt�h ,St s

� CovrSt ,St s �
ḩ

i�1

CovrXt�i ,St s

� CovrSt ,St s
� VarrSt s
� tσ2

X .
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1.4 Stationarity

Example: Moving Average

Let tZtu � WNp0, σ2
Z q, and define process tXtu by

Xt � Zt � θ1Zt�1 t P Z

where θ1 is a real-valued parameter. As ErZt s � 0, we also
have ErXt s � 0, and by uncorrelatedness of the tZtu compo-
nents

VarrXt s � VarrZt s � θ2
1VarrZt�1s � p1� θ2

1qσ2
Z

which does not depend on t .

1.4 Stationarity 35



1.4 Stationarity

Example: Moving Average

We have

γX pt � h , tq � CovrXt�h ,Xt s � ErXtXt�h s
� ErpZt � θ1Zt�1qpZt�h � θ1Zt�h�1qs
� ErZt�hZt s � θ1 pErZt�hZt�1s � ErZt�h�1Zt sq

� θ2
1ErZt�1Zt�h�1s

Now,

ErZjZk s �
"
σ2
Z j � k

0 j � k
.
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1.4 Stationarity

Example: Moving Average

Hence

γX pt � h , tq �
$&%

σ2
Z p1� θ2

1q h � 0
σ2
Zθ1 h � �1

0 otherwise

.

ρX pt � h , tq �
$&%

1 h � 0
θ1{p1� θ2

1q h � �1
0 otherwise

These functions do not depend on t , so tXtu is a stationary
process

tXtu � MAp1q
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1.4 Stationarity

Example: Autoregression

Let tZtu � WNp0, σ2
Z q, and define process tXtu by

Xt � ϕ1Xt�1 � Zt t P Z

where ϕ1 is a real-valued parameter with |ϕ1|   1.

Assume for the moment that tXtu is stationary, and that

CovrZt ,Xs s � 0 t ¡ s.

that is, future values of the Z series are uncorrelated with
past values of the X series.
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1.4 Stationarity

Example: Autoregression

Then
ErXt s � ϕ1ErXt�1s � ErZt s � ϕ1ErXt�1s

so therefore by the stationarity assumption ErXt s � 0.
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1.4 Stationarity

Example: Autoregression

We have for all h ¡ 0

γX phq � CovrXt�h ,Xt s � CovrXt�h ,Xt s
� Covrϕ1Xt�1,Xt�h s � CovrZt ,Xt�h s
� ϕ1CovrXt�1,Xt�h s � 0

� ϕ1γX ph � 1q
� ϕ2

1γX ph � 2q
...

� ϕh1γX p0q

by recursion.
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1.4 Stationarity

Example: Autoregression

Note that
ErXtXt�h s � ErXt�hXt s

by the stationarity assumption. Therefore

γX p�hq � γX phq

and so
ρX phq � ϕ

|h |
1 h � 0,�1,�2

that is, a geometrically decaying ACF.
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1.4 Stationarity

Example: Autoregression

Note also that

γX p0q � CovrXt ,Xt s
� Covrpϕ1Xt�1 � Zt qpϕ1Xt�1 � Zt qs
� ϕ2

1CovrXt�1,Xt�1s � CovrZt ,Zt s
� ϕ2

1γX p0q � σ2
Z

so therefore

γX p0q � σ2
Z

1� ϕ2
1

tXtu is the autoregressive process of order 1: tXtu � ARp1q.
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1.4 Stationarity

Example: Autoregression

From the definition, we have

Xt � ϕ1Xt�1 � Zt

� ϕ1pϕ1Xt�2 � Zt�1q � Zt � ϕ2
1Xt�2 � pZt � ϕ1Zt�1q

� ϕ2
1pϕ1Xt�3 � Zt�2q � pZt � ϕ1Zt�1q

� ϕ3
1Xt�3 � pZt � ϕ1Zt�1 � ϕ2

1Zt�2q
...

� ϕh1Xt�h �
h�1̧

j�0

ϕj1Zt�j
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1.4 Stationarity

Example: Autoregression

If we allow h ÝÑ 8, provided |ϕ1|   1, we can continue the
recursion indefinitely to obtain

Xt �
8̧

j�0

ϕj1Zt�j

as the first term converges to zero.
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1.4 Stationarity

Note: when we write

Xt � Zt � θ1Zt�1

or

Xt � ϕ1Xt�1 � Zt

we need to be precise about the meaning of the symbol ’=’.
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1.4 Stationarity

For random variables we have (for example)


 equality in distribution

Xt
d� Yt

(i.e. the distribution of Xt is the same as the distribution
of Yt )


 equality in probability

Xt
p� Yt

(i.e. Prr|Xt � Yt |   ϵs � 1 for all ϵ ¡ 0)
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1.4 Stationarity


 equality with probability 1 (almost sure equality)

Xt
a.s.� Yt

(i.e. For each ω, Prr|Xt pωq � Yt pωq|   ϵs � 1 for all ϵ ¡ 0.)


 mean-square equality

Xt
m.s.� Yt

(i.e. ErpXt � Yt q2s � 0)
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1.4 Stationarity

In the case of an explicit formula, we can interpret the equal-
ity as a definition

Xt � Zt � θ1Zt�1

but for an implicit formula

Xt � ϕ1Xt�1 � Zt

we may need to use the other definitions.
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1.4 Stationarity

For a stationary process, moment estimators can be used to
estimate the mean/covariance structure. The estimates are

pµ � x � 1

n

ņ

t�1

xt

pγphq � 1

n

ņ

t�1

pxt � pµqpxt�|h | � pµq � n   h   n

These are consistent estimators of the two functions. The n �
n matrix estimate pΓn � rpγpi � jqsij
is non-negative definite.
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1.5 Trends and Seasonality

The models from the previous section are purely stochastic.
It is also possible to incorporate deterministic components.

We focus on


 trends,


 seasonality.
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1.5 Trends and Seasonality

Trends: Suppose that for each t ,

Xt � mt � Et

where


 mt is a deterministic function of t ,


 Et is a purely stochastic, zero mean time series.

For example, might have

mt � a0 � a1t

that is, a linear trend in time. Constants a0, a1 are in general
unknown and must be estimated.
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1.5 Trends and Seasonality

Ordinary Least-Squares (OLS): estimate a0, a1 by minimiz-
ing the sum of squared errors

pa � argmin

#
Ţ

t�1

pxt � a0 � a1tq2
+
.

Provided ErEt s � 0, OLS estimators are consistent estimators
of the true parameters (if the trend truly is linear)

pa pÝÑ a

as n ÝÑ 8. OLS is easily applied for many types of determin-
istic trend (e.g. polynomial trend).
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1.5 Trends and Seasonality

Example: Lake Huron data

Annual level (in ft) of Lake Huron 1875-1972 (T � 98).
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1.5 Trends and Seasonality

Example: Lake Huron data

Fitted linear trend: pa0 � 580.204, pa1 � �0.024.
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â0 = 580.204

â1 = − 0.024
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1.5 Trends and Seasonality

Example: Lake Huron data

After fitting the linear trend model

Xt � a0 � a1t � Et

by OLS to obtain pa0, pa1, we may examine the residual series

pet � xt � pa0 � pa1t
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1.5 Trends and Seasonality

Example: Lake Huron data

Residual series: pet � xt � pa0 � pa1t .
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1.5 Trends and Seasonality

Example: Lake Huron data

The residual series is approximately zero mean. However,
there is some structure:


 the variance is not constant over time ?


 successive residuals ppet�1, pet q are positively correlated.
The sample correlation is

corrrpet�1, pet s � 0.775

That is, the residual series does not appear to be a realization
of an IID process.
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1.5 Trends and Seasonality

Example: Lake Huron data: pet vs pet�1.
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1.5 Trends and Seasonality

Example: Lake Huron data

The positive dependence is potentially useful for forecasting;
if pe93, pe94, . . . , pe98

are positive, it is likely that

pe99

will also be positive. That is, conditional on the available data,
the prediction for the next data point X99 will be different if
the residuals apparently exhibit correlation.
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R Code

Huron<-scan("https://www.math.mcgill.ca//dstephens//545//Data//huron.txt")
Huron<-Huron+570
n.H<-length(Huron); t.H<-c(1:n.H); x<-c(1875:1972)
par(mar=c(4,4,2,2))
plot(t.H,Huron,type="l",

xlab="Years since 1872",ylab=expression(X[t]))
points(t.H,Huron,pch=19,cex=0.7)
abline(lm(Huron~t.H))

1.5 Trends and Seasonality 60



R Code
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R Code

a0<-lm(Huron~t.H)$coeff[1]; a1<-lm(Huron~t.H)$coeff[2]
mt.H<-a0+a1*t.H; et.H<-Huron-mt.H
par(mar=c(4,4,2,2))
plot(t.H,et.H,type="l",xlab="Years since 1872",

ylab=expression(hat(e)[t]))
points(t.H,et.H,pch=19,cex=0.7); abline(h=0,lty=2)
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R Code
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R Code

y1<-et.H[2:98];y2<-et.H[1:97];cor(y1,y2)
par(mar=c(5,4,2,2),pty='s')
plot(y1,y2,xlab=expression(hat(e)[t-1]),

ylab=expression(hat(e)[t]),pch=19,cex=0.7)
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R Code

−2 −1 0 1 2

−
2

−
1

0
1

2

êt−1

ê t
Corr. =  0.776

Notes:

1 Other models for trend mt may be fitted using OLS.

 polynomial

 spline

 local regression

2 An apparent trend is not necessarily a trend, so trend
removal must be carried out with care.
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1.5 Trends and Seasonality

Example: Lake Huron data

Recall that the model

Xt � mt � Et

was fitted using a linear trend mt � a0�a1t leaving residuals
that were positively correlated (see plot on page 58). We may
also model

Et � ARp1q,
that is, assume

Et � ϕ1Et�1 � Zt

and estimate ϕ1 using OLS from the fitted residuals et . This
assumes that tZtu �WNp0, σ2

Z q.

1.5 Trends and Seasonality 66



1.5 Trends and Seasonality

Example: Lake Huron data

This procedure yields pϕ1 � 0.791. By inspecting the fitted
values, we may construct the residual quantities

pzt � et � pϕ1et�1

we may estimate σ2
Z via the sample variance of the pzt . This

yields pσ2 � 0.502.

If the ARp1q model were correct, then the residual quantitiespzt should resemble a realization of a white noise process; how-
ever, they do not - there is still positive correlation between
successive pzts.

1.5 Trends and Seasonality 67
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Example: Trend ?

100 observations
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Example: Trend ?

1000 observations
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Example: Trend ?

10000 observations
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1.5 Trends and Seasonality

Example: Temperature Anomaly: 1850-2006
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1.5 Trends and Seasonality

Seasonality: Many time series are influenced by seasonally-
varying factors


 calendar


 climate


 economic cycles
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1.5 Trends and Seasonality

A deterministic seasonal model can be constructed. Suppose
that for each t ,

Xt � st � Et

where st is a periodic function with period d say, so that

st�d � st

for all t .
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1.5 Trends and Seasonality

For example, could use a harmonic regression

st � a0 �
ķ

j�1

raj cospλj tq � bj sinpλj tqs

where a0, a1, . . . , ak and b1, . . . ,bk are unknown coefficients
to be estimated, and

λ1, . . . , λk

are known constants that define the periodic nature of the
function.
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1.5 Trends and Seasonality

Example: Accidental Deaths in the US
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Accidental Deaths in the US: Monthly totals 
 Jan 1973 − Dec 1978
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1.5 Trends and Seasonality

Example: Accidental Deaths in the US

For this data set T � 72, for monthly data. To fit a model with
k � 2


 12 month cycle


 6 month cycle

set λ1 � 2π{12, λ2 � 2π{6. Then fit using OLS.
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Example: Accidental Deaths in the US
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Example: Accidental Deaths in the US: Harmonics
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Example: Accidental Deaths in the US: Residuals
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R Code

library(datasets)
t.v<-c(1:72)
C1<-cos(2*pi*t.v/12); S1<-sin(2*pi*t.v/12)
C2<-cos(2*pi*t.v/6); S2<-sin(2*pi*t.v/6)
USA.ACC<-data.frame(as.numeric(USAccDeaths),S1,C1,S2,C2)
USA.ACC.fit<-lm(USAccDeaths~S1+C1+S2+C2, data=USA.ACC)$fitted
USA.ACC.coef<-lm(USAccDeaths~S1+C1+S2+C2,data=USA.ACC)$coef
t.c<-seq(from=1,to=72,by=0.01)
C1.c<-cos(2*pi*t.c/12); S1.c<-sin(2*pi*t.c/12)
C2.c<-cos(2*pi*t.c/6); S2.c<-sin(2*pi*t.c/6)
y.c<-USA.ACC.coef[1]+USA.ACC.coef[2]*S1.c+

USA.ACC.coef[3]*C1.c +USA.ACC.coef[4]*S2.c+
USA.ACC.coef[5]*C2.c
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R Code

par(mar=c(4,4,2,2))
plot(1:72,as.numeric(USAccDeaths),pch=19,cex=0.7,xaxt='n',

xlab='Time',ylab='Monthly Accidental Deaths')
lines(1:72,as.numeric(USAccDeaths),lty=2)
lines(t.c,y.c)
axis(1,at=12*c(0:6),c(1973:1979))
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R Code
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1.6 A Decomposition Strategy

Recap: We seek to decompose an observed series tYtu as

Yt � mt � st � Xt

where


 mt is a deterministic trend


 st is a seasonal component with period d


 Xt is a zero mean stationary process.

It may be necessary to replace the global model for trend (lin-
ear, polynomial etc.) by a local model
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1.6 A Decomposition Strategy

Smoothing by averaging: Suppose

pmt � 1

2q � 1

q̧

i��q

xt�i

with xs � 1 for s   1 and s ¡ T . More generally,

pmt �
q̧

i��q

aixt�i

for constants a�q , . . . , aq .

This is a form of low-pass filter.
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1.6 A Decomposition Strategy

Exponential Smoothing: Suppose pm1 � x1, and for t ¥ 2

pmt � αxt � p1� αq pmt�1

for 0   α   1. It follows that

pmt � p1� αqt�1x1 �
t�2̧

j�1

αp1� αqjxt�j � αxt

If α is near one, there is strong dependence on recent x val-
ues.
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1.6 A Decomposition Strategy

General Strategy: For series tYtu

Yt � mt � st � Xt

where st has period d .

1. If d is even, set q � d{2, else set q � pd � 1q{2.

2. Use moving average for detrending respecting the sea-
sonality

pmt �

$''''''&''''''%

yt�q � yt�q
2d

� 1

d

q�1̧

j��q�1

yt�j d even

1

d

q̧

j��q

yt�j d odd
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1.6 A Decomposition Strategy

3. Remove seasonality: for k � 1, . . . ,d , compute

wk � 1

nd

¸
j

pyk�jd � pmk�jd q

where nd is the number of terms in the sum (essentially
the number of cycles in the series). For k � 1, . . . ,d , set

psk � wk � 1

d

ḑ

j�1

wj

and set psk � psk�d for k � d � 1,d � 2, . . . ,T . The desea-
sonalized data are y�t � yt � pst .
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1.6 A Decomposition Strategy

4. Recompute the deseasonalized trend pm�
t from the dea-

sonalized data y�t using the procedure in Step 2.

5. Compute the residual series

pxt � yt � pm�
t � pst .

The resulting process pxt should be a zero mean, but poten-
tially autocorrelated process.
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1.7 Differencing

Differencing: Another method for removing non-stationarity
is differencing. The lag-1 difference operator, ∇, acts on Xt

as follows
∇Xt � Xt � Xt�1 � p1� BqXt

where B is the backshift operator

BXt � Xt�1.

Note that
B2Xt � BpBXt q � BXt�1 � Xt�2

etc.
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1.7 Differencing

Similarly

∇2Xt � p1� Bq2Xt

� p1� Bqpp1� BqXt q
� p1� BqpXt � Xt�1q
� pXt � Xt�1q � pXt�1 � Xt�2q
� Xt � 2Xt�1 � Xt�2

Note that k times differencing removes a polynomial trend of
order k .
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1.7 Differencing

Seasonal Differencing: The lag-d difference operator, ∇d ,
acts on Xt as follows

∇dXt � p1� Bd qXt � Xt � Xt�d

This operator removes a seasonality with period d .

∇ and ∇d can be applied consecutively; they commute

∇∇dXt � ∇d∇Xt
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1.7 Differencing

Elementary algebraic properties:

(i)

B jXt � Xt�j � BXt�j�1 � B2Xt�j�2 � � � �
(ii) ∇jXt � ∇p∇j�1Xt q. So for example,

∇2Xt � p1� Bqp1� BqXt

� p1� 2B � B2qXt

� Xt � 2Xt�1 � Xt�2

� pXt � Xt�1q � pXt�1 � Xt�2q
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1.7 Differencing

(iii) If Xt � mt � Yt , applying the first-difference operator to
Xt , then

∇Xt � Xt � Xt�1 � pmt �mt�1q � pYt � Yt�1q

so if mt � β0 � β1t , then mt �mt�1 � β1.

That is, ∇ removes a linear trend.
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1.7 Differencing

The stochastic term

Y�t � pYt � Yt�1q

is obtained by differencing.

This is different from our first approach to detrending,
which used a linear parametric formulation for mt .


 If Yt is white-noise, then Y�t is no longer white noise,
but MA(1).
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1.7 Differencing

(iv) To remove a polynomial trend of order k , one may apply
k th order differencing, that is we look at ∇kXt .

Note that if tYtu � WNp0, σ2
Y q, then ∇kYt is not white-

noise, but is still stationary.
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1.7 Differencing

(v) Commutativity

∇∇dXt � p1�Bqp1�Bd qXt � p1�Bd qp1�BqXt � ∇d∇Xt

(vi) If

Xt � mt � st � Yt ,

then

∇dXt � pmt �mt�d q � pst � st�d q � pYt � Yt�d q

and

st � st�d � 0.

That is, ∇d removes a seasonality with period d .
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Chapter 2

Stationary processes



2.1 Stationary Processes

The objective of the previous section was to remove (system-
atic) deterministic components from an observed series to
leave only the stochastic part. In this section, we study the
basic properties of stationary processes: such processes are
inherently stable (in the long run), and form natural models
for the stochastic component of observed series.

In the main, we will focus on weakly stationary processes,
where the mean and covariance structure is stable over time;
in general we will not make distributional assumptions.

Initially, we focus on forecasting, and demonstrate the utility
of utilizing the covariance structure of the process.
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2.2 Properties of Stationary Processes

Consider first a stationary Gaussian process tXtu, where for
all t and n,

pXt�1, . . . ,Xt�nq
is jointly normally distributed, with ErXt s � µ, VarrXt s � σ2

X ,
and for s ¡ t .

CovrXt ,Xs s � γX ps�tq CorrrXt ,Xs s � ρX ps�tq � γX ps � tq
σ2
X
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2.2 Properties of Stationary Processes

Then it follows that

Xn�h |Xn � xn � N pmh pxnq, vh pxnqq

where

mh pxq � µ� ρX phqpx � µq
vh pxq � σ2

X p1� ρ2
X phqq

2.2 Properties of Stationary Processes 100



2.2 Properties of Stationary Processes

To define “optimal" forecasting, we need to define a criterion
via which to assess the quality of predictions.

We use a minimum mean-square error (minimum MSE) crite-
rion, and attempt to to make the prediction pXn�h � pxn�h such
that

ErpXn�h � pxn�h q2|Xn � xn s
is minimized. Here the expectation is taken with respect to
the conditional distribution Xn�h |Xn � xn .
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2.2 Properties of Stationary Processes

This minimization can be carried out analytically to yield

pxn�h � ErXn�h |Xn � xn s � mh pxq � µ� ρX phqpxn � µq

that is, the best prediction (measured in minimum prediction
MSE terms) is the conditional expectation. The prediction
MSE corresponding to this prediction is

vh pxq � σ2
X p1� ρ2

X phqq

In this case, we could deduce the appropriate form for the
optimal predictor from properties of the Gaussian process.
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2.2 Properties of Stationary Processes

Best Linear Prediction: For a non-Gaussian process, we
seek the again seek the minimum MSE predictor. We restrict
attention to linear predictors, that is, predictors of the form

pXn�h � lh pXnq � aXn � b

for some a and b . Under this restriction, and stationarity, it
again transpires that the optimal predictor takes the form

pxn�h � ErXn�h |Xn � xn s � mh pxq � µ� ρX phqpxn � µq

with the same prediction MSE as before.
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2.2 Properties of Stationary Processes

Non-negative definite functions: A scalar function g is
non-negative definite if, for all n, and vectors a � pa1, . . . , anq

ņ

i�1

ņ

j�1

aigpi � jqaj ¥ 0.

If the summation is strictly greater than zero, the function is
termed positive definite.

If G is the n � n matrix formed as G � rgpi � jqsij , then the
above definition becomes that

aJGa ¥ 0.

and G is a non-negative/positive definite matrix.
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2.2 Properties of Stationary Processes

Theorem:

A function g is the autocovariance function (ACVF) for a sta-
tionary stochastic process if and only if g is even, that is

gphq � gp�hq for all h P Z

and g is non-negative definite.

Note: by elementary properties of covariance, for all h ,

γp0q ¥ 0

|γphq| ¤ γp0q
γp�hq � γphq
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Characterizing the ACVF

Proof. Suppose that g is the ACVF of a stationary stochastic
process, tXtu say. By definition of covariance, g is an even
function, as

gp�hq � ErXtXt�h s � ErXt�hXt s � ErXtXt�h s � gphq.

Let a P Rn be an n � 1 vector, and let Xn:1 � pxn , . . . , x1qJ.
Then aJXn:1 is a scalar random variable, and

VarraJXn:1s � aJVarrXn:1sa �
ņ

i�1

¸
j�1

aigpi � jqaj ¥ 0

so g is non-negative definite.
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Characterizing the ACVF

Now suppose that g is non-negative definite and even. For
each n ¥ 1, define the n � n matrix Σ by

rΣsij � gpi � jq

and consider the multivariate Normal distribution with mean
zero and variance-covariance matrix Σ. This distribution is
the finite dimensional distribution arising from a stationary
Gaussian process with the specified covariance structure.

Note that an autocorrelation function has the same proper-
ties, except that ρp0q � 1.
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2.2 Properties of Stationary Processes

Example: Simple harmonic process

Suppose U and V are zero mean and uncorrelated random
variables with variance 1. Let tXtu be defined by

Xt � U cospωtq � V sinpωtq

where ω is a fixed constant.

U and V define random amplitudes.
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2.2 Properties of Stationary Processes

Example: Simple harmonic process

Then ErXt s � 0 for all t , and

CovrXt ,Xt�h s � ErXtXt�h s
� E rpU cospωtq � V sinpωtqq

pU cospωpt � hqq � V sinpωpt � hqqqs
� ErU2s cospωtq cospωpt � hqq�

ErV2s sinpωtq sinpωpt � hqq
� cospωtq cospωpt � hqq � sinpωtq sinpωpt � hqq
� cospωhq � cospωp�hqq
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2.2 Properties of Stationary Processes

omega<-pi/3
set.seed(2343)
xt<-seq(0,6,by=0.1)
y1<-rnorm(1)*cos(omega*xt)+rnorm(1)*sin(omega*xt)
y2<-rnorm(1)*cos(omega*xt)+rnorm(1)*sin(omega*xt)
y3<-rnorm(1)*cos(omega*xt)+rnorm(1)*sin(omega*xt)
ymin<-min(y1,y2,y3)
ymax<-max(y1,y2,y3)
par(mar=c(4,4,2,2))
plot(xt,y1,xlab='t',ylab=expression(X[t]),

main=expression(paste('Three independent series: ',omega==pi/3)),
ylim=range(ymin,ymax),pch=19,cex=0.8)

points(xt,y2,col='red',pch=19,cex=0.8)
points(xt,y3,col='blue',pch=19,cex=0.8)

2.2 Properties of Stationary Processes 110



2.2 Properties of Stationary Processes
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2.3 Construction of stationary processes

Let tZtu be an IID process, and let tXtu be defined by

Xt � fpZt ,Zt�1, . . . ,Zt�qq

for some q ¥ 0. tXtu is a filtered version of tZtu.

 tXtu is strictly stationary as tZtu is strictly stationary.


 Xt and Xs are independent if |t � s| ¡ q; tXtu is termed
q-dependent, and γX phq � 0 if |h | ¡ q.
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2.3 Construction of stationary processes

Example: Moving average processes

Let tZtu � WNp0, σ2
Z q be a white noise process, and let tXtu

be defined by

Xt � Zt � θ1Zt�1 � θ2Zt�2 � � � � � θqZt�q

for some q ¥ 0, where θ1, θ2, . . . , θq are real-valued constants.

tXtu is zero mean, stationary and q-dependent; it is termed a
moving average process of order q (MApqq).
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2.4 Linear Processes

tXtu is a linear process if for all t

Xt �
8̧

j��8

ψjZt�j

where


 tZtu � WNp0, σ2
Z q


 tψju is a real sequence with

8̧

j��8

|ψj |   8
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2.4 Linear Processes

Using the backshift operator notation

Xt � ψpBqZt

where

ψpzq �
8̧

j��8

ψjz
j .

The process is termed non-anticipating or causal if ψj � 0 for
all j   0, so that

Xt �
8̧

j�0

ψjZt�j .
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2.4 Linear Processes

Note that for the linear process to be sensible we need the
sum

8̧

j��8

ψjZt�j

to converge in some appropriate fashion; in this context we
require mean-square convergence, denoted

Xt
m.s.�

8̧

j�0

ψjZt�j .

2.4 Linear Processes 116



2.4 Linear Processes

We require for the definition

lim
nÝÑ8

E

���Xt �
ņ

j��n

ψjZt�j

�2
�� � 0

For finite n ¥ 0,�
ņ

j��n

ψjZt�j

�2

�
ņ

j��n

ψ2
j Z

2
t�j �

ņ

j��n

¸
k�j

ψjψkZt�jZt�k
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2.4 Linear Processes

Taking expectations, as tZtu is a white noise process so that
ErZt�jZt�k s � 0 if j � k

E

��� ņ

j��n

ψjZt�j

�2
�� � σ2

Z

ņ

j��n

ψ2
j .
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2.4 Linear Processes

Now
8̧

j��8

|ψj |   8 ùñ
8̧

j��8

ψ2
j   8

so therefore the partial sums (with limits �n) are also finite
for all n.

If
8̧

j��8

|ψj |   8

then we term the sequence tψju absolutely summable.
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2.4 Linear Processes

Note also that by the Cauchy-Schwarz inequality

Er|Zt |s ¤
b
ErZ2

t s � σ,

therefore

Er|Xt |s ¤
8̧

j��8

|ψj |Er|Zt�j |s ¤ σ
8̧

j��8

|ψj |   8

so that
8̧

j��8

ψjZt�j

is convergent (almost surely).
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2.4 Linear Processes

The operator ψpBq is termed a linear filter; it acts on the sta-
tionary (white noise) process tZtu to produce the stationary
(autocorrelated) process tXtu.

The operator can also be applied to any stationary process.
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2.4 Linear Processes

Suppose that tYtu is a weakly stationary, zero mean process
with ACVF γY , and ψpBq is the above linear filter with abso-
lutely summable coefficients. Then the process

Xt � ψpBqYt �
8̧

j��8

ψjYt�j

is also weakly stationary with mean zero. The ACVF of tXtu is

γX phq �
8̧

j��8

8̧

k��8

ψjψkγY ph � j � kq.
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2.4 Linear Processes

If tYtu is a white noise process, so that tXtu is a linear process,
then

γX phq �
8̧

j��8

ψjψj�hσ
2
Y .

To see this, note that

ErXt s ¤ Er|Xt |s ¤
8̧

j��8

|ψj ||ErYt s|   8

so that ErXt s � 0 for all t . Then

ErXtXt�h s � E

��
8̧

j��8

ψjYt�j

��
8̧

k��8

ψkYt�h�k

��
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2.4 Linear Processes

Multiplying out yields

ErXtXt�h s �
8̧

j��8

8̧

k��8

ψjψkE rYt�jYt�h�k s

�
8̧

j��8

8̧

k��8

ψjψkγY pj � h � kq.

If tYtu is white noise, then γY phq � σ2
Y if h � 0 and zero

otherwise, in which case

γX phq � ErXtXt�h s �
8̧

j��8

ψjψj�hσ
2
Y .

2.4 Linear Processes 124



2.4 Linear Processes

If αpBq and βpBq are two linear filters, each of which has ab-
solutely summable coefficients, and

ψpBq � αpBqβpBq � βpBqαpBq

then ψpBq is also a linear filter, with

ψj �
8̧

k��8

αkβj�k �
8̧

k��8

βkαj�k

and if tYtu is a stationary process, then

Xt � ψpBqYt � αpBqβpBqYt

defines a stationary process tXtu. Note that Wt � βpBqYt is
also stationary, and Xt � αpBqWt .
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Example: AR(1) process

Let tZtu � WNp0, σ2
Z q, |ϕ|   1, and

Xt � ϕXt�1 � Zt

with ErZsXt s � 0 for s ¡ t . That is, tXtu is the solution of the
equation

Xt � ϕXt�1 � Zt

or
p1� ϕBqXt � Zt .

2.4 Linear Processes 126



2.4 Linear Processes

Example: AR(1) process

Consider the linear process

Xt �
8̧

j�0

ϕjZt�j .

Note that
8̧

j�0

|ϕ|j � 1

1� |ϕ|   8

hence the conditions of absolute summability hold.
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Example: AR(1) process

This is a solution to the equation above as

Xt � ϕXt�1 � Zt

� ϕpϕXt�2 � Zt�1q � Zt recursion

...

� lim
nÝÑ8

#
ϕnXt�n �

n�1̧

j�0

ϕjZt�j

+

�
8̧

j�0

ϕjZt�j
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Example: AR(1) process

Also, for h ¥ 0,

γX phq �
8̧

j��8

ψjψj�hσ
2
Z �

8̧

j�0

ϕjϕj�hσ2
Z � σ2

Z

8̧

j�0

ϕ2j�h

that is

γX phq � σ2
Zϕ

h

1� ϕ2
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Example: AR(1) process

If tYtu is another stationary solution to the ARp1q equation,
then, for any k ¥ 0

E

���Yt � ķ

j�0

ϕjZt�j

�2
�� � E

��� 8̧

j�k�1

ϕjZt�j

�2
��

� E

��� 8̧

l�0

ϕl�k�1Zt�k�1�l

�2
��

� ϕ2pk�1qE

��� 8̧

l�0

ϕlZt�k�1�l

�2
��

� ϕ2pk�1qE
�
pYt�k�1q

2
�
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Example: AR(1) process

The right hand side of this equation converges to zero as
k ÝÑ 8, as |ϕ|   1, and E

�
Y2
t�k�1

�   8.

Therefore Yt and Xt are equal in mean square

Yt
m.s.� Xt

and therefore tXtu is essentially the unique stationary solu-
tion to the ARp1q equation

Xt � ϕXt�1 � Zt

with |ϕ|   1 and tZtu � WNp0, σ2
Z q.
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Example: AR(1) process

Therefore for any stationary AR process there is an essentially
unique MAp8q representation, with ψj � ϕj for j ¥ 0, and
ψj � 0 for j   0.
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Example: Non-stationary AR(1) process

If |ϕ| � 1, say

Xt � Xt�1 � Zt or Xt � �Xt�1 � Zt

then Xt is not stationary. Clearly

VarrXt s � Varr�Xt�1s � VarrZt s ¡ VarrXt�1s

for all t .
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Non-causal ARp1q: In the ARp1q formulation, suppose |ϕ| ¡
1, that is

Xt � ϕXt�1 � Zt

so that
1

ϕ
Xt � Xt�1 � 1

ϕ
Zt

or
Xt�1 � ϕ�Xt � Z�

t

where tZ�
t u � WNp0, σ2

Z{ϕ2q is defined by

Z�
t � �1

ϕ
Zt

and ϕ� � 1{ϕ, so that |ϕ�|   1.
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Therefore, by considering a reverse time formulation, we can
construct a stationary solution to the ARp1q equation. It takes
the linear process form

Xt �
8̧

j�0

ϕj�Z
�
t�1�j � �

8̧

j�0

ϕ�pj�1qZt�1�j

that is, Xt is defined in terms of future values of tZtu.

The ACVF can be computed by the usual methods. Such a
process is termed non-causal.
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Note: we have for the ARp1q process that

p1� ϕBqXt � Zt 6 Xt � p1� ϕBq�1Zt

and by a geometric series expansion,

Xt �
#

8̧

j�0

ϕjB j

+
Zt �

8̧

j�0

ϕjZt�j

as before.
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2.5 Autoregressive Processes

Suppose that tZtu � WNp0, σ2
Z q, and that the equation

Xt � ϕ1Xt�1 � � � � � ϕpXt�p � Zt

is used to define (implicitly) tXtu. This definition does not
ensure (or even suggest) that the solution can be found, or is
unique or stationary.

This process is termed the autoregressive process of order p
(ARppq). We have that

ErXt s � ErZt s � 0.
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Example: ARp2q process

If p � 2 we have

Xt � ϕ1Xt�1 � ϕ2Xt�2 � Zt or ΦpBqXt � Zt .

where ΦpBq � p1� ϕ1B � ϕ2B2q, and the following linear pro-
cess representation obtained by noting that

Xt � p1� ϕ1B � ϕ2B
2q�1Zt �

8̧

j��8

ψjZt�j

where ψj is the coefficient of B j in the series expansion of

p1� ϕ1B � ϕ2B
2q�1
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Example: ARp2q process

Consider the factorization

Φpzq � p1� ϕ1z � ϕ2z
2q � p1� ξ1zqp1� ξ2zq.

where z is an arbitrary complex number, and pξ1, ξ2q are a
complex conjugate pair. In general,

p1� ξzq�1

has radius of convergence |ξ|   1 when |z| � 1.
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Example: ARp2q process

pξ1, ξ2q are the reciprocal roots (that is, the reciprocals of the
roots) of the equation

Φpzq � 0

then the series expansion of

tp1� ξ1zqp1� ξ2zqu�1

is convergent for |z| � 1 if and only if

|ξ1| � |ξ2|   1.
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Example: ARp2q process

We have that

ΦpBqXt � Zt 6 Xt � tΦpBqu�1Zt �
8̧

j��8

ψjZt�j

where ψj is the coefficient of z j in the series expansion of

tΦpzqu�1 � tp1� ξ1zqp1� ξ2zqu�1 �
8̧

j�0

8̧

k�0

ξj1ξ
k
2 z

j�k

that is

ψj �
j̧

k�0

ξk1 ξ
j�k
2
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Example: ARp2q process

Note that

|ψj | ¤
j̧

k�0

|ξ1|k |ξ2|j�k � pj � 1qM j

where M � maxt|ξ1|, |ξ2|u   1. Therefore

8̧

j�0

|ψj | ¤
8̧

j�0

pj � 1qM j � 1

p1�Mq2   8.

Hence tXtu is a linear process with absolutely summable co-
efficients.
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The extension to the ARppq case is straightforward: write

Φpzq � 1� ϕ1z � ϕ2z
2 � � � � � ϕpz

p �
p¹

j�1

p1� ξjzq

and by an identical argument to above, to ensure stationarity,
we require that the reciprocal roots

ξ1, ξ2, . . . , ξp

all satisfy |ξj |   1.
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Equivalently, if we let ηj � ξ�1
j denote the roots of Φpzq � 0,

then we have

Φpzq �
p¹

j�1

pηj � zq

and require |ηj | ¡ 1 for each j .
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If |ξj | ¡ 1 for at least one j , then no causal stationary solution
to the ARppq equation exists, but a similar approach to the
ARp1q case allows us to define a (unique) non-causal station-
ary solution.
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Hence the only case that leads to non-stationary solutions is
when |ξj | � 1 for at least one j . In the simplest case ξj � 1,
which corresponds to the factor p1 � Bq in the AR polyno-
mial; however any complex root with modulus 1 yields a non-
stationary solution, that is

ξj � e 9ιω

for �π   ω ¤ π, where 9ι � ?�1.
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Example: ARp2q process

Suppose

Xt � 13

4
Xt�1 � 3

4
Xt�2 � Zt .

Then

Φpzq � 1� 13

4
z � 3

4
z2 � p1� 3zqp1� z{4q

Therefore the reciprocal roots are 3 and 1{4. Therefore no
causal stationary solution exists.
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Example: ARp2q process

Suppose

Xt � 31

20
Xt�1 � 3

5
Xt�2 � Zt .

Then

Φpzq � 1� 31

20
z � 3

5
z2 � p1� 4z{5qp1� 3z{4q

Therefore the reciprocal roots are 4{5 and 3{4. Therefore a
causal stationary solution does exist.
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Code: we can use the functions in R to perform key calcula-
tions


 polyroot to compute the roots of Φpzq � 0.


 arima.sim to simulate a time series.


 ARMAtoMA to compute the ψj values in the MAp8q linear
process formulation


 ARMAacf to compute the theoretical ACF.

In these functions, the representation

Xt � ϕ1Xt�1 � ϕ2Xt�2 � Zt

is used, so that the coefficients in the above model are ϕ1 �
31{20 and ϕ2 � �3{5.
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polyroot(c(3/5,-31/20,1)) #Finding the roots (coefs in increasing term order)

## [1] 0.75+2.041443e-14i 0.80-2.041443e-14i

#Numerical solutions for roots are in complex number form, but imaginary part is negligible.

#Using the roots of a quadratic formula
aval<-1
bval<--31/20
cval<-3/5
root.vals<-(-bval+c(-1,1)*sqrt(bval^2-4*aval*cval))/(2*aval)
root.vals

## [1] 0.75 0.80

1/root.vals

## [1] 1.333333 1.250000

set.seed(32)
X<-arima.sim(n=500,model=list(ar=c(31/20,-3/5)))
par(mar=c(4,4,2,2))
plot(1:500,X,pch=19,cex=0.8,xlab='t')
lines(1:500,X)
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ARMAtoMA(ar=c(31/20,-3/5),lag.max=20) #Linear Process representation (first 20 coefs)

## [1] 1.5500000 1.8025000 1.8638750 1.8075063 1.6833097 1.5246263 1.3531849
## [8] 1.1826608 1.0212134 0.8732842 0.7408625 0.6243663 0.5232503 0.4364182
## [15] 0.3624980 0.3000210 0.2475338 0.2036647 0.1671601 0.1368993

par(mar=c(4,4,1,2))
true.acf<-ARMAacf(ar=c(31/20,-3/5),lag.max=50)
acf(X,main='ACF of X',lag.max=50)
points(0:50,true.acf,col='red',pch=19,cex=0.8)
legend(25,1,c('True ACF'),pch=19,col='red')
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Larger sample size: n � 5000.

set.seed(32)
X<-arima.sim(n=5000,model=list(ar=c(31/20,-3/5)))
par(mar=c(4,4,1,2))
true.acf<-ARMAacf(ar=c(31/20,-3/5),lag.max=50)
acf(X,main='ACF of X',lag.max=50)
points(0:50,true.acf,col='red',pch=19,cex=0.8)
legend(25,1,c('True ACF'),pch=19,col='red')
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2.6 ARMA Processes

If tZtu � WNp0, σ2
Z q, we have


 Moving Average:

Xt � Zt � θ1Zt�1 � � � � � θqZt�q

� stationary

� q-dependent; γX phq � 0 for h ¡ q
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 Autoregression:

Xt � ϕ1Xt�1 � � � � � ϕpXt�p � Zt

� stationary provided the roots of the AR polynomial

Φpzq � 1� ϕ1z � � � � � ϕpz
p �

p¹
j�1

p1� ξjzq

satisfy |ξj | � 1 for each j ; causal if |ξj |   1 for each j .

� yields an MAp8q representation.
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tXtu is an ARMApp,qq process if it is stationary and satisfies

ΦpBqXt � ΘpBqZt

where tZtu � WNp0, σ2
Z q, and

Φpzq � 1� ϕ1z � � � � � ϕpz
p �

p¹
j�1

p1� ξjzq

Θpzq � 1� θ1z � � � � � θqz
q �

q¹
j�1

p1� ωjzq

2.6 ARMA Processes 160
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Example: ARMAp1,1q

Suppose tXtu satisfies

p1� ϕBqXt � p1� θBqZt

This is the ARMAp1,1q process. Suppose that |ϕ|   1, and let

αpBq � tΦpBqu�1 �
8̧

j�0

ϕjB j
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Example: ARMAp1,1q

Then
Xt � αpBqΘpBqZt � ΨpBqZt

where

Ψpzq � αpzqΘpzq � p1� ϕz � ϕ2z2 � � � � qp1� θzq
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Example: ARMAp1,1q

Therefore

ψ0 � 1

ψj � pθ � ϕqϕj�1, j ¥ 1.

so

Xt � Zt � pθ � ϕq
8̧

j�1

ϕj�1Zt�j

Note: if |ϕ| ¡ 1, can construct a stationary non-causal version.
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Invertibility: If

ΦpBqXt � ΘpBqZt
then we may also write

tΘpBqu�1ΦpBqXt � Zt

provided the expansion

βpBq � tΘpBqu�1 �
8̧

j�0

βjB
j

converges.
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From above, we have

Θpzq �
q¹

j�1

p1� ωjzq

so therefore expansion exists provided |ωj |   1 converges.
Such a process is termed invertible.
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Example: ARMAp1,1q

In this case

ΘpBq � 1� θB βpBq � 1� θB � θ2B2 � � � �

and we require |θ|   1. Let πpBq � βpBqΦpBq, where

π0 � 1

πj � �pθ � ϕqp�θqj�1, j ¥ 1.

We then have an ARp8q representation

πpBqXt � Zt .
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2.7 ARMA processes: Estimation

Estimation for ARMA processes, and indeed all stationary pro-
cesses, can be achieved in a non-parametric fashion using
moment-based estimation.

For example, we may estimate expectation µ � ErXt s using
estimator pµ � 1

n

ņ

i�1

Xt � X
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2.7 ARMA processes: Estimation

Recall that we require an estimator to have good statistical
properties. In the non IID case, properties of this estimator
are more difficult to study; it is clear that, under stationarity,

ErX s � µ

so we have an unbiased estimator, but the variance of this
estimator must be computed with care.
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VarrX s � 1

n2

ņ

i�1

ņ

j�1

CovrXi ,Xj s � 1

n2

ņ

i�1

ņ

j�1

γX p|i � j |q

� 1

n2

ņ

h��n

pn � |h |qγX phq

� 1

n

ņ

h��n

�
1� |h |

n



γX phq

As n ÝÑ 8, this variance should stay finite, otherwise the
performance of the estimator will be poor.
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2.7 ARMA processes: Estimation

A necessary condition is that

γX phq ÝÑ 0 as h ÝÑ 8,

but this is not sufficient, for example if γX phq � 1{h as h ÝÑ
8, the sum diverges.
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If VarrX s ÝÑ 0, then X ÝÑ µ in mean square. If

8̧

h��8

|γX phq|   8

the asymptotic variance is the probability limit of nVarrX s,

nVarrX s pÝÑ
8̧

h��8

γX phq

Note that it is not necessarily the case that

8̧

h��8

|γX phq|   8.
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For a Gaussian series tXtu

?
npX � µq � N

�
0,

ņ

h��n

�
1� |h |

n



γX phq

�

whereas for non-Gaussian stationary series this result holds
as an asymptotic approximation, provided the autocovariance
series is absolutely summable.
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In practice, γX phq must be estimated from the data, and in the
asymptotic case, the infinite sum must be truncated;

ļ

h��l

�
1� |h |

n


pγphq
commonly this is done at l � ?

n.
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Example: ARp1q process

Suppose that tZtu � WNp0, σ2
Z q, and

Xt � µ � ϕpXt�1 � µq � Zt

with |ϕ|   1. Then

γX phq � σ2
Zϕ

|h |

1� ϕ2
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Example: ARp1q process

Then

8̧

h��8

|γX phq| �
8̧

h��8

γX phq

� σ2
Z

1� ϕ2

�
1� 2

8̧

h�1

ϕh

�

� σ2
Z

p1� ϕq2
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Estimation of the autocovariance function γX phq can also be
achieved by moment-based methods

pγphq � 1

n

n�|h |¸
t�1

pxt�h � xqpxt � xq.

This is a biased estimator of γX phq, but the bias is low (order
op1{nq.

Note that the k � k symmetrix matrix pΓk with

rpΓk sij � pγp|i � j |q

is non-negative definite for each k ¥ 1.
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The autocorrelation function ρX phq can be estimated by

pRk � 1pγp0q pΓk

The properties of this estimator can be established, and can
be used to construct hypothesis tests for each h that ρX phq is
zero based on a z-score approach.
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In particular, under the null hypothesis that the process is a
white-noise process, we have approximately that

?
nrRk s1,h �

?
npρphq � N p0,1q h ¥ 1

Global (or portmanteau) tests, that assess multiple h can be
constructed based on a Chi-squared distribution approxima-
tion. See for example the Box-Ljung test (Box.test in R).
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Note: The matrices Γk , pΓk and other related matrices are
symmetric Toeplitz matrices (that is, they are constant along
diagonals).

Γk �

���������

γp0q γp1q γp2q γp3q � � � γpk � 1q
γp1q γp0q γp1q γp2q � � � γpk � 2q
γp2q γp1q γp0q γp1q � � � γpk � 3q
γp3q γp2q γp1q γp0q � � � γpk � 4q

...
...

...
...

. . .
...

γpk � 1q γpk � 2q γpk � 3q γpk � 4q � � � γp0q

���������
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Note: The matrices Γk , pΓk and other related matrices are
symmetric Toeplitz matrices (that is, they are constant along
diagonals).

Γk �

���������

γp0q γp1q γp2q γp3q � � � γpk � 1q
γp1q γp0q γp1q γp2q � � � γpk � 2q
γp2q γp1q γp0q γp1q � � � γpk � 3q
γp3q γp2q γp1q γp0q � � � γpk � 4q

...
...

...
...

. . .
...

γpk � 1q γpk � 2q γpk � 3q γpk � 4q � � � γp0q

���������
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2.8 Forecasting for Stationary Processes

Forecasting for stationary processes utilizes the autocovari-
ance structure of the process to optimize predictions. Sup-
pose we wish to forecast Xn�h given the observed data

x1:n � px1, . . . , xnq.

We focus on linear predictors, that is, linear combinations of
past values.

We will focus on model-free procedures, and utilize moment
properties rather distributional properties of tXtu.
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2.8 Forecasting for Stationary Processes

We utilize the minimum Mean-Square Error (MSE) criterion,
and choose constants a0:n � pa0, a1, . . . , anqJ to minimize

E

���Xn�h � a0 �
ņ

i�1

aiXn�i�1

�2
��

where the expectation is over the joint distribution of all the
random quantities.

We denote the linear predictor using the n-data prediction
operator notation

PnXn�h � a0 �
ņ

i�1

aiXn�i�1
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By differentiation, we need to solve simultaneously

E

��
Xn�h � a0 �

ņ

i�1

aiXn�i�1

��
� 0

and, for j � 1, . . . ,n

E

��
Xn�h � a0 �

ņ

i�1

aiXn�i�1

�
Xn�j�1

�
� 0

From the first equation, we see that we must choose

a0 � µ

�
1�

ņ

i�1

ai

�

where µ � ErXt s.
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In vector notation, the resulting system of n simultaneous
equations is written

Γna � γh :ph�n�1q (1)

where

Γn � rγX pi � jqsij pn � nq
a � pa1, . . . , anqJ pn � 1q

γh :ph�n�1q � pγX phq, . . . , γX ph � n � 1qqJ pn � 1q

with a0 � a0pa1, . . . , anq given by the previous expression.
This is a linear system in pa1, . . . , anq; in general the solution
will also depend on h .
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Denote the solution to (1) by

apn,hq � pap1,hq, . . . , apn,hqqJ

so that

PnXn�h � µ�
ņ

i�1

api ,hqpXn�i�1 � µq.

Note that, by construction

ErpXn�h � PnXn�h qs � 0

ErpXn�h � PnXn�h qXj s � 0 j � 1, . . . ,n

The minimum value of the MSE achieved by apn,hq is

ErpXn�h � PnXn�h q2s � γX p0q � apn,hqJγh :ph�n�1q
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The formula

Γna � γh :ph�n�1q

depends only on the autocovariance function. Direct solution
of this equation is possible for most practical situations

apn,hq � Γ�1
n γh :ph�n�1q

can be computed using solve in R. However, the form of Γn

(symmetric, Toeplitz) can make it relatively easy to invert.
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Example: ARp1q

Recall that
rΓn sij � ϕ|i�j |

so that
γh :ph�n�1q � pϕh , ϕh�1, . . . , ϕh�n�1qJ

Then the matrix inversion can be carried out analytically,
yielding

apn,hq � pϕh ,0,0, . . . ,0qJ

which is an intuitively reasonable result. It follows that

PnXn�1 � ϕXn PnXn�2 � ϕ2Xn

and so on.
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Let Y ,W1, . . . ,Wn be random variables with

ErY s � µY ErWi s � µi

and

VarrY s,VarrWi s,CovrY ,Wi s,CovrWi ,Wj s   8.
Write Wn:1 � pWn , . . . ,W1qJ, and

γ � CovpY ,Wn:1q pn � 1q
Γ � CovpWn:1,Wn:1q pn � nq
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Denote the best linear predictor of Y , given W1, . . . ,Wn by

pPpY |Wq � µY � aJpWn:1 � µn:1q

where a solves Γa � γ. The minimum MSE is then

ErpY � pPpY |Wqq2s � VarrY s � aJγ.
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Let U and V be random variables with ErU2s,ErV2s   8, and
β, α1, . . . , αn be constants. Then

1. pPpU |Wn:1q � ErU s � aJpWn:1 � µn:1q.
2. ErU � pPpU |Wn:1qs � ErpU � pPpU |Wn:1qqWn:1s � 0.

3. ErpU � pPpU |Wn:1qq2s � VarrU s � aJγ.

4. pP is a linear operator

pPpα1U�α2V�β|Wn:1q � α1
pPpU |Wn:1q�α2

pPpV |Wn:1q�β.
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5. pPpαJWn:1 � β|Wn:1q � αJWn:1 � β.

6. If γ � 0, pPpU |Wn:1q � ErU s.
7. Coherent iterated prediction: If W � pWn:1,W�

n:1q, then

pPpU |Wq � pPppPpU |Wn:1,W
�
n:1q|Wn:1q.
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Example: ARppq process

If tZtu � WNp0, σ2q, and

ΦpBqXt � Zt

such that tXtu is stationary and causal. Then for each n

Pn�1Xn � Pn rϕ1Xn�1 � � � � � ϕpXn�p � Zn s
� ϕ1Xn�1 � � � � � ϕpXn�p

by 4., 5. and 6.
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2.9 Levinson-Durbin Algorithm

For a stationary process tXtu, suppose we write

PnXn�1 �
ņ

j�1

ϕn,jXn�j�1 � ϕJn X1:n

say as the general form of a linear predictor, where

ϕn � pϕn,1, . . . , ϕn,nqJ pn � 1q

is the coefficient vector resulting from n data.
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By the arguments above, the optimal MSE choice for ϕn is

ϕn � Γ�1
n γn

where

rΓn sij � γX p|i � j |q γn � pγX p1q, . . . , γX pnqqJ.

Let the minimum MSE be denoted

vn � ErpXn�1 � PnXn�1q2s � γX p0q � ϕJn γn .
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We seek a recursion for ϕn ; suppose ϕn�1 and vn�1 have been
computed, and define ϕn by setting the nth component as

ϕn,n � 1

vn�1

�
γX pnq � ϕJn�1γpn�1q:1

�
and the first n � 1 components via

ϕn,1:pn�1q � ϕn�1 � ϕn,nϕ
R
n�1

where

ϕR
n�1 � pϕn�1,n�1, . . . , ϕn�1,1qJ

is the reversed version of ϕn�1. Finally, set

vn � vn�1p1� ϕ2
n,nq
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To initialize the recursion, set

ϕ1,1 � ρX p1q � γX p1q
γX p0q v0 � γX p0q v1 � γX p0qp1� ϕ2

1,1q

To see that the recursion produces a valid solution, first set Rn

to be the autocorrelation matrix Rn � Γn{γX p0q, and define

ρn �
1

γX p0qγn � pρX p1q, . . . , ρX pnqqJ.

We verify the inductive step

Rnϕn � ρn ùñ Rn�1ϕn�1 � ρn�1
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Clearly the relation holds for n � 1, as

R1 � 1 ϕ1 � ϕ1,1 � ρX p1q ρ1 � ρX p1q.

We assume the relation holds for n � k , and verify that it
holds for n � k � 1. Now

Rk�1 �
�

Rk ρR
k

tρR
kuJ 1

�

where

ρR
k � pρX pkq, . . . , ρX p1qqJ � 1

γX p0qγ
R
k
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Recall that

Rk�1 �
1

γX p0q

����������

γX p0q γX p1q γX p2q � � � γX pkq

γX p1q γX p0q γX p1q � � � γX pk � 1q

γX p2q γX p1q γX p0q � � � γX pk � 2q

...
...

...
. . .

...

γX pkq γX pk � 1q γX pk � 2q � � � γX p0q

����������
and note that

Rkϕk � ρk ùñ Rkϕ
R
k � ρR

k .
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Rk�1ϕk�1 �
�

Rk ρR
k

tρR
kuJ 1

��
ϕk � ϕk�1,k�1ϕ

R
k

ϕk�1,k�1

�

�
�

Rkϕk � ϕk�1,k�1Rkϕ
R
k � ϕk�1,k�1ρR

k

tρR
kuJϕk � ϕk�1,k�1 tρR

kuJϕR
k � ϕk�1,k�1

�

�
�

Rkϕk

tρR
kuJϕk � ϕk�1,k�1p1� tρR

kuJϕR
k q

�
as Rkϕ

R
k � ρR

k .
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Now by definition

ϕk�1,k�1 � 1

vk

�
γX pk � 1q � ϕJk γR

k

�
and by definition

vk � γX p0q � ϕJk γk � γX p0q � tϕR
kuJ γR

k

� γX p0qp1� tρR
kuJϕR

k q

so therefore
1

vk
p1� tρR

kuJϕR
k q �

1

γX p0q
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Therefore

ϕk�1,k�1 � 1

γX p0q
�
γX pk � 1q � ϕJk γR

k

� � ρX pk � 1q � ϕJk ρR
k

and hence

Rk�1ϕk�1 �
�

Rkϕk

tρR
kuJϕk � ρX pk � 1q � ϕJk ρR

k

�

�
�

ρk

ρX pk � 1q

�
� ρk�1

and the recursion holds.
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For the prediction MSE recursion: using the recursion for ϕn ,

vn � ErpXn�1 � ϕJnXn:1q2s � γX p0q � ϕJn γn
� γX p0q � ϕJn�1γn�1 � ϕn,n

 
ϕR
n�1

(J
γn�1 � ϕn,nγX pnq

� vn�1 � ϕn,n

� 
ϕR
n�1

(J
γn�1 � γX pnq

	
� vn�1 � ϕ2

n,npγX p0q � ϕJn�1γn�1q
� vn�1p1� ϕ2

n,nq.

where line 2 follows from line 1 by substituting in the formula
for ϕn given by the recursion.
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2.10 Partial Autocorrelation Function (PACF)

Define the function αX phq by αX p0q � 1 and

αX phq � ϕh ,h h � 1,2, . . . ,n

where ϕh ,h is the value returned as the coefficient on the h th
step of the Levinson-Durbin recursion.

This function is termed the partial autocorrelation function,
or PACF, which is uniquely determined by the ACF γX .
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Note also that as vn is non-negative, and

vn � vn�1p1� ϕ2
n,nq

we must have that ϕ2
n,n ¤ 1 for all n, and hence that

vn ¤ vn�1

so the optimal prediction MSEs form a decreasing sequence.
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2.10 Partial Autocorrelation Function (PACF)

For random variables X ,Y ,Z , the partial correlation of X and
Y , given Z is defined by

CorrrpX � ErX |Z sq, pY � ErY |Z sqs

that is, the correlation between the residuals from a regres-
sion of X on Z with those from a regression of Y on Z .
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For process tXtu, if we let X � Xt , Y � Xt�h , and Z �
Xpt�1q:pt�h�1q.

αX phq � ϕh ,h

� CorrrpXt � pPpXt |Xpt�1q:pt�h�1qqq,
pXt�h � pPpXt�h |Xpt�1q:pt�h�1qqqs

The PACF computes the correlation between prediction resid-
uals for Xt and Xt�h , using Xpt�1q:pt�h�1q to make the predic-
tions.
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Example: ARppq

Suppose tXtu � ARppq, with parameters ϕ1, . . . , ϕp , and con-
sider h ¡ p. Then

pPpXt�h |Xpt�1q:pt�h�1qq � ϕ1Xt�h�1 � � � � � ϕpXt�h�p

and

pPpXt |Xpt�1q:pt�h�1qq � pXt � ϕ1Xt�1 � � � � � ϕpXt�p

so therefore

Xt�h � pPpXt�h |Xpt�1q:pt�h�1qq � Zt�h

Xt � pPpXt |Xpt�1q:pt�h�1qq � Zt

and as CorrrZt ,Zt�h s � 0, the PACF is zero for h ¡ p.
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The Levinson-Durbin algorithm provides a method for solving
the linear system

Rnϕn � ρn
by recursion, for arbitrary n, and given ACF γX phq without
the need for large matrix inversion. It exploits the symmetric
Toeplitz nature of an autocovariance matrix, and is an order
n2 algorithm.

Other algorithms for inverting this type of matrix are typically
higher order; the Cholesky decomposition

Rn � LnLJn

with Ln lower triangular is order n3. It does not exploit the
Toeplitz nature of Rn .
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2.11 The Innovations Algorithm

Another approach to forecasting proves feasible even for the
non-stationary case. Suppose that tXtu is zero mean process
with Er|Xt |2s, and ErXiXj s � κpi , jq. Denote

pXn �
#

0 n � 1

Pn�1Xn n � 2,3, . . . .

and let
Un � Xn � pXn

denote the one step prediction error. Then

U1:n � AnX1:n

where An contains the coefficients ai ,j that appear in the op-
timal linear predictor.
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An �

����������

1 0 0 � � � 0

a1,1 1 0 � � � 0

a2,2 a2,1 1 � � � 0

...
...

...
. . .

...

an�1,n�1 an�1,n�2 an�1,n�3 � � � 1

����������
This lower triangular matrix is non-singular and let

A�1
n � Cn

where Cn is also lower triangular.
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Let

Cn �

����������

1 0 0 � � � 0

θ1,1 1 0 � � � 0

θ2,2 θ2,1 1 � � � 0

...
...

...
. . .

...

θn�1,n�1 θn�1,n�2 θn�1,n�3 � � � 1

����������

Then, recalling that X1:n � CnU1:n ,

X1:n � CnU1:n � CnpX1:n � pX1:nq.
AlsopX1:n � X1:n �U1:n � CnU1:n �U1:n � ΘnpX1:n � pX1:nq
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Θn �

����������

0 0 0 � � � 0

θ1,1 0 0 � � � 0

θ2,2 θ2,1 0 � � � 0

...
...

...
. . .

...

θn�1,n�1 θn�1,n�2 θn�1,n�3 � � � 0

����������
Therefore

pXn�1 �

$'&'%
0 n � 0

n°
j�1

θn,j pXn�1�j � pXn�1�j q n � 1,2, . . . .
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Therefore the one-step predictions

pX1, pX2, . . . , pXn , . . .

can be computed as weighted sums of previous prediction er-
rors

X1 � pX1,X2 � pX2, . . . ,Xn � pXn , . . .

provided the entries in the matrix Θn are known. Note that
by the previous results, the sequence tDnu defined by

Dn � Xn � pXn

is an uncorrelated sequence.

Another recursive approach avoids the need to carry out ma-
trix inversion.
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Initialize v0 � κp1,1q � ErX2
1 s, then for each n set

θn,n�k � 1

vk

�
κpn � 1, k � 1q �

k�1̧

j�0

θk ,k�jθn,n�jvj

�
for 0 ¤ k   n, and

vn � κpn � 1,n � 1q �
n�1̧

j�0

θ2
n,n�jvj

That is, we compute

v0

θ1,1 v1

θ2,2 θ2,1 v2

θ3,3 θ3,2 θ3,1 v3

and so on.
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For h -step ahead prediction

PnXn�h �
n�h�1¸
j�h

θn�j�1,j pXn�h�j � pXn�j�j q

and

vn�h � κpn � h ,n � hq �
n�h�1¸
j�h

θ2
n�j�1,jvn�h�j�1

In this case, the innovations algorithm must be run forward
h � 1 steps.
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Note: It is possible to extend the idea of optimal linear pre-
diction from the finite case to the infinite, that is, to find con-
stants tβju such that

rPXn�h �
8̧

j�1

βjXn�1�j .

The infinite system of moment constraints

ErpXn�h � rPXn�h qXn�1�i s � 0 i � 1,2, . . .

yield the infinite system of equations

8̧

j�1

γX pi � jqβj � γX ph � i � 1q i � 1,2,
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2.12 The Wold Decomposition

Any process tXtu where

Xn � rPn�1Xn � 0

in mean square, that is

ErpXn � rPn�1Xnq2s � 0

for all n is termed deterministic
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2.12 The Wold Decomposition

Example: Simple Deterministic Process

Suppose U ,V are zero mean and uncorrelated variables with
variance σ2, and let

Xt � U cospωtq � V sinpωtq

for some ω P p0, πq. Then for each integer n,

Xn � 2 cospωqXn�1 � Xn�2 � rPn�1Xn

say, and hence
Xn � rPn�1Xn � 0
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2.12 The Wold Decomposition

The Wold Decomposition gives a fundamental representation
of stationary processes.

If tXtu is stationary and non-deterministic, then tXtu has the
representation

Xt �
8̧

j�0

ψjZt�j � Vt (Wold)

where


 tZtu � WNp0, σ2q

 tVtu is deterministic


 tZtu and tVtu are uncorrelated


 ψ0 � 1,
8°
j�1

ψ2
j   8.
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We also have that


 Zt � rPtZt for all t


 Vt � rPsVt for all s, t .

and that the representation in (Wold) is unique. Furthermore


 for each t , Zt � Xt � rPt�1Xt ;


 for each j , ψj satisfies

ψj � ErXtZt�j s
ErZ2

t s
;


 for each t , Vt � Xt �
8°
j�0

ψjZt�j .
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Chapter 3

ARMA Models



3. ARMA Models

We study further properties of ARMApp,qq processes.

Consider the ARMApp,qq process tXtu,

ΦpBqXt � ΘpBqZt

where tZtu � WNp0, σ2
Z q,
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3.1 Basic Properties

Here

Φpzq � 1� ϕ1z � � � � � ϕpz
p �

p¹
j�1

p1� ξjzq

Θpzq � 1� θ1z � � � � � θqz
q �

q¹
j�1

p1� ωjzq

We assume that there are no common factors in Φpzq in Θpzq.

 tXtu is causal and stationary if and only if |ξj |   1, j �

1, . . . ,p


 tXtu is invertible if and only if |ωj |   1, j � 1, . . . ,q.

3.1 Basic Properties 223



3.1 Basic Properties

Note that by using the power series expansion of the gener-
ating function

Ψpzq � Θpzq
Φpzq

we can construct the linear process (MAp8q) representation

Xt �
8̧

j�0

ψjZt�j
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We must have

p1� ϕ1z � � � � � ϕpz
pqpψ0 � ψ1z � � � � q
� p1� θ1z � � � � � θqz

qq

so equating coefficients, we have ψ0 � 1, and for 1,2, . . ., we
have the recursion

ψj � θj �
p̧

k�1

ϕkψj�k
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By a similar argument, under invertibility, we can construct
an ARp8q representation

Zt �
8̧

j�0

πjXt�j

where π0 � 1, and j � 0,1,2, . . .

πj � �ϕj �
q̧

k�1

θkπj�k
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3.1 Basic Properties

ACF: The ACF γX phq is given by previous results for linear
processes; for integer h

γX phq � ErXtXt�h s � σ2
Z

8̧

j�0

ψjψj�|h |

Example: MApqq

By the linear process representation, ψ0 � 1, ψj � θj for j �
1, . . . ,q, and ψj � 0 for j ¡ q, so therefore

γX phq � σ2
Z

q�ḩ

j�0

θjθj�h 0 ¤ h ¤ q

and zero otherwise.
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3.1 Basic Properties

Example: ARMAp1,1q

Consider the ARMAp1,1q process based on a WNp0, σ2
Z q pro-

cess, with |ϕ|   1. Then recall that

ψ0 � 1

ψj � pθ � ϕqϕj�1, j ¥ 1.

gives the MAp8q representation. Note that for j ¥ 2,

ψj � ϕψj�1.
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Example: ARMAp1,1q stationary and causal

h � 0:

γX p0q � σ2
Z

8̧

j�0

ψ2
j

� σ2
Z

�
ψ2

0 �
8̧

j�1

ψ2
j

�

� σ2
Z

�
1 � pθ � ϕq2

8̧

j�0

ϕ2j

�

� σ2
Z

�
1 �

pθ � ϕq2

1 � ϕ2

�
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Example: ARMAp1,1q stationary and causal

h � 1:

γX p1q � σ2
Z

8̧

j�0

ψjψj�1

� σ2
Z

�
pθ � ϕq � pθ � ϕq2

8̧

j�1

ϕ2j�1

�

� σ2
Z

�
pθ � ϕq � pθ � ϕq2ϕ

8̧

j�0

ϕ2j

�

� σ2
Z

�
pθ � ϕq � ϕpθ � ϕq2

1� ϕ2

�
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Example: ARMAp1,1q stationary and causal

For h ¥ 2

γX phq � σ2
Z

8̧

j�0

ψjψj�h

� σ2
Zϕ

8̧

j�0

ψjψj�h�1 ψj�h � ϕψj�h�1

� ϕγX ph � 1q
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For a direct computation for the general ARMA case, note that

Xt � ϕ1Xt�1 � � � � � ϕpXt�p � Zt � θ1Zt�1 � � � � � θqZt�q

Multiplying through by Xt�h , h � 0,1,2, . . .:

LHS XtXt�h � ϕ1Xt�1Xt�h � � � � � ϕpXt�pXt�h

RHS ZtXt�h � θ1Zt�1Xt�h � � � � � θqZt�qXt�h .

3.1 Basic Properties 232



3.1 Basic Properties

Taking expectations we have for j � 0,1, . . . ,p

ErXt�jXt�h s � ErXt�h�jXt s � γX ph � jq

so for the left-hand side we have

γX phq � ϕ1γX ph � 1q � � � � � ϕpγX ph � pq.
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For the right hand side, using the MAp8q form

Xt�h �
8̧

l�0

ψlZt�h�l .

Thus for j � 0,1, . . . ,q,

ErXt�hZt�j s � E

�
8̧

l�0

ψlZt�h�lZt�j

�
�

8̧

l�0

ψlE rZt�h�lZt�j s

Now

E rZt�h�lZt�j s �
#
σ2
Z l � j � h

0 otherwise
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Therefore, for fixed h , as ψj � 0 if j   0, we have

ErXt�hZt�j s � σ2
Zψj�h

for j � h , . . . ,q, and zero otherwise. Hence, writing θ0 � 1,
we have

E

�
q̧

j�0

θjZt�jXt�h

�
� σ2

Z

q̧

j�h

θjψj�h � σ2
Z

q�ḩ

j�0

θj�hψj

Note that if h ¡ q, θj�h � 0 for all j ¥ 0, so in this case the
right hand side is zero.
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If m � maxtp,q �1u, we therefore have the infinite system of
equations

γX phq �
p̧

j�1

ϕjγX ph � jq �

$'&'%
σ2
Z

m°
j�0

θj�hψj 0 ¤ h   m

0 h ¥ m

This system in the unknowns

γX p0q, γX p1q, γX p2q, . . .

for fixed parameters

ϕ1, . . . , ϕp , θ1, . . . , θq

can be solved using two approaches.
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 Direct approach: the equations form a system known
as linear difference equations which has an analytic solu-
tion, expressed via the roots ζ1, . . . , ζp of the AR polyno-
mial equation Φpzq � 0

γX phq �
p̧

j�1

αjζ
�h
j h ¥ m � p

where the initial conditions determine α1, . . . , αp and

γX p0q, . . . , γX ph � p � 1q.
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 Recursive approach: The first p�1 equations form a lin-
ear system in the autocovariances γX p0q, . . . , γX ppq, which
can be solved using matrix inversion, Levinson-Durbin, or
innovations algorithm.

The remaining autocovariances γX pp � 1q, γX pp � 2q, . . .
can be computed using the recursion.
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In R, the function ARMAacf computes the ACF for given param-
eter settings

ARMAacf(ar = numeric(0), ma = numeric(0), lag.max = r, pacf = FALSE)

The function ARMAtoMA computes the MAp8q coefficients.
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3.2 Autocovariance Generating Function

The autocovariance generating function (ACVGF) can also be
used for computing the ACV sequences.

For a real sequence tanu, the generating function

Gpzq �
¸
n

anz
n z P C

is defined for |z| in a neighbourhood of 1, that is

1

r
  |z|   r

for r ¡ 1.

3.2 Autocovariance Generating Function 240



3.2 Autocovariance Generating Function

Suppose that tZtu � WNp0, σ2
Z q, and

Xt �
8̧

j��8

ψjZt�j

Suppose that there exists an r ¡ 1 such that

8̧

j��8

|ψj |z j 1

r
  |z|   r

is convergent. Then define the ACVGF for tXtu by

GX pzq �
8̧

h��8

γX phqzh 1

r
  |z|   r
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As polynomials are defined by their coefficients, there is a 1-1
correspondence between γX phq and GX pzq.

 This means that γX phq is uniquely identified by GX pzq
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3.2 Autocovariance Generating Function

Recall that

γX phq � σ2
Z

8̧

j��8

ψjψj�|h |

Therefore

GX pzq � σ2
Z

8̧

h��8

8̧

j��8

ψjψj�|h |z
h

� σ2
Z

�
8̧

j��8

ψ2
j �

8̧

h�1

8̧

j��8

ψjψj�h pzh � z�h q
�

� σ2
Z

�
8̧

j��8

ψjz
j

��
8̧

h��8

ψhz
�h

�

� σ2
ZΨpzqΨpz�1q, say.
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For the stationary ARMApp,qq model

ΦpBqXt � ΘpBqZt

where Φpzq � 0 for |z| � 1, we have

Xt � tΦpBqu�1 ΘpBqZt � ΨpBqZt

say, so

GX pzq � σ2
ZΨpzqΨpz�1q � σ2

Z
ΘpzqΘpz�1q
ΦpzqΦpz�1q

which is well defined and finite as the denominator is non
zero.

3.2 Autocovariance Generating Function 244



3.2 Autocovariance Generating Function

Example: WNp0, σ2
Z q

Note that if tZtu � WNp0, σ2
Z q,

GZ pzq � σ2
Z

and that this is a unique characteristic of white noise pro-
cesses.

In general, the ACVF and ACVGF are not unique: in gen-
eral, different ARMA processes can have the same ACVF and
ACVGF.
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We have seen that the ARMApp,qq process

ΦpBqXt � ΘpBqZt

is


 causal if the AR reciprocal roots satisfy

|ξj |   1 j � 1,2, . . . ,p


 invertible if the MA reciprocal roots satisfy

|ωj |   1 j � 1,2, . . . ,q
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If the process is non-causal or non-invertible, we can derive
a causal and invertible process with the same autocovariance
sequence.

The new process is defined with respect to a different white
noise process.
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3.2 Autocovariance Generating Function

Example: MAp1q

If tZtu � WNp0, σ2
Z q, and

Xt � Zt � 2Zt�1 � p1� 2BqZt

so that
Θpzq � 1� 2z,

as |2| ¡ 1, the process is non-invertible. Define

Z�
t � p1� B{2q�1p1� 2BqZt .

Then
p1� B{2qZ�

t � p1� 2BqZt � Xt .
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3.2 Autocovariance Generating Function

Example: MAp1q

That is
ΦpBqZ�

t � ΘpBqZt
where

Φpzq � 1� 1

2
z Θpzq � 1� 2z.

Thus
Z�
t � ΨpBqZt

where

Ψpzq � Θpzq
Φpzq �

p1� 2zq
p1� z{2q
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3.2 Autocovariance Generating Function

Example: MAp1q

We have

Z�
t � p1� B{2q�1Xt �

8̧

j�0

�
1

2


j

Xt�j

and the ACVGF for tZ�
t u is

GZ�pzq � σ2
ZΨpzqΨpz�1q

� σ2
Z
p1� 2zqp1� 2z�1q
p1� z{2qp1� 1{p2zqq

� 4σ2
Z
p1� 2zqpz � 2q
p2� zqp2z � 1q

� 4σ2
Z
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Example: MAp1q

Therefore tZ�
t u � WNp0,4σ2

Z q, and

Xt � ΦpBqZ�
t � Z�

t �
1

2
Z�
t�1

has an invertible representation in terms of tZ�
t u.
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Consider the arbitrary stationary ARMApp,qq process

ΦpBqXt � ΘpBqZt

where Φpzq � 0, Θ � 0 when |z| � 1

Φpzq �
p¹

j�1

p1� ξjzq

Θpzq �
q¹

j�1

p1� ωjzq

and

GX pzq � σ2
ZΨpzqΨpz�1q � σ2

Z
ΘpzqΘpz�1q
ΦpzqΦpz�1q .
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Then there exist polynomials

Φ�pzq Θ�pzq

and a white noise process tZ�
t u such that

Φ�pBqXt � Θ�pBqZ�
t

is a causal and invertible representation.
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Suppose that the reciprocal roots are ordered such that

ξr�1, . . . , ξp ωs�1, . . . , ωq

lie outside of the unit circle. Then let

Φ�pzq � Φpzq
p¹

j�r�1

�
1� ξjz

1� ξ�1
j z

��1

Θ�pzq � Θpzq
q¹

j�s�1

�
1� ωjz

1� ω�1
j z

��1

and consider

Z�
t � tΘ�pBqu�1 Φ�pBqXt
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3.2 Autocovariance Generating Function

After some algebra, it follows that

GZ�pzq � σ2
Z

#
p¹

j�r�1

|ξj |�2

+#
q¹

j�s�1

|ωj |2
+

and hence that tZ�
t u is a white noise process and

Φ�pBqXt � Θ�pBqZ�
t

By construction, this is a causal and invertible representation
of tXtu.
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3.3 Partial Autocorrelation

The PACF, αX phq, defined by

αX p0q � 1

αX phq � ϕh ,h , h ¥ 1.

ϕh ,h is the last component of

ϕh � Γ�1
h γh

We can carry out testing for the estimated PACF sequence as
for ACF sequence.
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3.4 Forecasting

The innovations algorithm can be used for the ARMApp,qq
model. If m � maxtp,qu, the one-step ahead forecasts are

pXn�1 �

$'''&'''%
n°

j�1
θn,j pXn�1�j � pXn�1�j q 1 ¤ n ¤ m

p°
j�1

ϕjXn�1�j �
q°

j�1
θn,j pXn�1�j � pXn�1�j q n ¡ m

where the θn,j are the quantities computed via the innovations
algorithm.
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3.5 Estimation

Estimation of the parameters of ARMA models proceeds using
one of a number of different approaches


 Yule-Walker approach


 Burg’s algorithm


 Maximum likelihood

Previous approaches use moment-based approaches in a non-
parametric fashion.
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Yule-Walker for ARppq models: If

ΦpBqXt � Zt

then using the previous technique, we premultiply by Xt�h for
h � 0, . . . ,p and take expectations, to yield

γX phq � ϕ1γX ph � 1q � . . .� ϕpγX ph � pq h � 0, . . . , pp � 1q

or equivalently, if ϕp � pϕ1, . . . , ϕpqJ,

Γpϕp � γp
and

σ2
Z � γX p0q � ϕJp γp
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Replacing the theoretical quantities by sample quantities, the
equations yield estimates of ϕp and σ2

Z ; using the sample cor-
relations, we have pϕp � pR�1

p pρp
As n ÝÑ 8, ?

nppϕp � ϕpq � AN p0, σ2
ZΓpq

The estimated parameters yield a stationary and causal pro-
cedure.

Note that to construct a stationary and causal ARppq process
we may use the relationship to define ϕp from γX phq.
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Note: In the ARppq case, if the models

ARp1q,ARp2q, . . . ,ARppq, . . .

are fitted, then the sequence of estimates


 pϕ1,1 for ARp1q,

 pϕ2,1, pϕ2,2 for ARp2q,

 . . .


 pϕp,1, . . . , pϕp,p for ARppq
coincide with the Levinson-Durbin coefficients.

The constants pϕh ,h , h � 0,1,2, . . . yield the PACF αX phq.
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If tZtu � WNp0, σ2
Z q, and tXtu is an ARMApp,qq model

ΦpBqXt � ΘpBqZt

with a causal linear process representation

Xt �
8̧

j�0

ψjZt�j

the equivalent calculation yields, for 0 ¤ h ¤ p � q,

γX phq � ϕ1γX ph � 1q � � � � � ϕpγX ph � pq � σ2
Z

q̧

j�h

θjψj�h .

These equations are non-linear in the parameters.
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3.5 Estimation

Burg’s Algorithm for ARppq models: This algorithm pro-
ceeds via direct computation of the PACF series.

For 0 ¤ i   n, define

Ui ptq � Xn�1�i�t � pX F
n�1�i�t

Vi ptq � Xn�1�i�t � pX B
n�1�i�t

where pX F
n�1�i�t and pX B

n�1�i�t are the forward and backward
forecasts of Xn�1�i�t based on the preceding/following i ob-
servations.
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Then U0ptq � V0ptq � Xn�1�t , and

Ui ptq � Ui�1pt � 1q � ϕi ,iVi�1ptq
Vi ptq � Vi�1ptq � ϕi ,iUi�1pt � 1q.

We then choose ϕi ,i to minimize

1

2pn � iq
ņ

t�i�1

pui ptq2 � vi ptq2q

that is, the sums of forward and backward prediction errors.

This minimization can be achieved analytically, with the com-
putation performed recursively.
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3.5 Estimation

Maximum Likelihood Estimation: In most cases, maxi-
mum likelihood (ML) estimation provides the most efficient
approach, and usually produces estimators have good small
sample properties.

However, outside of the Normal case, the likelihood function
is not often tractable.
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3.5 Estimation

We consider first Gaussian time series tXtu, presumed to be
zero mean, with autocovariance

ErXiXj s � κpi , jq

Let

pXt�1 � ErXt�1|X1, . . . ,Xt s � pPtXt�1 t � 1,2, . . .

which is always available for the Gaussian case.
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If X1:t � pX1, . . . ,Xt qJ, then

pXt�1 � γJt�1,t :1Γ
�1
t X1:t

where

γt�1,t :1 � ErXt�1Xt :1s pt � 1q

Γt � ErX1:tX
J
1:t s pt � tq

are derived from the properties of the general multivariate
normal distribution.
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Let
Γn � ErX1:nX

J
1:n s

then the likelihood for the parameters of Γn is

LnpΓnq � 1

p2πqn{2 |Γn |�1{2 exp

"
�1

2
xJ1:nΓ

�1
n x1:n

*
.

If n is large, computation of

|Γn | � detΓn Γ�1
n

may not be straightforward numerically. However, the innova-
tions algorithm can be used to compute the determinant and
inverse.
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The innovations algorithm returns the quantities

θi ,j , i � 1,2, . . . ,n � 1, j � 1, . . . , i .

If

Cn �

���������

1 0 0 0 � � � 0
θ1,1 1 0 0 � � � 0
θ2,2 θ2,1 1 0 � � � 0
θ3,3 θ3,2 θ3,1 1 � � � 0

...
...

...
...

. . .
...

θn�1,n�1 θn�1,n�2 θn�1,n�3 θn�1,n�4 � � � 1

���������
Then, as before X1:n � CnpX1:n � pX1:nq, with the elements of
the n � 1 vector pX1:n � pX1:nq uncorrelated, with covariance
matrix Dn � diagpv0, v1, . . . , vn�1q.
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Therefore
Γn � CnDnCJ

n

so that

XJ
1:nΓ

�1
n X1:n � pX1:n � pX1:nqJD�1

n pX1:n � pX1:nq

�
ņ

j�1

pXj � pXj q2{vj�1

and

|Γn | �
n�1¹
j�0

vj .

and thus the innovations algorithm facilitates the Gaussian
likelihood computation for any n.
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For ARMApp,qq, we saw that

pXn�1 �

$'''&'''%
n°

j�1
θn,j pXn�1�j � pXn�1�j q 1 ¤ n ¤ m

p°
j�1

ϕjXn�1�j �
q°

j�1
θn,j pXn�1�j � pXn�1�j q n ¡ m

where m � maxpp,qq, and

vn � ErpXn�1 � pXn�1q2s � σ2
Zrn

say.
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ML estimation requires that the likelihood is maximized, so
the innovations algorithm is run for each function evalua-
tion in the iterative optimization algorithm (Newton-Raphson,
Quasi-Newton etc.).

The properties of the ML estimators are well-established.

3.5 Estimation 272



3.5 Estimation

We have that

Lpθ, ϕ, σ2
Z q �

�
1

2π


n{2�
1

σ2
Z


n{2

tRpϕ, θqu�1{2
exp

"
�

1

2σ2
Z

Spϕ, θq

*
where

Rpϕ, θq �
n¹

j�1

rj�1 Spϕ, θq �
ņ

j�1

pXj � pXj pϕ, θqq2
rj�1

Note that estimation of σ2
Z and pϕ, θq can be separated.
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Notes:

1. There is no guarantee that the resulting estimates will
lead to a causal or invertible process. These constraints
can be imposed during the optimization, or a reparame-
terization to the reciprocal roots can be performed.

2. The identical optimization can be carried out for non-
Gaussian processes, leading to maximum pseudo likeli-
hood estimates.
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Conditional Likelihood for ARppq: A conditional likelihood
approach conditions on the first p data points to facilitate
ease of likelihood construction. We have that

fpy1:n |ϕ, σ2
Z q � fpy1:p |ϕ, σ2

Z qfpypp�1q:n |y1:p , ϕ, σ
2
Z q

� L1pϕ, σ2
Z qL2pϕ, σ2

Z q

say, where

fpypp�1q:n |ϕ, σ2
Z q �

n¹
j�p�1

fpyj |ypj�p�1q:pj�1q, ϕ, σ
2
Z q.

The conditional likelihood approach uses only L2pϕ, σ2
Z q as the

objective function.
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Least-squares: A least-squares procedure based on Spϕ, θq,
that is

ppϕ, pθq � argminSpϕ, θq
with pσ2

Z �
Sppϕ, pθq

n � p � q

can be used.

A conditional least-squares approach can also be used for
ARppq models.
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3.5 Estimation

In R the main function for ARMA estimation is arima:
For example

arima(x,order=c(1,0,1))

fits an ARMAp1,1q model to the data in x.
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The library fArma contains the armaFit function, which pro-
vides a number of alternative fitting approaches.

Other functions for AR models include:
ar
ar.burg
ar.yw
ar.mle
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Example: Lake Huron data (de-trended)

Four potential models:


 ARp1q arima(Lake.Yt,order=c(1,0,0))

 ARp2q arima(Lake.Yt,order=c(2,0,0))

 MAp1q arima(Lake.Yt,order=c(0,0,1))

 ARMAp1,1q arima(Lake.Yt,order=c(1,0,1))
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Example: Lake Huron data (de-trended)

Huron<-scan("https://www.math.mcgill.ca//dstephens//545//Data//huron.txt")
Huron<-Huron+570
n.H<-length(Huron); t.H<-c(1:n.H); x<-c(1875:1972)
Lake.Yt<-residuals(lm(Huron~t.H))
arima(Lake.Yt,order=c(1,0,0))

##
## Call:
## arima(x = Lake.Yt, order = c(1, 0, 0))
##
## Coefficients:
## ar1 intercept
## 0.7823 0.0794
## s.e. 0.0635 0.3174
##
## sigma^2 estimated as 0.4986: log likelihood = -105.43, aic = 216.86

3.5 Estimation 280



3.5 Estimation

Example: Lake Huron data (de-trended)

arima(Lake.Yt,order=c(2,0,0))

##
## Call:
## arima(x = Lake.Yt, order = c(2, 0, 0))
##
## Coefficients:
## ar1 ar2 intercept
## 1.0026 -0.2901 0.0198
## s.e. 0.0977 0.1005 0.2352
##
## sigma^2 estimated as 0.4589: log likelihood = -101.44, aic = 210.89
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Example: Lake Huron data (de-trended)

arima(Lake.Yt,order=c(0,0,1))

##
## Call:
## arima(x = Lake.Yt, order = c(0, 0, 1))
##
## Coefficients:
## ma1 intercept
## 0.7821 -0.0037
## s.e. 0.0646 0.1391
##
## sigma^2 estimated as 0.602: log likelihood = -114.66, aic = 235.33
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Example: Lake Huron data (de-trended)

arima(Lake.Yt,order=c(1,0,1))

##
## Call:
## arima(x = Lake.Yt, order = c(1, 0, 1))
##
## Coefficients:
## ar1 ma1 intercept
## 0.6508 0.3567 0.0330
## s.e. 0.0948 0.1156 0.2607
##
## sigma^2 estimated as 0.4589: log likelihood = -101.44, aic = 210.87
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3.5 Estimation

Example: Lake Huron data (de-trended)
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3.6 Model selection

A series of ARMA models might be fitted, and then compared
with reference to different aspects:


 fidelity to the data


 model complexity


 residuals


 forecasting performance
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3.6 Model selection

Akaike Information Criterion (AIC)
The AIC model selection method is widely used; it trades off


 fidelity to the observed data (goodness of fit)


 model complexity (number of parameters fitted)
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3.6 Model selection

For model M with parameters β yielding likelihood LM pβq, the
AIC is defined as

AICpM , pβq � �2 log LM ppβq � 2d

where d is the dimension of β.

For the ARMApp,qq model, there are p � q � 1 parameters
pϕp ,θq , σ

2
Z q.
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3.6 Model selection

For the ARMApp,qq model,

AICpMp,q , pβq � �2ℓM ppϕp ,
pθq ,Sppϕp ,

pθqq{nq � 2pp � q � 1q

where ℓM is the log-likelihood, and

pσ2
Z �

1

n
Sppϕp ,

pθqq
The model with the smallest (ie most negative) AIC is se-
lected.
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3.6 Model selection

Notes


 The AIC is a “within sample" criterion, and fits to the ob-
served data. This might not always reflect the objective
of the analysis we might be more interested in forecast-
ing performance.


 The AIC is sometimes regarded to give an insufficient
penalty for complexity, and chooses models that are too
complex.


 As n ÝÑ 8, the AIC will choose the best approximating
model to the data generating model
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3.6 Model selection

Corrected AIC
To fix the small sample issue, a correction was suggested:

AICCpMp,q , pβq � �2ℓM ppϕp ,
pθq ,Sppϕp ,

pθqq{nq � 2pp � q � 1qn
n � p � q � 2

that is the penalty 2d is replaced by 2dn{pn �p �q �2q. This
uses a bias-corrected estimator of σ2

Z .

For large n, the criterion reverts to the AIC.
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3.6 Model selection

Bayesian Information Criterion (BIC)
The BIC (or Schwarz criterion) uses a different penalty

BICpMp,q , pβq � �2ℓM ppϕp ,
pθq ,Sppϕp ,

pθqq{nq � pp � q � 1q log n

that is the penalty 2d is replaced by d log n.

For large n, the criterion correctly selects the true model
(provided the true model is one that has been fitted).
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3.7 Residual checking

The residual sequence txWtu estimated by

pwt � xt � pxt?
rt�1

(that is, the one-step ahead prediction errors standardized by
their standard deviation) should have the property that txWtu
is an approximate white noise sequence.
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3.7 Residual checking

In fact, if the model fitted is the correct model

xWt
m.s.ÝÑ Zt � WNp0, σ2

Z q

so the observed residual sequence should be approximately
uncorrelated, zero mean and variance σ2

Z .

We can also compute pRt �
xWtpσZ

which should be a unit variance white noise process.
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Chapter 4

Non-Stationary and Seasonal

Models



4.1 Non-Stationary and Seasonal Models

Models with non-stationary components can be constructed
as straightforward extensions to ARMA models


 Integrated Models: ARIMA


 Seasonal Models: SARIMA

It is also possible to specify time-varying or stochastic mean
or variance models.
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4.2 ARIMA Models

If d is a non-negative integer, then tXtu is an ARIMApp,d ,qq
process if tYtu defined by

Yt � p1� BqdXt

is a (causal) ARMApp,qq process, that is

ΦpBqp1� BqdXt � ΘpBqZt

where tZtu � WNp0, σ2
Z q; tXtu is stationary only if d � 0.

The ARIMApp,d ,qq process can be made stationary by d th
order differencing.
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4.2 ARIMA Models

Example: ARIMAp1,1,0q vs ARIMAp2,0,0q

If tZtu � WNp0, σ2
Z q:


 Stationary ARIMAp2,0,0q � ARMAp2,0q � ARp2q

p1� 0.6Bqp1� 0.99BqXt � Zt


 Non-stationary ARIMAp1,1,0q

p1� 0.6Bqp1� BqXt � Zt
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4.2 ARIMA Models

n<-200;set.seed(164664)
r1<-0.6;r2<-0.99
x1<-arima.sim(n,model=list(ar=c(r1+r2,-r1*r2),order=c(2,0,0)))
x2<-arima.sim(n,model=list(ar=c(r1),order=c(1,1,0)))
par(mar=c(4,4,3,2))
plot(x1,xlab=expression(t),type='p',pch=19,cex=0.6,ylim=range(c(x1,x2)),ylab='X')
lines(x1);
points(x2,pch=19,cex=0.6,col='red');lines(x2,col="red")
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4.2 ARIMA Models
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4.2 ARIMA Models

par(mfrow=c(2,2),mar=c(3,4,3,2))
acf(x1,main="ACF",lag.max=50)
pacf(x1,main="PACF",lag.max=50)
acf(x2,main="ACF",lag.max=50)
pacf(x2,main="PACF",lag.max=50)
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4.2 ARIMA Models
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4.2 ARIMA Models

Consider the stationary ARp2q model with complex reciprocal
roots

p1� ξBqp1� ξBqXt � Zt

and the corresponding AR polynomial

Φpzq � p1� ξzqp1� ξzq � 1� 2Repξqz � |ξ|2z2

Suppose that ξ � expt� 9ιωu{r, where r ¡ 1 and �π   ω   π.
Then

Φpzq � 1�
�

2

r
cosω



z �

�
1

r2



z2.
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4.2 ARIMA Models

It follows that

ρX phq �
�

1

r


h sinphω � λq
sinλ

h � 0,�1,�2, . . .

where

λ � arctan

��
r2 � 1

r2 � 1



tanω

�
.

In the limit as r Ó 1

ρX phq ÝÑ cosphωq.
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4.2 ARIMA Models

We examine this model as


 r takes values tending to 1 from above


 ω fixed.

and compare with the pure cos function.
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4.2 ARIMA Models

Example: r � 1.1, ω � π{3
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4.2 ARIMA Models

Example: r � 1.01, ω � π{3
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4.2 ARIMA Models

Example: r � 1.001, ω � π{3
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4.2 ARIMA Models

Example: r � 1.0001, ω � π{3
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4.2 ARIMA Models

Example: r � 1.1, ω � π{3
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4.2 ARIMA Models

Example: r � 1.001, ω � π{3
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4.2 ARIMA Models

This demonstrates that we can construct non-stationary pro-
cesses with different behaviour from the random walk model

p1� BqXt � Zt

that is, we can construct a periodic non-stationary model by
choosing

|ξ| ÝÑ 1

with ξ having an imaginary part.
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4.3 Unit Roots

The presence of a unit root of the AR polynomial equation

Φpzq � 0

that is, a solution where |ξ| � 1, renders the resulting AR or
ARMA process non-stationary.

Therefore it is crucial to be able to identify processes where
a unit root is present, and to distinguish this from a root near
to, but not equal to, one in modulus.
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4.3 Unit Roots

The Dickey-Fuller Test: Suppose tZtu � WNp0, σ2
Z q, and

Xt � ϕXt�1 � Zt

with |ϕ|   1. Then, by standard asymptotic theory, ML or
moment-based estimators pϕ satisfy

?
nppϕ� ϕq dÝÑ N p0,1� ϕ2q

as n ÝÑ 8.

If |ϕ| � 1, the asymptotic result does not hold.
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4.3 Unit Roots

We may study the distribution of the statistic

?
nppϕ� ϕqa

1� ϕ2

in simulation for any value of ϕ, which should be standard
Normally distributed when n is large.

In the following simulations, we use n � 500 for


 ϕ � 0.9


 ϕ � 0.99


 ϕ � 0.999
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4.3 Unit Roots
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4.3 Unit Roots
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4.3 Unit Roots

φ = 0.999
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4.3 Unit Roots

The Dickey-Fuller Test: Suppose tZtu � WNp0, σ2
Z q, and

Xt � µ� ϕpXt�1 � µq � Zt .

Then

p1� BqXt � Xt � Xt�1 � µp1� ϕq � pϕ� 1qXt�1 � Zt

� ϕ�0 � ϕ�1Xt�1 � Zt

where

ϕ�0 � µp1� ϕq ϕ�1 � ϕ� 1.

can be estimated by OLS, regressing Xt on Xt�1.
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4.3 Unit Roots

To test the hypothesis

H0 : ϕ�1 � 0

which is equivalent to

H0 : ϕ1 � 1

the Dickey-Fuller test statistic

t �
pϕ�1

e.s.eppϕ�1q
can be used. Numerator and denominator are available from
the linear regression.
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4.3 Unit Roots

However, if H0 is true, and tXtu is non-stationary, the null
distribution is non-standard.

In this simple case, the form of the null distribution can be
computed, but it is not available in closed form. It is straight-
forward to compute using simulation.
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4.3 Unit Roots

n<-10
Zt<-rnorm(n)
Xt<-cumsum(Zt)
X<-Xt[1:(n-1)]
tvals<-summary(lm(diff(Xt)~-1+X))$coef
tvals

## Estimate Std. Error t value Pr(>|t|)
## X 0.1527851 0.1101742 1.386759 0.2029315

tstat<-(tvals[1,1]-1)/tvals[1,2]
tstat

## [1] -7.689774
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4.3 Unit Roots

nreps<-5000 #5000 replications
n<-10
tstat10<-rep(0,nreps)
for(irep in 1:nreps){

Zt<-rnorm(n)
Xt<-cumsum(Zt)
X<-Xt[1:(n-1)]
tvals<-summary(lm(diff(Xt)~-1+X))$coef
tstat<-tvals[1,1]/tvals[1,2]
tstat10[irep]<-tstat

}
tstat10<-tstat10[tstat10 > -8 & tstat10 < 4]
par(mar=c(4,4,3,2))
hist(tstat10,freq=FALSE,breaks=seq(-8,4,by=0.2),ylim=range(0,0.6),

main='Null distribution n=10',xlab='Test statistic')
box()
abline(v=0,lty=2,col='red')
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4.3 Unit Roots

Null distribution n=10
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4.3 Unit Roots

nreps<-5000 #5000 replications
n<-20
tstat20<-rep(0,nreps)
for(irep in 1:nreps){

Zt<-rnorm(n)
Xt<-cumsum(Zt)
X<-Xt[1:(n-1)]
tvals<-summary(lm(diff(Xt)~-1+X))$coef
tstat<-tvals[1,1]/tvals[1,2]
tstat20[irep]<-tstat

}
tstat20<-tstat20[tstat20 > -8 & tstat20 < 4]
par(mar=c(4,4,3,2))
hist(tstat20,freq=FALSE,breaks=seq(-8,4,by=0.2),ylim=range(0,0.6),

main='Null distribution n=20',xlab='Test statistic')
box()
abline(v=0,lty=2,col='red')
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4.3 Unit Roots

Null distribution n=20
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4.3 Unit Roots

Null distribution n=50
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4.3 Unit Roots

Null distribution n=500
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4.3 Unit Roots

Null distribution n=5000
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4.3 Unit Roots

The test can be extended to ARppq processes: if

Xt � µ �
p̧

j�1

ϕj pXt�j � µq � Zt

then for p ¥ 2,

p1� BqXt � ϕ�0 � ϕ�1Xt�1 �
p̧

j�2

ϕ�i pXt�j�1 � Xt�j q � Zt

where
ϕ�0 � µp1� ϕ1 � ϕ2 � � � � � ϕpq

and

ϕ�1 �
p̧

j�1

ϕj � 1 ϕ�j � �
p̧

k�j

ϕk j � 2, . . . ,p.
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4.3 Unit Roots

If tXtu � ARppq with one unit root, then

p1� BqXt � ARpp � 1q

therefore a unit root test can be carried out by examining the
hypothesis

H0 : ϕ�1 � 0

by fitting a regression of p1� BqXt on

1,Xt�1,Xt�1 � Xt�2, . . . ,Xt�p�1 � Xt�p

The null distribution of the test statistic changes with p.
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4.3 Unit Roots

The general procedure is the Augmented Dickey-Fuller test.

R Code: The library tseries contains the function adf.test

4.3 Unit Roots 331



4.3 Unit Roots

library(tseries)

## Registered S3 method overwritten by ’quantmod’:
## method from
## as.zoo.data.frame zoo

x <- rnorm(1000)
adf.test(x,k=0)

## Warning in adf.test(x, k = 0): p-value smaller than printed p-value

##
## Augmented Dickey-Fuller Test
##
## data: x
## Dickey-Fuller = -33.086, Lag order = 0, p-value = 0.01
## alternative hypothesis: stationary

adf.test(cumsum(x),k=0)

##
## Augmented Dickey-Fuller Test
##
## data: cumsum(x)
## Dickey-Fuller = -1.6625, Lag order = 0, p-value = 0.7212
## alternative hypothesis: stationary

4.3 Unit Roots 332



4.3 Unit Roots

The series of length n, x, is a white noise process, but the
vector constructed by cumsum(x) is a random walk.

The lag order, p, can be specified by using a k=p+1 argument
to the function.
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4.3 Unit Roots

Example: S&P 500: Oct 03, 2001 - Oct 03, 2011
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4.3 Unit Roots

sp500<-read.csv("https://www.math.mcgill.ca//dstephens//545//Data//sp500.csv")
head(sp500)

## Date Open High Low Close Volume Adj.Close
## 1 30/09/2011 1159.93 1159.93 1131.34 1131.42 4416790000 1131.42
## 2 29/09/2011 1151.74 1175.87 1139.93 1160.40 5285740000 1160.40
## 3 28/09/2011 1175.39 1184.71 1150.40 1151.06 4787920000 1151.06
## 4 27/09/2011 1163.32 1195.86 1163.32 1175.38 5548130000 1175.38
## 5 26/09/2011 1136.91 1164.19 1131.07 1162.95 4762830000 1162.95
## 6 23/09/2011 1128.82 1141.72 1121.36 1136.43 5639930000 1136.43

xt<-rev(sp500[,5])
adf.test(xt,k=0)

##
## Augmented Dickey-Fuller Test
##
## data: xt
## Dickey-Fuller = -2.0111, Lag order = 0, p-value = 0.5736
## alternative hypothesis: stationary
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4.3 Unit Roots

Example: S&P 500: log returns yt � logpxt�1{xtq
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4.3 Unit Roots

Example: S&P 500: ACF of y2
t
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4.3 Unit Roots

Unit Roots in MA processes: If tXtu � ARMApp,qq is causal
and invertible, then

Yt � p1� BqXt

is an ARMApp,q � 1q process. This follows as

ΦpBqXt � ΘpBqZt

with if tZtu � WNp0, σ2
Z q, then

ΦpBqYt � ΦpBqp1� BqXt � p1� BqΘpBqZt .
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4.3 Unit Roots

The MA polynomial for tYtu is

ΘY pzq � p1� zqΘpzq

Thus a test for a unit root in the MA polynomial for tYtu
is equivalent to a test for over-differencing of a stationary,
causal and invertible ARMA process.

The asymptotic null distribution of the (likelihood-ratio) test
is non-standard in this setting.

4.3 Unit Roots 339



4.4 Forecasting ARIMA

For the general ARIMApp,d ,qq model

p1� BqdΦpBqXt � ΘpBqZt

we perform first forecasting of

p1� BqdXt � Yt

where tYtu is a causal ARMApp,qq process. Then

Xt � Yt �
ḑ

j�1

�
d

j



p�1qjXt�j

for t ¡ 0.
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4.4 Forecasting ARIMA

Therefore, for h � 1,2, . . . ,, given X1:n , we have that

pPnXn�h � pPnYn�h � ḑ

j�1

�
d

j



p�1qj pPnXn�h�j

for which


 pPnYn�h is computed using the methods devised earlier
for stationary processes


 pPnXn�h�j is computed recursively, noting that

pPnXn�1�j � Xn�1�j

for j ¥ 1.
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4.5 Seasonal ARIMA Models

Recall the lag-s difference operator, B s , s ¥ 1,

p1� B sqXt � Xt � Xt�s

A seasonal ARIMA model utilizes this operator: for example

p1� B sqΦpBqXt � ΘpBqZt

applies a seasonal differencing with period s.
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4.5 Seasonal ARIMA Models

If d and D are non-negative integers, then tXtu is a seasonal
ARIMA (SARIMA) process with period s

tXtu � ARIMApp,d ,qq � pP ,D ,Qqs

of
Yt � p1� Bqd p1� B sqDXt

is a causal ARMA process determined by

ΦpBqΦS pB sqYt � ΘpBqΘS pB sqZt

where tZtu � WNp0, σ2
Z q.
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4.5 Seasonal ARIMA Models

In this formulation

Φpzq � 1� ϕ1z � � � � � ϕpz
p

ΦS pzq � 1� ϕ
pSq
1 z � � � � � ϕ

pSq
P zP

Θpzq � 1� θ1z � � � � � θqz
q

ΘS pzq � 1� θ
pSq
1 z � � � � � θ

pSq
Q zQ

Note that
Yt � p1� Bqd p1� B sqDXt

is an ARMApp � sP ,q � sQq process with AR and MA polyno-
mials

ΦpBqΦS pB sq ΘpBqΘS pB sq
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4.5 Seasonal ARIMA Models

Example: US Accidental Deaths: Jan 1973 - Dec 1978
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4.5 Seasonal ARIMA Models

Example: US Accidental Deaths: Jan 1973 - Dec 1978
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Monthly Accidental Deaths: ACF
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4.5 Seasonal ARIMA Models

Example: US Accidental Deaths: Jan 1973 - Dec 1978

Consider two SARIMA models:

A. ARIMAp1,0,1q�p0,1,0q12: This model fits an ARMAp1,1q
model to the seasonally-differenced data with s � 12.

B. ARIMAp1,0,1q � p1,0,0q12 This model fits a SARIMA
model with p � q � 1, P � 1,Q � 0, and s � 12.

Model A posits a non-stationary model, and requires first dif-
ferencing at lag 12. Model B posits a stationary model.
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4.5 Seasonal ARIMA Models

model.a<-arima(USAccDeaths, order = c(1,0,1),
seasonal = list(order=c(0,1,0),period=12))

model.b<-arima(USAccDeaths, order = c(1,0,1),
include.mean=FALSE, seasonal = list(order=c(1,0,0),period=12))

res.a<-residuals(model.a)
res.b<-residuals(model.b)
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4.5 Seasonal ARIMA Models

Example: Model A: Residuals
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4.5 Seasonal ARIMA Models

Example: Model A: Residuals ACF
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4.5 Seasonal ARIMA Models

Example: Model B: Residuals
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4.5 Seasonal ARIMA Models

Example: Model B: Residuals ACF
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4.5 Seasonal ARIMA Models

Model A:

model.a

##
## Call:
## arima(x = USAccDeaths, order = c(1, 0, 1), seasonal = list(order = c(0, 1, 0),
## period = 12))
##
## Coefficients:
## ar1 ma1
## 0.9421 -0.4328
## s.e. 0.0583 0.1445
##
## sigma^2 estimated as 123848: log likelihood = -437.61, aic = 881.23
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4.5 Seasonal ARIMA Models

Model B:

model.b

##
## Call:
## arima(x = USAccDeaths, order = c(1, 0, 1), seasonal = list(order = c(1, 0, 0),
## period = 12), include.mean = FALSE)
##
## Coefficients:
## ar1 ma1 sar1
## 0.9852 -0.3342 0.9098
## s.e. 0.0127 0.1368 0.0395
##
## sigma^2 estimated as 121834: log likelihood = -537.14, aic = 1082.29
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4.6 Non-stationarity in Mean

Non-stationarity in mean arises when there is a time-varying
mean or trend structure, as described in earlier sections. Pre-
viously OLS was used to estimate parameters in a parametric
trend, mt ; OLS assumes that the residual errors are uncorre-
lated.

More efficient estimation can be used to take into account the
correlation present if the residual error process is stationary,
but exhibits autocorrelation.
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4.6 Non-stationarity in Mean

Suppose
Yt � mt � Xt � wJ

t β � Xt

where


 wt is a vector of (exogenous) covariates


 β is a vector of (fixed effects) coefficients


 tXtu � ARMApp,qq, with parameters pϕ, θq
We wish to estimate

β pϕ1, . . . , ϕpqJ pθ1, . . . , θqqJ
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4.6 Non-stationarity in Mean

Suppose
CovrX1:n s � ErX1:nX

J
1:n s � Γnpϕ, θq.

If pϕ, θq are known, then we may estimate β using

Weighted Least Squares (WLS)

as pβ � pXJΓnpϕ, θq�1Xq�1XJΓnpϕ, θq�1Y

with variance
pXJΓnpϕ, θq�1Xq�1
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4.6 Non-stationarity in Mean

This suggests an iterative procedure


 Initialize ϕp0q, θp0q


 Compute βp0q using WLS setting pϕ, θq � pϕp0q, θp0qq.

 Compute the residuals

pxt � yt �wJ
t β

p0q

and then fit an ARMApp,qq model to tpxtu to update esti-
mates pϕp1q, θp1qq.


 Continue iterations r � 1,2, . . . until iterates at step r

pβprq, ϕprq, θprqq

cease to change.
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Chapter 5

Multivariate and State Space

Models



5.1 Vector Time Series

Univariate methods of time series analysis can be extended to
study parallel series.

Data may comprise


 stocks in a sector, indices, foreign exchange rates


 prices of bonds of different maturities


 biomedical measurements of different features


 counts of different disease occurrences across time

all which may exhibit evolution in time in some dependent
fashion.
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5.2 Stationarity and Correlation

Let Xt � pX1,t , . . . ,XK ,t qJ be a K -dimensional time series: tXtu
is weakly stationary if

ErXt s � µ VarrXt s � ErpXt � µqpXt � µqJs � Γ0

and µ and Γ0 are a constant pK�1q vector and pK�Kq matrix
respectively.

As usual, the diagonal elements of Γ0 give the variances of
the K elements of the time series. They will be denoted

Γ11p0q, . . . ,ΓKK p0q
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Cross-Correlation

Let D be a pK � Kq diagonal matrix

D � diagp
a
Γ11p0q, . . . ,

a
ΓKK p0qq

The lag-zero cross-correlation matrix pK � Kq is

ρ0 � D�1Γ0D�1

with pi , jqth element

ρij p0q � Γij p0qa
Γii p0qΓjj p0q

This matrix gives the instantaneous correlation between the
elements of the vector.
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Cross-Correlation

Now consider the covariance across series at non-zero lags:

Γh � ErpXt � µqpXt�h � µqJs

be the lag-h cross-covariance matrix.

The pi , jqth element of this matrix is

Γij phq � ErpXi ,t � µi qpXj ,t�h � µj qs.

5.2 Stationarity and Correlation 363



Cross-Correlation

Define the lag-h cross-correlation matrix as

ρh � D�1ΓhD�1

with pi , jqth element

ρij phq � Γij phqa
Γii p0qΓjj p0q

This matrix gives the instantaneous correlation between the
elements of the vector. For stationarity, these quantities can
depend on h but not t .

5.2 Stationarity and Correlation 364



Cross-Correlation


 ρij phq measures the (linear) dependence of Xi ,t on Xj ,t�h

which occurred prior to time t .


 ρii phq is the lag-h autocorrelation for tXi ,tu.

 Note that in general

ρij phq � ρji phq

so Γh and ρh are not symmetric, but

Γij phq � Γji p�hq

so Γh � ΓJ�h .

For h ¡ 0, ρij measures the dependence of Xi ,t on Xj ,t�h .
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Cross-Correlation: Lead-lag relationships

In summary


 if ρij phq � ρji phq � 0 for all h ¡ 0, then tXi ,tu and tXj ,tu
have no linear relationship.


 if ρij p0q � 0 then tXi ,tu and tXj ,tu are cross-correlated at
the same time point.


 if ρij phq � 0 and ρji phq � 0 for all h ¡ 0, then tXi ,tu and
tXj ,tu have no lead-lag relationship.


 if ρij phq � 0 for all h ¡ 0 but ρji phq � 0 for some h ¡ 0,
then tXi ,tu does not depend on past values of tXj ,tu, but
tXj ,tu does depend on past values of tXi ,tu.


 if ρij phq � 0 for some h ¡ 0 and ρji phq � 0 for some h ¡ 0,
then tXi ,tu and tXj ,tu exhibit a feedback relationship.
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Sample cross-correlation

We estimate the cross-correlation matrices by the usual mo-
ment estimators: for h ¡ 0,

pΓh � 1

n

ņ

t�h�1

pxt � xqpxt�h � xqJ

where

x � 1

n

ņ

t�1

xt

and pρh � pD�1pΓh
pD�1

where pD � diag

�bpΓ11p0q, . . . ,
bpΓKK p0q
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Sample cross-correlation

Example: Cardiac Mortality Data
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Sample cross-correlation

Example: Cardiac Mortality Data
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5.3 Vector Autoregression Models

A simple model for Xt takes the form

Xt � ϕ0 �
p̧

j�1

ΦjXt�j � Zt

where


 ϕ0 is a K � 1 vector


 Φj is a K � K matrix


 Zt is zero mean vector white noise process with

ErZtZ
J
t s � Σ

Xt follows a vector autoregression (VAR) model of order p.
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5.3 Vector Autoregression Models

Usually

Zt � N p0,Σq
is a suitable assumption. In this case, the resulting process is
a multivariate Gaussian process.

Estimation of the model can proceed using the usual likeli-
hood methods.

Restrictions on the model are required to preserve stationar-
ity.
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Example: VARp1q

Consider the model

X1,t � ϕ10 � ϕ11X1,t�1 � ϕ12X2,t�1 � Z1,t

X2,t � ϕ20 � ϕ21X1,t�1 � ϕ22X2,t�1 � Z2,t

Then the elements of

Φ �
�
ϕ11 ϕ12

ϕ21 ϕ22

�
define the dependence of current elements of Xt on past ele-
ments.

Σ defines the concurrent relationship between X1,t and X2,t .
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Example: VARp1q

Let
Σ � LGLJ

be a Cholesky decomposition where G is a diagonal matrix,
and L is a lower-triangular matrix. Define Ut � L�1Zt . Then

ErUt s � 0 VarrUt s � G

so that the elements of Ut are uncorrelated. Then

L�1Xt � L�1ϕ0 � L�1ΦXt�1 � L�1Zt

so that
L�1Xt � ϕ� �Φ�Xt�1 �Ut

say.
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Example: VARp1q

Thus, as L is lower-triangular, the K th row of this vector equa-
tion is

XK ,t �
K�1̧

k�1

LKkXk ,t � ϕ�K0 �
Ķ

k�1

ϕ�KkXk ,t�1 �UK ,t

As the elements of Ut are uncorrelated, this equation shows
explicitly the concurrent dependence of XK ,t on Xk ,t , for k �
1, . . . ,K � 1.

This is termed the structural equation for XK ,t . A similar ex-
pression can be found for each of the elements of Xt .
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Example: K � 2

Let�
X1,t

X2,t

�
�

�
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�
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� �
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�
�
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�
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Σ �
�

2 1
1 1

�
Then

L�1 �
�

1.0 0.0
�0.5 1.0

�
G � L�1ΣpLJq�1 �

�
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�
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Example: K � 2 - cross-correlations
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Example: VARp1q

Using the above structural equation formulation:

X2,t � 0.3� 0.5X1,t � 0.7X1,t�1 � 0.95X2,t�1 �U2,t

and

X1,t � �0.2� 1.0X2,t � 0.8X2,t�1 � 0.8X1,t�1 �U1,t

where U2,t � N p0,0.5q and U1,t � N p0,1q are independent
random variables.

These equations demonstrate the concurrent linear depen-
dence between X1,t and X2,t .
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Stationarity for VARp1q

It follows from
Xt � ϕ0 �Φ1Xt�1 � Zt

that, taking expectations, from stationarity

µ � ϕ0 �Φ1µ 6 µ � pIK �Φ1q�1ϕ0

provided pIK �Φ1q is non-singular. Then

Xt � µ � Φ1pXt�1 � µq � Zt

If Yt � Xt � µ, then by recursion

Yt � Zt �Φ1Zt�1 �Φ2
1Zt�2 � � � �

and hence CovrZt ,Yt�h s � CovrZt ,Xt�h s � 0, for all h ¡ 0.
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Stationarity for VARp1q

In addition,

YtZ
J
t � ZtZ

J
t �Φ1Zt�1ZJt �Φ2

1Zt�2ZJt � � � �

and taking expectations yields

CovrYt ,Zt s � ErYtZ
J
t s � ErZtZ

J
t s � Σ

as tZtu is a white-noise process.
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Stationarity for VARp1q

In the representation, Xt depends on Zt�j with coefficient ma-
trix Φj

1; this dependence must converge to zero. Therefore,
using the eigendecomposition

Φ1 � A1Λ1B1

with A1B1 � IK and Λ1 � diagpλ11, . . . , λ1K q, we have in the
usual way

Φj
1 � A1Λ

j
1B1.
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Stationarity for VARp1q

Thus, for each j ,

Φj
1 ÝÑ 0 ðñ |λ1k |   1, k � 1, . . . ,K

as in the univariate case. Note that

detpλIK �Φ1q � λK detpIK � λ�1Φ1q

and hence λ11, . . . , λ1K are found via the solutions of

detpIK �Φ1zq � 0.
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Stationarity for VARp1q

Similar to the univariate case, Xt is stationary if and only if
the roots of

detpzIK �Φ1q � 0.

are greater than 1 in modulus.

Finally

Γ0 � VarrXt s � VarrZt s �
8̧

j�1

VarrΦj
1Zt�j s � Σ�

8̧

j�1

Φj
1ΣpΦJ

1 qj
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Stationarity for VARp1q

Using the equation

Xt � µ � Φ1pXt�1 � µq � Zt

we have for h ¡ 0,

ErpXt � µqpXt�h � µqJs
� Φ1ErpXt�1 � µqpXt�h � µqJs � ErZt pXt�h � µqJs

or equivalently, as the final expectation is zero

Γh � Φ1Γh�1 � Φh
1Γ0

by recursion.
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Stationarity for VARp1q

Thus

ρh � D�1Φ1Γh�1D�1

�  
D�1Φ1D

(  
D�1Γh�1D�1

(
� Υ1ρh�1

...

� Υh
1ρ0

Note: D � diagp
a
Γ11p0q, . . . ,

a
ΓKK p0qq so square root al-

ready taken.
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Results for VAR(p) models

We have

Xt � µ �
p̧

j�1

Φj pXt�j � µq � Zt

and

CovrXt ,Zt s � Σ CovrXt�h ,Zt s � 0, h ¡ 0

Also, for h ¡ 0,

Γh �
p̧

j�1

ΦjΓh�j ρh �
p̧

j�1

Υjρh�j

where Υj � D�1{2ΦjD�1{2
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Results for VAR(p) models

As for the VARp1q,

Xt � µ� Zt �Ψ1Zt�1 �Ψ2Zt�2 � � � �

by the usual moving average type construction, where

pIK �Φ1B � � � � �ΦpB
pqpIK �Ψ1B �Ψ2B

2 � � � � q � IK

The matrix Ψj is the effect of Zt on Xt�j ; it is termed the
impulse response function of Xt .

The same trick to orthogonalize the system by writing

Σ � LGLJ

and pre-multiplying by L�1 can be used.
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Vector MA Models

Let

Xt � θ0 � Zt �Θ1Zt�1 � � � � �ΘqZt�q � θ0 �ΘpBqZt

where the Θj are K � K matrices, and θ0 is K � 1. Then


 CovrXt ,Zt s � Σ


 Γ0 � Σ�Θ1ΣΘ
J
1 � � � � �ΘqΣΘ

J
q




Γh �

$'''&'''%
q̧

j�1

ΘjΣΘj�h 1 ¤ h ¤ q

0 h ¡ q

where Θ0 � IK .
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Vector ARMA Models

Let
ΦpBqXt � ϕ0 �ΘpBqZt

where

ΦpBq � IK �Φ1B � � � � �ΦpB
p

ΘpBq � IK �Θ1B � � � � �ΘqB
q

This describes a vector ARMApp,qq (VARMApp,qq) model.

The marginal processes are ARMApKp, pK � 1qp � qq pro-
cesses.
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5.4 Cointegration

Consider the VARMAp1,1q model

ΦpBqXt � ΘpBqZt

with

ΦpBq � Φ1pBq �
�

1� 0.5B B
0.25B 1� 0.5B

�

ΘpBq � Θ1pBq �
�

1� 0.2B 0.4B
0.1B 1� 0.2B

�
with

VarrZt s � Σ
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5.4 Cointegration

That is�
X1,t

X2,t

�
�

�
0.5 �1

�0.25 0.5

� �
X1,t�1

X2,t�1

�

�
�
Z1,t

Z2,t

�
�
� �0.2 0.4

0.1 �0.2

� �
Z1,t�1

Z2,t�1

�
or

Xt � ΦXt�1 � Zt �ΘZt�1.

say.
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5.4 Cointegration

Then�
1� 0.5B B

0.25B 1� 0.5B

�
Xt �

�
1� 0.2B 0.4B

0.1B 1� 0.2B

�
Zt

Filtering on both sides by�
1� 0.5B �B
�0.25B 1� 0.5B

�
we obtain on the left and right hand sides respectively

�
1 � 0.5B �B
�0.25B 1 � 0.5B

� �
1 � 0.5B B

0.25B 1 � 0.5B

�
�

�
1 � B 1

0 1 � B

�

�
1 � 0.5B �B
�0.25B 1 � 0.5B

� �
1 � 0.2B 0.4B

0.1B 1 � 0.2B

�
�

�
1 � 0.7B �0.6B
�0.15B 1 � 0.7B

�
.
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5.4 Cointegration

Therefore�
1� B 0

0 1� B

�
Xt �

�
1� 0.7B �0.6B
�0.15B 1� 0.7B

�
Zt

That is� p1� BqX1,t

p1� BqX2,t

�
�

�
Z1,t � 0.7Z1,t�1 � 0.6Z2,t�1

Z2,t � 0.15Z1,t�1 � 0.7Z2,t�1

�
Procesess X1,t and X2,t have unit roots, specifically

X1,t ,X2,t � ARIMAp0,1,1q.
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5.4 Cointegration

However, let

L �
�

1 �2
0.5 1

�
and let

Yt � LXt Ut � LZt

Then

Yt � LXt � LΦXt�1 � LZt � LΘZt�1

� LΦL�1pLXt�1q � LZt � LΘL�1pLZt�1q
� LΦL�1Yt�1 �Ut � LΘL�1Ut�1

or equivalently

Yt �Φ�Yt�1 � Ut �Θ�Ut�1
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5.4 Cointegration

In this equation

Φ� �
�

1 0
0 0

�
Θ� �

� �0.4 0
0 0

�
so that

Y1,t � Y1,t�1 � U1,t � 0.4U1,t�1

Y2,t � U2,t

Hence tY1tu � ARIMAp0,1,1q and tY2tu is a white noise pro-
cess, and there is no dependence between the two series.

Hence, the unit roots in tX1,tu and tX2,tu result from the unit
root in tY1,tu and a subsequent linear transformation.

5.4 Cointegration 394



5.4 Cointegration

This phenomenon is known as cointegration.

Cointegration can be used to analyze co-movements in raw
series (asset prices, exchange rates or yields).

The modelling strategy allows the detection of stable or sta-
tionary long-run relationships between non-stationary vari-
ables; it allows the underlying relationships between the se-
ries to be discovered.
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5.4 Cointegration

The components of K�vector Xt are said to be cointegrated
of order pd ,bq, denoted

Xt � CIpd ,bq

if

(a) the components of Xt are Ipdq (stationary after d -times
differencing),
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5.4 Cointegration

(b) there exists a linear combination of Xt , rXt say, where

rXt � αJXt α � 0

such that rXt � Ipd � bq for some b ¡ 0.

The vector α is termed the cointegrating vector.

Time series that cointegrate indicate that stable long-run re-
lationships (equilibria) between the series exist, irrespective
of the behaviour of the individual series.
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Estimation of Cointegrating Series

Consider tYtu, tXtu � tpX1,t , . . . ,XK ,t qJu � Ip1q that are coin-
tegrated. Suppose that

Yt � pα1X1,t � . . .� αKXK ,t q � Ip0q

that is, this process of ‘residuals’ is stationary.

We seek a statistical procedure to analyze this system.
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Estimation of Cointegrating Series

1. Fit the regression model

Yt � α1X1,t � . . .� αKXK ,t � Z�
t

with (cointegrating) vector

α � p1,�α1, . . . ,�αK qJ

and estimate the parameters in the model (using OLS or
maximum likelihood).

It can be shown that the estimators are consistent with
convergence rate oppn�1q.
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Estimation of Cointegrating Series

2. Under cointegration, residuals pz�t should be Ip0q (station-
ary); this can be tested using Dickey-Fuller procedures.

If pz�t � Ip0q is acceptable (that is, the unit root hypoth-
esis in the Dickey-Fuller test is rejected) then a second
regression model known as an Error Correction Model
(ECM) can be specified.
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Estimation of Cointegrating Series

For K � 1: Suppose Xt ,Yt � Ip1q, and we conclude from the
previous analysis that pz�t � Ip0q. Let

X�
t � p1� BqXt � Ip0q

Y�t � p1� BqYt � Ip0q

be the differenced series, which are stationary.
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Estimation of Cointegrating Series

Consider the regression models

Y�t � ψ0 � γ1pz�t�1 �
p̧

j�1

ψ1jX
�
t�j �

m̧

l�1

ψ2lY
�
t�l � ϵ1,t

X�
t � ξ0 � γ2pz�t�1 �

p̧

j�1

ξ1jY
�
t�j �

m̧

l�1

ξ2lX
�
t�l � ϵ2,t

with estimated using standard OLS/ML techniques.
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Estimation of Cointegrating Series

The ECM in the first equation states that changes in the series
Yt are explained by


 the residual in the long-run equilibrium from previous
time point (coefficient γ1),


 lagged changes in the differenced Xt series, via coeffi-
cients ψ1),


 their own history via coefficients ψ2.
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Estimation of Cointegrating Series

Furthermore


 γ1 determines the rate of re-adjustment; should have

pγ1   0.


 Model orders p and m need to be selected; typically start
with p, m large, and drop variables according to hypoth-
esis tests or using model selection criteria


 Can extend to systems of cointegrated variables
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Two cointegrating series

Example: Cointegrating series

Suppose that

Xt � Ip1q
Yt � 0.6Xt � Z2,t

where Z2,t � N p0,1q is an IID series. This implies that

Yt � 0.6Xt � Z2,t

is a cointegrating system with α � p1,�0.6qJ.
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Two cointegrating series

Example: Cointegrating series

To estimate the system parameters, we regress Yt on Xt , and
then form the error correction models.

Regressions are based on the differenced series

Y�t � ψ0 � γ1pz�t�1 � ψ11X
�
t�1 � ψ21Y

�
t�1 � ϵ1,t

X�
t � ξ0 � γ2pz�t�1 � ξ11Y

�
t�1 � ξ21X

�
t�1 � ϵ2,t

where tpz�t u are the residuals from the regression of Yt on Xt .
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Simulated Example: R code

Suppose

Xt � Xt�1 � Z1,t

Yt � 0.6Xt � Z2,t

where tZ1,tu, tZ2,tu � IIDp0,1q.
set.seed(123456)
n<-1000
z1<-rnorm(n)
z2<-rnorm(n)
x<-cumsum(z1);
y<-0.6*x+z2
lr.reg<-lm(y~x)
error<-residuals(lr.reg)
error.lagged<-error[-c(n-1,n)]
xstar<-diff(x);ystar<-diff(y)
diff.dat<-data.frame(embed(cbind(xstar,ystar),2))
colnames(diff.dat)<-c("xstar","ystar","xstar.1","ystar.1")
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Simulated Example: R code

ecm.reg<-lm(ystar~error.lagged+xstar.1+ystar.1,data=diff.dat)
summary(ecm.reg)

##
## Call:
## lm(formula = ystar ~ error.lagged + xstar.1 + ystar.1, data = diff.dat)
##
## Residuals:
## Min 1Q Median 3Q Max
## -4.1545 -0.8358 -0.0354 0.8193 3.5954
##
## Coefficients:
## Estimate Std. Error t value Pr(>|t|)
## (Intercept) 0.005528 0.037437 0.148 0.883
## error.lagged -0.936862 0.051442 -18.212 <2e-16 ***
## xstar.1 0.602592 0.043770 13.767 <2e-16 ***
## ystar.1 -0.972102 0.036773 -26.436 <2e-16 ***
## ---
## Signif. codes: 0 '***' 0.001 '**' 0.01 '*' 0.05 '.' 0.1 ' ' 1
##
## Residual standard error: 1.183 on 994 degrees of freedom
## Multiple R-squared: 0.4129, Adjusted R-squared: 0.4112
## F-statistic: 233.1 on 3 and 994 DF, p-value: < 2.2e-16
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Simulated Example: R code
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Simulated Example: R code
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Simulated Example: R code
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Results

Example: Cointegrating series

## Estimate Std. Error t value Pr(>|t|)
## (Intercept) 0.005528 0.037437 0.147668 0.882635
## error.lagged -0.936862 0.051442 -18.212078 0.000000
## xstar.1 0.602592 0.043770 13.767172 0.000000
## ystar.1 -0.972102 0.036773 -26.435535 0.000000

That is

pψ0 � 0.0055 pγ1 � �0.9369 pψ11 � 0.6026 pψ21 � �0.9721
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5.5 State Space Models

A state space model can better represent the actual dynamics
of a data generation process.

The principle is that an observed series is in fact generated
as the marginal process derived from a multivariate time se-
ries model, structured so that the model is specified via two
equations


 the state equation


 the observation equation
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5.5 State Space Models

The general (Markov) state equation takes the form

Xt � gpxt�1; θt�1q �Wt

and the general observation equation takes the form

Yt � fpxt ; θt q � Vt .

The process tYtu is observed, the process tXtu is latent or
unobserved, and one focus of inferential interest.

Let y1:t � ty1, . . . , ytu.
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Inference in General State Space Models

Inference goals for state space models are


 filtering/tracking: estimate state at time t from observa-
tions up to time t

ppxt |y1:t q

 smoothing: estimate state at time t from past and possi-

bly some future observations

ppxt |y1:pt�sqq


 prediction/forecasting: estimate state at time t from ob-
servations up to a previous time point t � s

ppxt |y1:pt�sqq
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Inference in General State Space Models

The inference mechanism is probabilistic; we compute the
quantities of interest sequentially in the following recursive
calculation:


 Prediction

ppxt |y1:pt�1qq �
»
ppxt |xt�1qppxt�1|y1:pt�1qq dxt�1


 Filtering

ppxt |y1:t q �
ppyt |xt qppxt |y1:pt�1qq

ppyt |y1:pt�1qq

Initially, we assume that the system parameters θt are known.
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Inference in General State Space Models

The above equations have an analytical solution if all densities
in the state and observation equation are Gaussian, and both
the state and the observation equation are linear.


 If these conditions are met, the Kalman filter provides the
optimal (Bayesian) solution to the tracking problem.


 If these conditions are not met:

� Extended Kalman filter: analytical approximation.
� Particle filter: sampling-based approximation.
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Linear Gaussian State Space Models

The general form of a linear Gaussian state space model is
given by the equations

Yt � FtXt � dt � Vt (2a)

Xt�1 � GtXt � et �Wt (2b)

where


 Yt is pK � 1q

 Xt is pL � 1q.
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Linear Gaussian State Space Models

In (2)


 Ft is pK � Lq,

 dt is pK � 1q,

 Gt is pL � Lq,

 et is pL � 1q.

These system matrices are assumed to be non-stochastic.
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Linear Gaussian State Space Models

We may write �
Vt

Wt

�
� HtZt

where

Zt � N p0, Iq
is a Gaussian IID process, and Ht induces covariance between
the components of Vt and Wt .
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Linear Gaussian State Space Models

The formulation is completed by the assumption that the ini-
tial state vector X1 is independent of Zt at all times t and has
unconditional mean and variance a1|0 and P1|0 respectively.

The state space model is characterized by the properties that
the system matrices, the disturbance terms tZtu and initial
state vector X1 possess.

If the system matrices do not evolve with time, the state space
model is called time-invariant or time-homogeneous.

5.5 State Space Models 421



Linear Gaussian State Space Models

Example: AR(2) Model

Let tXtu be a zero-mean, Gaussian AR p2q process given by

Xt�1 � ϕ1Xt � ϕ2Xt�1 �Wt

where Wt � N
�
0, σ2

W

�
.

Suppose also that we observe the process tYtu with noise, so
that

Yt � Xt � Vt

with Vt � N
�
0, σ2

V

�
and independent of Wt .
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Linear Gaussian State Space Models

Example: AR(2) Model

A state space representation has K � 1 and L � 2

Yt � �
1 0

� � Xt

Xt�1

�
� �

σV 0
� � Z1,t

Z2,t

�
�
Xt�1

Xt

�
�

�
ϕ1 ϕ2

1 0

� �
Xt

Xt�1

�
�
�

0 σW
0 0

� �
Z1,t

Z2,t

�
where Zt � pZ1,t ,Z2,t qJ � N p0, I2q.
The state space model is time-homogeneous and Gaussian,
and the observation and state equations are uncorrelated.
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5.6 Kalman Filter

In the linear Gaussian case, the Kalman filter is used for


 Filtering: computes for all t

ErXt |Y1:t � y1:t s VarrXt |Y1:t � y1:t s.


 Smoothing: computes for all t   n

ErXt |Y1:n � y1:n s VarrXt |Y1:n � y1:n s.


 Prediction: computes for all t

ErXt�1|Y1:t � y1:t s VarrXt�1|Y1:t � y1:t s.

The Kalman filter consists of a set of recursions that compute
these quantities.
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5.6 Kalman Filter

For simplicity, we assume that

dt � et � 0

and assume that the processes tVtu and tWtu are uncorre-
lated, with

VarrVt s � Σt VarrWt s � Ωt .
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5.6 Kalman Filter

The Kalman filter recursively computes the quantities


 at |t � ErXt |y1:t s,

 at�1|t � ErXt�1|y1:t s,

 Pt |t � MSErXt |y1:t s,

 Pt�1|t � MSErXt�1|y1:t s.

where MSE is the mean square error which is equivalent to
the one-step ahead prediction variance.
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5.6 Kalman Filter

Then, starting with a1|0 and P1|0, at |t , at�1|t and their MSEs
are obtained by running for t � 1, . . . ,n, the recursions are

rt � yt � Ftat |t�1 (3a)

Mt � FtPt |t�1FJt �Σt (3b)

at |t � at |t�1 � Pt |t�1FJt M�1
t rt (3c)

Pt |t � Pt |t�1 � Pt |t�1FJt M�1
t FtPt |t�1 (3d)

at�1|t � Gtat |t , (3e)

Pt�1|t � GtPt |tG
J
t �Ωt (3f)
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5.6 Kalman Filter

Notes:


 quantities rt and Mt in (3b) are the one-step-ahead er-
ror in forecasting Yt conditional on the information set at
time t�1 and its MSE. This facilitates computation of the
likelihood function.


 the quantities at |t and at |t�1 are optimal estimators of
Xt conditional on the available information, in terms of
minimum mean square.


 the latter property holds under Gaussianity, otherwise,
at |t and at |t�1 are optimal only within the class of linear
estimators (the minimum mean square linear estimators)
of Xt conditional on y1:t and y1:pt�1q.
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5.6 Kalman Filter


 Equations (3c) and (3e) can be combined to yield recur-
sions that compute the one-step-ahead prediction esti-
mates of Xt�1 given y1:t .

Similarly, by taking together (3d) and (3f), a single set of
recursions for the MSE is obtained, which goes directly
from Pt |t�1 to Pt�1|t .


 The resulting recursions, along with (3b), are

at�1|t � Gtat |t�1 �Ktrt (4a)

Kt � GtPt |t�1FJt M�1
t (4b)

Pt�1|t � GtPt |t�1LJt �Ωt (4c)

Lt � Ft �KtGt . (4d)
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Parameter Estimation

The Kalman filter may be used for estimation of unknown pa-
rameters θ that appear in the system matrices.

The likelihood for data y � py1, . . . , ynq can be constructed as

p py1, . . . , yT q � p
�
yn |ypn�1q

� � � �p py2|y1qp py1q

�
n¹

t�1

p pyt |yt�1q
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Parameter Estimation

For a Gaussian model, by taking conditional expectations on
both sides of the observation equation, with dt � 0, then

ErYt |y1:pt�1qs � Ftat |t�1 VarrYt |y1:pt�1qs � Mt .

The one-step-ahead prediction density is a multivariate nor-
mal distribution

ppyt |y1:pt�1qq � N pFtat |t�1,Mt q.
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Parameter Estimation

Thus, the log-likelihood function is given by

�1

2

ņ

t�1

log pdetMt q � 1

2

ņ

t�1

rJt M�1
t rt

where as before
rt �

�
yt � Ftat |t�1

�
Typically, numerical procedures are used in order to maximize
the log-likelihood to obtain the ML estimates of the parame-
ters θ which are consistent and asymptotically normal.
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Smoothing

We may compute

at |n � ErXt |y1:n s
along with its MSE, Pt |n recursively, for all t � 1, . . . ,n � 1.

The latter quantities are computed via a set of backward re-
cursions and use the quantities at�1|t , at |t and the MSE ma-
trices Pt |t , Pt�1|t , which are obtained from (3).
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Smoothing

In particular, to obtain at |n and Pt |n , we start with an|n and
Pn|n and we run backwards for t � n � 1, . . . ,0

at |n � at |t � P�
t

�
at�1|n � at�1|t

�
Pt |n � Pt |t � P�

t

�
Pt�1|n � Pt�1|t

�
P�
t

P�
t � Pt |tG

J
t P�1

t�1|t .
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Non-Linear Non-Gaussian Models

If the state space model is not Gaussian, the likelihood can
still be constructed in the same way using the minimum mean
square linear estimators of the state vector.

However, the estimators that maximize the likelihood are the
quasi-maximum likelihood (QML) estimators of the parame-
ters, which are also consistent and asymptotically normal.
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Particle Filtering

The particle filter uses Monte Carlo methods, in particular
importance sampling, to construct the approximations. If

Ef rgpXqs �
»
gpxqfpxq dx

then

Ef rgpXqs � Ef0

�
fpXqgpXq
f0pXq

�
�

»
gpxqfpxq
f0pxq f0pxq dx

for some importance sampling density f0.
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Particle Filtering

We then approximate the integral by sampling x1, . . . , xN from
f0 for large N , and constructing the approximation

pEfN �
1

N

Ņ

i�1

gpxi qfpxi q
f0pxi q � 1

N

Ņ

i�1

wigpxi q,

say, where, if f0 is chosen carefully

pEfN ÝÑ Ef rgpXqs

as N ÝÑ 8.
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Particle Filtering

If the function f is known only up to proportionality, the same
procedure can work if the weights wi are suitably normalized
to sum to one, that is, if above

wi � fpxi q
f0pxi q

is replaced by

w�
i �

wi

W
with W �

ņ

i�1

wi .

as W approximates the integral»
fpxq dx �

»
fpxq
f0pxq f0pxq dx
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Particle Filtering

Given a non-linear and non-Gaussian state space model, the
goal is to compute the filtering and prediction densities

ppxt |y1:t q ppxt�1|y1:t q

at each time t via a Monte Carlo approximation.

We aim to maintain a sample of particles

pxt1, . . . , xtN q

for each t that can be used to approximate these distributions.
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Particle Filtering

At each time point t , we perform the

Sequential Importance Sampling

(or SIS) procedure:
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Particle Filtering


 Draw random samples from a chosen importance density
that can be sampled directly.


 Compute a normalized weight for each particle


 Approximate the target density at time t by the weighted
sum of the particles.

Given sufficiently large numbers of particles, this IS charac-
terization converges to the target density.
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Particle Filtering

In the filtering problem, we approximate ppxt |y1:t q by


 particles xt � pxt1, . . . , xtN q, sampled from density f0.


 normalized weights w�
t � pw�

t1, . . . ,w
�
tN q

via the discrete distribution tpw�
ti , xti q, i � 1 . . . ,Nu.
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Particle Filtering

Two key questions are


 What importance density f0 can or should be chosen?


 How do we compute the weights efficiently (in a recursive
fashion) such that for a given weight w�

ti , we just need a
new observation yt to get an approximation to ppxt |y1:t q.

A simple but effective choice for f0 sampling density at time t
is the transition density: f0pxt |xt�1, y1:t q � ppxt |xt�1q as then

w�
ti 9 w�

t�1,ippyt |x�ti q.
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Particle Degeneracy

A problem with sequential importance sampling is that typi-
cally, after a few iterations, all but one particle have negligible
weights. This phenomenon is termed degeneracy.

The degree of degeneracy is represented by the quantity

Nt �
�

Ņ

i�1

pw�
ti q2

��1

which is the effective sample size.
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Particle Degeneracy

Possible solutions to overcome degeneracy effects:


 brute force: very large N


 optimized choice of importance density


 resampling
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Resampling

The goal of resampling is to eliminate particles with small
weights and replace by new particles drawn from the vicinity
of particles with larger weights


 concentrate on particles with large weights


 model important parts of the distribution more precisely

Various efficient algorithms exist for resampling.


 eg Sampling Importance Resampling (SIR)
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5.7 Hidden Markov Models

If the unobserved state Xt is discrete, then state space mod-
els are often called hidden Markov models (HMMs).

In this case, the state equation is replaced by a Markov chain
model: if tXtu can take values on t1,2, . . . ,Su say, then for
t ¡ 1

ppxt |x1:pt�1qq � ppxt |xt�1q
where

PrrXt � l |Xt�1 � k s � pkl

The S � S transition matrix P, along with the (marginal) dis-
tribution of X1 (PrrX1 � k s, k � 1, . . . ,S ) characterize the na-
ture of the state evolution. Note that P is a stochastic matrix
whose rows sum to 1.
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5.7 Hidden Markov Models

All of the previous types of calculation


 filtering ppxt |y1:t q

 prediction ppxt |y1:pt�1qq

 smoothing ppxt |y1:nq

 parameter estimation

are required. The main difference is that the filtering, predic-
tion and smoothing distributions are discrete, and therefore
somewhat more straightforward to compute.

The observation variable yt can be either discrete or continu-
ous.
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5.7 Hidden Markov Models

Example: S � 2

Suppose for t � 1,2, . . . ,n

Yt � µpXt q � ϵt

and tXtu follows a Markov chain with transition matrix

P �
�

0.3 0.7
0.4 0.6

�
and the distribution of X1 is the stationary (or equilibrium)
distribution, π, of the chain defined as the solution of

π � πP
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5.7 Hidden Markov Models

Example: S � 2

We compute π (a 1� 2 vector) by

r1,1sT π � lim
tÝÑ8

Pt �
�

4{11 7{11
4{11 7{11

�
so π � p4{11,7{11q.

Suppose

µpxq �
#
µ1 x � 1

µ2 x � 2

and tϵtu � N p0,1q, IID.
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5.7 Hidden Markov Models

Example: S � 2
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5.7 Hidden Markov Models

Example: S � 2, µ1 � 5, µ2 � �1
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5.7 Hidden Markov Models

Example: S � 2
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5.7 Hidden Markov Models

Example: S � 2, µ1 � 1, µ2 � �1
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5.7 Hidden Markov Models

Filtering: By Bayes theorem

ppxt |y1:t q � ppxt |yt , y1:pt�1qq

� ppyt |xt , y1:pt�1qqppxt |y1:pt�1qq
ppyt |y1:pt�1qq

� ppyt |xt qppxt |y1:pt�1qq
S°

x�1
ppyt |xqppx|y1:pt�1qq

9 ppyt |xt qppxt |y1:pt�1qq

This is a discrete distribution on t1, . . . ,Su that we can com-
pute exactly.
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5.7 Hidden Markov Models

Prediction: By the theorem of total probability

ppxt�1|y1:t q �
Ş

x�1

ppxt�1|xqppx|y1:t q


 ppxt�1|xq is determined the xth row of P, for each x �
1,2, . . . ,S


 ppx|y1:t q is the previous filtering distribution.
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5.7 Hidden Markov Models

Smoothing: By the theorem of total probability, we can com-
pute backwards t � n,n � 1, . . . ,1,

ppxt |y1:nq �
Ş

xt�1�1

ppxt |xt�1, y1:nqppxt�1|y1:nq

ppxt�1|y1:nq is the previous smoothing distribution.
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5.7 Hidden Markov Models

For the first term

ppxt |xt�1, y1:nq � ppxt |xt�1, y1:t q

� ppxt |y1:t qppxt�1|xt , y1:t q
ppxt�1|y1:t q

� ppxt |y1:t qppxt�1|xt q
ppxt�1|y1:t q

which can be computed from the filtering and prediction dis-
tributions.
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Discrete HMMs

The HMM structure is commonly implemented when the ob-
servation is also discrete.

As usual let x1:n denote the hidden state sequence, and y1:n

denote the observed data sequence.
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Discrete HMMs

Then the model is specified by


 transition probabilities

pkl � Pr rXt � l |Xt�1 � k s

with initial distribution PrrX1 � k s, k � 1, . . . ,S .


 emission probabilities

ek pmq � Pr rYt � m|Xt � k s

ek pmq can be specified for a finite set pm P t1,2, . . . ,Muq, or
on the integers.
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Discrete HMMs: Inference Tasks

We seek the most probable state path, that is, the most prob-
able sequence of states in light of the data:

x�1:n � argmax
x1:n

p px1:n , y1:nq

� argmax
x1:n

p px1:n |y1:nq


 p px1:n , y1:nq is the joint probability or joint likelihood


 p px1:n |y1:nq is the posterior probability
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Discrete HMMs: The Viterbi Algorithm

(i) Initialize vector vk p0q � PrrX1 � k s, k � 1, . . . ,S .

(ii) Recursion: for t � 1, ...,n, compute

vl ptq � el pyt qmax
k
pvk pt � 1qpkl q

pointt plq � argmax
k
pvk pt � 1qpkl q

for each l � 1,2, . . . ,S

5.7 Hidden Markov Models 462



Discrete HMMs: The Viterbi Algorithm

(iii) Termination

p py1:n , x
�
1:nq � max

k
pvk pnqq

x�n � argmax
k
pvk pnqq

(iv) Trace back the optimal path

x�t�1 � pointt px�t q t � n,n � 1, . . . ,2.
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Discrete HMMs: The Forward Algorithm

The probability of an observed sequence (or likelihood) is

p py1:nq �
¸
x1:n

p py1:n , x1:nq

However, the direct computation of this sum is not possible,
so a recursive calculation is needed.
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Discrete HMMs: The Forward Algorithm

(i) Initialize vector fk p1q � ek py1qπk for k � 1,2 . . . ,S

(ii) Recursion: for t � 2, ...,n, and l � 1,2, . . . ,S ,

fl ptq � el pyt q
Ş

k�1

fk pt � 1qpkl

(iii) Final calculation:

p py1:nq �
Ş

k�1

fk pnq .
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Discrete HMMs: The Backward Algorithm

We seek the posterior (smoothing) probabilities

p pXt � k |y1:nq � p pXt � k , y1:nq
p py1:nq

� p py1, ..., yt ,Xt � kqp pyt�1, ..., yn |Xt � kq
p py1:nq

for k � 1,2, . . . ,S .

Direct computation is not possible, so a recursive calculation
is needed, after completing the Forward Algorithm.
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Discrete HMMs: The Backward Algorithm

The backward algorithm works in reverse order through the
data:

(i) Initialize element bk pnq � fk pnq for k � 1, . . . ,S .

(ii) Backwards recursion: for t � n � 1, ...,1 compute

bk ptq �
Ş

l�1

pklel pyt�1qbl pt � 1q

for k � 1,2, . . . ,S .
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Discrete HMMs: The Backward Algorithm

The forward and backward probabilities, fk ptq and bk ptq, are
in fact the probabilities

fk ptq � p py1, ..., yt ,Xt � kq
bk ptq � p pyt�1, ..., yn |Xt � kq

Thus we have

p pXt � k , y1:nq � fk ptqbk ptq

and hence, for k � 1, . . . ,S ,

p pXt � k |y1:nq � fk ptqbk ptq
p py1:nq
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Discrete HMMs: Estimation

The algorithms above are all expressed in terms of known
transition and emission probabilities. These probabilities can
be pre-specified, estimated from observed sequences, or esti-
mated during the state sequence reconstruction.

If the state sequence is known, let nkl be the number of tran-
sitions from state k to state l , and let rk pbq be the number
of times character b is emitted from state k . Then we may
estimate the transition and emission probabilities as follows

ppkl � nkl°
l 1
nkl 1

pek pbq � rk pbq°
b 1
rk pb 1q (5)
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The Baum-Welch Algorithm

The Baum-Welch algorithm estimates nkl and rk pbq as the
expected number of transitions and emissions, which are com-
puted using the forward and backward algorithms.
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The Baum-Welch Algorithm

The probability of a transition k Ñ l at time t is

p pXt � k ,Xt�1 � l |y1:nq � fk ptqpklel pyt�1qbl pt � 1q
p py1:nq

Suppose that N replicate observed sequences

y1
1:n , . . . , y

N
1:n

are available. Then the expected number of times this transi-
tion will be observed (in light of the data) is

nkl �
Ņ

i�1

$&%
°
t
f ik ptq aklel py it�1qb i

l pt � 1q
ppy i1:nq

,.-
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The Baum-Welch Algorithm

In this formula


 y i1:n is the i th observed sequence


 f ik ptq is the forward probability from the forward algo-
rithm implemented for sequence i


 b i
l ptq is the backward probability from the backward al-

gorithm implemented for sequence i

Similarly,

rk pbq �
Ņ

i�1

$'&'%
°

t P Bi

f ik ptqb i
l ptq

p
�
y i1:n

�
,/./-

where Bi is the set of indices of locations in replicate se-
quence i where character b is emitted.
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The Baum-Welch Algorithm

(i) Initialize parameter values to some arbitrary values

(ii) Recursion: Set n
p0q
kl , r

p0q
k pbq to be some small count value,

then for i � 1, ...,N : calculate f ik ptq using the Forward
Algorithm, and b i

k ptq using the Backward Algorithm, then
set

npiqkl � npi�1q
kl �

1

p
�
y i1:n

� # ņ

t�1

f ik piqpklel
�
y it�1

�
b i
l pt � 1q

+

rpiqk pbq � rpi�1q
k pbq �

1

p
�
y i1:n

� #¸
tPBi

f ik ptqb
i
k ptq

+
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The Baum-Welch Algorithm

(iii) Estimate pkl and ek pbq using (5), and compute the likeli-
hood

N¹
i�1

ppy i1:nq

(iv) Terminate the recursion if the computed likelihood value
is virtually unchanged compared to the previous itera-
tion.
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Computation for continuous response HMMs

Note that most of the above calculations carry through to the
continuous emission case, that is if the emission probabilities

ek pmq � PrrYt � m|xt � k s

are replaced by densities

ek pyq � ppy|Xt � kq

The forward and backward quantities become unnormalized
joint densities
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Computation for continuous response HMMs

To avoid underflow in the computation, the computations can
either be computed on the log scale, or with continual rescal-
ing of the calculation. For example, in the Viterbi algorithm,
the computation of the vk ptq quantities will underflow quickly
without rescaling, but rescaling by

ct �
Ş

k�1

vk ptq

will prevent this.

The constants ct should be stored for future use; if the for-
ward and backward probabilities are computed after rescal-
ing, then this rescaling must be undone when, for example,
ppy1:nq is computed.
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Chapter 6

Spectral Methods



6.1 Spectral Analysis of Time Series

The spectral or frequency domain representation of time se-
ries tXtu focusses on stationary processes, and constructs an
alternative view to the time domain representation studied
previously.

The focus on time domain methods is paramount in statistics
because observed data are typically collected sequentially in
time.

For stationary processes, the non-negative definite autoco-
variance function admits a spectral decomposition which fa-
cilitates alternative inference approaches.
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6.2 Spectral Representation

The ACVF of a (zero-mean) stationary process tXtu

γX phq � ErXtXt�h s

is a symmetric, non-negative definite function of the discrete
argument

h � 0,�1,�2, . . . .

We exploit the fact that γX phq has a unique representation in
terms of frequency contributions.
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The Spectral Density Function

Let tXtu be stationary and zero-mean, with ACVF γX p.q, with

8̧

h��8

|γX phq|   8.

Then the spectral density function (SDF) of tXtu is the func-
tion fX p.q defined by

fX pλq � 1

2π

8̧

h��8

e� 9ιλhγX phq λ P R
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The Spectral Density Function

Note that fX pλq is well-defined, as |e� 9ιλh | � 1, so

8̧

h��8

|e� 9ιλhγX phq| ¤
8̧

h��8

|e� 9ιλh ||γX phq| �
8̧

h��8

|γX phq|   8.

and fX pλq is periodic as

e� 9ιλh � cospλhq � 9ι sinpλhq

so we can restrict attention to λ P p�π, πs
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The Spectral Density Function

Example: AR(1)

Consider the stationary ARp1q model

p1� ϕBqXt � Zt

so that for h ¥ 0

γX phq � σ2
Z

1� ϕ2
ϕh
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The Spectral Density Function

Example: AR(1)

Then

fX pλq �
σ2
Z

1 � ϕ2

1

2π

8̧

h��8

e� 9ιλhϕ|h |

�
σ2
Z

2πp1 � ϕ2q

�
1

1 � ϕe� 9ιλ
�

�1̧

h��8

e� 9ιλhϕ�h

�

�
σ2
Z

2πp1 � ϕ2q

�
1

1 � ϕe� 9ιλ
�

8̧

h�1

e 9ιλhϕh

�

�
σ2
Z

2πp1 � ϕ2q

�
1

1 � ϕe� 9ιλ
�

1

1 � ϕe 9ιλ
� 1

�
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The Spectral Density Function

Example: AR(1)

Thus

fX pλq � σ2
Z

2πp1� ϕ2q
2� ϕe� 9ιλ � ϕe 9ιλ � p1� ϕe� 9ιλqp1� ϕe 9ιλq

p1� ϕe� 9ιλqp1� ϕe 9ιλq

� σ2
Z

2π

1

p1� ϕe� 9ιλqp1� ϕe 9ιλq

� σ2
Z

2π

1

|1� ϕe� 9ιλ|2
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The Spectral Density Function

phi<-0.6
hvec<-0:30
acvf.vals<-1/(1-phi^2)*phi^hvec
lamvec<-seq(-pi,pi,by=0.001)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1:length(lamvec)){

sdf.vec[j]<-sum(exp(-1i*lamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+
sum(exp(1i*lamvec[j]*hvec[-1])*acvf.vals[2:31])

}
sdf.vec<-sdf.vec/(2*pi)

exact.sdf<-1/(2*pi)*(1/Mod(1-phi*exp(-1i*lamvec))^2)
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='l',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,1),main = 'SDF');lines(lamvec,exact.sdf,col='red')
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The Spectral Density Function

Example: ARMA(1,1)

Consider the stationary ARMAp1,1q model

p1� 0.8BqXt � p1� 0.5BqZt

We may inspect


 the ACVF


 the SDF
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The Spectral Density Function

library(ltsa)
acvf.vals<-tacvfARMA(phi = 0.8, theta = -0.5, maxLag = 30)
par(mar=c(4,4,2,2));plot(0:30,acvf.vals,xlab='h', ylab='ACVF', main = 'ACVF',pch=19)
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The Spectral Density Function

lamvec<-seq(-5*pi,5*pi,by=0.001)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1:length(lamvec)){

sdf.vec[j]<-sum(exp(-1i*lamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+
sum(exp(1i*lamvec[j]*hvec[-1])*acvf.vals[2:31])

}
sdf.vec<-sdf.vec/(2*pi)
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='l',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,10),main = 'SDF')
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The Spectral Density Function

Example: ARMA(1,1)

It can be shown that

fX pλq � σ2
Z

2π

����1� 0.5e� 9ιλ

1� 0.8e� 9ιλ

����2
We plot on the range


 r�5π,5πs

 r�π, πs

 r0, πs
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The Spectral Density Function

lamvec<-seq(-5*pi,5*pi,by=0.001)
sdf.vec<-(1/(2*pi))*Mod((1+0.5*exp(-1i*lamvec))/(1-0.8*exp(-1i*lamvec)))^2
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='l',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,10),main = 'SDF')
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The Spectral Density Function
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The Spectral Density Function
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The Spectral Density Function

library(astsa)
par(mar=c(4,4,2,2))
arma.spec(ar = 0.8, ma = 0.5, var.noise = 1, n.freq = 500, main='SDF', frequency=1, plot=TRUE)
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The Spectral Density Function

This computes the scaled version in terms of φ, where

φ � λ

2π
so that � 1

2
  φ ¤ 1

2

in which case

f�X pφq �
8̧

h��8

e� 9ι2πφhγX phq

or more explicitly

f�X pφq � σ2
Z

����1� 0.5e� 9ι2πφ

1� 0.8e� 9ι2πφ

����2

6.2 Spectral Representation 497



The Spectral Density Function

vvec0<-seq(-0.5,0.5,by=0.001)
sdf.vec0<-vvec0*0
hvec<-0:30
for(j in 1:length(vvec0)){

sdf.vec0[j]<-sum(exp(-1i*2*pi*vvec0[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+
sum(exp(1i*2*pi*vvec0[j]*hvec[-1])*acvf.vals[2:31])

}
vvec1<-seq(0,0.5,by=0.001)
sdf.vec1<-Mod((1+0.5*exp(-1i*2*pi*vvec1))/(1-0.8*exp(-1i*2*pi*vvec1)))^2
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The Spectral Density Function

par(mar=c(4,4,2,2));plot(vvec0,sdf.vec0,type='l',xlab=expression(varphi),
ylab=expression(f[X](varphi)), ylim=range(0,60),main = 'SDF'); lines(vvec1,sdf.vec1,col='red')
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The Spectral Density Function

We have that

(i) fX pλq � fX p�λq and

fX pλq �
1

2π

8̧

h��8

e� 9ιλhγX phq

�
1

2π

�
γX p0q �

8̧

h�1

pe� 9ιλh � e 9ιλh qγX phq

�
γp�hq � γphq

�
1

2π

�
γX p0q �

8̧

h�1

2 cospλhqγX phq

�

�
1

2π

8̧

h��8

cospλhqγX phq as cosp�λhq � cospλhq

(ii) fX pλq ¥ 0, �π   λ ¤ π.
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The Spectral Density Function

(iii) Inversion formula:» π

�π
e 9ιhλfX pλq dλ � 1

2π

» π

�π

#
8̧

k��8

e 9ιλph�kqγX pkq
+
dλ

� 1

2π

8̧

k��8

γX pkq
"» π

�π
e 9ιλph�kq dλ

*
� γX phq.
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The Spectral Density Function

The last result follows as if k � h , setting j � h � k» π

�π
e 9ιλph�kq dλ �

» π

�π
rcospλjq � 9ι sinpλjqs dλ

�
» π

�π
cospλjq dλ� 9ι

» π

�π
sinpλjq dλ

� 0.
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The Spectral Density Function

Note: The summability condition

8̧

h��8

|γX phq|   8

is not a necessary condition for the existence of a SDF.
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The Spectral Density Function

There is a 1-1 correspondence between ACVFs and spectral
density functions; if

(i) fX pλq ¥ 0, for all λ P p0, πs.
(ii) For h � 0,�1,�2, . . ., if

γX phq �
» π

�π
e 9ιhλfX pλq dλ

then fX is the SDF of tXtu with ACVF γX phq. Note that

γX phq �
» π

�π
rcosphλq� 9ι sinphλqsfX pλqdλ �

» π

�π
cosphλqfX pλqdλ.
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The Spectral Density Function

A real-valued function f defined on p�π, πs is the SDF of a
stationary process if and only if

(i) f is even: fpλq � fp�λq for all λ.

(ii) fpλq ¡ 0

(iii) » π

�π
fpλq dλ   8
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The Spectral Density Function

Suppose f satisfies (i)-(iii), then

γX phq �
» π

�π
e 9ιhλfX pλq dλ

is even. Let a P Rn . Then

aJΓa �
ņ

r�1

ņ

s�1

arγX pr � sqas �
» π

�π

ņ

r�1

ņ

s�1

arase
9ιλpr�sqfpλq dλ

�
» π

�π

����� ņ

r�1

are
9ιλr

�����
2

fpλq dλ ¥ 0

so γX p.q is non-negative definite, and hence the ACVF for a
stationary process.
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The Spectral Density Function

Note:


 fX is the Fourier transform of γX


 γX is the inverse Fourier transform of fX .

The properties of the SDF fX are similar to a pdf, with the ad-
ditional condition that fX must be symmetric about zero, and
with the integrability relaxed to» π

�π
fX pλq dλ � C   8

rather than having C � 1.
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Spectral Representation Theorem

Theorem: Uniqueness

A function γp.q, γ : Z ÝÑ R, is an autocovariance function
if and only if there exists a right continuous, non-decreasing
bounded function F on r�π, πs with Fp�πq � 0, and for all
h P Z

γphq �
»
p�π,πs

e 9ιhλ dFpλq.

As the corresponding series tγphqu is real-valued, F satisfies»
pa,b s

dFpxq �
»
p�b ,�as

dFpxq
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Spectral Representation Theorem

F is a generalized distribution function as Fpλq{Fpπq is a dis-
tribution function on r�π, πs.

F is termed the spectral distribution function; it can be purely
discrete, absolutely continuous, or mixed. If F is absolutely
continuous

Fpλq �
» λ

�π
fpxq dx λ P p�π, πs

then f is the spectral density function.
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Example

Example: Harmonic process

Suppose
Xt � U cospωtq � V sinpωtq

where U and V are uncorrelated, with

ErU s � ErV s � 0 VarrU s � VarrV s � 1

Then by a previous result

γX phq � cospωhq h P Z
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Example

Example: Harmonic process

Now
8̧

h��8

|γX phq| �
8̧

h��8

| cospωhq| � 8

However, let

FX pλq �

$''''''&''''''%

0 λ   �ω

1

2
�ω ¤ λ   ω

1 ω ¤ λ
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Example

Example: Harmonic process

Then

fX pλq �

$'''''&'''''%

1

2
λ � �ω

1

2
λ � ω

0 otherwise

and »
p�π,πq

e 9ιhλ dFX pλq � 1

2
e� 9ιhω � 1

2
e 9ιhω � cosphωq
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Example: Extension

Example: Superposition of harmonic processes

Suppose

Xt �
ķ

j�1

rUj cospωj tq � Vj sinpωj tqs

where U1, . . . ,Uk and V1, . . . ,Vk are uncorrelated, with

ErUj s � ErVj s � 0 VarrUj s � VarrVj s � σ2
j

and where 0   ω1   � � �   ωk   π. Then

γX phq �
ķ

j�1

σ2
j cospωjhq h P Z.
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Example: Extension

Example: Superposition of harmonic processes

Then

FX pλq �
ķ

j�1

σ2
j Fj pλq

where

Fj pλq �

$''''&''''%
0 λ   �ωj
1

2
�ωj ¤ λ   ωj

1 ωj ¤ λ

Note that

VarrXt s � γX p0q �
ķ

j�1

σ2
j
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Spectral decomposition

This result shows that the variance of tXtu can be decomposed
into the variances contributed by the harmonic components at
different frequencies

ω1, . . . , ωk

In the limit as k ÝÑ 8

Xt
m.s.�

»
p�π,πs

e 9ιtλdZpλq

where tZpλq : �π   λ ¤ πu is a non-decreasing stochastic
process.

In general, Z is a complex-valued process which has uncorre-
lated increments.
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Spectral decomposition

A complex-valued process, tXtu, is a stochastic process with
complex-valued elements

Xt � X1,t � 9ιX2,t

say, where

ErXt s � ErX1,t s � 9ιErX2,t s
ErXtXt�h s � ErpX1,t � 9ιX2,t qpX1,t�h � 9ιX2,t�h s

� ErX1,tX1,t�h � X2,tX2,t�h s
� 9ιErX1,tX2,t�h � X2,tX1,t�h s

etc.
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Spectral decomposition

We have

Xt �
»
p�π,πs

e 9ιtλdZpλq

�
»
p�π,πs

rcosptλq � 9ι sinptλqs dZpλq

where Zpλq is a random process on p�π, πs. By symmetry, we
need only consider Zpλq for 0 ¤ λ ¤ π.

6.2 Spectral Representation 517



Spectral decomposition

For finite k ,

dZpλq �

$'''''&'''''%

Uj � 9ιVj

2
λ � �ωj , j � 1, . . . , k

Uj � 9ιVj

2
λ � ωj , j � 1, . . . , k

0 otherwise

Here

ErdZpλqdZpλqs � ErpU2
j � V2

j q{4s �
σ2
j

2

for λ � �ωj , j � 1, . . . , k and zero otherwise.
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Example: White noise process

Example: Zt � WNp0, σ2
Z q

If Zt � WNp0, σ2
Z q, then γZ p0q � σ2

Z , γZ phq � 0 for all h � 0.
Then, for �π   λ ¤ π,

fZ pλq � 1

2π

8̧

h��8

e� 9ιhλγZ phq

� 1

2π
rcosp0q � 9ι sinp0qsσ2

Z

� σ2
Z

2π
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Spectral decomposition

λ is an angular frequency:


 For a time series with dominant high frequency compo-
nents, fX pλq is large when λ is near π, and the series ex-
hibits rapid variation.


 For a time series with dominant low frequency compo-
nents, fX pλq is large when λ is near zero, and the series
exhibits slow variation.
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Spectral decomposition

Often we use the scaled frequency φ,

φ � λ

2π
so that � 1

2
  φ ¤ 1

2

so that

f�X pφq �
8̧

h��8

e� 9ι2πφhγX phq

and

γX phq �
» 1{2

�1{2
e 9ι2πφh f�X pφq dφ
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6.3 Representation of ARMA processes

Suppose Ψ � tψj : j � 0,�1,�2, . . .u is a linear filter with

8̧

j��8

|ψj |   8.

and suppose tXtu is zero mean with SDF fX p.q.
Let

Ψpzq �
8̧

j��8

ψjz
j z P C.

and note that

Ψpzq � Ψpzq.
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6.3 Representation of ARMA processes

If

Yt �
8̧

j��8

ψjXt�j � ΨpBqXt .

then tYtu is stationary and zero mean, with

γY phq �
8̧

j��8

8̧

k��8

ψjψkγX ph � k � jq

by the previous result for ACVFs
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6.3 Representation of ARMA processes

Then

fY pλq � 1

2π

8̧

h��8

e� 9ιλhγY phq

� 1

2π

8̧

h��8

e� 9ιλh

#
8̧

j��8

8̧

k��8

ψjψkγX ph � k � jq
+

�
8̧

j��8

8̧

k��8

ψjψk

#
1

2π

8̧

h��8

e� 9ιλhγX ph � k � jq
+

�
8̧

j��8

8̧

k��8

ψjψk

#
1

2π

8̧

l��8

e� 9ιλpl�j�kqγX plq
+

setting l � h � k � j .
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6.3 Representation of ARMA processes

Therefore

fY pλq �
8̧

j��8

8̧

k��8

ψjψke
� 9ιλpj�kq

#
1

2π

8̧

l��8

e� 9ιλlγX plq
+

�
8̧

j��8

8̧

k��8

ψjψke
� 9ιλpj�kqfX pλq

�
�

8̧

j��8

ψje
� 9ιλj

��
8̧

k��8

ψke
9ιλk

�
fX pλq

� Ψpe� 9ιλqΨpe 9ιλqfX pλq

� Ψpe� 9ιλqΨpe� 9ιλqfX pλq

6.3 Representation of ARMA processes 525



6.3 Representation of ARMA processes

Therefore, the SDF of Y is

fY pλq � |Ψpe� 9ιλq|2fX pλq � Ψpe� 9ιλqΨpe 9ιλqfX pλq


 Ψpe� 9ιλq is the transfer function.


 |Ψpe� 9ιλq|2 is the power transfer function.

The transfer function defines the action of the filter on the
process tXtu.
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Low Pass filter

Example: Low Pass filter

A low pass filter removes high frequency components. To re-
move frequency components beyond threshold λC , we would
require a transfer function taking the value 1 for �λC ¤ λ ¤
λC , that is,

Ψpe� 9ιλq �
#

1 �λC ¤ λ ¤ λC

0 otherwise

We term this filter the ideal low pass filter.
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Low Pass filter

Example: Low Pass filter

Let

ψj � 1

2π

» λC

�λC

e 9ιjλ dλ �

$''&''%
λC
π

j � 0

sinpjλC q
jπ

j � 0

and define

Ψqpe� 9ιλq �
q̧

j��q

ψje
� 9ιjλ

for integer q. This filter is a finite Fourier series approxima-
tion to the ideal low pass filter.
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ARMA models

Example: Xt � ARMApp,qq

Suppose tZtu � WNp0, σ2
Z q, and define tXtu by

ΦpBqXt � ΘpBqZt .

Thus

fZ pλq � σ2
Z

2π

and as Xt � tΦpBqu�1ΘpBqZt , we have

fX pλq � σ2
Z

2π

����Θpe� 9ιλq
Φpe� 9ιλq

����2 � σ2
Z

2π

��Θpe� 9ιλq��2
|Φpe� 9ιλq|2

by the general result.
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6.4 Model-free estimation

The SDF can be estimated from time-domain samples. Let
x1:n be the time-domain data, and let

ωk � 2πk

n

for k equal to

�
Z
n � 1

2

^
, . . . ,

Yn
2

]
The set tωku are termed the Fourier frequencies.
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6.4 Model-free estimation

For each k , define the n � 1 vector ek by

ek � 1?
n
pe 9ιωk , e2 9ιωk , . . . , en 9ιωk qJ

so that

eJj ek � 0

unless j � k , in which case eJk ek � 1.
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6.4 Model-free estimation

te1, . . . ,enu form an orthonormal basis for Cn , that is, for any
n-dimensional complex number x, we have

x �
tn{2u¸

k��tpn�1q{2u

akek

where

ak � eJk x � 1?
n

ņ

t�1

xte
� 9ιtωk

The vector pa1, . . . , anqJ is the discrete Fourier transform of x.
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6.4 Model-free estimation

Note that

xt �
tn{2u¸

k��tpn�1q{2u

ak rcospωk tq � 9ι sinpωk tqs

is the discrete version of the spectral representation theorem.

6.4 Model-free estimation 533



The Periodogram

The periodogram, pInpλq is defined by

pInpλq � 1

n

����� ņ

t�1

xte
� 9ιtλ

�����
2

� π   λ ¤ π.

Note that pInpωk q � |ak |2, and

xJx �
tn{2u¸

k��tpn�1q{2u

|ak |2 �
tn{2u¸

k��tpn�1q{2u

pInpωk q
which gives a decomposition of the total variation in x via
components at the ωk .

6.4 Model-free estimation 534



The Periodogram

Note that

pInpωk q �
�

1?
n

ņ

t�1

xte
� 9ιtωk

��
1?
n

ņ

s�1

xse
9ιsωk

�

� 1

n

ņ

t�1

ņ

s�1

xtxse
� 9ιpt�sqωk

� 1

n

ņ

t�1

ņ

s�1

pxt � xqpxs � xqe� 9ιpt�sqωk

�
n�1̧

h��pn�1q

pγnphqe� 9ιhωk ph � s � tq

as
n°

t�1
e� 9ιtωk � 0 if ωk � 0.
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The Periodogram

Thus pInpλq is a sample-based estimate of 2πfX pλq; it is not
consistent, however. For 0   λ1   . . .   λm   π,

ppInpλ1q, . . . ,pInpλmqqJ dÝÑ pV1, . . . ,VnqJ

as n ÝÑ 8, where

Vj � Exponentialp1{p2πfX pλj qqq.

That is, as n ÝÑ 8

ErpInpλj qs ÝÑ 2πfX pλj q

so pInpλj q is asymptotically unbiased, but pInpλj q converges in
distribution, not in probability or almost surely.
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The Periodogram

Example: ARMA(1,1)

acvf.vals<-tacvfARMA(phi = 0.8, theta = -0.5, maxLag = 30)
lamvec<-seq(0,0.5,by=0.001)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1:length(lamvec)){

sdf.vec[j]<-sum(exp(-1i*2*pi*lamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+
sum(exp(1i*2*pi*lamvec[j]*hvec[-1])*acvf.vals[2:31])

}
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The Periodogram

par(mar=c(4,4,2,2));plot(lamvec,sdf.vec,type='l',xlab=expression(lambda),
ylab=expression(f[X](lambda)), ylim=range(0,60),main = 'SDF')
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The Periodogram

par(mar=c(4,4,2,2));plot(lamvec,log10(sdf.vec),type='l',xlab=expression(lambda),
ylab=expression(log[10](f[X](lambda))), ylim=range(-4,2),main = expression(log[10](SDF)))
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The Periodogram

set.seed(3); Xt<-arima.sim(n=5000,model=list(ar=0.8,ma=0.5))
par(mar=c(4,4,2,2));spectrum(Xt, main='Periodogram (log10 scale)', taper=0,detrend=FALSE)
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The Periodogram

par(mar=c(4,4,2,2));spectrum(Xt, main='Periodogram & SDF (log10 scale)', taper=0,detrend=FALSE)
lines(lamvec,sdf.vec,col='red',lwd=2)
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The Periodogram
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The Periodogram

sdf.hat<-spectrum(Xt, taper=0,detrend=FALSE,plot=FALSE)$spec
n0<-length(sdf.hat)
lamvec<-c(1:n0)/(2*n0)
sdf.vec<-lamvec*0
hvec<-0:30
for(j in 1:length(lamvec)){

sdf.vec[j]<-sum(exp(-1i*2*pi*lamvec[j]*hvec[-1])*acvf.vals[2:31])+acvf.vals[1]+
sum(exp(1i*2*pi*lamvec[j]*hvec[-1])*acvf.vals[2:31])

}
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The Periodogram

par(mar=c(4,4,2,2));plot(lamvec,log10(sdf.hat),type='l')
lines(lamvec,log10(sdf.vec),col='red',lwd=2)
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The Periodogram

If in the above notation,

Vj � Exponentialp1{p2πfX pλj qqq.

then
Vj

2πfX pλj q � Exponentialp1q

which we can verify in the sample.

Note that in the previous calculations, the factor of 2π is al-
ready incorporated to account for the output of spectrum.
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The Periodogram

Vvec<-as.numeric(sdf.hat/sdf.vec)
mean(Vvec); var(Vvec)

## [1] 1.0135
## [1] 1.025988

par(mar=c(4,4,2,2))
hist(Vvec,nclass=100, main='Histogram of V', xlab='V', freq=FALSE)
xv<-seq(0,10,by=0.001)
lines(xv,dexp(xv),col='red',lwd=2)
legend(8,0.8,c('Density of Exp(1)'),lwd=2,col='red')
box()
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The Periodogram
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The Periodogram

To obtain a consistent estimator, a local averaging process is
used: define

pfnpλq � 1

2π

¸
|j |¤mn

wnpjqpInpgpn, λq � 2πj{nq

where bandwidths mn satisfy mn ÝÑ 8, mn{n ÝÑ 0 as n ÝÑ
8, and weights wnpjq satisfy wnpjq � wnp�jq ¥ 0,¸

|j |¤mn

wnpjq � 1

and w2
n pjq ÝÑ 0 as n ÝÑ 0.

Example: mn �
?
n, wnpjq � 1{p2mn � 1q for |j | ¤ mn .
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6.5 Likelihood-based estimation

For parametric models such as ARMA models with Gaussian
errors, likelihood-based inference can be carried out using
a large sample approximation to the time domain likelihood
known as the Whittle likelihood.

Recall that for the periodogram, for any λ, as n ÝÑ 8

pInpλq dÝÑ V � Exponentialp1{p2πfX pλqqq

If λ1, . . . , λn are chosen to be the Fourier frequencies, then

V1, . . . ,Vn

are approximately independent.
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6.5 Likelihood-based estimation

The Whittle likelihood is then

Lpθq �
¹
j

1

2πfxpωj ; θq exp
#
�

pInpωj q
2πfxpωj ; θq

+

where ωj � 2πj{n, and

j P
"
�
Z
n � 1

2

^
, . . . ,

Yn
2

]*
This (asymptotic) likelihood can then be maximized to esti-
mate θ.
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6.6 Long memory models

For a stationary ARMA model, recall that the decay in ACF is
asymptotically exponentially fast: for h large enough,

ρX phq � C |ξ1|h

for some constant C , say, where ξ1 is reciprocal root of the AR
polynomial with modulus closest to 1.
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6.6 Long memory models

Let tXtu be a stationary process such that for some α P p0,1q
and constant c ¡ 0 such that

lim
hÝÑ8

hαρX phq � c

That is, the decay rate is polynomial in h , and therefore rela-
tively slow.

tXtu is a long memory or long range dependent process.
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Fractional Integration

Recall the ARIMApp,d ,qq model, for d � 1,2, . . .,

p1� BqdΦpBqXt � ΘpBqZt

Now suppose that �0.5   d   0.5 is a non-integer value.
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Fractional Integration

We have the binomial expansion for �0.5   d   0.5

p1� Bqd �
8̧

j�0

ψjB
j

where, for j � 1,2, . . .

ψj �
j¹

k�1

�
k � 1� d

k



� Γpj � dq

Γpj � 1qΓp�dq

where Γp�q is the Gamma function.
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Fractional Integration

Let tZtu � WNp0, σ2q, and Wt � p1� Bq�dZt , so that

ΦpBqXt � ΘpBqWt

gives an ARMApp,qq model driven by tWtu.

tWtu is fractionally integrated white noise. It is a stationary
process with

γW p0q � σ2
ZΓp1� 2dq
tΓp1� dqu2

and

ρW phq � Γph � dqΓp1� dq
Γph � d � 1qΓpdq �

h¹
k�1

�
k � 1� d

k � d
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Fractional Integration

The ACVF of tXtu can be computed using the usual approach

γX phq �
8̧

j�0

8̧

k�0

ψjψkγW ph � j � kq

where tψju are the linear process coefficients corresponding
to the ARMA process with polynomials ΦpBq and ΘpBq.
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Spectral density for Fractional ARIMA

If tXtu � ARIMApp,d ,qq with �1{2   d   1{2, then

fX pλq � σ2
Z

2π

��Θpe� 9ιλq��2
|Φpe� 9ιλq|2

1

|1� e� 9ιλ|2d

If p � q � 0,

fX pλq � σ2
Z

2π

1

|1� e� 9ιλ|2d
and as λ ÝÑ 0

fX pλq � σ2
Z

2π|λ|2d
that is, the SDF is unbounded at zero.
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Fractional White Noise

If tWtu � ARIMAp0,d ,0q, that is,

Wt � p1� Bq�dZt

then


 MAp8q representation

Wt �
8̧

j�0

ψjZt�j ψj � Γpj � dq
Γpj � 1qΓpdq


 ARp8q representation

Zt �
8̧

j�0

πjWt�j πj � Γpj � dq
Γpj � 1qΓp�dq
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Fractional White Noise

For large j


 MAp8q representation

ψj � jd�1

Γpdq


 ARp8q representation

πj � j�d�1

Γp�dq
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Fractional White Noise

If tXtu � ARIMApp,d ,qq, write

p1� BqdΦpBqXt � ΘpBqZt

and suppose 0   d   0.5. Then for large h

γX phq � C |h |2d�1.
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Chapter 7

Financial Time Series Models



7.1 Volatility Modelling

One form of non-stationarity not yet examined is the relax-
ation of the constant variance assumption.

We use the general term volatility to capture the concept of
time-varying variance of a process. This could be considered
to arise in


 the unconditional or marginal model of the observation
process


 the conditional model for the process (eg in a state space
setting).
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7.1 Volatility Modelling

It has long been recognized that financial time series exhibit
changes in volatility over time that are serially correlated.

In particular, financial returns demonstrate

volatility clustering

that is, large changes tend to be followed by large changes
and vice versa.

Models need to be developed to capture this behaviour.
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S & P 500 : 1990-2009 log Returns
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S & P 500 : 2020-2025

my.url<-'https://www.math.mcgill.ca/dstephens/545/Data/HistoricalData_1743471926857.csv'
sp25<-read.csv(my.url,header=T)
dvec<-rev(as.character(sp25[,1]))
date.vec<-as.Date(dvec,format="%m/%d/%Y")
Yt<-rev(sp25[,2])
Yt.ret<-diff(log(Yt))
par(mar=c(4,4,2,2))
plot(date.vec,Yt,type='l',xlab='Date',ylab='S&P 500 Close')
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S & P 500 : 2020-2025
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S & P 500 : 2020-2025
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S & P 500 : 2020-2025
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S & P 500 : 2020-2025
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S & P 500 : 2020-2025
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7.2 Types of Volatility Models

Volatility models fall into two classes:


 Observation-driven models allow the variance of the ob-
served series to depend on its lagged values


 Parameter-driven models specify that the variance of the
observations is a function of some unobserved or latent
process.

These models have the general form of state-space models.
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7.2 Types of Volatility Models

In a parameter-driven model

ppyt |xt , x1:pt�1q, y1:pt�1qq � ppyt |xt q
ppxt�1|xt , x1:pt�1q, y1:t q � ppxt�1|xt q

so that

ppx2:n , y1:n |x1q �
#

n¹
t�1

ppyt |xt q
+#

n¹
t�2

ppxt |xt�1q
+
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7.2 Types of Volatility Models

In an observation-driven model

ppyt |xt , x1:pt�1q, y1:pt�1qq � ppyt |xt q
ppxt�1|xt , x1:pt�1q, y1:t q � ppxt�1|y1:t q

so that

ppx1:n , y1:n |x1q �
n¹

t�1

ppyt |xt qppxt |y1:pt�1qq

where ppx1|y0q � ppx1q, say.
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7.2 Types of Volatility Models

Example: Model for Count Data

Suppose that for t � 2, . . . ,n

ppyt |xt q � Poissonpξxt q

ppxt�1|xt q �
#

1 if xt�1 � axt

0 otherwise

and that where ppx1q � Gammapα, λq, for some constants
ξ, a, α, λ.
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7.2 Types of Volatility Models

Example: Model for Count Data

We need to compute the filtering and prediction distributions:
Suppose that

ppxt |y1:t q � Gammapαt , λt q
ppxt�1|y1:t q � Gammapαt , λt{aq
ppyt�1|y1:t q � NegBinomialpαt ,1� ξ{λt q

where

αt � α�
ţ

j�1

yj λt � λa1�t � ξ

�
1� a�t

1� a�1
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7.2 Types of Volatility Models

Example: Model for Count Data

Then

ErYt�1|Y1:t � y1:t s � ξαt
λt�1 � ξ

and

VarrYt�1|Y1:t � y1:t s � ξαtλt
pλt�1 � ξq2
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7.2 Types of Volatility Models

Example: AR(1) as an observation-driven model

Suppose that

ppxt�1|y1:t q � 1 if xt�1 � yt ,0 otherwise

ppyt |xt q � fZ pyt � ϕxt q

for some pdf fZ . Then

Yt � ϕXt
d� Zt or Yt � ϕXt � Zt

so with Xt � Yt�1 we have an AR(1) model.
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7.2 Types of Volatility Models

A standard model for financial times series is based on the
Stochastic Differential Equation (SDE)

dSt � µStdt � σStdWt

where tWtu is a continuous time process with Gaussian incre-
ments dWt .

The equivalent equation for Yt � logSt is

dYt � µdt � σdWt

7.2 Types of Volatility Models 579



7.2 Types of Volatility Models

Consider the discrete time process where we replace dYt by
Yt�1 � Yt , and dt by △, with observation times

△,2△,3△, . . .

to yield data y1, y2, y3, . . .. Note that

Yt�1 � Yt � logSt�1 � logSt � logpSt�1{St q
� µ△� σZt

where tZtu � N p0,1q, so that

Yt�1|Yt � yt � N pyt �△µ, σ2q.
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7.2 Types of Volatility Models

A better model is based on the SDE

dYt � µdt � σptqdWt

Thus, in the discrete approximation

Yt�1 � Yt � µ△� σtZt

where again tZtu � N p0,1q, so that

Yt�1|Yt � yt � N pyt �△µ, σ2
t q

This is referred to as a conditional heteroscedastic model with
time-varying variance.
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7.2 Types of Volatility Models

The most popular examples of observation-driven models in
finance are the


 Autoregressive Conditional Heteroscedasticity (ARCH)


 Generalized ARCH (GARCH).

models.
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7.2 Types of Volatility Models

In particular, let yt be a realization, at time t , of the time
series of interest. Typically, yt is taken to be the compounded
return of the underlying asset, so that

yt � 100 log pst{st�1q

where st denotes the observed price of the asset.

ARCH type models specify the distribution of the current ob-
servation as a one-step-ahead prediction density.
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7.3 Observation Driven Models

For the observation-driven models,

Yt | y1:pt�1q � N
�
0, σ2

t

�
so that

Yt � σtZt ,

where tZtu is a sequence of independent N p0,1q random vari-
ables.
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7.3 Observation Driven Models

The ARCHppq model allows the conditional variance σ2
t of Yt

to be a linear combination of previous squared observations,
so that

σ2
t � α0 �

p̧

i�1

αiy
2
t�i .
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Properties of the ARCH(1) model

The simplest ARCH model is the ARCH(1)

σ2
t � α0 � α1y

2
t�1.

Parameters α0 and α1 are non-negative, and by iterated ex-
pectation, the process is stationary if and only if α1   1, with

Var rYt s � E
�
Y2
t

� � α0

1� α1
.
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Properties of the ARCH(1) model

All the odd moments of Yt are zero by symmetry, while the
fourth moment exists if and only if 3α2

1   1 and is

E
�
Y4
t

� � 3α2
0

�
1� α2

1

�
p1� α1q2

�
1� 3α2

1

�
and the kurtosis (a measure of distributional heavy tailedness)

�3� E
�
Y4
t

�
E
�
Y2
t

�2

is greater than zero and hence the marginal distribution of Yt
is leptokurtic (that is, has fat tails).
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Stationarity in ARCH(1) Variance

The ACF of tY2
t u is given by

ρY2phq � αh1 ,

where h � 0,1,2, . . .. Note that


 tYtu is a white noise process,


 tY2
t u is an autoregressive process that exhibits volatility

clustering controlled by α1.


 tY2
t u is not necessarily covariance stationary; its variance

will be finite only if 3α2
1   1.
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Likelihood Function For ARCH(1) Model

Let y0 be a fixed constant used to seed the recursion for σt .
The likelihood for ARCHp1q takes the form

p py1:n |y0, α0, α1q �
n¹

t�1

�
1

2σ2
t


1
2
exp

�
� y2

t

2σ2
t



,

so the log-likelihood is

log p py1:n |y0, α0, α1q �
ņ

t�1

log p pyt |yt�1, α0, α1q

� const .� 1

2

ņ

t�1

�
log σ2

t �
y2
t

σ2
t

�
.
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GARCHpp,qq model

The GARCHpp,qq process is an extension to the ARCH(p)
model which models σ2

t as dependent on its lagged values;

σ2
t � α0 �

p̧

i�1

αiy
2
t�i �

q̧

i�1

βiσ
2
t�i .

The most widely used GARCH model is that of order p1,1q.
Sufficient conditions for σ2

t ¥ 0 are αi ¥ 0, i � 0,1 and β1 ¥ 0.

The GARCHp1,1q process has zero mean, and is second order
stationary if and only if α1 � β1   1, with

VarrYt s � α0

p1� α1 � β1q
and all the odd moments equal to zero.
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GARCHpp,qq model

If in addition,

3α2
1 � 2α1β1 � β2

1   1

the fourth moment exists and is equal to

E
�
Y4
t

� � 3α2
0 p1� α1 � β1q

p1� α1 � β1q
�
1� 3α2

1 � 2α1β1 � β2
1

�
and again Yt exhibits leptokurtosis.

A special case of the GARCHp1,1q model has α1 � β1 � 1,
which is called the Integrated GARCH(IGARCH) model.
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GARCH models

The moments of the GARCH(1,1) model are:

(i) ErYt s � ErY3
t s � 0

(ii) If 0 ¤ α1 � β1   1,

ErY2
t s �

α0

p1� α1 � β1q ,

(iii) If 0 ¤ α1 � β1   1 and 3α2
1 � 2α1β1 � β2

1   1

ErY4
t s �

3α2
0 p1� α1 � β1q

p1� α1 � β1q p1� β2
1 � 2α1β1 � 3α2

1q
,

The fourth moment does not exist when the sum of α1�β1

is close to one, and the value of α1 is not close to zero.
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GARCH models

(iv) If 3α2
1 � 2α1β1 � β2

1   1, the kurtosis is

κ � 3 p1� α1 � β1q p1� α1 � β1q�
1� β2

1 � 2α1β1 � 3α2
1

� ,

When β1 � 0, this condition is the same as the ARCHp1q
model, but when β1 ¡ 0, α1 has to be less than

a
1{3. For

example, in the typical case where α1 is not close to zero
and β1 is near to one, κ does not exist.

7.3 Observation Driven Models 595



GARCH models

(v) The ACF of tY2
t u is given by

ρY2p1q � α1p1� β2
1 � α1β1q

p1� β2
1 � 2α1β1q

ρY2phq � pα1 � β1qρY2ph � 1q, for h ¥ 2.

The ACF declines geometrically at the rate of α1 � β1.
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GARCH models

GARCHpp,qq is stationary if the coefficients in the conditional
variance equation sum to less than one

α1 � ...� αp � β1 � ...� βq   1,

in which case the unconditional variance of Yt ,

α0

1� pα1 � ...� αp � β1 � ...� βqq
is a finite constant.
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GARCH models

For the GARCHp1,1q model: if α1 � β1   1, under normality
of the residual errors,

VarrYt s � const .
α0

1� pα1 � β1q

and CovrYt ,Ys s � 0, but CovrY2
t ,Y

2
s s � 0.
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ARCH/GARCH model extenstions

There exist many other versions of the ARCH type models,


 Exponential GARCH(EGARCH)


 ARCH-in-Mean (ARCH-M)


 TGARCH


 MGARCH
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7.4 Stochastic Volatility Models

The stochastic volatility (SV) model is a form of non-linear
state space and parameter-driven model where the variance
of the observations to be an unobserved random process.
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7.4 Stochastic Volatility Models

The simplest SV model takes the form

Yt � exp pXt{2qZt
Xt � ϕ0 � ϕXt�1 �Wt

where Yt is the observation at time t , Zt � N p0,1q, and Wt �
N

�
0, σ2

W

�
are IID series.

The latent process Xt � ARp1q is interpreted as the random
and uneven flow of new information into the market, and ϕ is
the persistence in the volatility.
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7.4 Stochastic Volatility Models

The SV model with leverage has

Yt � exp pXt{2qZt
Xt � ϕ0 � ϕXt�1 �Wt

but now the two processes tZtu and tWtu are correlated.

We could have that one of

CorrrZt ,Wt s � ρ CorrrZt�1,Wt s � ρ CorrrZt ,Wt�1s � ρ

holds.
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7.4 Stochastic Volatility Models

The parameter ϕ captures the persistence in the volatility, and
the restriction

|ϕ|   1

is typically imposed to ensure that the series Xt of the log-
volatilities is stationary.

However, Xt can also be allowed to follow a random walk by
setting ϕ � 1.
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Properties of the Stochastic Volatility Model

Suppose tZtu and tWtu are independent. Under stationarity,
the mean and variance of tXtu given respectively by

µX � E rXt s � ϕ0

1� ϕ
σ2
X � Var rXt s � σ2

W

1� ϕ2
.

Since

Yt � Zt exp pXt{2q
and tZtu is always stationary, tYtuwill also be stationary if and
only if tXtu is stationary. If the distribution of Zt is symmetric,
then all the odd moments of Yt are zero.
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Properties of the Stochastic Volatility Model

By iterated expectation

E rYt s � E
�
E
�
Yt | Y1:pt�1q

�� � 0

so that Yt is zero mean and the ACF of Yt is

γY phq � E rYtYt�h s � E
�
exp

�
Xt

2
� Xt�h

2


�
E rZtZt�h s � 0

for h ¥ 1, as tZtu is an uncorrelated process.
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Properties of the Stochastic Volatility Model

By assumption, exp pXt q has a log-normal distributed, and

E
�
exp pXt qj

�
� exp

"
jµX � 1

2
j2σ2

X

*
,

so that, if r � 2s is even and tXtu is stationary, all the even
moments of Yt exist and are given by the formula

E rY r
t s � E rpexppXt qqs sE rZ r

t s � exp

"
sµX � s2

2
σ2
X

* p2sq!
2s s!

.

Then

Var rYt s � E
�
Y2
t

� � exp

"
µX � 1

2
σ2
X

*
Hence if tXtu is stationary, tYtu is an uncorrelated process.
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Properties of the Stochastic Volatility Model

Also

E
�
Y4
t

� � 3 exp
 
2µX � 2σ2

X

(
and so the kurtosis for Yt is

�3� E
�
Y4
t

� {E �
Y2
t

�2 � 3
�
exp

�
σ2
X

�� 1
�
,

which is greater than 0 if σ2
X is positive. Thus, Yt has a lep-

tokurtic, symmetric distribution.
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Linearization

If we square Yt and take logarithms, then

log Y2
t � Xt � logZ2

t .

If Zt has a standard normal distribution, then logZ2
t has a log-

chi-square distribution with mean ψ p1q� log 2 � �1.2704 and
variance π2{2 ≏ 4.9348, where ψ p�q is the digamma function

ψpzq � d

dz
log Γpzq �

9Γpzq
Γpzq .

7.4 Stochastic Volatility Models 608



Linearization

Thus, if Vt � logZ2
t � 1.2704, then tVtu is IID with mean zero

and variance π2{2, we may rewrite the model as

log Y2
t � �1.2704� Xt � Vt .
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Linearization

Hence tlog Y2
t u is a linear process which is the sum of


 the ARp1q process tXtu

 a white noise process.

and log Y2
t behaves (approximately) as an ARMAp1,1q process,

with ACF given by

ρlog Y2
t
phq � ϕh

1� �
π2{2σ2

X

� , h � 1,2, . . . .
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7.5 Inference for the SV Model

No analytic expression exists for the densities p
�
yt | y1:pt�1q

�
,

and this makes the likelihood function hard to evaluate; the
distribution of Yt conditional on past information y1:pt�1q does
not possess an analytic expression.

The likelihood can be computed by integrating the latent log-
volatilities out of the joint probability distribution.
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7.5 Inference for the SV Model

The likelihood is

ppy1:n ;θq �
»
ppy1:n , x1:n ;θqdx1:n

�
»
ppy1:n | x1:n ;θqppx1:n ;θqdx1:n .

This last integral requires the use of numerical procedures
and this makes the estimation θ quite involved.

7.5 Inference for the SV Model 612



Generalized Method-of-Moments (GMM)

The generalized method of moments (GMM) requires the con-
struction of a vector g, whose elements will be the differences
between the unconditional expectations and the sample mo-
ments.

For the SV model there are three parameters we need to esti-
mate, namely θ � pϕ0, ϕ, σ

2
W q, and a large number of moments

to use.
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Generalized Method-of-Moments (GMM)

For example, we could define g via

1

n

¸
y2
t � E

�
Y2
t

�
1

n

¸
y4
t � E

�
Y4
t

�
1

n

¸
y2
t y

2
t�1 � E

�
Y2
t Y

2
t�1

�
...
1

n

¸
y2
t y

2
t�h � E

�
Y2
t Y

2
t�h

�
where the theoretical values of ErY2

t Y
2
t�h s, for h ¥ 1, can be

found analytically.
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Generalized Method-of-Moments (GMM)

The objective function to be minimized is then

Q � gJWg

where W is a positive definite, symmetric weighting matrix.

GMM estimators are consistent if the observed process tYtu
is stationary. However,


 when |ϕ| is near 1, the GMM estimator can work poorly.


 the method does not deliver filtered or smoothed esti-
mates of Xt .
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7.6 Quasi-Maximum Likelihood estimation

The Quasi-Maximum Likelihood (QML) method is based on
the linearization approach described earlier.

Let Y�t � log Y2
t . Then the SV model can be written as

Y�t � �1.2704� Xt � Vt

Xt � ϕ0 � ϕXt�1 �Wt

where

Vt � logZ2
t � E

�
logZ2

t

�
with σ2

V � Var rVt s � π2{2.
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7.6 Quasi-Maximum Likelihood estimation

This is a linear but non-Gaussian state-space model. The QML
approach treats the observation errors as if

Vt � N
�
0, π2{2�

and applies the standard Kalman filter

Given transformed data ty�1 , . . . , y�n u, the Kalman recursions
can be used to construct the approximate Gaussian likelihood.
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7.7 Bayesian Inference

In a Bayesian procedure, we update our prior belief about θ
and obtain a posterior distribution of the parameters, which
is denoted πn pθ|y1:nq and is given by

πn py1:n |θq � p py1:n |θqπ0 pθq»
p py1:n |tqπ0 ptqdt

9 p py1:n |θqπ0 pθq ,

In the SV case, we can explore the posterior distribution using
Markov chain Monte Carlo (MCMC).
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7.7 Bayesian Inference

Let


 θ � �
ϕ0, ϕ, σ

2
W

�J
denote the vector of parameters,


 X1:n � pX1, . . . ,XnqJ denote the vector of log-volatilities


 y1:n � py1, . . . , ynqJ denote the vector of observations,

then the model is specified by the sequence of three condi-
tional distributions.
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7.7 Bayesian Inference

Key elements are


 the distribution of the observations conditional on the
log-volatilities, p py1:n |X1:nq,


 the distribution of the log-volatilities conditional on the
hyperparameters, p pX1:n |θq


 the prior distribution of the parameters, π0pθq.
The joint posterior distribution of the log-volatilities and hy-
perparameters is

πn pX1:n ,θ|y1:nq 9 p py1:n |X1:nqp pX1:n |θqπ0pθq.
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7.7 Bayesian Inference

The estimation of the SV model via MCMC considers the hier-
archical structure of conditional distributions.

MCMC samples iteratively from the conditional posterior dis-
tributions: we initialize the values

x
p1q
1:n ,θ

p1q

and then for iteration s � 2,3, . . . , sample


 θpsq from πnpθ|X1:n , y1:nq, assuming X1:n � x
ps�1q
1:n


 x
psq
1:n from πnpX1:n |θ, y1:nq, assuming θ � θpsq

and store the samples tθpsq, xpsq1:nu over many iterations.
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7.7 Bayesian Inference

Particle filtering methods may also be used to perform filter-
ing based inference;


 see previous knitr sheet.

It is also possible to integrate particle methods into MCMC:


 particle methods are used to estimate the likelihood


 the estimated likelihood used in the MCMC calculations


 can be effective if the number of particles is large.
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