MATH 545: INTRODUCTION TO TIME SERIES ANALYSIS
WINTER 2025

THE AR(2) PROCESS
Consider the stationary, causal AR(2) process defined in terms of white noise process {Z;} via
Xi =01 Xi1 + 02Xy 0+ 74

or equivalently
(1-&B)(1—&B)X: = (1— (&4 &)B+66B%) = 2,
for reciprocal roots &1, &2, so that

S+&=0¢1 §1&2 = —¢o.

We have by the usual calculation method (multiplying by X;_j, taking expectations) that

(1)

(2)
)
4)
)

h=0  x(0) = pryx(1) + d27x(2) + 07

h=1 = yx(1) = ¢17x(0) + d2vx (1)

h=2  yx(2) = d1yx (1) + d27x(0)

h>3  yx(h)=¢1yx(h—1) + doyx(h — 2)
We solve this system for vx(0), vx (1), vx(2) by direct algebraic manipulation. From (3) and thus from
(4) we have

W= ()= % O
so from (2)

7 (0) (1—¢2) 2

Tl — = (B + (1— o))

Subsequently we have for h > 3 the linear recurrence relation given by (5), that is

BN | s | IR s

To solve the recursion, we diagonalize the matrix using an eigen decomposition, and write
[¢1 ¢2} B [011 U12} [/\1 0 ] [Un 1112] -
1 0 V21 V22 0 Ao [v21 wao .

For the eigenvalues, we have the characteristic equation
“X¢p1 —A) — 2 =0 thatis A2 — \p; — ¢o = 0.

Hence we have

PO BV T N B VA B T2
2 2
and therefore
A+ A2 =1 A2 = —¢o.

We can therefore conclude by inspecting equation (1) that (A1, A2) = (&1, &2).
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From the diagonalization, we have that

[Cf)l ¢2]h_2_[011 U12:| [M O]h_Q [Un 012}_1
1 0 va1 wa2] [0 Ag V21 V22

and hence
[ 1x(h) } e w2 [Al 0 ] " [Un m] - [VX(Q)]
vx(h —1) [v21 va2] [0 Ao V21 V22 vx (1)
_ [onn w2 A2 1 [UQQ’YX(Q) - UIQ’YX(l):|
21 wa2] | 0 AbT?| vnivee — vigvar [v11yx (1) — va1vx (2)
_ [onn w2 1 (v227x (2) — vi2yx (1)) A4 2
(V21 w22 v11v22 — V12021 | (v117yx (1) — v21yx (2))AE T2

so therefore for h > 3

1 _ _ _ _
1x(h) = PT— [011(7)227)((2) — v127x ())AT 2 + vr2(v117x (1) = v217x(2)) A5 2] = 1€ P eatl

say, as {1 = A1 and & = g, where

_v11(va2yx (2) — vi2yx (1)) o vig(v117x (1) — U217X(2)>.

V11V22 — V12021 V11V22 — V12021

To compute vy, v12, v21, V22 We need the eigenvectors; by a standard result

b b Ay —d
[a } has eigenvectors L\ ] and [ 2 }

c d 1—a c

so in our case these are proportional to

¢2 A2
[)\1 B ¢1] and [1] .

We then normalize these vectors to give

_ 02 vy = M1 =) __ N __ L
V&3 + (A — ¢1)? V&3 + (A — ¢1)?

We therefore have an explicit formula for yx(h), h =0,1,2,....

v11

Note: if {; = & = a, and we have repeated reciprocal roots, then the eigenvectors are identical. In this
case, the general solution to (5) for h > 3 takes the form

vx(h) = (e1 4 c2(h — 2))a 2
= 1x(3) = (a1 + 2)a = d17x(2) + d27x (1)
x(4) = (e1 +2e2)a? = ¢17x (3) + ¢27x(2) = (&1 + d2)7yx (2) + drb2yx (1)
which are two equations in the two unknown constants which can be used to identify c; and ¢y, that is

[a o ] [01] _ [( P17x(2) + d27x (1)

a? 202 |eo 32 + $2)vx(2) + p1payx(1)]
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EXAMPLE: Consider the AR(2) process
X =12X, 1 —-035X_2 + Z;.

Then
P(z) = (1 —1.22+0.352%) = (1 — 0.72)(1 — 0.52)
SO fl = 0.7, 52 = 0.5.

phil<-1.2;phi2<--0.35

gam0<-(1-phi2)/(1-phi2-phil~2-phi2#* (phil~2+(1-phi2)*phi2))
gam1<-phil/(1-phi2)*gam0
gam2<-((phil~2+(1-phi2)*phi2)/(1-phi2))*gam0

A<-matrix(c(phil,1,phi2,0),2,2);eigen(A)

eigen() decomposition
$values
[1] 0.7 0.5

+
+
+
+
+ $vectors

+ [,1] [,2]

+ [1,] 0.5734623 0.4472136

+ [2,] 0.8192319 0.8944272
ali<-eigen(A)$values[1];al2<-eigen(A)$values[2]
vi<-c(A[1,2],al11-A[1,1]);vi<-v1/sqrt(sum(v1i~2))
v2<-c(al2-A[2,2],A[2,1]);v2<-v2/sqrt (sum(v2~2))
cbind(v1,v2)

+ vl v2
+ [1,] -0.5734623 0.4472136
+ [2,] -0.8192319 0.8944272

vii<-v1[1];v21<-v1[2]
v12<-v2[1] ;v22<-v2[2]

P<-matrix(c(vill,v21,v12,v22),2,2)
Pinv<-solve(P)
P Yx% diag(c(all,al2)) %*% Pinv

[,1] [,2]
[1,] 1.2 -0.3499999999999995337063
[2,] 1.0 0.0000000000000004440892

+ + +

c1<-v11*(v22*gam2-v12xgaml) / (v11*v22-v12*v21)
c2<-v12* (vil*gaml-v21*gam2) / (v11*v22-v12*v21)

gammaX<-rep(0,11)

gammaX [(3+1) : (10+1)]<-cl*all~(c(3:10)-2)+c2*al2" (c(3:10)-2)
gammaX [1:3]<-c(gam0O,gaml, gam2)

rhoX<-gammaX/gammaX [1] ;rhoX

+ [1] 1.00000000 0.88888889 0.71666667 0.54888889 0.40783333 0.29728889
+ [7] 0.21400500 0.15275489 0.10840412 0.07662073 0.05400343

true.rhoX<-ARMAacf (ar=c(phil,phi2),lag.max=10) ;as.numeric (true.rhoX)

+ [1] 1.00000000 0.88888889 0.71666667 0.54888889 0.40783333 0.29728889
+ [7] 0.21400500 0.15275489 0.10840412 0.07662073 0.05400343



EXAMPLE: Consider the AR(2) process
Xt = Xt—l — 0.25Xt—2 + Zt.

Then
®(2) = (1 —2+0.252%) = (1 — 0.52)(1 — 0.52)

so &1 =& = 0.5.

phil<-1.0;phi2<--0.25

gam0<-(1-phi2)/(1-phi2-phil~2-phi2* (phil~2+(1-phi2)*phi2))
gam1<-phil/(1-phi2)*gamO
gam2<-((phi1~2+(1-phi2)*phi2)/(1-phi2))*gamo

A<-matrix(c(phil,1,phi2,0),2,2);eigen(A)

eigen() decomposition
$values
[1] 0.5 0.5

+

+

+

+

+ $vectors
+ [,1] [,2]

+ [1,] 0.4472136 0.4472136

+ [2,] 0.8944272 0.8944272
ali<-eigen(A)$values[1];al2<-eigen(A)$values[2]
vi<-c(A[1,2],al1-A[1,1]);vi<-v1/sqrt(sum(v1i~2))
v2<-c(al2-A[2,2],A[2,1]) ;v2<-v2/sqrt (sum(v2~2))
cbind(v1,v2)

+ vl v2
+ [1,] -0.4472136 0.4472136
+ [2,] -0.8944272 0.8944272

A<-matrix(c(all,all"2,all1,2*all"~2),2,2)
bvec<-c(phil*gam2+phi2*gaml, (phil~2+phi2)*gam2 + phil*phi2*gamil)

cvec<-solve(A,bvec)
cvec

+ [1] 1.6296296 0.4444444

cl<-cvec[1]
c2<-cvec[2]

gammaX<-rep(0,11)

gammaX [1:3]<-c(gam0,gaml, gam?2)

gammaX [ (3+1) : (10+1)]<-(c1+c2*(c(3:10)-2))*all"(c(3:10)-2)
rhoX<-gammaX/gammaX [1] ;rhoX

+ [1] 1.000000000 0.800000000 0.550000000 0.350000000 0.212500000 0.125000000
+ [7] 0.071875000 0.040625000 0.022656250 0.012500000 0.006835938

true.rhoX<-ARMAacf (ar=c(phil,phi2),lag.max=10) ;as.numeric(true.rhoX)

+ [1] 1.000000000 0.800000000 0.550000000 0.350000000 0.212500000 0.125000000
+ [7] 0.071875000 0.040625000 0.022656250 0.012500000 0.006835937



