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Basic Concepts

• time indexed random variables

• mean, variance, autocovariance

• stationarity: strong and weak stationarity

• autocovariance and autocorrelation
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Elementary types of process

Basic properties of
• white noise process

• random walk
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Simple stationary processes

• autoregressive processes (AR)
▶ recursive definition for AR(1)
▶ conditions for stationarity
▶ mean-square convergence
▶ mean, variance and autocovariance for AR(1)
▶ AR(p) processes
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Simple stationary processes (cont.)

• moving average processes (MA)
▶ mean, variance and autocovariance
▶ MA(1) processes
▶ MA(q) processes
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Simple stationary processes (cont.)

• linear processes
▶ the general linear process representation
▶ condition for a well-defined process
▶ linear filters
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Notation

• backshift operator: BXt = Xt−1

• difference operator: ∇Xt = (1 − B)Xt = Xt − Xt−1

• seasonal difference operator: ∇dXt = (1−Bd)Xt = Xt−Xt−d

• polynomials in B eg

Ψ(B) = 1 + ψ1B + ψ2B2 + · · ·+ ψjBj + · · ·
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Trends and Nonstationarity

• non constant mean

• deterministic seasonality

• decompositions
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Key techniques

• to compute the ACVF from the representation:

Xt =

∞∑
j=−∞

ψjZt−j

then

E[XtXt+h] = E

 ∞∑
j=−∞

ψjZt−j

 ∞∑
k=−∞

ψkZt+h−k


=

∞∑
j=−∞

∞∑
k=−∞

ψjψkE
[
Zt−jZt+h−k

]

= σ2
Z

∞∑
j=−∞

ψjψj+h
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Key techniques (cont.)

• direct computation: eg if

Xt = ϕXt−1 + Zt

then
XtXt−h = ϕXt−1Xt−h + ZtXt−h

so that

E[XtXt−h] = ϕE[Xt−1Xt−h] + E[ZtXt−h]

and hence

γX(h) =

{
ϕγX(h − 1) h ≥ 1

ϕγX(1) + σ2
Z h = 0

.
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Key techniques (cont.)

Also by direct computation for stationary processes

Var[Xt] = ϕ2
Var[Xt−1] +Var[Zt]

so that
γX(0) = ϕ2γX(0) + σ2

Z

10



Key techniques (cont.)

• manipulating filter polynomials eg

Φ(B) = 1 − ϕ1B − ϕ2B2 − · · · − ϕpBp =

p∏
j=1

(1 − ξjB)

or
(1 − ξB)−1 = 1 + ξB + ξ2B2 + · · ·

• computing the linear process representation coefficients by
expansion

• combining filters
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Reciprocal roots

• Stationarity for AR processes

• Invertibility for MA processes
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Forecasting

• optimal forecasts under minimum MSE

• optimal linear forecasts

• solving the linear system

• forecast properties (expectation, variance, minimized MSE)

• Levinson-Durbin and innovations algorithm

• predictable processes
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Partial autocorrelation

• definition

• relation to Levinson-Durbin
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ARMA Processes

• definition
Φ(B)Xt = Θ(B)Zt

or

Xt = ϕ1Xt−1 + · · ·ϕpXt−p + Zt + θ1Zt−1 + · · · θqZt−q

• properties

• ACF/PACF

• eg ARMA(1,1) properties
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ARMA Processes (cont.)

• manipulating the complex-valued polynomials

Φ(z) =
p∏

j=1

(1 − ξjB)

Θ(z) =
q∏

j=1

(1 − ωjB)

and

Ψ(z) =
Θ(z)
Φ(z)
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ARMA Processes (cont.)
• Direct computation via solving linear system and recursion

for ARMA(p, q):

Xt =

p∑
j=1

ϕjXt−j +

q∑
j=0

θjZt−j

then multiply through by Xt−h and take expectations

γX(h) =
p∑

j=1

ϕjγX(h − j) + σ2
Z

q∑
j=0

θjψj−h

or equivalently

γX(h) =
p∑

j=1

ϕjγX(h − j) + σ2
Z

q−h∑
j=0

θj+hψj.
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ARMA Processes (cont.)

If m = max{p, q + 1}, this yields a linear system of m − 1
equations, after which

γX(h) =
p∑

j=1

ϕjγX(h − j) h = m,m + 1, . . .

and a straightforward computation.
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Autocovariance Generating Function

• definition
• uses

▶ identification of processes
▶ constructing causal and invertible ARMA solutions

• form for ARMA(p, q)

GZ(z) = σ2
ZΨ(z)Ψ(z−1) = σ2

Z
Θ(z)
Φ(z)

Θ(z−1)

Φ(z−1)
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