MATH 545: INTRODUCTION TO TIME SERIES ANALYSIS
WINTER 2025

THE KALMAN FILTER RECURSIONS

Recall the simplest form of linear Gaussian state space model: fort =1,...,n
Y: = FX,+Vy, (1a)
Xit1 = G Xy + Wy (1b)
where

o Y, is (K x 1),
Xiis (L x 1),

V, ~ Normalk (0, X;), mutually independent,
* W, ~ Normalr(0,€2;), mutually independent,
* V,and W, independent for all s, ¢.
For the Kalman filter recursions, let
o a; = E[X¢|y1),
* a1 = EXp1ly1:],
* Py, = MSE[Xy|y1.] = Var[Xq|y1.],
* Piip = MSE[Xyy1]y1:] = Var[Xepa[y1l.
If we let Xy ~ Normal(a;|p, Pyp), then under the model assumptions, the full joint distribution
P(X1ns Y1)

is a 2n dimensional multivariate Gaussian distribution. Hence, by the earlier results, all the conditional
distributions of the form p(x¢|y1.s) and p(y|y1.s) for s < ¢ are also Gaussian.

The objective is to compute the conditional expectations and variances in a recursive fashion.
* Filtering: compute (ay;, Py;) from (ay;_1, Pyy_1)

* Prediction: compute (a4, Py11)¢) from (ay;, Py)

Filtering: In the basic form of the model, filtering distribution is computed as follows:
p(xe|y1:e) o< p(yelxe)p(xe|y1:(t-1)) 2)
Now, under observation and state equations,
P(Xt|Y1:(t71)) = NOTmal(aﬂ(tq), Pt|(t71)) p(ye[xt) = Normal(Fix¢, Xy).

The right-hand side of (2), when viewed as a function of x; is, up to proportionality,

1 _ _
exp {—2 [(Yt — FtXt)TEt 1(Yt — Fixy) + (x¢ — at|(t—1))TPt|(1t,1)(Xt - atl(t—l))} }
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The term in square brackets is a quadratic form in x;; writing this as

(x¢ — at|t)TPat1 (x¢ — ay¢) + constant

we can compare terms in the two expressions. The quadratic term x, M, 'x; yields

and the linear

so that

Py = (F/ S 'F + P L)
term yields that

-1 _pTy-1 -1
Pt‘t At = F, 2 "y + Pt|t_1at|t71

a = (F/ 2 F+ P ) F Z e+ Pyl a0

Now, recall the Woodbury matrix formula: where A and C are square and non-singular, then

(A+UcCV)!=A"1'— AU +VvATIU)IvA~L

In this formula we identify

e AasP !

t|t—1

e Cas X, !

e UasF/
e VasF,

and write
If we define
then

and

A =

which yields in (4) the filtering mean and in (3) the filtering variance. Thus, in this Gaussian case

Py =Py—1 — Pt\tletT(Zt + FtPt\tle;r)ilFtPt\tfl
M; =3 + FtPt\tle;/r

Pt|t = Pt|t—1 - Pt\t—lF;th_IFtPt\t—l

(Pyje—1 — Pt|t71FtTMt_1FtPt|t71)(F;rEt_l}’t + Pﬁtl_laﬂt,l)

(I— Py F/ M 'F)(Pye F/ )y + 2y )

Py F[ S 'y +ay — Py F My 'F Py F Sy, — Py FIM; 'Fray,
ayy—q + Pt|t71FtT(2t_1Yt - Mt_lFtPﬂtletTEt_l:Yt - Mt_lFtat\tfl)

a1 + Py F (27 ye — M (M, — 22y, — My 'Feay, )

a1 + Pt|t71F:(2t_IYt - (Et_l - Mt_l)Yt - Mt_lFtaﬂtfl)

a1 + Pt|t—1F;th_1<yt —Fiay;_)

Tag—1
a1+ Py 1 Fy My 1y

Xily1:t ~ NormalL(at|t, Pt‘t)
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Prediction: The prediction distribution for X;; given Y. is computed as follows:

P(Xit1|y1:) = /p(Xt+1|Xt)P(Xt|Y1:t) dx;

We may compute this integral analytically. However, more simply, we may use the moment formulae,
and iterated expectation and variance by exploiting the simple form of the state equation. For example

app1)e = B[Xu1|y1e] = Exypyy, (B[ X1 (X, vl [y1e] = Exy vy, [GeXelyid] = Geay (5)
and also
Py = Var[Xealy = Varx, v, [E[Xer1|Xe, yie][yre] + Ex, v, [Var[Xee | Xe, yi:) [y1:4]
= Varx, vy, [GiXi|y1:e] + Ex, v, []y1:]
= Grthtth';r + (6)

Hence
Xi1ly1e ~ Normalp(Gray,, GiPy, G/ + )

Note that we may substitute the previous recursions (3) and (4) for a;; and Py, to get the direct recur-
sions for X, that is - .
a1 = Gray, = Ge(ag—1 + Py 1 Fy My 1)

and
P =GP, G/ + Q@ = Gy(Py,_y — Py F M'F, Py, )G +

Finally, the prediction distribution for Y, given Y. is computed as follows:

p(y't—&-l‘}’l:t) = /P(Yt+1\Xt+1)p(Xt+1|Y1:t) dx;

By a similar argument to above, we have by iterated expectation

E[Ye1lyre] = Ex, v EIY e Xes1, Yol [y1e] = Ex, v [Feo1 Xer1 |y = Fraga, ()

and also
Var[Yi1lyie] = Varx,, v [E[Ye1 X1, yidlyie] + Ex, v [Var[ Yo X, yia [y
= Varx,, v, [Frr1Xer|yre] + Ex, . v, [Zely1]
= FrPuyFL + 3 (8)
Hence

Yii1lyre ~ Normaly (Fri1ag g, FroPr Flo + 30



