MATH 545 - MID-TERM EXAMINATION: SOLUTIONS
1. We have that for all ¢,
E[X;] = E[U cos(wt)] + E[V sin(wt)] + E[Z;] = 0
and by direct calculation

Cov[Xy, Xpip] = B[ X Xpin]
= E [(U cos(wt) + V sin(wt) + Z;)(U cos(w(t + h)) + Vsin(w(t + h)) + Zi+n)]
= E[U?] cos(wt) cos(w(t + h)) + E[V?] sin(wt) sin(w(t + h)) + E[Z: Zi4 1]
= cos(wt) cos(w(t + h)) + sin(wt) sin(w(t + h)) + E[Z; Zs1 4]

B { cos(w(—h))+0% h=0
] cos(w(=h)) h #0

where the third line follows from the second as for all ¢,
E[UV] =E[UZ] =E[VZ] =0
by uncorrelatedness. Hence { X, } is stationary. 10 MARKS

2. (a) We have that
Xt == Xt—l - 0.24Xt_2 + Zt.

that is, the AR polynomial is
B(z) =1—2+0.242%2 = (1 — 0.42)(1 — 0.62)

and the reciprocal roots are 0.4 and 0.6, which are both less than 1 in absolute value. Thus
{X.} is stationary and causal. 5 MARKS

(b) Here
Xy =2Xy 11— Xy o+ 7.

that is, the AR polynomial is
B(z)=1-22+22=(1—2)*

so the reciprocal roots are both equal to 1, and the process is not stationary. 5 MARKS

3. We can write the process as
(1-(1/2)B)X; = (1+ B)Z,

so by inspection of the reciprocal roots, the process is causal but not invertible. 4 MARKS

We have that the generating function of coefficients ¥(z) must satisfy

U(z) =S 020 = (1-(1/2)2) (1 +2) = <1+;z+iz2+---+21jzj+'”> (1+2)
j=0

so that ¢y =1
j=1 v =(1+1/2)=3/2
i>2 =127 +1/270) = (3/2)(1/2)

6 MARKS
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4. Here the MA(1) process is clearly zero mean, and
ElXiXin] = E[(Zt — Zi-1)(Zein — Ziin—1)]
=E[ZiZi11] — ElZiZyyn—1] — EBlZy 1 Zi4n] + ElZi 121 h—1]

20’Z h=0
—O’Z h =41
0 |h|>1
Hence
Gx(z) =0%(~1/24+2—2)
forall z € C. 6 MARKS

We have that { X;} is zero mean, and
EX: X = E[( X1 + Xog) (X140 + Xogin)]
=E[X1,: X1 48] + E[X2,: X5 144] by independence
=7x,(h) +7x,(R)
say. Therefore we have that

(1+911)+Uz (1"‘9%,1) h =0

vx(h) = 02191,1 +02292,1 h==+1
0 |h| > 1
Therefore {X;} has a representation as an MA(1) process. The parameter of this process is de-
fined by the ACF at lag 1.
6, 0% 011+ 0% 021 B
1+67 0% (1+67,)+0% (1+63)) .

say, so that
p107 —01+p, =0

g 1+ /1—4p?
1= — &

2

that is

The driving white noise variance is

2 2
9 0'Z19171 + 0'220271
UZ = 9 .
1

4 MARKS
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