MATH 545: INTRODUCTION TO TIME SERIES ANALYSIS
WINTER 2025

CONSTRUCTING STATIONARY AND INVERTIBLE SOLUTIONS
For the stationary ARMA (p, ¢) model
®(B)X; =0O(B)Z;
where ®(z) # 0 for |z| = 1, we have
X, ={®(B)} "' ©(B)Z = ¥(B)Z

say, so
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which is well defined and finite as the denominator is non zero. Note that if {Z;} ~ WN(0, 0%),
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and that this is a unique characteristic of white noise processes. Let
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We have that the ARMA (p, q) process

* is causal if the AR reciprocal roots satisfy |;| < 1forj =1,2,...,p,
e is invertible if the MA reciprocal roots satisfy |w;| < 1forj=1,2,...,q

and
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For arbitrary filters ®(B) and ©(B), there exist polynomials ®*(z) and ©*(z) and a white noise process

{Z}} such that
" (B)X; =0"(B)Z;

is a causal and invertible representation. Suppose that the reciprocal roots are ordered such that
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lie outside of the unit circle. Let
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so that all the reciprocal roots of these polynomials lie within the unit circle. Consider
Z; ={0"(B)} ' *(B)X,.
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As X, is stationary, {Z;} is also stationary as it is a filtered version of {X;} obtained by filters with
reciprocal roots that lie within the unit circle. We have that
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Therefore, {Z;} is a filtered version of {Z;}. The ACVGF of {Z}} is
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This expression can be simplified by cancelling terms. For example, for » + 1 < j < p, consider the

terms in §;:
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Similar calculations for terms in w; leading to wf-. Hence, noting that complex-valued roots appear in
conjugate pairs, we have
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say, which is a constant, so Gz« () does not depend on z, and {Z;} ~ WN(0, 0%.). Now, we have from
the definition of {Z;} that
" (B)X;, =0©*(B)Z;.

®*(2) is a product of factors where all the reciprocal roots are less than 1 in modulus, and ©*(z) is a
product of factors where all the reciprocal roots are less than 1 in modulus. Hence {X;} that solves the
original ARMA system

®(B)X; = O(B)Z;



also solves the causal and invertible ARMA system
®*(B)X; = 0" (B)Z;.

defined with respect to the new white noise process {Z;} ~ WN(0, 0%.).
Example: Consider the ARMA(1, 1) system

(1—4B)X; = (1 - 3B)Z,

which yields a stationary but non-causal and non-invertible system. Define
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(1—4z2) (1-32)

The process {Z; } is defined by
Zy ={(1-3B)(1 - (1/3)B)" '} {(1 —=4B)"'(1 - (1/4)B)} Z
which we have demonstrated is also white noise with variance
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The resulting ARMA system is therefore
(1-(1/4)B)X: = (1-(1/3)B)Z;

which is evidently causal and invertible.

To verify this, note that the system is
Xe=4X4 1+ 24 — 3241

so that ) ) 5
Xi1= ZXt - EZt + Zthl

and we can simulate the process backwards in time.

n<-100000

sigZ<-2

Z<-rnorm(n,0,sigZ)

X<-rep(0,n)

X [n]<-Z[n]

for(i in (n-1):1){
X[11<-0.25%X[i+1]-0.25*Z[i+1]+0.75+Z[i]

var (X)

## [1] 2.251164
acf.original<-acf(X,lag.max=25,plot=FALSE)$act
Xst<-arima.sim(n,model=list(ar=1/4,ma=-1/3),sd=sigZ*(3/4))
var (Xst)

## [1] 2.275756

acf.converted<-acf (Xst,lag.max=25,plot=FALSE) $acf

acf.true<-ARMAacf (ar=c(0.25) ,ma=c(-1/3),lag.max=25)
round(cbind(acf.true,acf.original,acf.converted),5)

= (1—(1/3)2).
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