
MATH 545: Introduction to Time Series Analysis

Practice Final
Winter 2025

MATH 545: Specific Instructions.

Please write your answers on the exam in the boxes provided for each question; only
answers written inside the correct boxes will be marked. Extra space for answers can be
found at the end of the exam paper. Please write clearly.

This paper contains five questions. Each question carries 20 marks. Credit will be given for
all questions attempted. The total mark available is 100 but rescaling of the final mark may
occur.

Throughout the exam, {Zt} refers to a white noise process with variance σ2
Z unless otherwise

stated; when stationarity is referred to, it is weak stationarity.

Only non-programmable and non text-storing calculators may be used. Dictionaries and
translation dictionaries are permitted. A formula sheet is provided.
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1. (a) What is meant by saying that a stochastic process is stationary? 2 MARKS

Q1a

(b) For an AR(p) process defined by the equatiom

Xt = ϕ1Xt−1 + · · ·+ ϕpXt−p + Zt

what is the condition on the coefficients ϕ1, . . . , ϕp that is required for the process
to be stationary? 4 MARKS

Q1b
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(c) Consider the following AR(2) model,

Xt = ϕ1Xt−1 + ϕ2Xt−2 + Zt.

that is known to be stationary.

(i) Using the backward shift operator B, show that this model can be written in
the infinite MA or linear process form

Xt =
∞∑
j=0

ξj+1
1 − ξj+1

2

ξ1 − ξ2
Zt−j,

where
(1− ϕ1B − ϕ2B

2) = (1− ξ1B)(1− ξ2B).

8 MARKS

Q1ci

9D2E912E-61B9-4582-85E5-931184B2F0FD
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Q1ci

2DC68242-5A08-4BB9-AFF1-FFE9EACB891D
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(ii) Use the expression derived in part (c) (i) to verify that the condition given in
part (b) does indeed imply stationarity for {Xt}. 6 MARKS

Q1cii

3CD8E9C6-CF9F-49B0-9C5C-AB48F9278F42
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2. The process {Xt} is given by,
Xt = α+ βt+ Yt,

where {Yt} is a stationary process.

(a) Show that differencing {Xt} twice can be used to produce a new process {X∗
t }

X∗
t = ∇2Xt = (1−B)2Xt,

which does not depend on α or β. Determine whether {X∗
t } is stationary. 6 MARKS

Q2a

27B34180-386C-4006-8951-DD30F552183B
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(b) (i) What property/properties of a linear filter, Ψ(B) with coefficients {ψj} are
required for the process {Yt},

Yt = Ψ(B)Zt =
∞∑

j=−∞

ψjZt−j

to be well-defined in mean-square terms ? Give the definition of mean-square
equality of random variables. 4 MARKS

Q2bi

(ii) If {Ut} defined by Ut = Ψ(B)Zt, derive the general form of the autocorrelation
function (ACF), ρU(h), in terms of the coefficients of Ψ(B). 4 MARKS

Q2bii

66151B09-56BE-410D-BA41-9E1F302A1179
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(iii) If {Ut} is an MA(2) process given by,

Ut = Zt + θ1Zt−1 + θ2Zt−2.

Determine the ACVF for {Ut} in terms of θ1, θ2 and σ2
Z . 6 MARKS

Q2c

EA18B688-7916-4FC2-A2A1-341F29D88553
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3. (a) A stationary stochastic process is termed invertible if it admits a causal AR(∞)
representation.

(i) Define the term causal used in this definition. 2 MARKS

Q3ai

(ii) Show that any stationary AR(p) process is invertible. 3 MARKS

Q3aii

(iii) Write down a condition, involving the roots or reciprocal roots of an equation,
for an MA(q) process to be invertible. 3 MARKS

Q3aiii

05FBFCF9-8147-4940-A86C-C1042E362A5D
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(b) (i) Determine the autocovariance function (ACVF), γX(h), h = 0,±1,±2, . . . for
the MA(1) process,

Xt = Zt + θ1Zt−1.

4 MARKS

Q3bi

D9F56D60-F6D3-4B3B-ADBD-754040B9CAFC
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(ii) When modelling a process {Xt} as an MA(1) process, show that there is more
than one such process with γX(0) = 5.0 and γX(1) = 2.0. Verify that only one
of these processes is invertible. 8 MARKS

Q3bii

C604615C-71BA-47C2-83AD-E845162697C1
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4. (a) Explain the difference between deterministic and stochastic seasonal behaviour, and
describe a model or method designed to handle each type of behaviour. 6 MARKS

Q4a

B878BB50-A47C-46B2-928E-EBEBCE137754
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(b) Write down the AR and/or MA polynomials for the following SARIMA models,
which are written in the usual notation as

(i) SARIMA(0, 1, 1)× (1, 1, 0)12. 3 MARKS

(ii) SARIMA(1, 0, 0)× (1, 0, 1)4. 3 MARKS

(iii) SARIMA(0, 1, 0)× (1, 0, 0)7. 3 MARKS

Q4b

CA3358D5-4570-408F-9F51-9D32E7D04A96
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(c) The plot below depicts monthly US Federal Reserve Board production index
values, 1948-1978 (n = 372 months).
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(i) Is this a realization of a stationary process ? Justify your answer. 2 MARKS

Q4ci

174C937A-E6F0-4513-9158-356573443004
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(ii) Give one suggestion for a data transformation that may make the resulting
transformed series stationary ? 2 MARKS

Q4cii

(iii) Outline an analysis strategy that you would use to analyze these data if you
were attempting to construct a realistic model for forecasting. 4 MARKS

Q4ciii

C64F8E01-47DF-42D5-A543-FBB077ACF1E4
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5. Consider the following state space model

Yt = Xt + Vt

Xt+1 = βXt +Wt

where {Vt} and {Wt} are independent, zero-mean Gaussian IID processes with variances
σ2
V and σ2

W respectively, and β is a real-valued parameter.

(a) Derive the recursion for the filtering and prediction densities

p(xt|y1:t) p(xt+1|y1:t)

in this model, that is, show that these distributions are Normal, with means and
variances determined by the means and variances of the preceding densities

p(xt−1|y1:(t−1)) p(xt|y1:(t−1))

which are also Normal. 8 MARKS

Hint: the univariate Gaussian density with mean m and variance v takes the form

f(x|m, v) =
(

1

2πv

)1/2

exp

{
− 1

2v
(x−m)2

}
.

so that, for example, in the model in (c),

f(xt+1|xt) =
(

1

2πσ2
W

)1/2

exp

{
− 1

2σ2
W

(xt+1 − βxt)
2

}
.

and

f(yt|xt) =
(

1

2πσ2
V

)1/2

exp

{
− 1

2σ2
V

(yt − xt)
2

}
.

The following completing-the-square identity may be useful:

A(x− a)2 +B(x− b)2 = (A+B)(x−m)2 +
AB

A+B
(a− b)2

where
m =

Aa+Bb

A+B
.
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Q5a

EFFCB5BA-6BCD-40F5-8B17-CE230439C60B
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(b) Explain how the densities in (c) facilitate computationally efficient likelihood-based
estimation of the system parameters β, σW , σV . 6 MARKS

Q5a

6B5A81E6-584F-4B7F-9E90-83543A5BDE73
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(c) Is {Yt} a stationary process? Justify your answer by checking the conditions for
stationarity. 6 MARKS

Q5a

BF51B817-A6E9-4FD4-B780-E3B2D0AD3A6E
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Extra space

092E8E1D-1E7C-457F-94A2-FFED38C3A080

winter-2025-practice-final-77450

#1 Page 20 of 22



Extra space

C493DFDF-7DB4-4D5B-9E38-188C0932AB47

winter-2025-practice-final-77450

#1 Page 21 of 22



Extra space
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