MATH 545

Key concepts




Basic Concepts

¢ time indexed random variables
® mean, variance, autocovariance
® stationarity: strong and weak stationarity

® autocovariance and autocorrelation



Elementary types of process

Basic properties of

® white noise process

® random walk



Simple stationary processes

® autoregressive processes (AR)
» recursive definition for AR(1)

conditions for stationarity

>

> mean-square convergence

» mean, variance and autocovariance for AR(1)
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AR(p) processes



Simple stationary processes (cont.)

® moving average processes (MA)
» mean, variance and autocovariance

» MA(1) processes
» MA(q) processes



Simple stationary processes (cont.)

® linear processes
> the general linear process representation

» condition for a well-defined process

» linear filters



® backshift operator: BX; = X;_1
e difference operator: VX; = (1 — B)X; = X¢ — X;1
® seasonal difference operator: V;X; = (1 —Bd)Xt =X —Xi_4

® polynomials in B eg

U(B) =1+ 4B+ 2B + -+ B 4 -



Trends and Nonstationarity

® non constant mean
® deterministic seasonality

¢ decompositions



Key techniques

¢ to compute the ACVF from the representation:

Xi= > Vi

jm—oo

then

E[X:Xp] = E K > w]zu) ( i wkzt+hk)]
j=—00 k=—o00
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Key techniques (cont.)

e direct computation: eg if

Xi=¢oXe 1+ 72t
then
XiXin = ¢Xe1 X + ZeXi
so that
E[XeX:n| = QE[Xe1X; ] + E[Z: X ]
and hence

h—1 h>1
Vx(h)Z{ Pyx( ) h>

pyx(1) + 0% h=0



Key techniques (cont.)

Also by direct computation for stationary processes
Var[X;] = ¢*Var[X,_1] + Var[Z]

so that
7x(0) = ¢*vx(0) + 07
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Key techniques (cont.)

® manipulating filter polynomials eg

p
B(B) =1~ 4B — oB” — - — §,B" = [[(1 - ¢B)

j=1

or
(1-¢B) '=1+¢B+EB%+ -

® computing the linear process representation coefficients by
expansion

® combining filters
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Reciprocal roots

® Stationarity for AR processes

e Invertibility for MA processes
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optimal forecasts under minimum MSE

optimal linear forecasts

solving the linear system

e forecast properties (expectation, variance, minimized MSE)

Levinson-Durbin and innovations algorithm

¢ predictable processes
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Partial autocorrelation

e definition

e relation to Levinson-Durbin
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ARMA Processes

definition
®(B)X; = ©(B)Z;

or

Xy = ¢ X1+ '¢pXt7p +Zi+ 6017241+ - -Hth,q

properties
ACF/PACF
eg ARMA(1,1) properties
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ARMA Processes (cont.)

* manipulating the complex-valued polynomials

P

®(z) = [[(1 - ¢B)
j=1
q

0(z) = [[(1 - wiB)

and
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ARMA Processes (cont.)

® Direct computation via solving linear system and recursion
for ARMA(p, q):

4 q
X=X+ 07
j=1 j=0
then multiply through by X;_;, and take expectations

p q
vx(h) = Z pivx(h—j) + 0% Z Ojbi—n

j=1 j=0

or equivalently
4 q—h
yx(h) =Y dpyx(h— i) + 02> Oianily.
=1 j=0
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ARMA Processes (cont.)

If m = max{p,q + 1}, this yields a linear system of m — 1
equations, after which

p
()= dpx(h—j)  h=mm+1,...
=1

and a straightforward computation.
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Autocovariance Generating Function

¢ definition
® uses
» identification of processes

» constructing causal and invertible ARMA solutions

e form for ARMA(p, q)

Gz(z) = 05 9(2)U(z7!) = 05
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