ALGORITHMS FOR FORECASTING

Recall that the optimal linear forecast for a stationary process is found by solving a least-squares problem: we
minimize the mean square (forecast or prediction) error

MSEn(h) =E {(anz - Xn+h)2] (1)

for a specified n and h > 1. We first note the decomposition

(5o 5]l 5

= E[(Xoin = ma(h)2] + 2B [ (Xnsn = ma () (mn(h) = Kpin)]| +E [(ma(h) = Znin)?]
2)
where m,,(h) = E[X,,4|X1,...,X,] is the conditional expectation of X,,;, given Xi,...,X,. In these three

terms, the first is some constant that does not depend on the choice of X n+h; the second is zero, as, by iterated
expectation

E (X = ma (1) (k) = Kntn) | = Exiy [ExonXem [(Knen = 1 (B) (i (h) = Kn) X

if X1., = (X1,...,X,) —for the inner expectation, we have

~

Exn+h\X1;n |:(Xn+h - m"(h’))(mﬂ(h) - Xﬂ+h)|X11n:| = (mn(h) - X?H—h)]EXnJrh\le [(Xn—i-h - mn(h)”Xln]

as both m,,(h) and )A(nJrh are functions of X1.,,and Ex, ,,|x,., [(Xntn — mn(h))| X1.n] = 0. Therefore we minin-
mize (1) by minimizing the third term in (2): this can be achieved by setting

X = mn(h) = E[Xpin| X1, ..., Xl

in which case
MSE, (h) = E [(Xu4n — E[Xnsnl X1, . Xa)’] ®

Using a linear representation for m,, (h), we can get a more explicit result

n
Xnth =ag + E ;i Xp—iy1-

i=1
This reduces to choosing the coefficients a = (a1, ..., a,) . We minimize using calculus: we have
OMSE,, (h) "
Tao =E (Xn+h —ag — ; aani+1>] (4)
OMSE,, (h n ‘
&%() =E (Xn+h —agp —;aani+1> an+11 i=1,...,n. (5)

allowing for differentiation under the expectation. We must solve after setting (4) and (5) equal to zero simulta-
neously. From equation (4), we have that

E[Xn+h] — ag — ZaiE[anz#l} =0
i=1

and if {X,} is stationary with mean ;, we may conclude that the optimal choice must satisfy

n
a0=u<1—2ai>.
i=1



From (5), we have foreach j =1,...,n,
B[ X1 Xn—j1] — a0B[Xp—jp1] = D @B[Xp it1Xnj41] = 0.
i=1

Noting that from the earlier result, we have
aoB[ X, j11] = p? (1 - ZC“)
i=1

and hence, rearranging
E(XpinXn_ji1] = p® = ai(B[Xn_iy1Xn_ji1] — p) =0.
i=1

so that .
Z aiCov[Xp—it1, Xn—j+1] = Cov[Xpnin, Xn—ji1]

i=1
or equivalently

Zaﬂx(i—j)ZVX(j—i—h—l) j=1,...,n.

i=1

Stacking these n equations, we are left with

[ vx(0) vx (1) x(2) o oyx(n=D] g7 [ x(B)
7x(1) 7x(0) x(1) o xR =2)| | gy vx(h+1)
Yx(2) Yx (1) 1x(0) o ax(R=2)| |gg| = | x(h+2)
[yx(n—1) vx(n—2) x(n—=3) - x(0) ] %l [yx(h+n—1)]
or equivalently
I'x(n)a =vx(n,h) (6)

say, where
vx(n,h) = (yx(h), ..., yx(h+n—1))T.

Thus provided I'x (n) is non-singular, we have that the optimal a is the solution to (6)

a(n,h) = {Tx(n)} " 'yx(n,h)

which requires us to compute {I'x (n)} .



The Levinson-Durbin Algorithm: Without loss of generality, take E[X;] = 0. Consider forecasting for h = 1,
and write

n
v T
Xn+1 = Z ¢n,an—i+1 - ¢n Xn:l
1=1

where ¢, = (¢n1,- -, q’)n,n)T, which corresponds in our prediction forecast to a(n, 1). The optimal choice solves
the linear system

FX (n)¢7L =Ux (nv 1)5

which is an n x 1 system of equations, yielding minimum MSE

v = 7x(0) — ¢ vx(n, 1)

The Levinson-Durbin recursion solves the equation without matrix inversion, in order n? operations (most ma-
trix inversion procedures are order n*) by exploiting the Toeplitz structure of I'x (n). One can also use singular
value, eigenvalue decomposition or Cholesky decomposition; these method have special implementation for
positive-definite Toeplitz structure matrices.

Initialization: For n = 1, set

ba= 250 =ox () w0=ax(®) o =xO - ¢k

Recursion: Define ¢,, in terms of ¢,,_1 and v,,_1 as follows:

Pnn = — 1_1 [1x(n) = 17X (n — 1,1)]

where Y8 (n — 1,1) = (yx(n — 1),7x(n — 1),...,vx (1)) " (the superscript ‘R’ means ‘reverse’) and

gbn,l:(nfl) =¢p-1— ¢n,n¢5—1
where ¢,,_; and ¢®_, are (n —1) x 1 vectors with R _; = (¢p_1n-1,Pn—1.mn-2," " sPn_1.1)',and ¢, , is a scalar

Then set
Up = Vp—1(1 — (bin)

Proof (NOT EXAMINABLE)
To see why this works, let
1
n= n
() x(n)
be the autocorrelation matrix and let
1
Prin = ’YT(O)(VX(I)a cee a’YX(n))T Pn:1 = le{n = (pX(n)a to 7pX(1))T'

The recursion computes the inverse of P, ; from the inverse of P, using rank-one operations. Note first that
FX(n)¢n = ’7)((”, 1) = Ppo, = Pin-

We need to verify that
Pn¢n = P1:n —> Pn+1¢n+l = P1:(n+1)~

Forn=1,P1=1,¢1 = ¢11 = p(1) = p1,1. We establish the result by induction on n. Assume that Py ¢y, = p1..
Now

p P.  pra
k1l =
Pgﬂ 1



and Py ¢ = pi1.x, therefore

PLoy = pr1

using the symmetry of Py. In the proposed recursion, we have that

P pral| [dr — drr1 k108 a
Pk+1¢k+1 = T 1 ¢ = b
P !

where a is equal to a k x 1 system of the form

a="Prodr — drr1ht1PrPr + Prr1rr1P61 = Prodr = prok
by the inductive hypothesis. For b, we have

b= PkT;1¢k - ¢k+1,k}+1p;—:l¢llz + Okg1k+1 = P/l—;1¢k — Opt1e41(1 — P;ld)g)
We have now

Oha1,h+1 = i [vx(k+1) — pg X (k,1)]

where . . S
vp = vx(0) — pyx (k, 1) = vx(0) (1 — ¢y, prx) = ¥x (0)(1 — py.1 BF)
From the above formula, we have

1
¥x (0)(1 — PZ;1¢11§)

changing the order of the inner product and from b, we have

Prt1kt1 = [vx(k+1) — % (K, 1)]

[’YX(k +1) — PR (K, )]
x(0)(1 = piy@R)

= ppa®i + px(k+1) — ¢} pra
=px(k+1)

p]-cl—:l(bk + (11— pg:l(ﬁllj)

as required. Therefore the required recursion is valid by the inductive argument.

We have effectively performed a matrix inversion by considering a block decomposition

p P. pra
k1l =
Pia 1

@)

and then computed P,;ll using P, '. This works because of the nature of the nature of the matrix (Toeplitz

structure). For v,,, we have

Un = E[(Xnt1 — @5 Xni1)?] = 7x(0) — d1vx (n — 1,1)

=7x(0) = ¢, _1vx(n = 1,1) + ¢pn(Pr_y) Tyx(n—1,1) —

=Up_1+ ¢n’n((¢571)T7X (n—1,1) - 'VX(n))
=Up—1 — ¢$1,n (FYX(O) - ( 5—1)T7X(n - 1) 1))
= Up—-1— (bi,nvnfl

= vn—l(l - i,n)

plugging in (7). Thatis, v, = v,_1(1 — ¢2,,) and as v, > 0, imply ¢2 ,, < 1,|pnn| < 1 thus v, < v,_1, ie. the

{v,,} form a non-increasing sequence.



Partial autocorrelation: Using the Levinson-Durbin algorithm, define the function 7 x (h) by

1 ifh=0
mx(h) = {¢h,h ifh>1

for h =0,1,2,... This mx (h) is the partial autocorrelation function (pacf). For random variables XY, Z, the partial
correlation is defined by

Corr[(X — E[X|Z]), (Y — E[Y]Z])];

this is the correlation between residuals obtained by regressing in turn X and on Z and Y on Z. The pacf
computes the autocorrelation between

X — E[Xe| Xt 1):04n-1)]  and  Xipp — E[Xepn X y1):(4n-1)]

Consider a causal stationary AR(p) process; for h > p,
E[Xern|Xeq1):rn—1)] = 01 Xern—1+ -+ 0pXirn—p  E[Xe| Xpg1):00n—1)] = F(Xt1, -+, Xepn—1)
for some function f(), where by definition Xy, — E[X; 41| X¢41):(¢t4+h—1)] = Zi4n, therefore
Corr[X; — E[X¢| X (t41):t4h—1)]s Xewn — E[X el Xg1):en—1)]] = Corr[ Xy — E[X¢| X111y (t4n-1))s Zt4n] = 0

as {X;} is causal so X; — E[X¢|X ;1 1):(¢4r—1)] depends on {Z,,s < t +h — 1} only. Thus wx (h) = 0 for h > p,
while for h < p,mx(h) # 0. That is, we can diagnose an AR(p) structure by inspecting whether the partial
autocorrelation drops to zero at some finite lag.

EXAMPLE Consider the AR(3) process
Xt == —1.4Xt71 - 0.48Xt72 + 0.16Xt73 + Zt
or equivalently
(1+1.4B + 0.48B* — 0.16B*) X, = Z,.

or ®(B)X; = Z; with ®(2) = (1 + 1.4z + 0.482% — 0.162%). We have the factorization

B(2) = (1 —0.22)(1 + 1.6z +0.82%) = (1 — a12)(1 — az2)(1 — azz)
and first reciprocal root is a; = 0.2. The two remaining roots are

—1.6++v256—-32 —-16++-0.64
2 B 2

so the reciprocal roots are ay = —0.8 + 0.47 and ag = —0.8 — 0.47. All the reciprocal roots are less than one in
modulus, so the process is stationary and causal.

=—-08+0417

alpha.vals<-c(0.2,-0.8+0.4i,-0.8-0.41i)
ar.coefs<-rep(l,length(alpha.vals)+1)
for(j in 1:length(alpha.vals)){
ar.coefs.old<-ar.coefs
if(j > 1
for(k in 2:3j){
ar.coefs[k]<-ar.coefs.old[k]-alpha.vals[j]*ar.coefs.old[k-1]
}

ar.coefs[j+1]<--alpha.vals[jl*ar.coefs.old[j]

}

ar.coefs
+ [1] 1.00+0i 1.40+0i 0.48+0i -0.16+0i

n<-200

rho.fni1<-ARMAacf (ar=Re(-ar.coefs[2:4]), lag.max = n+1)

par (mar=c(4,4,0,1))
plot(rho.fn1[1:50],type="n",ylim=range(-1,1),xlab="h",ylab=expression(rho[X] (h)))
abline(h=0,1ty=2)

for(h in 1:50){lines(c(h,h),c(0,rho.fn1[h]))}
points(rho.fn1[1:50],pch=19,cex=0.5)
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set.seed(26)
y<-arima.sim(n=1000, =list (ar=Re(-ar.coefs[2:4])))
par (mar=c(4,4,0,1))
plot (y)
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psi.Vals<-ARMAtoMA (ar=Re(-ar.coefs[2:4]), =10000)

Variance<-1+sum(psi.Vals~2)



gamma.fnl<-Variance*rho.fn1[-1]

Phi.mat<-matrix(0,nrow=n,ncol=n)

v<-rep(0,n+1)

v[0+1]<-Variance

Phi.mat[1,1]<-gamma.fnl[1]/Variance #Initialize

v[1+1]<-Variance*(1-Phi.mat[1,1]"2)

for(j in 2:n){ #Recursion
Phi.mat[j,jl<-(gamma.fni[j]l-sum(Phi.mat[j-1,1:(j-1)] * rev(gamma.fn1[1:(j-1)1)))/v[(j-1)+1]
Phi.mat[j,1:(j-1)]<- Phi.mat[j-1,1:(j-1)] - Phi.mat[j,j] * rev(Phi.mat[j-1,1:(j-1)1)
v[j+11<-v[(j-1)+1]*(1-Phi.mat [j,j]"2)

round(Phi.mat[1:8,1:8],10)

+ [,1] (,21 [,31 [,41 [,5] [,6] [,71 [,8]
+ [1,] -0.8798856 0.0000000 0.00 0 0 0 0 0
+ [2,] -1.5155993 -0.7224959 0.00 0 0 0 0 0
+ [3,] -1.4000000 -0.4800000 0.16 0 0 0 0 0
+ [4,] -1.4000000 -0.4800000 0.16 0 0 0 0 0
+ [5,] -1.4000000 -0.4800000 0.16 0 0 0 0 0
+ [6,] -1.4000000 -0.4800000 0.16 0 0 0 0 0
+ [7,]1 -1.4000000 -0.4800000 0.16 0 0 0 0 0
+ [8,] -1.4000000 -0.4800000 0.16 0 0 0 0 0

diag(Phi.mat) [1:10] #pacfs

+ [1] -8.798856e-01 -7.224959e-01 1.600000e-01 1.776357e-15 4.440892e-16
+ [6] -8.881784e-16 -8.881784e-16 -8.881784e-16 -4.440892e-16 0.000000e+00

ARMAacf (ar=Re(-ar.coefs[2:4]), lag.max = 10, pacf=TRUE) #Check

+ [1] -8.798856e-01 -7.224959e-01 1.600000e-01 1.847383e-15 1.696718e-17
+ [6] -6.351014e-16 -1.863144e-16 -8.370233e-16 -1.126903e-15 -2.665510e-16

v[1:20]
+ [1] 9.508426 2.147015 1.026273 1.000000 1.000000 1.000000 1.000000

+ [8] 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
+ [15] 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000

The matrix Phi.mat contains the results of the Levinson-Durbin algorithm, and its diagonal elements are the
pacf values match those computed by the ARMAacf function. Note that the pacf values are

1 h=0
—0.8799 h=1
ax(h)={ —07225 h=2
0.16 h=3
0 h>4

Also, note that the Phi.mat matrix has identical rows after the third. This is because for an AR(3) model, the op-
timal prediction is always the conditional mean. Note also that the prediction variance converges to a constant.



The Innovations Algorithm: Let { X;} be zero-mean process with E[X?] < oo and let vx (¢, 5) = E[X;X,]. Let

T = 0 ifn=1

LetU, = X,, — )A(n be the error in prediction and let Uy.,, be the vector of prediction errors (computed in a one-
step ahead fashion). We assume that E[X,,|X.(,—1)] is linear in X1, ..., X,,_1, and write Uy., = A,X1., where
A, is given by

r 1 0 0 07
ai,i 1 0 0

A, = az 2 as i 1 0
LGn—1pn—1 -+ o+ Gp-11 1]

as
U, =X,
Up=Xy— Xo = Xo + a11X1
Us = X5 — X3 = X3+ a2 2X2 + az 11X,

LetC, = A1, again a lower triangular matrix, where

F 1 0 07

611 0

C,=| 6o 63, 1 0 0
_on—l,n—l e e 971,—1,1 1_

Then Xl:n = CnUlzn = Cn(Xlzn - Xl:n)/ and

Xl:n = Xl:n - Ul:n = CnUl:n - Ul:n = (Cn - In)Ul:n = (Cn - In)(Xl:n - il:n) = en(xlzn - Xl:n)

where
0 0 0 0 07
011 0 0 0 0
0e,=C,-1, = 02,2 61 0 0 0
10n—1,n—1 On-11 O
and so
0 ifn=1

)?n-&-l = n N ]
Y O0ni(Xnt1—i — Xpy1-i) ifn>2
i=1

ie. )?n+1 is a linear combination of X; — X 1, Xo — XQ, o, Xy — Xn, the one-step ahead prediction errors which
are uncorrelated..

For the general (non-stationary) case:



e Initialize
Vo = f'{/x(l, ].) = ]E[X%]
® Recursionatstepi=1,2,3,...

k—1
1 (. .
Oiik = a Yx(@+1L,k+1)— Zek,k_jei,i_jvj
=0
for0<k<i
1—1
vi=Ax(i+ i+ 1) =Y 07, v
Jj=0

Compute: vg, 01,1,v1,02,2,02,1,v2,033,032,03 1,03, .. ..
For the stationary case:

e Initialize
vo = 7x(0) = E[X]]
® Recursionatstepi=1,2,3,...

k—1
1 .
Oiin=— [vx(k—i) = > Ok 0iijv;
Vk =0
for0<k<i
i—1
2
vi =7x(0) — Z 0ii—jvi
i=0
Compute: vg, 01.1,v1,02.2,021,02,03.3,032,03 1,03, .. ..

Gamma .X<-VariancexARMAacf (ar=Re(-ar.coefs[2:4]), lag.max = n+1)
v<-rep(0,n+1)

v[0+1]<-Gamma.X[0+1] #Index O
Theta.mat<-matrix(0,n+1,n+1)

Theta.mat[1,1]<-Gamma.X[1+1] /v [0+1] #Index 2=1
v[1+1]<-Gamma.X[0+1]-Theta.mat[1,1] ~2*%v[0+1]

for(i in 2:n){ #Index 1=2,3,...

for(k in 0:(i-1)){
jvals<-0: (k-1)
sumth<-sum(Theta.mat [k,k-jvals]*Theta.mat [i,i-jvals]*v[jvals+1])
Theta.mat[i,i-k] = (Gamma.X[(i-k)+1] - sumth)/v[k+1]

jvals<-0:(i-1)
v[i+1]<-(Gamma.X[0+1] - sum(Theta.mat[i,i-jvals]*Theta.mat[i,i-jvals]*v[jvals+1]))

}
v[1:20]

+ [1] 9.508426 2.147015 1.026273 1.000000 1.000000 1.000000 1.000000
+ [8] 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000
+ [15] 1.000000 1.000000 1.000000 1.000000 1.000000 1.000000

Theta.mat[1:5,1:5]

[,1] [,2] [,3] [,4] [,5]
[1,] -0.8798856 0.0000000 0.0000000 0.00000000 0.000000
[2,] -1.5155993 0.6110582 0.0000000 0.00000000 0.000000
[3,] -1.4000000 1.6418391 -0.2731363 0.00000000 0.000000
[4,] -1.4000000 1.4800000 -1.4110870 -0.05169876 0.000000
[5,] -1.4000000 1.4800000 -1.2400000 0.94494319 0.301253

+ + + + + +



For a real series, we can see how the forecast behaves:

set.seed(26)
n<-200
X<-arima.sim(n=n+1,model=1list (ar=Re(-ar.coefs[2:4])))
Xhat<-rep(0,n+1)
for(ni in 1:n){
Xhat[ni+1]<-Theta.mat[ni,1:ni] %*% rev(X[1:ni] - Xhat[1:nil)

par (mar=c(4,6,0,1))
plot(X,type='1l',ylim=range(-12,12))
points(X,pch=19,cex=0.5)
lines(Xhat,type='1l',1ty=2,col="red')
points(Xhat,pch=19,cex=0.5,col="'red"')
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The one-step ahead forecasts seem largely to be accurate.
par (mar=c(4,6,0,1))

plot(as.numeric(X-Xhat) ,type='1l"',ylim=range(-3.5,3.5),ylab=expression(X-hat(X)))
points(as.numeric(X-Xhat) ,pch=19,cex=0.5)

10
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